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FOREWORD 


Mathematics for the International Student: Mathematics HL has been written to embrace the 
syllabus for the two-year Mathematics HL Course, to be first examined in 2014. It is not our 
intention to define the course. Teachers are encouraged to use other resources. We have developed 
this book independently of the International Baccalaureate Organization (IBO) in consultation with 
many experienced teachers of IB Mathematics. The text is not endorsed by the IBO. 


Syllabus references are given at the beginning of each chapter. The new edition reflects the new 
Mathematics HL syllabus. Discussion topics for the Theory of Knowledge have been included in this 
edition. See page 12 for a summary. 


In response to the introduction of a calculator-free examination paper, the review sets at the end of 
each chapter have been categorised as ‘calculator’ or ‘non-calculator’. Also, the final chapter 
contains over 200 examination-style questions, categorised as ‘calculator’ or *non-calculator'. These 
questions should provide more difficult challenges for advanced students. 


Comprehensive graphics calculator instructions for Casio fx-9860G Plus, Casio fx-CG20, TI-84 Plus 
and TI-nspire are accessible as printable pages on the CD (see page 16) and, occasionally, where 
additional help may be needed, more detailed instructions are available from icons located 
throughout the book. The extensive use of graphics calculators and computer packages throughout 
the book enables students to realise the importance, application, and appropriate use of technology. 
No single aspect of technology has been favoured. It is as important that students work with a pen 
and paper as it is that they use their graphics calculator, or use a spreadsheet or graphing package on 
computer. 


This package is language rich and technology rich. The combination of textbook and interactive 
Student CD will foster the mathematical development of students in a stimulating way. Frequent use 
of the interactive features on the CD is certain to nurture a much deeper understanding and 
appreciation of mathematical concepts. The CD also offers for every worked example. 
is accessed via the CD — click anywhere on any worked example to hear a teacher's 
voice explain each step in that worked example. This is ideal for catch-up and revision, or for 
motivated students who want to do some independent study outside school hours. 


For students who may not have a good understanding of the necessary background knowledge for 
this course, we have provided printable pages of information, examples, exercises, and answers on 
the Student CD — see “Background knowledge” (page 16). 


The interactive features of the CD allow immediate access to our own specially designed geometry 
software, graphing software and more. Teachers are provided with a quick and easy way to 
demonstrate concepts, and students can discover for themselves and re-visit when necessary. 


It is not our intention that each chapter be worked through in full. Time constraints may not allow for 
this. Teachers must select exercises carefully, according to the abilities and prior knowledge of their 
students, to make the most efficient use of time and give as thorough coverage of work as possible. 
Investigations throughout the book will add to the discovery aspect of the course and enhance 
student understanding and learning. 


In this changing world of mathematics education, we believe that the contextual approach shown in 
this book, with the associated use of technology, will enhance the students” understanding, 
knowledge and appreciation of mathematics, and its universal application. 


We welcome your feedback. 
Email: info@haesemathematics.com.au DCM RCH SHH 
Web: www.haesemathematics.com.au PMH MAH 
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HL OPTIONS 


This is a companion to the Mathematics HL (Core) textbook. 
It offers coverage of each of the following options: 

* Topic 7 -Statistics and probability 

+ Topic 8- Sets, relations and groups 

* Topic9- Calculus 

* Topic 10— Discrete mathematics 





In addition, coverage of the Linear algebra and Geometry topics for students undertaking the IB Diploma 
course Further Mathematics HL is presented on the CD that accompanies the HL Options book. 


USING THE INTERACTIVE STUDENT CD 


The interactive CD is ideal for independent study. 


Students can revisit concepts taught in class and undertake their own revision 
and practice. The CD also has the text of the book, allowing students to leave 
the textbook at school and keep the CD at home. 





By clicking on the relevant icon, a range of interactive features can be 
accessed: 


. LAGAT LINK 


¢ Graphics calculator instructions t 


* Background knowledge (as printable pages) 


INTERACTIVE 


* Interactive links to spreadsheets, graphing and geometry software, 
computer demonstrations and simulations 
Graphics calculator instructions: Detailed instructions are available on the ES 
CD, as printable pages (see page 16). Click on the icon for Casio fx-9860G GRAPHICS 


Plus, Casio fx-CG20, TI-84 Plus, or TI-nspire instructions. ETRE 





SELF TUTOR is an exciting feature of this book. 
The icon on each worked example denotes an active link on the CD. 


Example 3 ™) Self Tutor 
A line passes through the point A(1, 5) and has direction vector 5 ; 


Describe the line using: 


a a vector equation b parametric equations € a Cartesian equation. 





a The vector equation is r =a + Ab where 


0 (3) me +3 
QO a 


b r=1+3\ and y=5+2å, AER 
€ Now D m na m Ho 
3 2 
22 — 2 = 3y — 15 
LS US! 





See Chapter 15, Vector applications, p. 438 
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SYMBOLS AND NOTATION USED IN THIS BOOK 





E 
BIANDICARAN — 


2 

al 

3 
e 


a 
te 
* 


E 


the set of positive integers and zero, 
{0, 1, 2, 3, ....} 
the set of integers, (0, +1, +2, +3, ....} 

















the set of positive integers, {1, 2, 3, ....} 
the set of rational numbers 

the set of positive rational numbers, 
{z|x>0, rE Q} 

the set of real numbers 

the set of positive real numbers, 
{z|x>0, cE R} 

the set of complex numbers, 

{a+ bila, be R} 

J-1 

a complex number 

the complex conjugate of z 

the modulus of z 

the argument of z 

the real part of z 

the imaginary part of z 

the set with elements 24, 22, .... 
the number of elements in the finite set A 
the set of all z such that 

is an element of 

is not an element of 

the empty (null) set 

the universal set 

union 

intersection 

Is a proper subset of 

is a subset of 

the complement of the set A 


a to the power of E nth root of a 
TL 

(if a 20 then Ya>0) 

a to the power 3, square root of a 

(if a>0 then ya> 0) 


the modulus or absolute value of x, that is 
{ xforx>0, reR 














-—ax for «<0, LER 


IV 


or > 


IA 


or < 


[a, b] 
Ja. b| 


Un 


P 


So or S 


f: AB 


f: oy 
f(x) 
-1 
fog 

lim f(x) 


La 


dx 
f'(x) 
dy 
dx? 


f"(z) 
d”y 
dx” 

f(x) 

f y dx 





identity or 
is approximately equal to 


is equivalent to 


is greater than 
is greater than or equal to 
is less than 
is less than or equal to 
is not greater than 
is not less than 
a<a<b 
a<x<b 


the closed interval 
the open interval 
the nth term of a sequence or series 

the common difference of an arithmetic 
sequence 

the common ratio of a geometric sequence 
the sum of the first n terms of a sequence, 
uu + ua +... + Un 

the sum to infinity of a sequence, 

uj -r uc... 








UL + lo ss + Un, 
n! 
r!(n — r)! 


f is a function under which each element of 
set A has an image in set B 


f is a function under which x is mapped to y 
the image of x under the function f 


the inverse function of the function f 
the composite function of f and g 


the limit of f(x) as x tends to a 


the derivative of y with respect to x 
the derivative of f(x) with respect to x 
the second derivative of y with respect to x 


the second derivative of f(x) with respect 
to x 


the nth derivative of y with respect to x 


the nth derivative of f(x) with respect to x 


the indefinite integral of y with respect to x 
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b 
f y dx the definite integral of y with respect to x P(A) probability of event A 
° vee he limits cca and mo P'(A) probability of the event “not A” 
e? exponential function of x BOE S MN SUE s z 
; t t 
log, x logarithm to the base a of x (A| B) - P bud A f » m BE 
: bns t 
lng the natural logarithm of x, log, x ze A Hai b : n E . 
. — . fis fay w+ frequencies with which the observations 
sin, cos, tan the circular functions 21, Lo, L3, .... occur 
arcsin, Pa probability distribution function P(X = x) 
arccos, the inverse circular functions of the discrete random variable X 
arabes J (x) probability density function of the 
csc, sec, cot the reciprocal circular functions continuous random variable X 
cis 0 cos + isin 0 E(x) the expected value of the random 
A(z, y) the point A in the plane with Cartesian variable X 
coordinates x and y Var (X) the variance of the random variable X 
[AB] the line segment with end points A and B p population mean 
AB the length of [AB] a population standard deviation 
(AB) the line containing points A and B c? population variance 
A the angle at A T sample mean 
A T. 2 : 
CAB or CAB the angle between [CA] and [AB] Sn sample pa 
AABC the triangle whose vertices are A, B, and C Sn standard deviation of the sample 
y the vector v 82 3 unbiased estimate of the population 
— . : variance 
AH Hie biens represented J magnitude and B(n, p) binomial distribution with parameters 
direction by the directed line segment n and p 
from A to B . espa i 
— Po(m) Poisson distribution with mean m 
a the position vector OA 7 AER . 
" ; : E N(u, 0%) normal distribution with mean y and 
i, j, k unit vectors in the directions of the 


: 2 
- . variance o 
Cartesian coordinate axes 


X ~ B(n, p) the random variable X has a binomial 


lal the magnitude of oe a distribution with parameters n and p 
| AB | the magnitude of AB X ~ Po(m) the random variable X has a Poisson 
vew the scalar product of v and w distribution with mean m 
VXW the vector product of v and w X ~ N(u, o?) the random variable X has a normal 


I the identity matrix distribution with mean yu and variance c? 


12 THEORY OF KNOWLEDGE 


THEORY OF KNOWLEDGE 


Theory of Knowledge is a Core requirement in the International Baccalaureate Diploma Programme. 


Students are encouraged to think critically and challenge the assumptions of knowledge. Students 
should be able to analyse different ways of knowing and areas of knowledge, while considering different 
cultural and emotional perceptions, fostering an international understanding. 


The activities and discussion topics in the below table aim to help students discover and express their 
views on knowledge issues. 


Chapter 3: Exponentials MATHEMATICAL PROOF 
p.1 

Chapter 4: Logarithms sm IS MATHEMATICS AN INVENTION OR A DISCOVERY? 

Chapter 7: Sequences and series THE NATURE OF INFINITY 

Chapter 9: Mathematical induction HOW MANY TERMS DO WE NEED TO CONSIDER 
p- 266| BEFORE A RESULT IS PROVEN? 

Chapter 10: The unit circle and radian measure m MEASURES OF ANGLE - MATHEMATICS IN NATURE 
p. 

Chapter 12: Trigonometric functions r MATHEMATICAL LANGUAGE AND SYMBOLS 
p. 

Chapter 13: Trigonometric equations and m MATHEMATICS IN SOCIETY 


Chapter 15: Vector applications ARE ALGEBRA AND GEOMETRY SEPARATE AREAS 
OF LEARNING? 
p. 453| INDEPENDENT DEVELOPMENT OF MATHEMATICS 


Chapter 17: Introduction to differential Hob ZENO'S PARADOX 
Chapter 20: Applications of differential EISE Fie THE SCIENTIFIC METHOD 
p. 


Chapter 23: Descriptive statistics 27 MISLEADING STATISTICS 
p. 

Chapter 24: Probability x APPLICATIONS OF PROBABILITY 
p. 





THEORY OF KNOWLEDGE 


There are several theories for why one complete turn was divided into 360 degrees: 





e 360 is approximately the number of days in a year. 


e The Babylonians used a counting system in base 60. If 
they drew 6 equilateral triangles within a circle as shown, 
and divided each angle into 60 subdivisions, then there 
were 360 subdivisions in one turn. The division of an 
hour into 60 minutes, and a minute into 60 seconds, is 
from this base 60 counting system. 


e 360 has 24 divisors, including every integer from 1 to 10 
except 7. 


f N/N 
V 


The idea of measuring an angle by the length of an arc dates to around 1400 and the Persian 
mathematician Al-Kashi. The concept of a radian is generally credited to Roger Cotes, however, who 
described it as we know it today. 


1 What other measures of angle are there? 


2 Which is the most natural unit of angle measure? 


See Chapter 10, The unit circle and radian measure, p. 282 
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WRITING A MATHEMATICAL EXPLORATION 


In addition to sitting examination papers, Mathematics HL students are also required to complete a 
mathematical exploration. This is a short report written by the student, based on a topic of his or 
her choice, and should focus on the mathematics of that topic. The mathematical exploration 
comprises 20% of the final mark. 


The exploration should be approximately 6-12 pages long, and should be written at a level which is 
accessible to an audience of your peers. The exploration should also include a bibliography. 


Group work should not be used for explorations. Each student’s exploration is an individual piece 
of work. 


When deciding on how to structure your exploration, you may wish to include the following 
sections: 


Introduction: This section can be used to explain why the topic has been chosen, and to include any 
relevant background information. 


Aim: A clear statement of intent should be given to provide perspective and direction to your 
exploration. This should be a short paragraph which outlines the problem or scenario under 
investigation. 


Method and Results: This section can be used to describe the process which was followed to 
investigate the problem, as well as recording the unprocessed results of your investigations, in the 
form ofa table, for example. 


Analysis of Results: In this section, you should use graphs, diagrams, and calculations to analyse 
your results. Any graphs and diagrams should be included in the appropriate place in the report, and 
not attached as appendices at the end. You should also form some conjectures based on your 
analysis. 


Conclusion: You should summarise your investigation, giving a clear response to your aim. You 
should also reflect on your exploration. Limitations and sources of error could be discussed, as well 
as potential for further exploration. 


The exploration will be assessed against five assessment criteria. Refer to the Mathematics HL 
Subject Guide for more details. 


The following two pages contain a short extract of a student’s report, used with the permission of 
Wan Lin Oh. Please note that there is no single structure which must be followed to write a 
mathematical exploration. The extract displayed is only intended to illustrate some of the key 
features which should be included. 


The electronic version of this extract contains further information, and can be accessed by clicking 


the icon alongside. ELECTRONIC 
EXTRACT 


+ 


14 WRITTEN REPORT 


This is an extract of a mathematics report used to demonstrate the components of a written report. 


1. Title (and author) Population Trends in China 2- Introduction 
A clear and concise Written by Wan Lin Oh Outline the purpose of the task. 
description of the report Include background information and 


Pm definitions of key terms or variables used 
To determine the model that best fits the population of China from 195v «v zuvo vy e unicicic 


functions that best model the population of China from 1950 to 1995 (refer to Table 1) initially, and then re- 
evaluating and modifying this model to include additional data from 1983 to 2008. 


Rationale 

The history class had been discussing the impetus for, and the political, cultural and social implications of 
China's "One Child Policy", introduced in 1978 for implementation in 1979'. This aroused the author's curiosity 
about the measurable impact that the policy may have had on China's population. 


Table 1: Population of China from 1950 to 1995 


Year (t) 1950 1955 1960 1965 1970 1975 1980 1985 1990 1995 
Population in 5548 | 6090 | 657.5 | 7292 | 830.7 | 927.8 | 998.9 | 1070.0 | 1155.3 | 1220.5 








millions (P) 


Choosing a model 
Values from Table 1 were used to create Graph 1: 


Graph 1: Population Trend in China 








^00 3. Method, Results and Analysis 

3 - Outline the process followed. 

- Display the raw and processed results. 

- Discuss the results by referring to the appropriate 
900 table, graph, or diagram eg. Graph 1, Figure 4, etc. 
- Rules, conjectures or models may be formed. 


Population of China (P) (millions) 


^ ^n 20 an 
y iU zu 3U 


Time (t) (number of years elapsed since 1950) 


Graph 1 illustrates a positive correlation between the population of China and the number of years since 1950. 
This means that as time increases, the population of China also increases. Graph 1 clearly shows that the model 
is not a linear function, because the graph has turning points and there is no fixed increase in corresponding to 
a fixed increase in P. Simple observation reveals that it is not a straight line. In addition, Graph 1 illustrates that 


the function is not a power function (P= at?) because it does not meet the requirements of a power function; 
for all positive b values, a power model must go through the origin, however Graph 1 shows that the model's 
function does not pass through the origin of (0, 0). 


There is a high possibility that the model could be a polynomial function because Graph 1 indicates that 
there are turning point(s). A cubic and a quadratic function were then determined and compared. 


Analytical Determination of Polynomial Model 
As there is a high possibility that the model could be a cubic function (3° degree polynomial function), an 
algebraic method can be used in order to determine the equation of the function. In order to determine this 
cubic equation, four points from the model will be used as there are four... The middle section of this report 

has been omitted. 
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Conclusion 

The aim of this investigation was to investigate a model that best fits the given data from 1950 to 2008. It was 
initially found that a 3^ degree polynomial function and an exponential function have a good possibility of 
fitting the given data from Table 1 which is from year 1950 to 1995 by observing the data plots on the graph. 

A cubic function (3^ degree polynomial function) was chosen eventually and consequently an algebraic 
method using simultaneous equations was developed to produce the equation of the function. Through this 
method, the equation of the cubic was deduced to be P (t) = —0.007081t* + 0.5304t? + 5.263t + 554.8. In 


addition, the use of technology was also included in this investigation to further enhance the development of 
the task by graphing the cubic function to determine how well the cubic function fitted the original data. The 
cubic graph was then compared with a quadratic function graph of P(t) — 0.13t? -- 8.95t -- 554.8. Ultimately, the 


cubic function was seen as the better fit compared to the quadratic model. 


K 
1+Le-Mt 


A researcher suggests that the population, P at time ¢ can be modelled by P(t) = . With the use of 


GeoGebra the parameters, K, Land M were found by trial and error to be 1590, 1.97 and 0.04 respectively. This 


1590 


consequently led to the equation of the logistic function of P(t) = Iiye 98 


From the comparison of both the cubic and the logistic model, the cubic function was established to be a more 
accurate model for the given 1950 — 1995 data because the data points matched the model better, however the 
logistic model produced more likely values under extranalation 


Additional data on population trends in China frc 4. Conclusion and Limitations : :d by the 
I ional M Fund (IMF ; in Tabl - Summarise findings in response to the stated aim hed 
nternational Monetary Fund (IMF) was given in Tab! including restating any rules, conjectures, or models. '9raphe 

with the additional data points and compared. It v | Comment on any limitations to the approach used €! model 





compared to the cubic model because it was able — or ofthe findings. llation of 
China much more precisely. - Considerations of extensions and connections to 

Subsequently a piecewise function was used becau _ personal/previous knowledge may also contextualise have two 
distinctly different parts, each with a correspondir _ the significance of the exploration. > domain 


0<t < 30. The researcher's model was modified to fit the data for 30 «t « 58. 

The piecewise function was then defined as 

—0.007081t? -- 0.53042? + 5.263t + 554.8 0<t< 30 
1590 

14-1.97e 0.04 


This modified model matched the data points of the population of China from 1950 to 2008 closely; the model 
also passed through both the minimum and the maximum of the given data. In addition, the modified model 
exhibited good long-term behaviour and was able to predict a sensible result beyond the known values. 


P(t) 
30 « t x 58 


Limitations 

In this investigation, there were several limitations that should be taken into account. Firstly, the best fit model 
which is the piecewise function model does not take into account the possibility of natural disasters or diseases 
that may occur in China in the future which will lead to a mass decrease in population. Furthermore, the model 
also does not consider the population pressures in China such as the one child policy. The one child policy 
introduced in 1978 but applied in 1979 would cause a decrease in the population in the long term. Itis shown in 
Graph 14 that after 1979 (P,), the rate at which the Chinese population is increasing is slower compared to the 
previous years. This is because this policy leads to an increase in the abortion rate due to many families’ 
preference for males, as males are able to take over the family name. This will consequently lead to a gender 
imbalance, causing a decrease in population because of the increasing difficulty for Chinese males to find 
partners. In addition, the model of best fit does not considerthe 5. References and acknowledgements 
countries, allowing more Chinese people to live longer, which wil A list of sources of information either footnoted on 
term. the appropriate page or given in a bibliography at 
the end of the report. 








Ihttp://geography.about.com/od/populationgeography/a/onechild.htm 
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Before starting this course you can make sure that you have a good understanding BACKGROUND 
of the necessary background knowledge. Click on the icon alongside to obtain KNOWLEDGE 
a printable set of exercises and answers on this background knowledge. 


1 


Click on the icon to access a background chapter about matrices. 
MATRICES 


1 


Click on the icon to access a statistics revision chapter. STATISTICS 
REVISION 


1 


Click on the icon to access printable facts about number sets. NUMBER 
SETS 


1 


Click on the icon to access a printable summary of circle properties. CIRCLE 
PROPERTIES 


1 


Click on the icon to access a printable summary of measurement facts. MEASUREMENT 
FACTS 


1 


Printable graphics calculator instruction booklets are available for the Casio fx-9860G Plus, 
Casio fx-CG20, TI-84 Plus, and the TI-nspire. Click on the relevant icon below. 


CASIO CASIO 
fx-9860G Plus fx-CG20 TI-84 Plus TI-nspire 


3 Gn O P c 


When additional calculator help may be needed, specific instructions can be 
printed from icons within the text. 






GRAPHICS 
CALCULATOR 
INSTRUCTIONS 





Quadratics 


Syllabus reference: 2.2, 2.5, 2.6, 2.7 


Contents: 







ri 
'roOonmonuoo»p 


Quadratic equations 

The discriminant of a quadratic 
The sum and product of the roots 
Quadratic functions 

Finding a quadratic from its graph 
Where functions meet 

Problem solving with quadratics 
Quadratic optimisation 
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OPENING PROBLEM 


Abiola and Badrani are standing 40 metres apart, throwing a ball between them. When Abiola throws 
the ball, it travels in a smooth arc. At the time when the ball has travelled x metres horizontally 
towards Badrani, its height is y metres. 











y SIMULATION 
= 
Y ! GRAPHICS 
T CALCULATOR 
d INSTRUCTIONS 
Abiola Badrani 
z(m| 0 5 JO ISO PB 0 





Things to think about: 
a Use technology to plot these points. 
b What shape is the graph of y against x? 
¢ What is the maximum height reached by the ball? 
d What formula gives the height of the ball when it has travelled x metres horizontally towards 
Badrani? 
e Will the ball reach Badrani before 1t bounces? 


HISTORICAL NOTE 


Galileo Galilei (1564 - 1642) was born in Pisa, Tuscany. He was a philosopher who played a 
significant role in the scientific revolution of that time. 


Within his research he conducted a series of experiments on the paths of projectiles, attempting to 
find a mathematical description of falling bodies. 


Two of Galileo’s experiments consisted of rolling a ball down a grooved 
ramp that was placed at a fixed height above the floor and inclined at a 
fixed angle to the horizontal. In one experiment the ball left the end of 
the ramp and descended to the floor. In the second, a horizontal shelf was 
placed at the end of the ramp, and the ball travelled along this shelf before 
descending to the floor. 


In each experiment Galileo altered the release height h of the ball and 
measured the distance d the ball travelled before landing. The units of 
measurement were called ‘punti’ (points). 





Galileo 


In both experiments Galileo found that once the ball left the ramp or shelf, its 
path was parabolic and could therefore be modelled by a quadratic function. 
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A quadratic equation is an equation of the form az? -- bz -- c — 0 where a, b and c 
are constants, a # 0. 


A quadratic function is a function of the form y=ax?*+bx+c, ajo. 
Acme Leather Jacket Co. makes and sells x leather jackets each 


week and their profit function is given by 
P = —12.5x? + 550x — 2125 dollars. 


How many jackets must be made and sold each week in order 
to obtain a weekly profit of $3000? 


Clearly we need to solve the equation: 


—12.5a? + 550x — 2125 = 3000 





We can rearrange the equation to give 
12.51? — 550x + 5125 = 0, 


which is of the form ax? -- bx -- c — 0 and is thus a quadratic equation. 


SOLVING QUADRATIC EQUATIONS 


To solve quadratic equations we have the following methods to choose from: 
e factorise the quadratic and use the Null Factor law: 
Aaa OOO 0! 


e complete the square 
e use technology 
e use the quadratic formula. 


The roots or solutions of ax?+bx+c=0 are the values of x which satisfy the equation, or make 
it true. 


For example: Consider æ? — 3x +2 = 0. 


When z—2, g°-— 3r +2 = (2) — 3(2) +2 
=4-6+2 
=0 Y 


So, x —2 is a root of the equation z? — 3x 4-2 — 0. 
SOLVING BY FACTORISATION (REVISION) 


Step 1: If necessary, rearrange the equation so one side is zero. 
Step 2: Fully factorise the other side. 
Step 3: Use the Null Factor law: If ab=0 then a=0 or b=0. 


Step 4: Solve the resulting linear equations. 
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Caution: Do not be tempted to divide both sides by an expression involving z. 
If you do this then you may lose one of the solutions. 


For example, consider x? — 5z. 


Correct solution Incorrect solution 
n um E didnot 
2 EN y dividing both sides 
—5x2=0 2 . 
T - $ Hm T by z, we lose the solution 
z(r—5)-20 T z r= 
r-—0or5 L=5 


Example 1 x) $elf Tutor 


Solve for x: A) see ie = z? 25x --6 


3a? -+ 52 = 0 
x(3xz +5) =0 
g=0 of ees =C 








Example 2 x) $elf Tutor 
Solve for x: a 4r? +1=4r b 627 =11r+10 
a da? +1=4x b 61? = 112 +10 
da? — Ar -1— 0 s 622—11z— 10-0 
(2r — 1)? —0 ^ (2z—5)(3z4-2) 20 
— 4 — 2 
z= 5 eee T 











Solve for x: 3x + Z =- 
















RHS is short for 
Right Hand Side. 





i (32 + 2) = {multiplying both sides by x} 
zx 
2. 35? 2-— Tx [expanding the brackets] 
az? Tr --2—0 {making the RHS 0} 
(a + 2)(3a2 +1) =0 {factorising} 


. E pl 
. $—-—20r 3 
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EXERCISE 1A.1 


1 Solve the following by factorisation: 








a 4r? +7r=0 b 32?2— 72 —0 € 272— liz — 0 

d 9z— 62? e r?—5r+6=0 f r? +21= 10r 

g 9+27=62 h z?-4 7-12 i z? + 8r = 33 
2 Solve the following by factorisation: 

a 9x? —127+4=0 b 21?-13x-7=0 € 32? — 16x 4- 12 

d 327+52=2 e 2774+3=52 f 3r? +8r+4=0 

g 3r? =10r+8 h 4r? +4r=3 i 4z? = 1lz +3 
3 Solve for a: 

a (r1? 2232 5z 411 b 5—4z? — 32x - 1) - 2 

des ts d 2:3. 9 

x l=zx x 


SOLVING BY ‘COMPLETING THE SQUARE’ 


Quadratics such as x? + 4x +1 cannot be factorised by simple factorisation. An alternative way to 
solve equations like x? +4r+1=0 is by ‘completing the square”. 


Equations of the form az” + ba +c=0 can be converted to the form (x +p)? =q from which the 
solutions are easy to obtain. 






If X? =a, then 
X= Eva. 





Example 4 x) $elf Tutor 


Solve exactly for x: 


b (2-1)? =-5 


has no real solutions since 
the square (z — 1)? cannot 
be negative. 














Example 5 =ò Self Tutor 








Solve for exact values of x: r? +4r+1=0 







The squared number we 
add to both sides is 




















z +4r+1=0 coefficient of a V? 
a? + 4g = —1 {put the constant on the RHS} as) 
go? +49 +27 = -14 2? {completing the square} 
G2) =3 {factorising LHS} 
2-2 = +V3 









g=—2+/3 
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Example 6 

















Solve exactly for x: =302 + 127 +5=0 
nor IDEE If the coefficient of z? is 
A 5 Se ] not 1, we first divide 
T A {dividing both sides by —3} al 
a” — 4a = 3 {putting the constant on the RHS} 
g? —4¢ 42? = $c 2% {completing the square} 
(1-2) = H {factorising LHS} 
E Ei 
ce) EA) 
17 
=2+4/3 
EXERCISE 14.2 
1 Solve exactly for x: 
a (x+5)? =2 b (2+6)? =-11 € (r—4)? —8 
d 3(x-— 2)? = 18 e (2r - 1? —3 f (1-3z? - 7-0 


2 Solve exactly by completing the square: 





a z?—4r4-1-20 b 122+6:+2=0 c z?— 14x 4- 46-0 
d 2? =474+3 e #?+6r+7=0 f z2—2x46 
g 122+67=2 h 22+10=8x i «+62 =—11 





3 Solve exactly by completing the square: 
a 22?+4x4+1=0 b 2x7-102+3=0 ¢ 327+127+5=0 
d 327=6r+4 e 51?-1514+2=0 f 407 +42 =5 








SOLVING USING TECHNOLOGY 


You can use your graphics calculator to solve quadratic equations. E 
If the right hand side is zero, you can graph the expression on the left hand GRAPHICS 
side. The x-intercepts of the graph will be the solutions to the quadratic. CALCULATOR 


INSTRUCTIONS 
If the right hand side is non-zero, you can either: 


e rearrange the equation so the right hand side is zero, then graph the expression and find the 
x-intercepts, or 

e graph the expressions on the left and right hand sides on the same set of axes, then find the 
x-coordinates of the point where they meet. 


Use technology to check some of your answers to Exercise 1A.2. 
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THE QUADRATIC FORMULA 


In many cases, factorising a quadratic equation or completing the square can be long or difficult. We 
can instead use the quadratic formula: 


—b+ Vb? — 4ac 
W oa luime en o EE 
2a 
Proof: aa e rE E OO 
then z? + Pa Es E {dividing each term by a, as a 4 0) 
a a 
e+e =< 
a a 


2 2 
a? + Ba Es (=) 2e (=) {completing the square on LHS} 
a 














2a a 2a 
EES 52 — 4ac ae 
| factorisin: 
( E =) 4a2 { 8) 
me ERES b2 — 4ac 
eon 4a? 
2 —b x 4/02 — 4ac 
E 2a 


For example, consider the Acme Leather Jacket Co. equation from page 19. 


We need to solve 12.52? — 550r + 5125 =0 for which 
a = 12.5, b= —550, and c= 5125. 


Trying to factorise this 


equation or using 





550 + ,/(—550)? — 4(12.5)(5125) ‘completing the square’ 
dim “>= oes) OO! would not be easy. 
_ 550+ 26250 
E 


=30.60 or 13.40 


However, for this application the number of jackets x needs to be a 
whole number, so z — 13 or 31 would produce a profit of around 
$3000 each week. 


HISTORICAL NOTE = THE QUADRATIC FORMULA 


Thousands of years ago, people knew how to calculate the area of a shape given its side lengths. 
When they wanted to find the side lengths necessary to give a certain area, however, they ended up 
with a quadratic equation which they needed to solve. 





The first known solution of a quadratic equation is written on the Berlin Papyrus from the Middle 
Kingdom (2160 - 1700 BC) in Egypt. By 400 BC, the Babylonians were using the method of 
‘completing the square’. 


Pythagoras and Euclid both used geometric methods to explore the problem. Pythagoras noted that 
the square root wasn’t always an integer, but he refused to accept that irrational solutions existed. 
Euclid also discovered that the square root wasn’t always rational, but concluded that irrational 
numbers did exist. 
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A major jump forward was made in India around 700 AD, when Hindu 
mathematician Brahmagupta devised a general (but incomplete) solution 


Brahmagupta also added 


: . ; i ! 
for the quadratic equation ax? + ba = c which was equivalent to (7°? Go otre ee ys nl 


_ V4aer b2 —b 
ES 2a R 
the two solutions we know today. 





Taking into account the sign of c, this is one of 


The final, complete solution as we know it today first came around 
1100 AD, by another Hindu mathematician called Baskhara. He was 
the first to recognise that any positive number has two square roots, 
which could be negative or irrational. In fact, the quadratic formula is 
known in some countries today as *Baskhara's Formula”. 


While the Indians had knowledge of the quadratic formula even at this 
early stage, 1t took somewhat longer for the quadratic formula to arrive 
in Europe. 


Around 820 AD, the Islamic mathematician Muhammad bin Musa 
Al-Khwarizmi, who was familiar with the work of Brahmagupta, 
recognised that for a quadratic equation to have real solutions, the 





value b?—4ac could not be negative. Al-Khwarizmi's work was brought — Muhammad Al-Khwarizmi 
to Europe by the Jewish mathematician and astronomer Abraham bar 


Hiyya (also known as Savasorda) who lived in Barcelona around 1100. 
From the name 


By 1545, Girolamo Cardano had blended the algebra of Al-Khwarizmi | Al-Khwarizmi we get the 
with the Euclidean geometry. His work allowed for the existence of word ‘algorithm’. 
complex or imaginary roots, as well as negative and irrational roots. 





At the end of the 16th Century the mathematical notation and symbolism 
was introduced by Francois Viéte in France. 


In 1637, when René Descartes published Za Géométrie, the quadratic 

















a TONS 
formula adopted the form we know today: x= ae g 
a 
Example 7 =ù Self Tutor 
Solve for x: 
a 12-21-6=0 b 222+3x-6=0 
a «?—22—6=0 has b 227+32-6=0 has 
a=1, b=-2, c=-6 MED CE 0 
nee mese zd qaum 
2(1) 2(2) 
pa es eee ; eo Ets 
arr) E 
2+ /28 —3 + /57 
T = T 
2 4 
22/7 
T= 
2 
99 = ise wi 
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EXERCISE 1A.3 


1 Use the quadratic formula to solve exactly for x: 





a z2—4r—320 b 277+62+7=0 € z?4-1— 4x 
d z?44rz—1 e zx?—4x 42-20 f 222—252 320 
g (3x41)? — —2« h (2+3)/Q+1)=9 i 2? —2/2r+2=0 


2 Rearrange the following equations so they are written in the form ax? + bx +c=0, then use the 
quadratic formula to solve exactly for x. 





a (e+2)(e-1)=2-32 & (Qe t1)?=3-2 € (0-29 2142 
d => 51 a e É 3:2 
— x Xx 


QUADRATIC 


In the quadratic formula, the quantity 0? — 4ac under the square root sign is called the discriminant. 





The symbol delta A is used to represent the discriminant, so A = b? — 4ac. 


The quadratic formula becomes x = A where A replaces b? — 4ac. 
a 





If A>0, vA isa positive real number, so there are two distinct real roots 


—b+ vA —b—- VA 
p A 
2a 2a 


—b . 
exuta NET m is the only solution (a repeated or double root) 
a 


e If A<0, vA is not a real number and so there are no real roots. 
e Ifa, b, and c are rational and A is a square then the equation has two rational roots which can 
be found by factorisation. 





two distinct linear factors two real distinct roots Sie 
two identical linear factors | two identical real roots (repeated) NECCONN 


unable to factorise no real roots 





Example 8 x) $elf Tutor 


Use the discriminant to determine the nature of the roots of: 
a 272—2z 4-320 b 307-47 -2=0 


a A— P — 4ac b A=0? —4ac 
= (—2)? — 4(2)(3) = (—4)? — 4(3)(-2) 
= —20 = 40 
Since A « 0, there are no real roots. Since A > 0, but 40 is not a square, 
there are 2 distinct irrational roots. 
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Example 9 


















Consider z?—2x--m — 0. Find the discriminant A, and hence find the values of m for which 
the equation has: 
a a repeated root b 2 distinct real roots € no real roots. 
z?—9xz--m-0 has a—1, b— —2, and c2 m 
A =b? — 4ac 
= (-2)? — 4(1)(m) 
= 4 — 4m 
a For a repeated root 6 For 2 distinct real roots € For no real roots 
A=0 N10 A<0 
4—4m —0 s 4—4m»0 S 4—4m«0 
4 — 4m S. —4m » —4 s. —4m « —4 
" m-—l1 S. al! mmu 









Example 10 =ò Self Tutor 


Consider the equation kx?+(k+3)a2 =1. Find the discriminant A and draw its sign diagram. 
Hence, find the value of k for which the equation has: 


a two distinct real roots b two real roots 


€ arepeated root d no real roots. 


kz? +(k+3)r—-1=0 has a=k, b=(k+3), and c=-1 


A =b? — 4ac 

= (k +3)? —4(k)(-1) and has sign diagram: 
=k? +6k+9+4k i = P 
=k? +10k+9 = A a 
=(k+9)(k+1) 

a For two distinct real roots, NO k SDr ko l 

b For two real roots, ANZ SO e E 

€ For a repeated root, A= A SO O le 

d For no real roots, A<0 E Sl 








EXERCISE 1B 
1 By using the discriminant only, state the nature of the solutions of: 
a 12+72-3=0 b 2? —3r+2=0 c 3232-27 1-0 
d 51?+4x-3=0 e 2+x+5=0 f 162?—8x+1=0 
2 By using the discriminant only, determine which of the following quadratic equations have rational 
roots which can be found by factorisation. 
a 612-5x-6=0 b 2x7-7r-5=0 c€ 3r? +4r+1=0 
d 61?-47x-8=0 e 41?-3x+2=0 f 8724-21 3—0 
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3 For each of the following quadratic equations, determine the discriminant A in simplest form and 
draw its sign diagram. Hence find the value(s) of m for which the equation has: 


a repeated root ii two distinct real roots iil! no real roots. 


a z?--4r--m-0 b mz?+3r+2=0 ¢ mz? —32+1=0 


4 For each of the following quadratic equations, find the discriminant A and hence draw its sign 
diagram. Find all values of k for which the equation has: 


a 22? +ke-—k=0 
c 2? +(k+2)er+4=0 
e z?--(3k— l)r 4 (2k - 10) 2 0 


For example: 


Proof: 


two distinct real roots ii two real roots iii! a repeated root iv noreal roots. 





b 
If azr? +br+c=0 has roots a and B, then a and gos 


If o and 8 are the roots of 2x? -— 2z — 1 = 0 
then a+8=1 and aß = —ż. 


If a and 8 are the roots of az? + br + c= 0, 
then az?-Fbr-- c -— a(xz — o)(x — 8) 
= ala? — [a + B]x +08) 
z* a ia fat Gje + ap 


Equating coefficients, 
c 


at=- and abp =z 


b kr? —2r+k=0 
d 2z? +(k-2)z+2=0 
f (k--1)z? kx C k —0 





' THE ROOTS 


a 





Find the sum and product of the roots of 25g? — 20x 4- 1 = 0. 
Check your answer by solving the quadratic. 


™) Self Tutor 





Check: 





If a and @ are the roots then a+ (6 =—- = —= 


b 20 


OU um 


25 


1 
and of == = = 
a 


25a? — 202 +1=0 has roots 
20 + \/400 — 4(25)(1) _ 20 + 300 — 20+ 10V3 wg 





























50 50 50 5 
These have que ee A E v 
5 5 5 
2+ 43 Y [2- V3 | 
and product = = tra 
5 5 25 25 
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EXERCISE 1C 


1 Find the sum and product of the roots of: 


a 3r? —2r+7=0 b 1?+1lx-13=0 


€ 57?2— 6x —14—0 


2 The equation kx? — (1+k)x +(3k+2) — 0. is such that the sum of its roots is twice their 


product. Find k and the two roots. 


3 The quadratic equation ax? —6x+a—2=0, 


a #0, has one root which is double the other. 


a Let the roots be a and 2a. Hence find two equations involving a. 


b Find a and the two roots of the quadratic equation. 


4 The quadratic equation kx? + (k — 8)z 4- (1 — k) — 0, 


than the other. Find k and the two roots. 


k £0, has one root which is two more 


5 The roots of the equation z? — 6r 4-7 — 0 are a and 6. 


i : : : : 1 1 
Find the simplest quadratic equation with roots a+ 8 and 4 —. 
Q 


6 Theroots of 2x?—3x—5=0 are p and q. 


Find all quadratic equations with roots p?+q and q?- p. 


7 kz?--(k--2)0 —3 — 0 has roots which are real and positive. 
Find the possible values that k may have. 








TERMINOLOGY 


The graph of a quadratic function y = az? + bs + c, 
a#0_ is called a parabola. 


The point where the graph ‘turns’ is called the vertex. 


If the graph opens upwards, the y-coordinate of the 
vertex is the minimum or minimum turning point and 
the graph is concave upwards. 


If the graph opens downwards, the y-coordinate of the 
vertex is the maximum or maximum turning point and 
the graph is concave downwards. 


The vertical line that passes through the vertex is called 
the axis of symmetry. Every parabola is symmetrical 
about its axis of symmetry. 


The point where the graph crosses the y-axis is the 
y-intercept. 


FUNCTIONS 


\ 


parabola 


y-intercept 






minimum 


7 


vertex 


The points (if they exist) where the graph crosses the x-axis are called the x-intercepts. They correspond 


to the roots of the equation y = 0. 


QUADRATICS (Chapter 1) 29 


INVESTIGATION 1 


What to do: 


1 a Use technology to help you to sketch: 


GRAPHING 
yas qi med PACKAGE 
y — —3(x — 1)(x — 3), and y=->3(2-1)Jx-3) TNT 
b Find the z-intercepts for each function in a. 


What is the geometrical significance of a in. y — a(a —1)(a — 3)? 


2 a Use technology to help you to sketch: 
y — 2(x — 1)(x — 4), y — 2(x — 3)(a — 5), y =2(1 + 1)(x — 2), 
y = 2a(a +5), and y = 2(z + 2)(x + 4) 
b Find the z-intercepts for each function in a. 


What is the geometrical significance of p and gin. y — 2(z — p)(z — q)? 


3 a Use technology to help you to sketch: 
y = 2(x — Ds y — 2(z — 305 y = 2(x + 2), y 2g? 
b Find the z-intercepts for each function in a. 


What is the geometrical significance of p in. y — 2(x — p)?? 
^ Copy and complete: 


e Ifa quadratic has the form y — a(z — p)(r —q) then it ...... the x-axis at ...... 
2 


e Ifa quadratic has the form y — a(x — p)? then it ...... the z-axis at ...... 


INVESTIGATION 2 


What to do: 


1 a Use technology to help you to sketch: GRAPHING 
y—-(r-3942, gy-2(2—-3?-42, y= -2(x-3)?+2, PACKAGE 
y = —(2 — 3)? +2, and y =-=3 (0-3)? +2 TW 
b Find the coordinates of the vertex for each function in a. 
c What is the geometrical significance of a in y = a(x — 3)? + 2? 


2 a Use technology to help you to sketch: 
y—2(r—-1)?-3, y=2Ax-22+4  y=2x-3)2+1, 
y — 2(z 4- 1)? 4 4, y — 2(x +2)? — 5, and  y=2(x+3)?-2 
b Find the coordinates of the vertex for each function in a. 
€ What is the geometrical significance of h and k in y — 2(x — h)? 4- k? 


3 Copy and complete: 


If a quadratic has the form y = a(x —h)? +k then its vertex has coordinates ...... 


2 


The graph of y 2 a(z — h? --k isa ...... of the graph of y — ax^ with vector ...... 
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You should have discovered that a, the coefficient of x”, controls the width of the graph and whether it 


opens upwards or downwards. 
For a quadratic function y — az? --bz--c, a 0: 


e a 0 produces the shape S) called concave up. 


à « 0 produces the shape ÁN called concave down. 


e If -1«a«1, aO the graph is wider than y — z?. 
If a « -1 or a1 the graph is narrower than y = 2?. 










y = a(x — p)(x — q) x-intercepts are p and q 


p, q are real axis of symmetry is £x = — 
vertex is (=, 2) 


y — a(z — hy? touches x-axis at h 
h is real : axis of symmetry is z — h 
vertex is (h, 0) 










axis of symmetry is x = h 
vertex is (h, k) 









y — ax? +br +c E y-intercept c 
; : : —b 

axis of symmetry is £x = E 
a 


: b b? 
vertex Is | ——,c— — 
2a 4a 


x-intercepts for A > 0 are 


= where A = b? — 4ac 
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Example 12 x) $elf Tutor 





Using axes intercepts only, sketch the graphs of: 























a y —2(x--3)(z — 1) b y—-2(x- 1)(x — 2) c y—- i242) 
a y-2(x-3)(x—1) b y=—2(4—1)(4— 2) ec y=3(1+2) 
has x-intercepts —3, 1 has x-intercepts 1, 2 touches x-axis at —2 
When — 0) When x = 0, When «x = 0, 
y = 2(3)(-1) y — -2(-1)(-2) y = iQ 
LO LI EP, 
y-intercept is —6 .. y-Intercept is —4 .. y-Intercept is 2 
y 
1,2 z 
—4 
EXERCISE 1D.1 The axis of symmetry 
7 E 1 ketch th h f: is midway between 
1 Using axes intercepts only, sketch the graphs o Uo Ei 
a y=(a—4)(x +2) b y=—(a—4)(x + 2) 
€ y — 2(x -3)(x 4- 5) d y=-3x(1+4) 
e y —-2(z43)? f y=-F(e+2)? 
2 State the equation of the axis of symmetry for each graph in question 1. > 


3 Match each quadratic function with its corresponding graph. 

a y=2(x—1)(4 — 4) b y=-(+1)(x-4) 

€ y —(x—1)(r-—4) y = (x + 1)(z — 4) 

e y=2(x+4)(x-— 1) y = —3(x + 4) (x — 1) 
g y=-(z-1)(x-— 4) y = —3(x — 1) (x — 4) 
A 


n 357 . L 
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Use the vertex, axis of symmetry, and y-intercept to graph y = —2(a +1)? +4. 









The vertex is (—1, 4). 
The axis of symmetry is z — —1. 


When =0, y=-2(1)?+4 














= 2 < » 
a <0 so the shape is VN 

4 Use the vertex, axis of symmetry, and y-intercept to graph: 

a y=(2-1)?+3 b y=2(r+2)?+1 € y——-2(z—1)? - 3 

d y=$(x-3)? +2 e y=-5(1-1)2+4 f y=- +2} -3 
5 Match each quadratic function with its corresponding graph: 

a y=-(2+1)?+3 b y—-2(z—-3) +2 € y—2?42 

d y=-(2-1)+1 e y—(r-2)-2 f y—i(r-3)?-3 

g y=-2? h y—--i(z-1?-41 i y-2(z-2)-1 

A y B 

3 
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Example 14 x) $elf Tutor The vertex is the maximum 


Determine the coordinates of the vertex of. y — 22? — 8x 4- 1. or the minimum depending 
on whether the graph is 


y= 2r? —8x+1 has a= 2. b= =i. and c=1 concave down or concave up. 


= = =(=8) E 


2a 2s 
the axis of symmetry is x = 2 


m 
When r=2, y=2(2)? —8(2)+1=-7 SÍ 


the vertex has coordinates (2, —7). I 








™) Self Tutor 


Consider the quadratic y = 2x? + 6x — 3. 
a State the axis of symmetry. b Find the coordinates of the vertex. 
€ Find the axes intercepts. d Hence, sketch the quadratic. 





y-—2z:^-65 3 has a=2, b=6, and c=—3. a7 0 so the shape is oA 
Ec 
Do E 
The axis of symmetry is x = —3. 
b When z = —3, 
y = 2(-3)? + 6(-3) -3=-73 

The vertex is (—3, —7$). 

€ When 1=0, y=-3 
y-intercept is —3. 
When y=0, 21? +62-3=0 
Using technology, x + —3.44 or 0.436 


a d 


bolo 








6 Locate the turning point or vertex for each of the following quadratic functions: 


a y—z?—4r42 b y—22? 44 € y——322 1 
d y=-2?-4r-9 @ y=227+6r-1 f y--iz-4z-5 
7 Find the z-intercepts for: 
a y=1?-9 b y=21?-6 c y—-a?tz—12 
d y—-4z— z? e y=-=?-6x-8 f y ——-222 — 41 —2 
g y= 42? — 247 4+ 36 h y=x?-4r+1 i y=2?4+8r+11 
8 For each of the following quadratics: 
i state the axis of symmetry ii find the coordinates of the vertex 
iii find the axes intercepts, if they exist iv sketch the quadratic. 
a y=1?-210+5 b y=227-—5r+2 ec y=-22+32-2 


d y=-2+x+1 e y=6x- q? f y--iz-42xr41 
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SKETCHING GRAPHS BY ‘COMPLETING THE SQUARE’ 


If we wish to find the vertex of a quadratic given in general form y =azx?*+bx+c then one approach 
is to convert it to the form y = a(x — h)? +k where we can read off the coordinates of the vertex 
(h, k). One way to do this is to ‘complete the square’. 

























































































Consider the simple case y = x? — 4x + 1, for i W[T, 
which a= qd YST ` : 
y—a?—4z41 a G 
y = 2? - 4142 +1-2 i f =x? -—4r+1 
—— —— s 2 +3 
y= (1-2 -3 “AT 
To obtain the graph of y = z? — 4z +1 from the e > 
graph of y — z?, we shift it 2 units to the right r3 
and 3 units down. 
(2, 3) 
Y 
Example 16 x) Self Tutor 


Write y = z?--Ar--3 inthe form y=(x—h)?+k_ by ‘completing the square’. Hence 
sketch y=a?+42+3, stating the coordinates of the vertex. 


y=13?+42+3 
y=0 +44 2+3-2 
y =(1+2)-1 






y—a?-4xz 4-3 
shift 2 shift 1 
units left unit down 
The vertex is (—2, —1) 
and the y-intercept is 3. 


a Convert y —32?— 4x--1 tothe form y-—a(x— h)?--k without technology. 


b Hence, write down the coordinates of its vertex and sketch the quadratic. 





vertex (—2, —1) 
















b The vertex is. (2, — 1) 
and the y-intercept is 1. 


a y-—32?— 4x 41 


= 2 4 1 





Il 
w 
8 
N 
l 
N 
MS 
wi 
= 
8 
+ 
~ 
[I 
S 
N 
l 
~ 
lv 
— 
N 
+ 
wl 
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EXERCISE 1D.2 


1 Write the following quadratics in the form y = (x — h)? +k by ‘completing the square’. Hence 
sketch each function, stating the coordinates of the vertex. 


a y—-z?—2r43 b y=27+4r-2 € y — x? — 4x 
d y=27+32 e y=r?+5r-—2 f y=x?*-312+2 
g y—z?—6r45 h y=a?+8r—2 i y=2?-5r4+1 





2 For each of the following quadratics: 
i Write the quadratic in the form y = a(x — h)? +k without using technology. 
ii State the coordinates of the vertex. 


SR ons E a is always 
n Find the y-intercept. EN 
iv Sketch the graph of the quadratic. be daken out. 


v Use technology to check your answers. 


a y=2102+40+5 b y=227?-8r+3 E 
c y=2x*-6x+1 d y=32?—-6r+5 A 


e y=-132+4x+2 f y2-2z2?— 574-3 








ACTIVITY 


Click on the icon to run a card game for quadratic functions. 





CARD GAME 


THE DISCRIMINANT AND THE QUADRATIC GRAPH 


The discriminant of the quadratic equation axz?+br+c=0 is A=b? —4ac. 


We used A to determine the number of real roots of the equation. If they exist, these roots correspond 


to zeros of the quadratic y = ar? +bx2+c. A therefore tells us about the relationship between a 
quadratic function and the x-axis. 


The graphs of y —z?—2z--3, y —a?—2r--1, and y —a?—2z—3 all have the same axis 
of symmetry, x = 1. 








does not cut the x-axis touches the x-axis cuts the x-axis twice 
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For a quadratic function y = ax? +bx+c, we consider the discriminant A = b? — 4ac. 
e If A «0, the graph does not cut the x-axis. 
e If A=0, the graph touches the x-axis. 
e If A>0, the graph cuts the x-axis twice. 


POSITIVE DEFINITE AND NEGATIVE DEFINITE QUADRATICS 






Positive definite quadratics are quadratics 


<> means 
which are positive for all values of x. pua 


“if and only if”. 





So, az?--bzr--c 0 forall z € R. 
Test: A quadratic is positive definite & a >0 and A <0. 
Negative definite quadratics are quadratics E 





which are negative for all values of x. 
So, az?+b2+c<0 forall z € R. IN 


Test: A quadratic is negative definite —^ a « 0 and A « 0. 


Example 18 


Use the discriminant to determine the relationship between the graph and the x-axis for: 








a y=xr°+3r+4 b y—-2z72-5r41 
a a=1 E33 c=4 Do a==%2 l=5 e=l 
A — b? — 4ac DAC dac 
= 9 — 4(1)(4) = 25 — 4(-2)(1) 
== 733 
Since A < 0, the graph does not cut Since A > 0, the graph cuts the x-axis 
the x-axis. twice. 
Since a > 0, the graph is concave up. Since a < 0, the graph is concave 
down 


The graph is positive definite, and lies 
entirely above the x-axis. 








EXERCISE 1D.3 


1 Use the discriminant to determine the relationship between the graph and x-axis for: 





a y=132+x-2 b y=r?+7r-2 ¢ y=27+8r+16 

d y=27+4V/2r+8 e y=-a24+:x+6 f y=927+6r+1 
2 Show that: 

a 22-324+6>0 forall x b 4x1—12-6<0 forall x 


c€ 2x?—4x+7 is positive definite d —2z?--3r —4 is negative definite. 
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3 Explain why 3z?--kz —1 is never positive definite for any value of k. 


4 Under what conditions is 2g? + kg+2 positive definite? 


En M IT$ GRAPH 


If we are given sufficient information on or about a graph we can determine the quadratic function in 
whatever form is required. 
















Example 19 





Find the equation of the quadratic function with graph: 
a b 








y 
8 
z 
2 
a Since the x-intercepts are —1 and 3, b The graph touches the x-axis at x = 2, 

y = a(x + 1)(x — 3). so y= a(x — 2)?. 
The graph is concave down, so a < 0. The graph is concave up, so a > 0. 
Wünsn se. gi Wien 2=0 N=8 

3 = a(1)(-3) pes 

2 ==II E 

The quadratic function is The quadratic function is 
y -(z 1) 3). ems 






Example 20 x) $elf Tutor 


Find the equation of the quadratic function with graph: 





The axis of symmetry x =1 lies midway between the z-intercepts. 
the other x-intercept is 4. 
the quadratic has the form 
y-—a(r--2)(—4) where a «0 
But when x=0, y=16 
16 = a(2)(—4) 
a=—2 





The quadratic is y — —2(x 4- 2)(z — 4). 
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Find the equation of the quadratic whose graph cuts the x-axis at 4 and —3, and which passes 
through the point (2, —20). Give your answer in the form y — az? -- bx 4 c. 










Since the x-intercepts are 4 and —3, the quadratic has the form y = a(x — 4)(x +3), a 40. 





Wittn 20 


—20 = a(2 — 4)(2 4- 3) The quadratic is y = 2(x — 4)(x -- 3) 
—20 = a(—2)(5) = 2(27 — 2 — 12) 
ug — 2x? — 2x — 24 








EXERCISE 1E 
1 Find the equation of the quadratic with graph: 





a y b y c 
4 8 
xz T 
1 2 2 
d e f 
2 Find the quadratic with graph: 
a b c 


y 





z=-3 


3 Find, in the form y=ax*+bx+c, the equation of the quadratic whose graph: 
a cuts the z-axis at 5 and 1, and passes through (2, —9) 
b cuts the x-axis at 2 and — 2, and passes through (3, —14) 

touches the z-axis at 3 and passes through (—2, —25) 

touches the z-axis at —2 and passes through (—1, 4) 

cuts the z-axis at 3, passes through (5, 12) and has axis of symmetry x — 2 


- O QA a 


cuts the x-axis at 5, passes through (2, 5) and has axis of symmetry x = 1. 





Example 22 
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39 


x9) Self Tutor 


Find the equation of each quadratic function given its graph: 


2 y 


16 





V(3, —2) 


a Since the vertex is (3, —2), the 
quadratic has the form 
y=a(=—3)?-2 where a> 0. 
Wien m=0 greed 


16 = a(-3)? — 2 
16 — 9a — 2 

18 — 9a 

(jj, m 


The quadratic is y — 2(z — 3)? — 2. 


b 


b Since the vertex is (—4, 2), the 
quadratic has the form 





y-—a(r--4)-2 where a « 0. 


NUCA ISO 


0=a(27 +2 
4a = —2 
a--i 


The quadratic is 
y=-$(@+4)7? +2. 


4 Tf V is the vertex, find the equation of the quadratic function with graph: 
a b 
V(2, 4) 


y 





y 


c 
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Consider the graphs of a quadratic function and a linear function on the same set of axes. 





Notice that we could have: 


MA AL XY 


cutting touching missing 
(2 points of intersection) (1 point of intersection) (no points of intersection) 


If the graphs meet, the coordinates of the points of intersection of the graphs can be found by solving 
the two equations simultaneously. 


Example 23 =ò Self Tutor 


Find the coordinates of the points of intersection of the graphs with equations y = z? — x — 18 
and y=x-—3 without technology. 





y=x?—x-—18 meets y—z—3 where 22-x-18=x-3 
a —21-15=0 {RHS = 0} 
(a — 5)(2 +3) =0 {factorising} 
i= D OP 3) 
Substituting into y=x—3, when x—5, y — 2 and when z = —3, y= —6. 


the graphs meet at (5, 2) and (—3, —6). 


Consider the curves y=x*+5x+6 and y=2x*+2xr-4. 
a Solveforz: z?--5xz 4-6 — 2x? -- 2x — 4. 
b For what values of ris x2? +52+6 > 2x? + 2x — 4? 



















x? +5r +6 = 2r? +2r— 4 
x”? —3r —10=0 
(1+2)/(x—5) =0 
x=-2or5 


y= 2x7? +22 —4 





From the graphs we see that 
z?-r5z 4-6 » 227-22 —4 
when —2«z« 5. 





y=xr°+5r+6 









Example 25 x) $elf Tutor 








y=2xr+ 
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A tangent 


" - 2 T : 
k isatangentto y=2x*—3x+4. Find k. Ae. 


k meets y —2z? —3xz--4 where 
27? -3u--4A — 2r  k 





22? — 5z -- (4— k) 20 


Since the 


graphs touch, this quadratic has A = 0 
(-8)*— 4(2)(4 - k) 0 JP 

25 —8(4— k) 20 

25 — 32-- 8k — 0 

SELL 


— 
k= 3 





EXERCISE 1F 





1 Without using technology, find the coordinates of the point(s) of intersection of: 
a y=a*—-2r4+8 and y=x+6 b y=—22+3r4+9 and y=2r-—3 
c y=xr°—4r+3 and y=2x-6 d y—-a?--4r—7 and y — 5z—4 
2 a i Findwhere y—z? meets y=x+2. 
ii Solve for x: 22>x+2. 
b i Findwhere y=:2%+2x-—3 meets y=x-—l. 
ii Solve for xz: 22+2x-3>x-—1. 
c | Findwhere y —2z?—z43 meets y=2+x+x?. 
li Solve forz: 227-2+3>2+2+427. 
di Findwhere y= meets y — z-F3. 


Solve for z: t 22243. 


3 For which value of c is the line y —3x--c a tangent to the parabola with equation 
y = 12? —52+7? 
4 Find the values of m for which the lines y — mx —2 are tangents to the curve with equation 


y — 2? — 4x 4-2. 


5 Findthe 





gradients of the lines with y-intercept (0, 1) that are tangents to the curve y = 3z2-4-5z4-4. 


6 a For what values of c do the lines y = x +c never meet the parabola with equation 
y = 2x? — 3x— 7? 
b Choose one of the values of c found in part a above. Using technology, sketch the graphs to 
illustrate that these curves never meet. 
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INVESTIGATION 3 


A parabola is defined as the locus of all points which are 
equidistant from a fixed point called the focus and a fixed 
line called the directrix. 


Suppose the focus is F(a, 0) and the directrix is the 





vertical line z — —a. 
What to do: 
1 Suggest why it is convenient to let the focus be at (a, 0) and the PRINTABLE 
directrix be the line x = —a. GRAPH PAPER 
2 Use the circular-linear graph paper provided to graph the parabola 


which has focus F(2, 0) and directrix x = —2. 
3 Use the definition given above to show that the equation of the parabola is y? — 4az. 


4 Let y=mz+c beatangentto y?=4az atthe 


point P. i 
a Use quadratic theory to show that: P 
Í a= me 
E 5 a 2a 
ii P is at (5. =). 
m m x 
Dem E 
b Suppose the curve y? — 4ax is a parabolic 


mirror. A ray of light parallel to the z-axis strikes 
the mirror at P, and is reflected to cut the x-axis 
at R(k, 0). 
By the principle of reflection, o4 — o2. 

i Deduce that triangle PQR is isosceles. 

ii Hence, deduce that k = a. 

iii Clearly state the special result that follows 

from 4 bii. 





5 List real life examples of where the result in 4 bili has been utilised. 
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Some real world problems can be solved using a quadratic equation. We are generally only interested in 
any real solutions which result. 


Any answer we obtain must be checked to see if it is reasonable. For example: 
e if we are finding a length then it must be positive and we reject any negative solutions 


e if we are finding ‘how many people are present’ then clearly the answer must be an integer. 
We employ the following general problem solving method: 
Step 1: If the information is given in words, translate it into algebra using a variable such as x for 


the unknown. Write down the resulting equation. Be sure to define what the variable x 
represents, and include units 1f appropriate. 


Step 2: Solve the equation by a suitable method. 
Step 3: Examine the solutions carefully to see if they are acceptable. 


Step 4: Give your answer in a sentence. 


Example 26 ™) Self Tutor 





A rectangle has length 3 cm longer than its width. Its area is 42 cm?. Find its width. 





If the width is z cm then the length is. (x -- 3) cm. 
x(1+3)=42 {equating areas} zem 
a? + 3a —42=0 
zx £ —8.15 or 5.15 [using technology] (x + 3) cm 
We reject the negative solution as lengths are positive. 


The width is about 5.15 cm. 








=ù Self Tutor 


Is it possible to bend a 12 cm length of wire to form the perpendicular sides of a right angled 













triangle with area 20 cm?? 





Suppose the wire is bent x cm from one end. 


The area A= iz(12— x) 





1 = 2 
gx(12— z) = 20 xem (12—2)cm | 35 
12—2) 40 b Do 
z T) m ecomes  zcm ux 
12x — x^ — 40 = 0 (12 — z) cm 


z?— 12r 4-402 0 


Now A= (-—12)? — 4(1)(40) 
=-16 whichis <0 


There are no real solutions, indicating this situation is impossible. 
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EXERCISE 1G 


2 
3 
4 
5 


10 


Two integers differ by 12 and the sum of their squares is 74. Find the integers. 
The sum of a number and its reciprocal is 51. Find the number. 


The sum of a natural number and its square is 210. Find the number. 
The product of two consecutive odd numbers is 255. Find the numbers. 


The length of a rectangle is 4 cm longer than its width. The rectangle has area 26 cm?. Find its 
width. 


A rectangular box has a square base with sides of length x cm. Its height 
is 1 cm longer than its base side length. The total surface area of the 
box is 240 cm?. 

a Show that the total surface area is given by A = 6x? + 4x cm?. 


b Find the dimensions of the box. 








An open box can hold 80 cm?. It is made from a square 
piece of tinplate with 3 cm squares cut from each of its 
4 corners. Find the dimensions of the original piece of 
tinplate. 








E n deut pea F 3 m 


Is it possible to bend a 20 cm length of wire into the shape of a rectangle which has an area of 
30 cm?? 





The rectangle ABCD is divided into a square and a smaller 


A X B 
rectangle by [XY] which is parallel to its shorter sides. 
The smaller rectangle BCXY is similar to the original 
rectangle, so rectangle ABCD is a golden rectangle. 
The ratio AB is called the golden ratio. 
AD D X C 


Show that the golden ratio is Í DA 


Hint: Let AB = z units and AD = 1 unit. 





Two trains travel a 160 km track each day. The express travels 10 kmh~! faster and takes 30 
minutes less time than the normal train. Find the speed of the express. 


Answer the Opening Problem on page 18. 


A truck carrying a wide load needs to pass through the parabolic 
tunnel shown. The units are metres. 
The truck is 5 m high and 4 m wide. 
a Find the quadratic function which describes the shape of the 
tunnel. 


b Determine whether the truck will fit. 
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The process of finding the maximum or minimum value of a function is called optimisation. 


For the quadratic function y — az? -- bx -- c, we have already seen that the vertex has 


2 b 
x-coordinate ——. 
2a 


e If a>0, the minimum value of y e If a<0, the maximum value of y 
b b 
occurs at y; — —— occurs at y — ——. 
2a 2a 








Example 28 x5) $elf Tutor 
Find the maximum or minimum value of the following quadratic functions, and the corresponding 
value of zx: 

a y=132+2-3 b y=3+4+ 32 — 22? 
a y=x2+2x-3 has b y—-22?--3r--3 has 
G=i, DSi, andl @=]—a gie —95 (pese mnl Ge ab 
Since a » 0, the shape is S Since a < 0, the shape is IN 
The minimum value occurs The maximum value occurs 
—b i =b _ =3 3 
when y — — = -53 when z= — = — =}ĵ 
2a 2a =i! 
and y=(-3)+(=3)-3 and y — —2(#)? + 3(2) +3 
— ¿al 
=-31 — 4g 
. . il 
So, the minimum value of y is 31, So, the maximum value of y is 4g, 
; X 
occurring when x = —ż. occurring when 2 = 7. 








EXERCISE 1H 


1 Find the maximum or minimum values of the following quadratic functions, and the corresponding 
values of zx: 
a y=13*-2x b y=4r?-r+5 © y=7x — 22? 
2 The profit in manufacturing x refrigerators per day, is given by the profit relation 
P = —3z? + 240x — 800 dollars. 
a How many refrigerators should be made each day to maximise the total profit? 
b What is the maximum profit? 
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Example 29 


A gardener has 40 m of fencing to enclose a rectangular 
garden plot, where one side is an existing brick wall. 
Suppose the two new equal sides are x m long. 





a Show that the area enclosed is given by brick wall 
A=2(40 — 22) m?. 
b Find the dimensions of the garden of maximum area. 


zm 


a Side [XY] has length (40 — 2x) m. 
Now, area — length x width 
A = z(40 — 2) m? 


b A—0 when z — O0 or 20. 
The vertex of the function lies midway 
between these values, so x = 10. 


Since a « 0, the shape is fN 


the area is maximised when YZ — 10m and XY — 20 m. 








3 A rectangular plot is enclosed by 200 m of fencing and has an 
area of A square metres. Show that: 





a A-—100r—2z? where z is the length in metres of one of y lam 
its sides 








b the area is maximised if the rectangle is a square. H 





4 Three sides of a rectangular paddock are to be fenced, the fourth side being an existing straight 
water drain. If 1000 m of fencing is available, what dimensions should be used for the paddock so 
that it encloses the maximum possible area? 


5 1800 m of fencing is available to fence six identical 
pens as shown in the diagram. 
a Explain why 9x + 8y = 1800. 
b Show that the area of each pen is given by JE 
A= ¿a? + 225x m?. 


c Ifthe area enclosed is to be maximised, what are f 
the dimensions of each pen? 


ley m 


zm 





y-— x? — 3a 





The graphs of y = z? — 3x and y = 2g — r? are 
illustrated. 
a Without using technology, show that the graphs meet 
T where z —0 and r — 2j. 
b Find the maximum vertical separation between the 
curves for 0 € x « 23. 
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7 Infinitely many rectangles may be inscribed within the 
right angled triangle shown alongside. One of them is 


illustrated. 6 cm 


a Let AB=zxcm and BC = y cm. 
Use similar triangles to find y in terms of zx. 





b Find the dimensions of rectangle ABCD of 


: < 8 cm > 
maximum area. 





The points Pi(ai, bı), P(a2, ba), Pz(az, b3), aes 
P,(a,, b,) are experimental data. The points are 
approximately linear through the origin O(0, 0). 

To find the equation of the ‘line of best fit’ through the 
origin, we decide to minimise 

(P,M1 )? + (P2M3)? + (P3M3)?+.... + (P.M, )? where 
[P;M;] is the vertical line segment connecting each point 
P; with the corresponding point M; on the line with the 
same z-coordinate a;. 

Find the gradient of the ‘line of best fit in terms of a; and bj, i = 1, 2, 3, 4, ...., n. 





9 Write y—(r—a-b)(x-—a--b)(r-d-a-—b)(x--a--b) in expanded form and hence determine 
the least value of y. Assume that a and b are real constants. 


10 By considering the function y — (a4: — b1)? + (azx — 03)?, use quadratic theory to prove the 
Cauchy-Schwarz inequality:  |a1b; + aabe| < a? +a7./b? + b?. 


11 b, ci, bg, and cg are real numbers such that bibọ = 2(cı + c2). Show that at least one of the 
equations 22+bx+c1=0, 22+b20+c2=0 has two real roots. 


REVIEW SET 1A 


1 Consider the quadratic function y =—2(x + 2)(x — 1). 
a State the x-intercepts. b State the equation of the axis of symmetry. 
€ Find the y-intercept. d Find the coordinates of the vertex. 
e Sketch the function. 
2 Solve the following equations, giving exact answers: 
a 32?— 12r — 0 b 322-2—10-0 Cg — lly — 60 
3 Solve using the quadratic formula: 
a 12+524+3=0 b 322+11r-2=0 
4 Solve by ‘completing the square’: 2?+7x-4=0 
5 Use the vertex, axis of symmetry, and y-intercept to graph: 
a y=(r—2)?-4 b y=-5(2+4).+6 
6 Find, in the form y — ax? --br--c, the equation of the quadratic whose graph: 
a touches the z-axis at 4 and passes through (2, 12) 
b has vertex (—4, 1) and passes through (1, 11). 
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10 
11 
12 


13 
14 


15 
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Find the maximum or minimum value of the relation y — —2z? -- Ar - 3. and the value of 
x at which this occurs. 


The roots of. 22? — 3x — 4 are o and f. Find the simplest quadratic equation which has 
roots E and L 
a E 
Solve the following equations: 
a 22+10=7x br+É=7 € 272 724320 
c 


Find the points of intersection of. y — z?— 3xr and y —3z?-— 5x — 24. 
For what values of k does the graph of. y — —2z? -- 5z--k not cut the x-axis? 


Find the values of m for which 22? —3r--m — 0 has: 


a arepeated root b two distinct real roots € no real roots. 
The sum of a number and its reciprocal is 24. Find the number. 


Show that no line with a y-intercept of (0, 10) will ever be tangential to the curve with equation 
y = 3x? + Tx — 2. 


One of the roots of. kx? -- (1 — 3k)z -- (k — 6) — 0 is the negative reciprocal of the other 
root. Find k and the two roots. 


REVIEW SET 1B LATOR 


Consider the quadratic function y = 2x? + 6x — 3. 
a Convert it to the form y — a(z — h)? 4- k. 
b State the coordinates of the vertex. 
€ Find the y-intercept. 
d Sketch the graph of the function. 


Solve: 
il 


a (x-—2)(x+1)= 3x -— 4 b 2r- -=5 
T 
Draw the graph of y = —x? + 2z. 


Consider the quadratic function y=-—31?+8x +7. Find the equation of the axis of 
symmetry, and the coordinates of the vertex. 
Using the discriminant only, determine the nature of the solutions of: 
a 21?-5X-7=0 b 327 — 247 + 48 =0 
a For what values of c do the lines with equations. y — 3x -- c intersect the parabola 
y-—a?--x —5 in two distinct points? 


b Choose one such value of c from part a and find the points of intersection in this case. 


Suppose [AB] has the same length as [CD], [BC] is D 
2 cm shorter than [AB], and [BE] is 7 cm in length. 
Find the length of [AB]. E 

A € 
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8 60 m of chicken wire is available to construct a rectangular 
chicken enclosure against an existing wall. C D 


a If BC—zm, show that the area of rectangle ABCD is d 
given by A — (30r — 22?) m?. Det 2 

b Find the dimensions of the enclosure which will maximise 3 
the area enclosed. 5 

B A| 
9 Consider the quadratic function y = 2x? + 4a — 1. 
a State the axis of symmetry. b Find the coordinates of the vertex. 
€ Find the axes intercepts. d Hence sketch the function. 


10 An open square-based container is made by cutting 4 cm square pieces out of a piece of tinplate. 
If the volume of the container is 120 cm?, find the size of the original piece of tinplate. 


11 Consider y— —2?—5z--3 and y-—z?-F3z- 11. 
a Solveforz: —z?—5r--3-22*-F3z-F1l. 
b Hence, or otherwise, determine the values of x for which 2? -- 3x 4-11 » —2? — 5x 4-3. 


12 Find the maximum or minimum value of the following quadratics, and the corresponding value 








of x: 
a y=312+4x+7 b y=-21?-52+2 
13 600 m of fencing is used to construct 6 rectangular O 
animal pens as shown. à 
a Show that the area A of each pen is rm 
cim (1 ) 2 











b Find the dimensions of each pen so that it has the 
maximum possible area. 


€ What is the area of each pen in this case? 


14 Two different quadratic functions of the form y = 9z? — kx +4 each touch the z-axis. 
a Find the two values of k. 
b Find the point of intersection of the two quadratic functions. 


REVIEW SET 1C 


1 Consider the quadratic function y = (x — 2)? — 4. 
a State the equation of the axis of symmetry. 
b Find the coordinates of the vertex. € Find the y-intercept. 
d Sketch the function. 

2 Solve the following equations: 


a 12-51-3=0 b 2:7— 727 —3—0 
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3 Solve the following using the quadratic formula: 

a 12-72+3=0 b 2z?—5r+4=0 
4 Find the equation of the quadratic function with graph: 

a 





5 Use the discriminant only to find the relationship between the graph and the x-axis for: 


a y=2r?+3r-—7 b y=-312-T723+4 
6 Determine whether the following quadratic functions are positive definite, negative definite, or 
neither: 
a y=—227+32r+2 b y=322+x+11 


7 Find the equation of the 
quadratic function shown: 





8 Find the y-intercept of the line with gradient —3 that is tangential to the parabola 
y = 2z? — 5x 4- 1. 


For what values of k would the graph of. y — z? —2x--k cut the x-axis twice? 


10 Find the quadratic function which cuts the x-axis at 3 and —2 and which has y-intercept 24. 
Give your answer in the form y = ax? + bx + c. 


11 For what values of m are the lines y — mz-—10  tangents to the parabola y — 3x? -- 7x 4-2? 
12 az?--(3— a): —4 — 0 has roots which are real and positive. What values can a have? 


13 a Determine the equation of: 
i the quadratic function 
ii the straight line. 


b For what values of x is the straight line above 
the curve? 





14 Show that the lines with equations. y — —5xz--k are tangents to the parabola 
y-—z?—3z-c ifandonlyif c-k=1. 


15 4z?— 3r —3 — 0. has roots p, q. Find a// quadratic equations with roots p? and q?. 


Functions 





Syllabus reference: 2.1, 2.2, 2.4, 2.7 


Contents: 
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Relations and functions 
Function notation 
Domain and range 
Composite functions 
Even and odd functions 
Sign diagrams 
Inequalities (inequations) 
The modulus function 
Rational functions 
Inverse functions 
Graphing functions 
Finding where graphs meet 
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The charges for parking a car in a short-term car park at an airport are shown in the table below. The 
total charge is dependent on the length of time t the car is parked. 


9 - 12 hours 
12 - 24 hours 

















Looking at this table we might ask: How much would be charged for exactly one hour? Would it be 
$5 or $9? 


To avoid confusion, we could adjust the table or draw a graph. We indicate that 2 - 3 hours really 
means a time over 2 hours up to and including 3 hours, by writing 2 < t < 3 hours. 













































































Car park charges j 30 

~ Time t (hours) | Charge cue (0) 

0 « t € 1 hours $5.00 20 SN 

1<t<2 hours | $9.00 1 s ixblusigd 

2 «t « 3 hours $11.00 N n, e inclusion 

3<t<6hours | $13.00 10 ose 

6 « t « 9 hours $18.00 z 

9 < t < 12 hours | $22.00 S EMI 
12 « t « 24 hours | $28.00 3 6 9 12 15 1. 20 24 











In mathematical terms, we have a relationship between two variables time and charge, so the schedule 
of charges is an example of a relation. 


A relation may consist of a finite number of ordered pairs, such as  ((1, 5), (—2, 3), (4, 3), (1, 6)), 
or an infinite number of ordered pairs. 


The parking charges example is clearly the latter as every real value of time in the interval 0 < t < 24 
hours is represented. 


The set of possible values of the variable on the horizontal axis is called the domain of the relation. 
For example: e the domain for the car park relation is. (£| 0 « t « 24] 
e the domain of {(1, 5), (—2, 3), (4,3), (1,6)} is (-2, 1, 4]. 
The set of possible values on the vertical axis is called the range of the relation. 
For example: e the range of the car park relation is (5, 9, 11, 13, 18, 22, 28] 
e therange of {(1, 5), (—2, 3), (4, 3), (1, 6)} is (3, 5, 6). 


We will now look at relations and functions more formally. 
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RELATIONS 


A relation is any set of points which connect two variables. 


A relation is often expressed in the form of an equation connecting the variables x and y. In this case 
the relation is a set of points (x, y) in the Cartesian plane. 






This plane is separated into four quadrants according to the y 


signs of x and y. 


2nd quadrant | 1st quadrant 


x 


3rd quadrant | 4th quadrant 


For example, y=2+3 and z=y? are the equations of two relations. Each equation generates a 
set of ordered pairs, which we can graph: 








Ay 























































































































However, a relation may not be able to be defined by an equation. Below are two such examples: 





(1) y (2) 
X 
The set of all points in the first quadrant is the These 13 points form a relation. This is a finite 
relation z 7 0, y — 0. This is an infinite set set of ordered pairs. 


of ordered pairs. 


FUNCTIONS 


A function, sometimes called a mapping, is a relation in which no two 
different ordered pairs have the same x-coordinate or first component. 


We can see from the above definition that a function is a special type of relation. 


Every function is a relation, but not every relation is a function. 
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TESTING FOR FUNCTIONS 
Algebraic Test: 


If a relation is given as an equation, and the substitution of any value for x 
results in one and only one value of y, then the relation is a function. 


For example: 


y —3x—1 ¡sa function, as for any value of x there is only one corresponding value of y. 


z —y? is nota function since if z — 4 then y = +2. There is more than one value of y for 


the given value of x. 





Geometric Test or Vertical Line Test: 


If we draw all possible vertical lines on the graph of a relation, the relation: 
e isa function if each line cuts the graph no more than once 
e is not a function if at least one line cuts the graph more than once. 





Example 1 x) $elf Tutor 
Which of the following relations are functions? 
a y b y c y 
x T 
zx 
a y b £ y DEMO 
HH T 
z 
a function a function not a function 








GRAPHICAL NOTE 
e Ifa graph contains a small open circle such as ——9—— , this point is not included. 
e Ifa graph contains a small filled-in circle such as ————e , this point is included. 
e Ifa graph contains an arrow head at an end such as ———>, then the graph continues indefinitely 


in that general direction, or the shape may repeat as it has done previously. 


EXERCISE 2A 
1 Which of the following sets of ordered pairs are functions? Give reasons for your answers. 
a {(1, 3), (2, 4), (3, 5), (4, 6)) b {(1 3), (3, 2), (L 7), (1, 4)} 
c {(2, —1), (2, 0), (2, 3), (2, 11); d {(7, 6), (5, 6), (3, 6), (~4, 6)} 
e {(0, 0), (1, 0), (3, 0), (5, 0)} f {(0, 0), (0, —2), (0, 2), (0, 4)} 
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2 Use the vertical line test to determine which of the following relations are functions: 


DEDI. 
P 
E 





3 Will the graph of a straight line always be a function? Give evidence to support your answer. 


4 Give algebraic evidence to show that the relation z?-- y? — 9 is not a function. 





If 4 is the input fed into the machine, 
the output is 2(4) +3 = 11. 





The above ‘machine’ has been programmed to perform a particular function. 
If f is used to represent that particular function we can write: 
f is the function that will convert x into 2x 4- 3. 


So, f would convert 2 into 2(2)+3=7 and 
—4 into | 2(—4) - 3 2 —5. 
This function can be written as: 


f:i>2 21043 f (x) is read as “f of x”. 
i ee 








function f such that d ES to 2x+3 


Two other equivalent forms we use are f(r) —2r--3 and y -—2z4 3. 


f(x) is the value of y for a given value of x, so y= f(x). 
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f is the function which converts x into f(x), so we write 








friar f(z). 








y = f(x) is sometimes called the function value or image of z. Tas 








For f(z) —2r4-3: 








e f(2) =2(2)+3=7 indicates that the point (2, 7) lieson — 4 


ve 








the graph of the function. 








e f(—4) —2(—4) 4-3 — —5 indicates that the point (—4, —5) 





also lies on the graph. | (—4,—5) 
































e f(x) isa linear function since it has the form f(x) =ax+b 





























where a, b are real constants and a 4 0. 


If f:a2++ 2x? — 32, find the value of: a f(5) b f(-4) 












f(x) = 2a? — 32 


a f(5) = 2(5)? — 3(5) {replacing x with (5)} 
=2x 25-15 
= 315) 
b f(-4)—2(-4) —3(—4) (replacing x with (—4)} 
= 2(16) +12 


= 44 


a f(—2) =5— (—2) — (—2)? {replacing x with (—2)] 
= r= 


=5=x-=2-= [1? + 4x +4] 
—3-z-az?—4g—4 





--—2^-5r-1 
EXERCISE 2B 
1 If f: e+ 3xr+2, find the value of: 
a f(0) b f(2) c f(-1) d f(5) 
2 If f:2++32—27+2, find the value of: 
a f(0) b f(3) « f(-3) d f(-7) 


3 If giana, find the value of: 


x 


a g(1) b g(4) ¢ g(-1) d g(-4) 


Example 3 x) $elf Tutor 
If f(z)—-5—z—2?, find in simplest form: a f(=-x) b f(1+2) 


b f(z42)—5— (z-4-2)— (x 4-2Y {replacing x with (x + 2)} 












10 


11 


12 
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If f(x)=7-— 3x, find in simplest form: 


a f(a) b f(-a) c fla+3) d f(b-1) e f(r42) f f(x-h) 
If F(r)-—2z?--3r —1, find in simplest form: 
a F(1+4) b FQ-zx) ¢ F(-2z) d F(a?) e F(a2-1) f F(x+h) 


| 2x3 
^ g—4' 


Evaluate: i G(2) ii G(0) iii G(-3) 
Find a value of x such that G(x) does not exist. 
Find G(x+2) in simplest form. 

Find rif G(x) = —3. 





Suppose G(x) 


Q n GO wv 


f represents a function. What is the difference in meaning between f and f(x)? 


The value of a photocopier t years after purchase is given by —_ 
V(t) = 9650 — 860t euros. 


a Find V(4) and state what V(4) means. 
b Find t when V(t) = 5780 and explain what this represents. 





€ Find the original purchase price of the photocopier. 





On the same set of axes draw the graphs of three different functions f(x) such that. f(2) — 1 and 
f(5) =3. 
Find a linear function f(x) =ax+b for which f(2)=1 and f(-3)= 11. 


Given f(x) =ax+ E [(1) 21, and f(2)=5, find constants a and b. 
zx 


Given T(x) =az?+br+c, T(0)=—4, T(1)=—2, and T(2)=6, find a, b, and c. 





The domain of a relation is the set of values of x in the relation. 


The range of a relation is the set of values of y in the relation. 


NOTATION 


The domain and range of a relation are often described using set notation or interval notation or a 
number line graph. 


For numbers between a and b inclusive we write 


IE 


Y AR 


a b COR DOD Can On| | 


For numbers outside a and b we write 


a b ^? g«aorz»b or z€]|-ooa[U]b, oo[. 


The symbol U 
means ‘or’. 
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the set of all x such 
a x x| that x is greater than or 


equal to 3 


3 


the set of all x such that 
x is less than 2 


the set of all x such that 
x is between —2 and 1, 
including 1 





the set of all x such that 
lr[x<0Ux>4)|2€]-o, 0] U ]4 oo[ AA — x is less than or equal to 


0, or greater than 4 





DOMAIN AND RANGE OF FUNCTIONS 


To find the domain and range of a function, we can observe its graph. 


For example: 





(1) All values of x > —1 are included, 
so the domain is {x | x 2 —1)] or x € [-1, oo[. 
All values of y 2 —3 are included, 
so the range is {y | y 2 -3) or y € [-3, oo[. 
x E€ R means x can be 
(2) y x can take any value, any real number 






(2,1) so the domain is 
lx|eRj or ceER. 

y cannot be > 1, 

so the range is 


tyly<1j or y €]-oo, 1]. 


x can take all values except 2, 

so the domain is {x | £x #2} or x #2. 
y can take all values except 1, 

so the range is {y |y #1} or y z 1. 








To fully describe a function, we need both a rule and a domain. 


2 


For example, we can specify f(x)= x° where x >0. 


If a domain is not specified, we use the natural domain, which is the largest part of R for which f(z) 
is defined. 
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For example, consider the domains in the table opposite: 


Click on the icon to obtain software for finding the 
domain and range of different functions. 








DOMAIN 
AND RANGE 
Example 4 x) $elf Tutor 
For each of the following graphs state the domain and range: 
b y 
(4,3) 
z 
OLD 
(2, =1) 
a Domainis {x]|x <8} b Domainis {2x | a € R} 
Rangeis (y|y2-2] Rangeis (y|y2-1) 








EXERCISE 2C 


1 For each of the following graphs, find the domain and range: 


b y c 
—1,3) Y im (5,3) 


e AY f 
(0,2) 
(1,—1) 
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State the domain and range of each of the following functions: 


a f(x) =Ve—5 b f(z) =— 


pic: a—5 























ii 


a vzrz—5 is defined when 2—520 b EMT is defined when 272—570 
ap 29 EET 
the domain is {x|a > 5}. .. the domainis {x | a #5}. 
A square root cannot be negative. No matter how large or small x is, 
the range is [y|y 20). y = f(x) is never zero. 
the range is {y | y # 0}. 
Ay : il 














1 
is defined when x—5>0 Ay : m 
eae peru : ME 
the domainis {x|a > 5). 
y — f(x) is always positive and never zero. E i 


the range is {y | y > 0}. 














Y 
2 State the domain of each function: 
1 A 
3 Find the domain and range of each of the following functions: 
a f[:z2xz-1 b f(x) =3 € f:xe wr 
1 1 1 
d IUe e fu Er t Joren 
4 Use technology to help sketch graphs of the following functions. E 


Find the domain and range of each. T 





a f(1)=yxr-2 b fire - € f:xexyA-zr 
d y-z? — Iz 10 e fílx)=vx?+4 f fla) =vx?-4 
g f:12>5- 32? h f:izeoz4l i jue 
x 2—2 
Ì y = zr? — 3r? — 9r + 10 k Fon HH 9. l y=? +r? 
2 —*.-—2 


m y= +} n f:xod+t—160+3 
T 
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5 Write down the domain and range for each of the following functions: 


{(1, 8), (2, 5), (3, 7) 
x € Z means 
“x is an integer’. 
INVESTIGATION 1 


b {(-1, 3), (0, 3), (2 5)} 
{ — 1), (=2, 1), (=I, 1), (3, 1)} 
{(xz, y) | £? +y? =4, eZ, y>0) 
When water is added at a constant rate to a cylindrical container, the depth of water in the container 
is a linear function of time. This is because the volume of water added is directly proportional to the 
time taken to add it. If the water was not added at a constant rate, depth of water over time would 
not be a linear function. 





( 
( 
( 








The linear depth-time graph for a 
cylindrical container is shown alongside. 


In this investigation we explore the 
changes in the graph for different shaped 
containers such as the conical vase. 


DEMO 





What to do: 


1 By examining the shape of each container, predict the depth-time graph when water is added at 
a constant rate. 


a b 





2 Use the water filling demonstration to check your answers to question 1. 


3 Write a brief report on the connection between the shape of a vessel and the corresponding shape 
of its depth-time graph. First examine cylindrical containers, then conical, then other shapes. 
Gradients of curves must be included in your report. 


A Suggest containers which would have the following depth-time graphs: 


8 Adepth b Adepth € A depth d 4 depth 


time time time time 
> > > > 
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Given functions f: 
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FUNCTIONS 


ar f(z) 


will convert x into f(g(x)). 


and g: x> g(x), the composite function of f and g 


fog is used to represent the composite function of f and g. It means “f following g”. 
(f o g)(z) — f(g(z)) fog: x> f(g()). 


4 


or 


Consider f: £= xê and g: £m 2r+3. 
fog means that g converts x to 2x +3 and then f converts (21 +3) to (2% +3)*. 


This is illustrated by the two function machines below. 

















: Notice how f is 
| [ g-function machine following 6: 
I double 2x +3 
and then = 8 
add 3 | f-function machine 
203 I raise a EA 
number to [— —1 
the power 4 | =) 





UN 


(2x +3)4 


Algebraically, if f(x) =x* and g(x) =2xr+3 then 
(f o g)(z) = f(g(z)) 





= f(2x +3) {g operates on = first} 
— (2r--3)! (f operates on g(z) next] 
and (go f)(x) = g(f(x)) 
= g(a") {f operates on x first} 
=2(x*)+3 {g operates on f(x) next} 
= 2z +3 
So, f(9(@)) 4 g(f(2)). 


In general, 


(fog)(x) 4 (go Pz). 





Example 6 


Given f: zz-—2r-1 and g: x 3-— 4r, find in simplest form: 





a (fog)(x) b (gof)(x) 

Fa)=202+1 and g(1) =3-—4z 

a (fog)(x) = f(g(x)) b (gof)(x) — g(f(z)) 
= f(3 — 42) — g(2z + 1) 
= 2(3 — 41) +1 =3-4(21 +1) 
=6-80+1 —3—8r—4 
Z7 3r = —&8r— 1 
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In the previous example you should have observed how we can substitute an expression into a function. 
If f(r)-— 2r--1 then f(A) = 2(A) +1 
and so f(3 — 4a) = 2(3 — 4x) +1. 


Example 7 x) $elf Tutor 















Given f(z)=6r—5 and g(z)-—z?--z, determine: 


a (gof)(-1) b (fo f)(0) 





g (fo f)(0) = F(F)) 
Now f(—1)=6(-1)-—5 Now /(0) =6(0)—5 
=-11 T 
(go PEL) = g(- 11) =. (Fo f)(0) = f(-5) 
= (-11)? + (-11) = 6(—5) —5 
= 110 = —35 








The domain of the composite of two functions depends on the domain of the original functions. 
For example, consider f(z) =x? with domain € R and g(x) =./x with domain x > 0. 
(f og)(z) — f(g(a)) 


= (Jz)? The domain of (fog)(x) is x 2 0, not R, since (fog)(x) is 
=g defined using function g(x) which has domain x > 0, not R. 


EXERCISE 2D 


1 Given f:xm=2r+3 and g:czx-—1-—z, find in simplest form: 


a (fog)(x) b (go f)(x) ¢ (fog)(-3) 
2 Given /f(r)-— /6—z and g(r)—5z-— 7, find: 
a (gog)(z) b (fog)(1) c (go f)(6) 


3 Given f: urea? and g:z2-—z, find (fog)(x) and (go f)(x). 
Find also the domain and range of fog and go f. 
5 Suppose f:z:—2?-1 and g:z:153- m. 
a Find in simplest form: i (fog)(x) ii (go f)(x) 
b Find the value(s) of x such that (go f)(x) = f(x). 


5 Functions f and g are defined by f = {(0, 3), (1, 0), (2, 1), (3, 2)} and 
g = {(0, 1), (1, 2), (2, 3), (3, O)}. Find fog. 

6 Functions f and g are defined by f = {(0, 2), (1, 5), (2, 7), (3, 9)} and 
g = {(2, 2), (5, 0), (7, 1), (9, 3)}. Find: a fog b gof. 


and g(x) =~ E D find in simplest form: 


a (fog)(x) b (go f)(x) € (gog)(z) 


In each case, find the domain of the composite function. 


x 


7 Given f(x) = — 
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8 Given f(r)— /1—z and g(x) =<27, find: 
a (fog)(x) b the domain and range of (fo g)(x) 


9 a If ar+b=cx+d for all values of x, show that a — c and b=d. 
Hint: If it is true for all x, it is tue for z —0 and x- 1. 
b Given f(1)=2x+3 and g(x)=ax+b andthat (fog)(x) =a for all values of x, 


deduce that a= 4 and b=-3. 


€ Is the result in b true if. (go f)(zr) =x forall x? 





EVEN FUNCTIONS 
Consider the function f(x) = 2?. 


Now f(3)=3?=9 
and f(—3) =(-3)? =9 
So, f(—3) = f(8). 


In fact, f(—a) = f(x) forall x. 
We know this is true since 





T The graph of an even 
= f(z). function is symmetrical 







We say that f(x) =x? is an even function. about the y-axis. 


A function f(x) is even if f(—x) = f(x) for all x in the domain of f. 


ODD FUNCTIONS 

Consider the function f(x) = x°. 
Now f(2)=2°=8 

and f(—2) = (—2)? =—8 

So, f(—2) =—f(2). 


In fact, f(—z)- —f(x) for all x. 
We know this is true since 











The graph of an odd 
= -f (x). 


We say that f(x) =x% isan odd function. 


function has rotational 
symmetry about the origin. 


A function f(x) is odd if f(—x) =—f(x) for all x in the domain of f. 
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Example 8 x) $elf Tutor 
Determine whether the following functions are even, odd, or neither: 
a ES b g(x) =2*+2? c h(2)=x?-22+3 
c 
a TOS - b g(z)-—s*--z* 
; g(—2) = (-2)* + (-2)? 
fies zd 
ER = g(x) 
a -~ g(x) is an even function. 
- fla) : 
f(x) is an odd function. $ a os p 
h(-x) — (-2)' —2(-2) 3 
=f +22 +3 


which is neither h(x) or —h(z). 
h(x) is neither even nor odd. 








Example 9 ™) Self Tutor 
Prove that the sum of two odd functions is also an odd function. 
Suppose h(x) = f(x) + g(x) where f(x) and g(x) are odd functions. 


g 
Now h(-z)- f(-2) + g(=x) 
= — f(x) — g(a) 


= -(f (x) + 9(2)) 
=—h(x) for all x 


h(a) is odd. 


Thus the sum of two odd functions is an odd function. 





EXERCISE 2E 
1 Show that f(x) = = +2 is an even function. 
x 


2 Show that f(x) =x*—3x is an odd function. 


3 Determine whether the following functions are even, odd, or neither: 


a f(x) =5a b f(z) =—4r +3 ¢ f(r) = 





d f(0)=2%*-? e f()-22 45-3 tf) - 


4 Suppose f(x) =(2x+3)(1+a) where a is a constant. Find a given that f is an even function. 


5 Suppose g(x) = (x+1) ( + b) where b is a constant. Find b given that g is an odd function. 
zx 
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6 a Ifthe quadratic function f(x) =ax*+bx+c, a 0 is an even function, prove that b = 0. 


For what values of the constants is the cubic function g(x) = ax? + bx? +cra +d, a £0, 
an odd function? 


c Under what conditions is the quartic function h(x=)=ax*+ba*+cx?+dx+e, aX 0, an 
even function? 
7 Prove that: 
a the sum of two even functions is an even function 
b the difference between two odd functions is an even function 
€ the product of two odd functions is an even function. 


8 Suppose f(a) is an even function and g(x) is an odd function. Determine whether the function 
(fog)(x) is even, odd, or neither. 


Sometimes we do not wish to draw a time-consuming graph of a function but wish to know when the 
function is positive, negative, zero or undefined. A sign diagram enables us to do this and is relatively 
easy to construct. 





For the function f(x), the sign diagram consists of: 
e a horizontal line which is really the x-axis 


e positive (+) and negative (—) signs indicating that the graph is above and below the x-axis 
respectively 


e the zeros of the function, which are the x-intercepts of the graph of y = f(x), and the roots of 
the equation f(x) =0 
e values of x where the graph is undefined. 


Consider the three functions y = (x + 2)(x — 1), y = —2(x — 1)?, and y= E DEMO 


x 
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From these signs you should notice that: 
e A sign change occurs about a zero of the function for single linear factors such as (x 4-2) and 
(xz — 1). This indicates cutting of the x-axis. 


e No sign change occurs about a zero of the function for squared linear factors such as (x — 1)?. 
This indicates touching of the x-axis. 


e ó indicates that a function is undefined at x = 0. 


In general: 
e when a function has a linear factor with an odd power there is a change of sign about that zero 
e when a function has a linear factor with an even power there is no sign change about that zero. 


Example 10 x) $elf Tutor 









Draw sign diagrams for: 











™) Self Tutor 


Draw a sign diagram for: 
a (x-3)x— 1) b 2(2xr4-5)(3— x) 





a (x+3)(x— 1) has zeros —3 and 1. b 2(22+5)(3—x) has zeros —3 and 3. 


+ = 
z T 
-3 1 EG 3 


We substitute any number > 1. 
When z —2 we have (5)(1) » O0, 
so we put a + sign here. 


the signs alternate. 





As the factors are distinct and linear, 


We substitute any number > 3. 
When x=5 we have 2(15)(-2) < 0, 
so we put a — sign here. 
As the factors are distinct and linear, 
the signs alternate. 
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EXERCISE 2F 


1 Draw sign diagrams for these graphs: 


a y b 


Example 12 


Draw a sign diagram for: a 12— 3277 





x9) Self Tutor 


b —4(x — 3)? 





a 12—3z? — —3(z^? —4) 
—-—3(z-2)(x- 2) 
which has zeros —2 and 2. 


" | 


=2 D 





We substitute any number > 2. 
When «= 3 we have —3(5)(1) <0, 
so we put a — sign here. 
As the factors are distinct and linear, 
the signs alternate. 





b —4(x— 3)? has zero 3. 


3 


We substitute any number > 3. 
When « =4 we have —4(1)? <0, 
so we put a — sign here. 
As the linear factor is squared, the 
signs do not change. 
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2 Draw sign diagrams for: 











a (a+4)(x — 2) b x(x —- 3) € z(r4-2) 
d -(2+1)(x-— 3) e (2r — D)(3 — x) f (5—z)(1—2z) 
g 22—9 h 4-2? i 5a — 2? 
j «?-—32+2 k 2-82? | 627 +2-—2 
m 6-— 16z — 62? n —27? 9r 45 o —151?-2+2 
3 Draw sign diagrams for: 
a (x42y b (1-3)? c —(2+2)? 
d -(x—4)? e z?—2r41 f -r?° +4r—4 
g 4r? —4r+1 h -2?—6z—9 i —4z? 127 — 9 
L Example 13 
Draw a sign diagram for — 
m j is zero when 2 =1 and undefined when x = -i. 
| t z ~ When c — 10, 2420 


1 


ia 


Since (x—1) and (2x+1) are distinct, linear factors, the signs alternate. 
































+i =- | + 
C 
-i 1 
4 Draw sign diagrams for: 
à r+2 b x e 2x 4-3 
z—1 ts 4-2 
d dx —1 2 3x f —8x 
2-2 x—2 3-2 
g (x — 1)? h 4m i (a + 2)(x — 1) 
x (2 + 1)2 3-24 
B 2_ = 
j a(x — 1) k E 4 l 3-2 
2-2 -x 2:72 — 2 —6 
- 22—3 ï r2? +1 e 22+20+4 
+1 E qx 
p — (2 — 3) (a? + 2) q —a? (a +2) i z?--4 
+3 5-ux (2 — 3)2(x — 1) 
i z—5 3 t $—2 4 ü 38a+2 x-3 








+1 +3 x—2 +3 
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An equation is a mathematical statement that two expressions are equal. 





Sometimes we have a statement that one expression is greater than, or else greater than or equal to, 
another. We call this an inequation or inequality. 


2r —1 3 : ui 
2743» 11— z and E < — are examples of inequalities. 
T 








In this section we aim to find al! values of the unknown for which the inequality is true. 


INVESTIGATION 


2 D 
Bem 24 was: If STE 
—g 1-2 








Jon’s method of solving >4, then 32+2>4(1- ax) 


31+2>4-—4z 


e > 2 
2 
me 7 
e 5 3c + 2 iT jii ls 
However, Sarah pointed out that if x = 5, " ==, = —47 and —44 is not greater than 4. 
2 





They concluded that there was something wrong 

with Jon's method of solution. 

By graphing y — 7 

the same set of axes, they found that 
OILS 
E m 


What to do: 


1 At what step was Jon's method wrong? 


and y — 4 on 








>4 when 2¿<zx<l. 





2 Suggest an algebraic method which does 
give the correct answer. 


From the Investigation above you should have concluded that multiplying both sides of an inequality by 
an unknown can lead to incorrect results. 


We can, however, make use of the following properties: 


(1) If a>6 and cER, then a+c>b+e. 
(2) If a>b and c>0, then ac > be. 
(3) If a» b and c «0, then ac « bc. 
(4) If a b» 0, then a? » 97. 
(5 If a « b « 0, then a? » 97. 
Properties (2) and (3) tell us that when we multiply an inequality by a positive number, the inequality 


sign is not changed. However, when we multiply an inequality by a negative number, we need to reverse 
the inequality sign. 
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For example: 3«5 3«5 
3x2«5x2 So 9x-2»5x-2 
6 « 10 S0 0-6 —10 


In the Investigation, John's method failed because he did not treat the cases where 1 — x » 0 and 
1—a <0 separately. 





To solve inequalities we use these steps: 


e Make the RHS zero by shifting all terms to the LHS. 
e Fully factorise the LHS. 

e Draw a sign diagram for the LHS. 

e Determine the values required from the sign diagram. 


Example 14 x) $elf Tutor 


Solve for x: a 32?--5r7 22 


3a? + 5x 22 
3x? +5a—2>0 {making RHS zero} 
(3r—1)(r--2) 20 {fully factorising LHS} 
Sign diagram of LHS is 
=2 


z €]—-oo, -2] or z € [4, oo. 


2? +9< 6z 
. 22—6r4+9<0 {make RHS zero} 
(a —3)? <0 {fully factorising LHS} 
Sign diagram of LHS is 





So, the inequality is not true for any real x. 
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In situations where we cannot find the sign diagram easily, we can use a graphical method. 


Example 15 


Solve for x: 





We graph Yı = E : 





Casio fx-CG20 


E [EXE]:Show coordinates 
Y1=(3x+1)1(282) 
Y2=2x-6 


The graphs intersect at xz — 1 and x —5.5. 


3 1 
So, zm 





g= 


ae a OO 






sel 


The graph of y = m) 





value in our interval. 








EXERCISE 2G 


1 Solve for x: 

a (2—2z)(-3)20 
rL r 
r? <4 
20?>1+3 
32? » 8(x + 2) 
p l1-5z «62? 


3 wo a 


2 Solve for x: 
4 
e+ > 
24-1 





x? + 5a 
a2 —4 


d <0 


3 Solve for x: 


a r 


B <2x—6 when 


is undefined when zr —2, 
so we do not include this 


2 sa m7 T0070 


and Y —2X — 6 on the same set of axes: 


TI-84 Plus 





(r—1)? «0 
x? > 3a 

23? 24 

4z? -Ay -1« 0 
21? — 4r +2 >0 
122? > 5z +2 


x+1 
> 

4—a 7 

21-3 2x 
< 

x+2 1—2 





0 








x? — 227 +6 < 5r 


™) Self Tutor 


TI-nspire 


























(2z 4-1)(3— 2) 20 
32? + 2a <0 
r? +4r+4>0 
627+ 7x <3 
612 +1<5zx 
22? +9 > 9x 

2 1 
227 —5 < +7 
EZ > 2743 


xv? —6 < 2x — 32? 
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Ll FUNCTION 


The modulus or absolute value of a real number x is its distance from O on the number line. 
We write the modulus of z as |z]. 


Because the modulus is a distance, it cannot be negative. 








e If z»0, |r| 2 x. e If z«0, |z| =-x. 
|r| 4— — —| 3 |———- 
al ~œ TI, al ~œ TŪ, 
0 x x 0 
For example: The modulus of 7 is 7, which is written as |7| = 7. 
The modulus of —5 is 5, which is written as |—5| — 5. 
E 5 >< 7 > 
m | | s 
—5 0 7 


This leads us to the algebraic definition of modulus: 


x if 220 
-xz ifgz<0 


The modulus of z, |x| = { 


The relation y = |x| is in fact a function. 
We call it the modulus function, and it has 
the graph shown. 







y = |x| 


This branch 
isy=-—x, r«0. 


This branch 
isy=x, «>0. 


An equivalent definition of |x| is: E 


For example: — |7| 2 V7? = V49 =7 
|-5| 2 (55)? = V5 =5 





Example 16 x) $elf Tutor 
If a — —3 and b=4 find: 
a |7+al b |ab| ¢ |a? + 25] 
a  |7+al b jab] ce la? +2b] 
- [7-- (-3)] = |(-3)(4)| = |(-3)? + 2(4)| 
= |4| = |-12| = 9 +8] 
=4 =) [E 
=17 
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By replacing |x| with x for « >0 and —a for x <0, write the following functions without 
the modulus sign and hence graph each function: 





a f(x) =x- |z] b f(x) =x|z] 
AA NS a bU UNE a 
Tar OE E eren Un If «<0, f(#) =2(—a) = —2?. 
y= ue tor a <0 y=r for x>0 
So, we graph So, we graph A 
y=O tor eS) Y= —a ere ae < (0), 











This branch is 
This branch is y-z)hz20 


gi e ag ze 0 








x 








This branch is 
US —27,2 <0 


This branch is 
Yi D arces) 








EXERCISE 2H.1 
1 If a4——2, 5b—3, c— —4 find the value of: 
a la] b |b « ja||b| d |ab| e |a— b] f |a| — |b] 
9 ja-b — h alto] al? j a k |£ e 
a Jal 








2 If x— —3, find the value of: 


a |5—z| b [5| — |z| c 2H 











l=zx 


3 a Copy and complete: 





b Are the following true or false for a// real values of a and 5? 
i |a+b|= |a| + |b| ii |a — b| = |a| — |b| 
c Use the fact that |x| = Vx? to prove that |a—b|=|b— al for all real values of a and b. 


^ a Copy and complete: 
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b Use the fact that |x| = vz? to prove that for all real values of a and b: 








E a la] 
= — = — b 
i Jab] = [al [èl |= m. buo 
a if a20 ] . ] . : 
5 Use jal = . to write the following functions without modulus signs. 
=a if a<0 
Hence graph each function. 
a y=|z-2| b y-|z 1| € y- -|z| 
d y-|z| - x e ipe f y=x-2]x| 
T 
3 y=|z|+ |z- 2| h y= |z|- |z- 1]| 





MODULUS EQUATIONS AND INEQUALITIES 


From the previous exercise you should have discovered these properties of modulus: 


e |x| 20 forall x e |-z|—]|v| for all x 

e |z? =z? forall x e |xy| —|x||u| forall z and y 
2 -2 for all x and y, y Z0 e |x—y| —|y —x| for all x and y. 
y y 








Modulus is a distance. 
|e — y| = |y — z| says 
that the distance from y to 


x on the number line equals 
the distance from x to y. 





It is clear that |z| =2 has two solutions: x —2 and z-— —2. 





AS mee Sa 0 then == Ea: 


We use this rule to solve equations involving the modulus function. 


| Example 18 | 18 Pym $elf Tutor 











Solve for z: a |22+3|=7 b |3—-2z| 2—1 
a Tr |S b |3—-2z| 2-1 
2e+3= 47 has no solution as LHS 
22+3=7 or ES f is never negative. 
IS nq LE) 
Dip = A Epica 
qu a g= 
So r=2 o =9 
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Example 19 


Solve for x: 








Also notice that: If |a| = |b] 


Example 20 





Solve for x: [12M 





3x +2 = 4(1 — x) z. 3x +2 = —4(1-— x) 


If |z+1|=]|2r-— 3|, then z+ 1 = (2r —3) 










3r +2 
l-z 











3z +2 = —4+4r 
oS 










then z = +b. 


x9) Self Tutor 






= |2x — 3]| 














EXERCISE 2H.2 


1 Solve for x: 


a 
d 


2 Solve for zx: 


3 Solve for x: 


a 
d 








r+1=2r-3 or z +1 = -—(2z — 3) 
dem SES 
* 32 =2 
= 
uec 
So, pp d. 
H= b |r| 2 —5 € |z| 20 
z—1|23 3-x|=4 f |x+5]=-1 
3x—2|=1 h |3—-2z| 23 i |2—5z| 2 12 
z£ —3 b 27—1 -5 " 2+3 E 
r—1 +i 1-32 2 
3x — 1| = |z + 2| b |2z+5|= |1- z| c |z+1|= |2- z| 
z| = |5 — z| e |1—4z| 2 2|x — 1| f |3z-2| 2 212 — «| 


4 Solve for x using: 


i a graphical method 


a |[1+2|=2x+1 b 








ii an algebraic method: 


xo +3|=3 |x| — 1 € |z-2|- 2241 
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Example 21 x) $elf Tutor 
Solve graphically: |1— 2z| > +1. 


We draw graphs of. y —|1—2zr| and y=a+1 on the same set of axes. 


Casio fx-CG20 TI-84 Plus TI-nspire 


[EXE]:Show coordinates 
y 


Intersection 
azz 








The graphs intersect at 
OA mp 





GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


y Now |1-2x]|>x+1 
ji mm age 
EA when the graph of y = |1—2x| lies above 
: y-z-4l. 


El mv mc 
z€|-oo, 0| U ]2, oo 








5 Solve for x: 

















a |z| «4 b |x| 23 c |r-3| «1 d |2z—1|«3 
e |3—42| 2 tf js 22-2 9 3lz|«|l-2z|  h | =|>3 
"m 
2z -3 : 2 
—i1|22 j |z-3| «zx k |z?-2|>2 I [z| - 22 |4— x| 
6 Graph the function f(x) = L, Hence find all values of x for which el 2-i 
zx— w= 
7 a Draw the graph of y= |x +5|+ |x +2|+]ļx|+ |z- 3l. 
b 
P O R 
A = B 
—5 =2 


P, Q, and R are factories which are respectively 5, 2, and 3 km away from factory O. 
A security service wants to locate its premises along (AB) so that the total length of cable to 
the 4 factories is a minimum. 
i Suppose x is the position of the security service on (AB). Explain why the total length of 
cable is given by |z +5| + |æ + 2| + |z| + |z — 3l. 
ii Where should the security service locate its premises? What is the minimum length of 
cable they will need? 
iii A fifth factory is located at S, 7 km to the right of O. If this factory also requires the 


security service, where should the security service locate its premises for minimum cable 
length? 
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8 Which of these is true? Give a proof for each answer. 


a |r*y| € |x| t |y| foral x, y b |r—-y| 2|x| ^ |y forallz, y 


We have seen that a linear function has the form y = ax + b. 





When we divide a linear function by another linear function, the result is a rational function. 


The graphs of rational functions are characterised by asymptotes, which are lines which the function 
gets closer and closer to but never reaches. 


ar+b 


. These functions 
ca +d 


The rational functions we consider in this course can be written in the form y = 





have asymptotes which are horizontal and vertical lines. 


RECIPROCAL FUNCTIONS 


A reciprocal function is a function of the form == or f(x) =—-, where k Z0 is a constant. 
T T 


The simplest example of a reciprocal function is f(x) = 2 
x 


The graph of f(x) = l is called a rectangular hyperbola. 
T 


Notice that: 


e The graph of f(x) — l has two branches. 
zx 


e f(x)— Z is undefined when x — 0 





e The graph of f(x) = l exists in the first 
T 
and third quadrants only. 


e f(x)= lig symmetric about y= a and 
x 
about y — —z. 
e as r— oo, f(r) — 0 from above 
as z — —oo, f(x) — 0 from below 


as x — 0 from the right, f(x) — oo 
as x — 0 from the left, f(x) — —oo 





— reads "approaches " 1 
or "tends to" e The asymptotes of f(x) = — are the 
x 
a-axis and the y-axis. 
GRAPHING 
PACKAGE 


+ 
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INVESTIGATION 2 


In this investigation we explore reciprocal functions of the form y — —, k#0. DEMO 
x 


What to do: 
1 Use the slider to vary the value of k for k > 0. 


a Sketch the graphs of y= E y= 2, and y= i on the same set of axes. 
c 


b Describe the effect of varying k on the graph of y= E 
2 Use the slider to vary the value of k for k < 0. 


a Sketch the graphs of y= a i -L and y= -ź on the same set of axes. 
x 


b Describe the effect of varying k on the graph of. y — E 


x 





RATIONAL FUNCTIONS OF THE FORM y = — cA#0 


The graph of f(x) = aed = is shown below. 
a= 





ut Notice that when z — 1, f(x) is undefined. 


The graph approaches the vertical line x = 1, so r=1 isa 
vertical asymptote. 


Notice that f(0.999) = —2998 and (1.001) = 3002. 





We can write: as xz — 1 from the left, f(a) - —oo 
as r— 1 from the right, f(x) —= oo 


or as z—1 , f(x) —oo 








as r—1*,  f(z)— oo. 


To determine the equation of a vertical asymptote, consider the values of z which make the function 
undefined. 


+i = 4 . ] 
Z — is + i i +. and can be used to discuss the function 
C= = 
2 


The sign diagram of y = 





near its vertical asymptote without having to graph the function. 


The graph also approaches the horizontal line y= 2, so y= 2 is a horizontal asymptote. 





Notice that f(1000) = 2% 22.003 and f(—1000) = 2% ~ 1.997 
999 —1001 
We can write: as r-— oo, y — 2 from above or as I>0, y> 2+ 
as x—-—oo, y—2 from below as z > —œ, y>2 . 


We can also write: as |x| —^ oo, f(x) 2. 


This indicates that as x becomes very large (either positive or negative) the function approaches the 
value 2. 
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To determine the equation of a horizontal asymptote, we consider the behaviour 
of the graph of the function as |x| — co. 


In Chapter 5 we will see how to determine the equations of the asymptotes algebraically. 


INVESTIGATION 3 


What to do: 
GRAPHING 


1 Use the graphing package supplied or a graphics calculator to examine the PACKAGE 


following functions for asymptotes: T 


3 3z +1 21 —9 
= —1 = = — 
a Jic b y 14-2 y 3-2 








2 How can we tell directly from the function, what its vertical asymptote is? 


3 Discuss whether a function can cross a vertical asymptote. 


Example 22 =) Self Tutor 








Consider the function y= — +4, 
"- 


a Find the asymptotes of the function. b Find the axes intercepts. 


Use technology to help sketch the function, including the features from a and b. 


The vertical asymptote is z — 2. 
The horizontal asymptote is y = 4. 


b When y=0, A 
R= 2 
—4(x — 2) = 6 
—4r +8 =6 
Ara 
r=} 


2 
When 1=0, y=%5+4=1 
So, the x-intercept is i and the 
y-intercept is 1. 

















Further examples of asymptotic behaviour are seen in exponential, logarithmic, and some trigonometric 
functions. 
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EXERCISE 21 


1 For the following functions: 
i determine the equations of the asymptotes 
ii state the domain and range 
iii find the axes intercepts 


iv discuss the behaviour of the function as it approaches its asymptotes 
v sketch the graph of the function. 











3 3 r4-3 3r—1 
a Dg e —— b = 2— —_ c ime d x) = 
f x—2 y atl f x—2 f ) x+2 
z : +b 
2 Consider the function y= RE T where a, b, c, d are constants and. c Z 0. 
ECET 





a State the domain of the function. 


b State the equation of the vertical asymptote. 


ad 
ar+b_ a pc 


cat+d c ce +d’ 
Hence determine the equation of the horizontal asymptote. 


¢ Show that for c 40, 











ACTIVITY 


Click on the icon to run a card game for rational functions. 


CARD GAME 


The operations of + and —, x and +, squaring and finding the square root, are inverse operations as 
one “undoes” what the other does. 





The function y=2x+3 can be “undone” by its inverse function y= — 


We can think of this as two machines. If the machines are inverses then the second machine undoes what 
the first machine does. 


No matter what value of x enters the first machine, it is returned as the output from the second machine. 
1 


input | 





~] | output 


5 


input 1 
"E [oT 


| Output 

















A function y = f(x) may or may not have an inverse function. To understand which functions do have 
inverses, we need some more terminology. 
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ONE-TO-ONE AND MANY-TO-ONE FUNCTIONS 


A one-to-one function is any function where: 
e for each x there is only one value of y and 
e for each y there is only one value of z. 


One-to-one functions satisfy both the vertical line test and the horizontal line test. 


This means that: e no vertical line can meet the graph more than once 


e no horizontal line can meet the graph more than once. 
If the function f(a) is one-to-one, it will have an inverse function which we denote f (x). 


Functions that are not one-to-one are called many-to-one. While these functions must satisfy the 
‘vertical line test’ they do not satisfy the ‘horizontal line test’. At least one y-value has more than one 
corresponding z-value. 


Ifa function f(r) is many-to-one, it does not have an inverse function. 


However, for a many-to-one function we can often define a new function using the same formula but with 
a restricted domain to make it a one-to-one function. This new function will have an inverse function. 








f^! is not the 
reciprocal of f. 


aa 
f eres 


PROPERTIES OF THE INVERSE FUNCTION 







If y — f(x) has an inverse function, this new function: 





e is denoted f7*(x) 

e must indeed be a function, and so must satisfy the vertical line test 
e has a graph which is the reflection of y = f(x) in the line y = x 
e saüshes (Joy D) and (f sea) m 


If (x, y) lies on f, then (y, x) lies on f^ !. Reflecting the function in the line y — x has the algebraic 
effect of interchanging x and y. 


5y + 2, 
which we rearrange to obtain f~! :y = E E 2 


For example, f:y=5r+2 becomes f*:x 





The domain of f^! is equal to the range of f. 


The range of f^! is equal to the domain of f. 


y =f +(x) is the inverse of y= f(x) as: 


e it is also a function 
e itis the reflection of y — f(x) in the 
line y — x. 
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The parabola shown in red is the reflection of y = f(x) 
in y=, but it is not the inverse function of y = f(x) 
as it fails the vertical line test. 


In this case the function y = f(x) does not have an 
inverse. 





Now consider the same function f(x) but with the 
restricted domain x > 0. 





The function is now one-to-one, so does now have an 
inverse function, as shown alongside. 











Consider f: 2x+3. 
a On the same axes, graph f and its inverse function f7?. 
b Find f7*(x) using: 
i coordinate geometry and the gradient of y = f7*(x) from a 


ii variable interchange. 


e Checkihat (poer) robe ru m 





a f(x) =2x+3 passes through (0, 3) and (2, 7). 
f (ax) passes through (3, 0) and (7, 2). 









































































































A = 
A y= f(d) E If f includes point 
2,7 Y Ær (a,b) then £7! 
a includes point (b, a). 
0, ) YF m T) 
7,2) 
+ & > 
3,0) T 
Y 
y E 2 
b i y=f (x) has gradient cim: il f is y=2r+3, 
EM or ed ft is c=2y+3 
Its equation is ar a Tg 9) 
MTRS z—3 = 
E z-3 a) 
oO 2 
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c (fof Ma) and (1 o f)(z) 
- fü) - f (f(z) 
mu ES = f~*(2¢ + 3) 
'( r) _ (Q1+3)-3 
=2(= B 2 
2( ; ) +3 P 
= E 








Consider f:zz?. 
a Explain why this function does not have an inverse function. 
b Does f:z-—z? where r 20 have an inverse function? 
O Find) e 
d Sketch y = fl), y=, and y =$ (2) forfmband me. 





a f:z az? has domain ER and b If we restrict the domain to x > 0 
is many-to-one. or z € [0, oo[, the function is now 
It does not pass the 'horizontal line one-to-one. It satisfies the ‘horizontal 
test’. line test? and so has an inverse 


function. 





c fis defined by y=x?, r 20 d 
f~t is defined by z=y?, y>0 
E 
E N las —yzxis <0) 
So, f(x) = Vz 











SELF-INVERSE FUNCTIONS 


Any function which has an inverse, and whose graph is symmetrical about the line y = x, isa 
self-inverse function. 


For example: 


e The function f(z) =a _ is the identify function, and is also a self-inverse function. 


e The reciprocal function f(x) = E z Z0, isalso a self-inverse function, as. f — f^ !. 
T 
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EXERCISE 2J 


1 For each of the following functions f: 
i On the same set of axes, graph y =x, y= f(x), and y — f !(x). 
ii Find f !(x) using coordinate geometry and the gradient of y = fTt(x) from i. 
iii Find f (x) using variable interchange. 








a f:ar3r4+1 b fue te 
2 For each of the following functions f: 
i Find f !(z). 
il Sketch y= f(a » Y = f7*(x), and y=x on the same set of axes. 
ili Show that. (f^! of)(z)—-(fof l)xr)-—z, the identity function. 
a f:ze2r-5 b pe € f:xzercà 


3 Copy the graphs of the following functions and draw the graphs of y =x and y — f !(x) on 
the same set of axes. 


PRINTABLE 
GRAPHS 





4 For the graph of y = f(x) given in 3 a, state: 
a the domain of f(x) b the range of f(x) 
c the domain of f7*(x) d therange of f !(z). 


5 a Comment on the results from 3 e and f. "e ; 
. . : : A function is self-inverse 
Draw a linear function that is a self-inverse if f(x) = f(x). 


function. 





: : 1 
c€ Draw a rational function other than y = =, 
zx 


that is a self-inverse function. 


6 Given f(r) =2r—5, find (f !) !(z). What do you notice? 
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7 Which of the following functions have inverses? In each of these cases, write down the inverse 


function. 
a {(1, 2), (2, 4), (3, 5)} b {(-1, 3), (0, 2), (1, 3)} 
c€ {(2, 1), (-1, 0), (0, 2), (1, 3)} a. ((-1, —1), (0, 0), (1, 1)} 


8 a Sketch the graph of. f:r—2?—4 and reflect it in the line y= z. 
b Does f have an inverse function? 
€ Does f with restricted domain x 2 0 have an inverse function? 


9 Sketchthe graph of f:x x? and its inverse function. f^! (x). 


10 Given f:zeo x z 0, find f ! algebraically and show that f is a self-inverse function. 
T 


32 — 8 


11 Show that f:ir 3° 2 #3 isa self-inverse function by: 
pe 





a reference to its graph b using algebra. 


12 The horizontal line test says: 
For a function to have an inverse function, no horizontal line can cut its graph more than once. 


a Explain why this is a valid test for the existence of an inverse function. 
b Which of the following functions have an inverse function? 
iii 





€ For the functions in b which do not have an inverse, specify restricted domains as wide as 
possible such that the resulting function does have an inverse. 


? where x <0. 


13 Consider f:rr 
a Find f !(z). 


b Sketch y = f(x), y — x, and y — f !(x) on the same set of axes. 


14 a Explain why /f(r)-— z?-—4z--3 isa function but does not have an inverse function. 


b i Explainwhy g(r)—z?—4r4-3 where x >2 has an inverse function. 


ii Show that the inverse function is g !(x) —2-- vI +z. 
ii State the domain and range of: 
A y B g. 
iv Showthat (gog !)(z)-(g log)(x), the identify function. 


15 Consider f:s (x+1) +3 where z > —1. 
a Find the defining equation of f !. 
b Sketch, using technology, the graphs of y — f(x), y — z, and y — f !(z). 
€ State the domain and range of: i f i fot 
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16 Consider the functions f:z-— 2x45 and g:z— RE 
a Find g !(—1). b Show that f !(-3)—g !(6) —O. 
c Find z such that. (fog !)(x) — 9. 
17 Considerthe functions. f::— 5" and g:z yz. 
a Find: i f(2) il g !(4) b Solvethe equation. (g !o f)(x) — 25. 


18 Given f:z:2z and g:z 5 4x —3, show that (f og !)(z) 2 (go f) !(z). 


19 Which of these functions is a self-inverse function? 
a f(x)-—2x b fi)=x ¢ f(z) = -2 
E aa” 
d f(z)=— e f(z)=-> 


a B isthe image of A under a reflection in the line y = x. 
IfA is (x, f(x)), find the coordinates of B. 


b By substituting your result from a into y — f !(z), 
show that f—+(f(x)) =a. 


c Using a similar method, show that  f(f7*(x)) = x. 









Drawing the graph of a function allows us to identify features such as: 


e the axes intercepts where the graph cuts the x and y-axes 
e turning points which could be a local minimum or local maximum 
e values of x for which the function does not exist 
e the presence of asymptotes, which are lines or curves that the graph approaches. 
Many real world situations are modelled by mathematical functions which are difficult to analyse using 


algebra. However, we can use technology to help us graph and investigate the key features of an 
unfamiliar function. 


If there is no domain or range specified, start with a large viewing window. This ensures we do not miss 
any features of the function. 


Example 25 x Self Tutor 


6x2 — 12x 4- 5 


2 +3. Use technology to help answer the following: 
xz? +5r— 6 


Consider the function y = 


a Find the axes intercepts. b Find any turning points of the function. 


€ Find any asymptotes of the function. d State the domain and range of the function. 
€ Sketch the function, showing its key features. 
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a 
B] [EXE]:Show coordinates B] [EXE]:Show coordinates E 
Y1=((6x2-12x+5)1(99(3)+5x-6))+3 Y1=((6x2-12x+5)1(99(3)+5x-6))+3 
GRAPHICS 
CALCULATOR 
INSTRUCTIONS 
b 
El [EXE]:Show coordinates B] [EXE]:Show coordinates 
Y1=((6x2-12x+5)1(99(3)+5x—6))+3 Y1=((6x2-12x+5)1(99(3)+5x—5))+3 
There is a local minimum at 
(-1.88, 0.788), and a local 
e e maximum at (4.00, 3.68). 
X=-1.883324212 -¿Y=0Í 7878340974 X-3.997016786 .:Y-3[679487425 
€ As rz —co, y 3 from below. e 


As z— oo,  y—43 from above. 
So, the horizontal asymptote is y = 3. 


As x— 1 from the left, y — oo. 
As => 1 from the right, y— —oo. 
So, the vertical asymptote is x = 1. 

d The domain is {x |x # 1}. 

The range is {y | y E€ R}. 





(—1.88, 0.788) 









If we are asked to sketch a function, it will show the graph’s general shape and its key features. 


If we are asked to draw a function, it should be done more carefully to scale. 


EXERCISE 2K 


1 For each of the functions given, use technology to answer the following: 


i Find the axes intercepts. 

ii Find any turning points of the function. 

iii Find any asymptotes of the function. 

iv State the domain and range of the function. 
v Sketch the function, showing its key features. 


a y— Iz(z— 4)(z 3) b y= įr’ +5r+5r?+2 on -5«z«1 
a? — 4a —2 1 — a? 
BE d E -5<ar< 
€ y 6-47 y TE on -5 <r <5 


2 Find the maximum value of: 
a y= —o* + 20° +50?+a2+2 onthe interval 0 <z <4 
b y=—224++527+2+4+2 on the interval: 
i -2<2<2 ii -2<2<0 i 


o 
IN 
8 
IN 
ho 
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Suppose we graph two functions f(x) and g(x) on the same set of axes. The x-coordinates of points 
where the graphs meet are the solutions to the equation f(x) = g(x). 


We can use this property to solve equations graphically, but we must make sure the graphs are drawn 
accurately. 


™) Self Tutor 


: 1 : : 
a Draw the functions y — — and y —2-— x on the same set of axes, with the domain 
T 
—4 & xz & 4. 


Example 26 








: 7 1 j 
b Hence find any solutions to the equation 2 — x = = on the domain —4 « zx <S 4. 
x 


c On the domain x € R, for what values of k does x + NAVE: 


i one solution ii no solutions iii two solutions? 












The Table menu on your 
calculator can be used to 
find endpoints. 


































































b Thegraphsof y=2—x and D meet when x= 1. 


x 
the solution of. 2— z— 1 IA 
zx 


c If galla then pate) 
z zx 
The graph of y — k-—z has y-intercept k and gradient —1. 
i Using © as a guide, we see there is one 
solution if k= 2 or —2. 
{green lines} 
ii There are no solutions if —2 < k < 2. 
{blue lines} 
iii There are two solutions if 
k«—2 or k>2. 
{red lines} 
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EXERCISE 2L 
1 a Sketch the graphs of f(x) = 2? — 2 and g(z) =—-a2?+11 for -6<2<6. 
z 


b One ofthe solutions to f(x) = g(x) is x7 2.51. Use technology to determine the two 
negative solutions. 


2 Sketch the graphs of f(x) = Vz? —2xz--9 and g(x) =x? on the same set of axes. 
Hence solve g? = vr? — 2x 4- 9. 


3 Partofthe graph of y — f(x) is shown alongside. (4, 8) 

a Copy the graph, and on the same set of axes draw 
the graph of g(r)—--1, -5<a<4. 

b Hence state the number of solutions of y= f(z) 
f(x)=g(x) onthe domain —5 <a <4. 

c€ Consider the function h(x) =k onthe domain 
—5 <a<4. For what values of k does 
f(x)= h(x) have: 

i three solutions ii two solutions 

iii one solution iv no solutions? 


REVIEW SET 2A R 


1 For each graph, state: 





SY 





i the domain ii the range ili whether the graph shows a function. 
a b AY 
Aec EON 
2 
$00 
Y 
c d 














If f(x)—2xr—2?, find: a f(2) b f(—3) c f(— 


Suppose f(x) =ax+b where a and b are constants. If f(1) = 
a and b. 


3) 
7 


and f(3) = —5, find 


4 State functions f and g for which: 
2 
a fiole) =VI=2 b sle) = (55) 


5 Solve for x: 
a |4r —2| 2 |x 4- 7| b 2z?- 6216 





6 If g(x) =a? —32, find in simplest form: a g(r4-1) b g(a? — 2) 


FUNCTIONS (Chapter 2) 91 


7 For each of the following graphs determine: 


i the domain and range ii the x and y-intercepts 
iii whether it is a function iv if it has an inverse function. 





$ y (255) 


8 Determine whether the following functions are even, odd, or neither: 








a f()--5 b f(z) === e f(e) = v75 
Find f7*(x) given that f(x) is: a 41+2 b a 


10 Draw a sign diagram for: 


a (30 +2)(4—2) PES 


x2 +4r +4 
1 Sada SL da ando: 


12 a Draw a sign diagram for EA 
b Hence, solve for z: HE << (0), 
13 Consider f(x)=2? and g(x) =1-6z. 
a Show that f(—3) = g(—4). b Find (fog)(-2). 


€ Find x such that g(x) = f(5). 
14 Given f:z—3xr-6 and h:z— 2 showithat (7 oh Me =(ho (e): 
15 Suppose h(x)=(2x—4)?+3, we [4, oo| . 


a Find the defining equation of ^ !. 
b Show that (hoh71)(x) = (h-1oh)(x) =z. 


REVIEW SET 2B 
1 For each of the following graphs, find the domain and range: 
b 





2 If f(1)=22-3 and g(x)=x?+2, find in simplest form: 
a (fog)(x) b (g0 f)(x) 


92 
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2 
: : — 6x — 16 +9 
Draw a sign diagram for: ae b df 
$ 8 8 x—3 +5 a 
; ili 
Consider f(x) = = 


a For what value of x is f(x) undefined, or not a real number? 
b Sketch the graph of this function using technology. 
€ State the domain and range of the function. 


ax+3 


Consider the function f(x) = em 





a Find a and b given that y = f(x) has asymptotes with equations z — —1 and y - 2. 
b Write down the domain and range of. f !(z). 


For each of the following graphs, find the domain and range: 


a (3, 5) y b 











2r -1 
z—2 


Solve for x: 








S b |3z — 2| 2 [2x -- 3] 








3 5 
P 


Solve for a: a z?—5x 4x b 
z—1 217 4-1 


Copy the following graphs and draw the graph of each inverse function on the same set of axes: 


a y b y 
2 
: 2 
m T 
4r 4-1 


Consider the function f: z => 5 ; 
be 





Determine the equations of the asymptotes. 


State the domain and range of the function. 


Determine the axes intercepts. 


a 
b 
€ Discuss the behaviour of the function as it approaches its asymptotes. 
d 
e Sketch the function. 


Consider the function f(x) = (x —3)?+ ax _ where a is a real constant. Find a given that 
f(x) is an even function. 
a Solve graphically: |2x — 6| > x + 3. 


b Graph the function f(x) = E Hence find all values of x for which TEE i E 


ula 
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13 Consider the functions f(z)=32+1 and g(x) = =. 
a Find (go f)(x). 
b Given (go f)(x) = —4, solve for z. 
c Let h(x)= (go fla), 2A -4. 
i Write down the equations of the asymptotes of h(z). 
ii Sketch the graph of A(x) for —3 <z <2. 
ili State the range of h(x) for the domain -3<x<2. 


14 Consider f:z-2r- T. 
a On the same set of axes graph y =x, y= f(x), and y = f~ t(x). 
b Find f !(z) using variable interchange. 
¢ Show that (fof ~!)(x) =(f7'o f)(z) =x, the identity function. 
15 The graph of the function f(z) 2 —322, 0<x<2 y 
is shown alongside. 
a Sketch the graph of. y — f !(a). 





c » 
b State the range of f7?. e x (1 E i 
€ Solve: > l 
i f(a)=-10 Leste d 
—10 
(2, -12) 
SE 


16 Consider the function f(x) = 0.5x° — 4a? + 4x + 32. 
a Use technology to help sketch the function. 
b Determine the position and nature of any turning points. 


c Hence, find the maximum and minimum values of f(x) on the interval 0 € x < 6. 


REVIEW SET 2C 


1 For each of the following graphs, find the domain and range: 





a y b 
EY Dm EE 
(E 
z 
2 Given f(z)—2?--3, find: 
a f(—3) bz such that f(r) =4. 


3 State the value(s) of x for which f(x) is undefined: 


a f()=104 b a) varT 





2z — 1 


94 


h 


12 


13 
14 


15 


16 
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Draw a sign diagram for: 


a f(z)—z(z--4)(3z-- 1) E SU 


(zt 1) 8) 
Given h(r)— 7—9z, find: 
a h(2r—]) in simplest form bz such that h(2x—1) =-2. 
Suppose f(x) =1-—2x and g(x)= yz. 
a Find in simplest form: f og)(z) ii (go f)(x) 
f ° g)(2) ii (go f)(x) 
Suppose f(z)=az*+bre+e. Finda,b,andcif f(0)=5, f(—2)=21, and f(3) =—4. 
Copy the following graphs and draw the graph of each inverse function on the same set of axes: 
a y b 


Ex 
i ( 


b State the domain and range of: 





Suppose f(a) is an odd function. Prove that g(x) = |f(x)| is an even function. 





Find the inverse function f~'(a) for: 
a f(0)=7-4e b fa) = =E 
Given f:x=—5r-—-2 and h:z> =, show that (f-loh *)(z) =(hof) Mz). 
Solve for x: 
D m 
a 2r? +r <10 PA 
+2 


Given f(1)=2x+11 and g9(z)— x^, find (gof *)(3). 
Sketch a function with domain {x|a #4}, range (yl y 4 —1), and 
sign diagram 4 - e a e 

1 4 


a Sketch the graph of g:2>2?+6x+7 for x€]-—oo, —3]. 


b Explain why g has an inverse function g~+. 


€ Find algebraically, a formula for g”?. d Sketch the graph of y = g*(x). 
e Find the range of g. f Find the domain and range of g”!. 
WO 
Consider the function y = woe dg 
"- 
Find the axes intercepts. b Find any turning points of the function. 


Find any asymptotes of the function. 


State the domain and range of the function. 


^ aaa 


Sketch the function, showing its key features. 





Exponentials 
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H 
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OPENING PROBLEM 


The interior of a freezer has temperature —10°C. When a packet of peas is placed in the freezer, its 
temperature after t minutes is given by T(t) = —10+32 x 270-2 °C, 


Things to think about: 
a What was the temperature of the packet of peas: 
i when it was first placed in the freezer ii after 5 minutes 
iii after 10 minutes iv after 15 minutes? 
b What does the graph of temperature over time look like? 


€ According to this model, will the temperature of the packet of peas ever reach —10°C? Explain 
your answer. 


We often deal with numbers that are repeatedly multiplied together. Mathematicians use exponents, also 
called powers, or indices, to construct such expressions. 


Exponents have many applications in the areas of finance, engineering, physics, electronics, biology, and 
computer science. Problems encountered in these areas may involve situations where quantities increase 
or decrease over time. Such problems are often examples of exponential growth or decay. 





Rather than writing 3 x 3 x 3 x 3 x 3, we can write this product as 3°. 5 
If n is a positive integer, then a” is the product of n factors of a. 3 
DIARREA xa | 
_—————_ a a a 
n factors ( power, 
E : index or 
We say that a is the base, and n is the exponent or index. base ^ exponent 
NEGATIVE BASES 
(-1)' = (-2) 2-2 
(= a (-2)? = -2x -2= 
(—1) = —1 x —1 x -1 = —1 (—2)? = -2x -2x -2=-8 
(—1)}* =-1x -1x-1x-1=1 (—2)* = -2x -2x -2x -2=16 
From the patterns above we can see that: 
A negative base raised to an odd exponent is negative. 
A negative base raised to an even exponent is positive. 
CALCULATOR USE 
Although different calculators vary in the appearance of keys, they all perform AS. 
operations of raising to powers in a similar manner. Click on the icon for GRAPHICS 
instructions for calculating exponents. CALCULATOR 


INSTRUCTIONS 
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Example 1 x) $elf Tutor 
Find, using your calculator: a 6 b (—5) « —7 
a Casio fx-CG20 b TI-84 Plus c TI-nspire 


B [d/c]fRea] Z “Sand K *Unsaved w 
6° 625 

















JUMP {DELETE MATH 
































C= ae (—5)* = 625 —7* = —2401 
Example 2 x5) $elf Tutor 
Find using your calculator: a 5? b > Comment on your results. 
a Casio fx-CG20 b TI-84 Plus 
1452 
» a4 
1 
ox = 
5)“ = 0.04 m 0.04 
The answers indicate that 57? = > 
EXERCISE 3A 
1 List the first six powers of: 
a 2 b 3 € 4 
2 Copy and complete the values of these common powers: 
8 UD Eus DER, D E 
b 0.50 9 Coins Cain 
ir ES Tr eR EE 
3 Simplify, then use a calculator to check your answer: 
a (-1) b (-1)6 c (-1)4 d (—1)? e (—1) f -18 
g -(-1) h (-2)} | -2 ] (235 — ki | -(-5) 
4 Use your calculator to find the value of the following, recording the entire display: 
a 4 b 7* c —55 d (—5)5 e 85 f (—8)6 


g —8° h 2.13? i —2.13? j (—2.13)9 
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5 Use your calculator to find the values of the following: 


a 91 b x c 67? d 3 e 3* ta 
g 17 h (0.366)? 
What do you notice? 
6 Consider 31, 37, 3°, 34, 3° ..... Look for a pattern and hence find the last digit of 319!. 


7 What is the last digit of 7217? 


HISTORICAL NOTE 


Nicomachus discovered an interesting number pattern involving cubes 1=1 

and sums of odd numbers. Nicomachus was born in Roman Syria Se ee 
(now Jerash, Jordan) around 100 AD. He wrote in Greek and was a 7 Oa 0737 
Pythagorean. 


The exponent laws for m, n € Z are: 








qu ge mn To multiply numbers with the same base, keep the base 
and add the exponents. 
a 
exu ULM =2 (0) To divide numbers with the same base, keep the base and 
e subtract the exponents. 
(Ge) ale Se When raising a power to a power, keep the base and 
multiply the exponents. 
(ab)” = a"b” The power of a product is the product of the powers. 
ay” a” ee : 
‘= = we b zo The power of a quotient is the quotient of the powers. 
a =1 a: 0 Any non-zero number raised to the power of zero is 1. 
1 
a`” = — and =a” andin particular a * ==, aX0: 
Gas a 





™) Self Tutor 


Simplify using the exponent laws: a 33 
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Example 4 x) $elf Tutor 
Write as powers of 2: 
1 "n o 
a 16 BS c 1 d 4x2 eo 
a 16 b 4 e d 4x? e = 
—2x2x2x2 1 =2 = 2 
— DS ZEEN gm—3 
EXERCISE 3B 
1 Simplify using the laws of exponents: 
k8 75 5 4 
4 57 2. 6 2 4 
a 5x5 b xd e dz e (z?) f (35) 
3 3 
p 3 m9 3 (pt3 p ome 72 10 4ym 
S x h n?xn b (55 j 77x7 k I (c?) 
2 Write as powers of 2: 
a 4 b 3 c 8 d à 32 fs 
g 2 h ài i 64 ia 128 | d 
3 Write as powers of 3: 
1 1 
a 9 b i c 27 d z 3 f i 
g 81 h i 1 j 243 k 
4 Write as a single power of 2: 
a 2x 2° b 4x2 c 8x 2f d (27+1y? a 22 
2c 9m 4 7 9x+1 7 4T 
tz EL B os l | g= 
5 Write as a single power of 3: 
a 9x3? b 27° c 3x9" d 27x 3d e 9x27 
3Y 3 9 ga gn+l 
Fs $y how | grs | amc 





Write in simplest form, without brackets: 


a E 








is EA (a? 
=8l X8 b3 
To —8a 

p3 
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6 Write without brackets: 











2 
a (2a)? b (309 c (ab d (pj) e (2) 
n 
aA? by? 2a 9 my? i TY 3 
t (5) s (2) (7) i) b) 
7 Write the following in simplest form, without brackets: 
a (—2a)? b (—6b7)? ¢ (—2a)? d (—3m?n?)$ 
3 2 2 
ANA —2a? —4a3 —3p? 
e (—2ab4) 1 (=) > (=) (E) 


Example 6 


—3p2 
Write without negative exponents: => 
e 





8 Write without negative exponents: 














-2 =9 —12 2912 ip 
a ab b (ab) c (2ab !) d (3a ?b) 3 
a2b-1 1 h a? . 2a! . 12a 
c2 3 13 $3 (o | m 


=ù Self Tutor 


in non-fractional form. 





= 9 n) 


= g-lin 
En 9n—1 





9 Write in non-fractional form: 
1 





1 1 a” a” 
e e cx © x Y Xm 
10 Simplify, giving your answers in simplest rational form: 
0 7\-1 -1 33 
a (3) b (3) « (s) d a 
e (3^ f 21427! s (12) h 52.5 51 
11 Read about Nicomachus' pattern on page 98 and find the series of odd numbers for: 
a 5 b 7 


c 123 
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The exponent laws used previously can also be applied to rational exponents, or exponents which are 
written as a fraction. 





1 a 1 1 
For a >0, notice that a? x a? —a?*? — a! —a — (exponent laws} 
and yaxya=a also. 
Z 
So, a? — ya {by direct comparison} 


Likewise a? x a? x a? =a'=a 


and Yax Yax Ya=a 
z 
suggests DO 


1 
n 


In general, a 


Ya where ‘Ya reads ‘the nth root of a’, for n € Z*. 


We can now determine that Vanm 











EXERCISE 3C 


1 Write as a single power of 2: 





5 1 1 
P 4 à 1 1 
f 2x v2 9 v2 h (v2) i Vis i VE 


2 Write as a single power of 3: 


a v3 b 


sl- 
$ 
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Example 9 





Use your calculator to evaluate: 


a Casio fx-CG20 b TI-84 Plus 


S Gac) de LE 
26299685249 


T 
5 


2 
2.639015822 

















JUMP JDELETE, MATH 





te il 
25 = 2.639016 Ea & 0.629 961 
Example 10 ») $elf Tutor 


Without using a calculator, write in simplest rational form: 








a 8? bene 
2 2 
a RE b 2 9 
- gr = (33 
4 2 
= DS] tamm = a = 3% 3 
= 94 = 3-2 
ESI M 
9 





3 Wirite the following in the form a? where a is a prime number and zx is rational: 











a Y7 b 27 c 7/16 d 32 e v49 
f d g 1 h 1 i 1 i 1 
v7 var Vi vs ! Ya 
4 Use your calculator to find: 
3 pe, _ 1 3 
a 3* b 25 € 27 d 45 e V8 
1 
f y27 = 
9 
5 Without using a calculator, write in simplest rational form: 
3 5 3 3 2 
a 4? b 83 c 167 d 25? e 325 


1 4 4 2 


3 
4 7? g 9? h 8? i 27 3 j 125 3 
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THEORY OF KNOWLEDGE 


A rational number is a number which can be written in the form 2 where p and q are integers, 
q 


q # 0. It has been proven that a rational number has a decimal expansion which either terminates 
or recurs. 


If we begin to write the decimal expansion of 2, there is no indication that it will terminate or 
recur, and we might therefore suspect that \/2 is irrational. 


1.414 213 562 373 095 048 801 688 724 209 698 078 569 671 875 376 948 073... 


However, we cannot prove that \/2 is irrational by writing out its decimal expansion, as we would 


have to write an infinite number of decimal places. We might therefore believe that \/2 is irrational, 
but it may also seem impossible to prove it. 


1 If something has not yet been proven, does that make it untrue? 


2 Is the state of an idea being true or false dependent on our ability to prove it? 


In fact, we can quite easily prove that V/2 is irrational by using a method called proof by 
contradiction. In this method we suppose that the opposite 1s true of what we want to show is true, 
and follow a series of logical steps until we arrive at a contradiction. The contradiction confirms that 
our original supposition must be false. 


Proof: Suppose V2 is rational, so /2 — P for some (positive) integers p and q, q Æ 0. 
q 


We assume this fraction has been written in lowest terms, so p and q have no 
common factors. 


Squaring both sides, 2 


lis 


p? 


Il 
ho 


ER i) 
p? is even, and so p must be even. 
Thus p — 2k forsome k € Z*. 


Substituting into (1), Ak? — 24? 
g 2 2k2 


q? is even, and so q must be even. 


Here we have a contradiction, as p and q have no common factors. 


Thus our original supposition is false, and y2 is irrational. 


3 Is proof by contradiction unique to mathematics, or do we use it elsewhere? 
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EXPANSION 


We can use the usual expansion laws to simplify expressions containing exponents: 





a(b + c) = ab + ac 
(a + b)(c + d) = ac + ad + bc + bd 
(a + b)(a — b) = a? — b? 

(a + b)? = a? + 2ab + b? 

(a — b)? = a? — 2ab+ b? 





Example 11 


a 3 1 1 
Expand and simplify: zr ?(rz? + 2x”? — 3x ?) 


m 2 E 

TEE CIE EE NEN) 

E 3 = da = 
hee et eX) ea A (€ ac hs rt bye 
=a + 22° — 32°} {adding exponents} 


T 


Example 12 


Expand and simplify: a (2*--3)(2* 4-1) b (+7? 

























(29e (DEUM (eret? 
Eo pu) oc cue 
= 277 +4x 2743 O ae 
=4* 42247 43 mag T 





TORISATION 


EXERCISE 3D.1 

1 Expand and simplify: 
a 22(23 +22? +1) b 2*(2" +1) ¢ 23(c? +27?) 
d T*(T* 42) e 3*(2—3-7) f 2? (a? +20? 3a 3) 
g 2-*(2° +5) h 57=(522 452) Ta TE 


2 Expand and simplify: 





a (2 —1)(2 +3) b (3* + 2)(3" +5) c (5" —2)(5* — 4) 

d (2 +3)? e (37-1)? f (4° +7) 

g ra 2-2) h (22% +3)(9? — 3) i (22 +2 ?)(2? —2x 
j (a+ 2 k (7 —7-*)? | (5-2-2)? 
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FACTORISATION AND SIMPLIFICATION 


Example 13 x) $elf Tutor 


Factorise: a 27t3 4} 27 b&b 2713148 c 23n 4 92n 





















a b 248 € — 2949 


= 9793 4 9n = 9793 1 8 = 92n9n dE 92n 
= 27(2° 21) = 8(2")+8 zonam eq) 
=2"x 9 = 8(2" +1) 























RAIA Sy 
Factorise: a 4*—9 b 9*--4(3*) 4 
a 4^ —9 
= (20) 3. {compare a? —b? = (a+b)(a—b)} 
= (2 +3)(2" — 3) 
G94) 44 
= (37)? +4(37) +4 {compare a?+4a+4} 
= (37 + 2)? las a?+4a+4= (a+2)?) 
EXERCISE 3D.2 
1 Factorise: 
a p2z 3 pz b 3gn+2 a gn c 7” sit 73n 
d 5"*1—5 e 67+2-6 f 47? —16 
2 Factorise: 
a 9" —4 b 4*—25 c 16— 9" 
d 25—4* e 9^ —4* f 4* -6(22) +9 
g 9% +10(37) +25 h 47 — 14(2%) + 49 i 25" — 4(5") +4 
3 Factorise: 
a 4° +9(27) +18 b 4% — 27 — 20 c 9* 4- 9(37) - 14 
d 97+ 4(3") —5 e 25% 457% -2 f 49% — 7*+1 4 12 
Example 15 x) $elf Tutor 
chu 6” 4^ 
Simplify: a añ b e 
a i or eS b Eo or ae 
3n S 6% 6” 
DU 64" a OE as 4\7 
x 3", = (3) ^ 2n3n Ix ($) 
2x = (3) 
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Example 16 


Simplify: a 





gn 












gm+2 — 9m 


2m 


























eye 20. 9 
c amorum mcum Eom 
ES A H 9 
amma) _ 2"(4—1) _ 2M(84T) 
A 2rd 8g, 
= il ab A) =2™ 
4 Simplify: 
a Z b 20 6? 4n 
6” 20 2b 20" 
35% 62 5n+1 5n+1 
e — f — g 
1S 84 5n 5 
5 Simplify: 
m m ny n n n 
Hu p 2 Q8 4 
127 — 37 6” + 12” prtl _ pn 
d ——— e —— —— f ———— 
3% 1.27% 4 
n+l — 5r qn _ gn . 2n. 9n—1 
6 Simplify: 


a 2"(n+1)+2"(n—1) 





An exponential equation is an equation in which the unknown occurs as part of the index or exponent. 


For example: 2” =8 and 30x 3° =7 are both exponential equations. 


There are a number of methods we can use to solve exponential equations. These include graphing, using 
technology, and by using logarithms, which we will study in Chapter 4. However, in some cases we 
can solve algebraically by the following observation: 


If 278 then 2* —2?. Thus zx =3, and this is the only solution. 


If the base numbers are the same, we can equate exponents. 
If a? =a” then 2 =k. 
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Example 17 


Solve for x: 
AO 


Example 18 


Solve for x: 





mo wl 
b 9-2=1 


OA cle 












Once we have the 
same base we then 
equate the exponents. 


™) Self Tutor 





b 








EXERCISE 3E 


1 Solve for z: 


a 27^ —8 
r 1 
e 3*—3 
i r—2 . 1 
i27?-4 


2 Solve for x: 
a 8* = 32 
e 277=4 


i 442—1 =d 


2 
m 81° = 27-7 
3 Solve for z, if possible: 


a 423+1 E gl-« 


h Solve for x: 
a 3x2? —24 
d 12x3*=5 


575-25 
gr = /2 g 
gett k 
z..1 
4 8 c 
16” = 4 g 
97-3 = 27 k 
(4)? = 32 o 
b 92-c = Gye 
b 7x 27° =56 
e 4x (3) = 36 


37 =81 
5 = qus 


pere ug 


9” = 
47+2 — 198 
( 


sl- 


ert = 8 


ma 
h 47+ = 64 


122 —.. 1 
| 51-1 


d 25» -i 





-— 
m m 
w= wie 
Y 
8 
| 
T 
N 
Ko) 


ye = 243 


e 22x8] 


¢ 3x 2Q7tl— 94 
f 5x ($)* =20 
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Example 19 


Solve for x: 4? + 27 _ 20 =0 





4” + 27 — 20=0 


(27)? +27 —20=0 {compare a° +a — 20 = 0} 
(2° — 4)(27 +5) =0 fa? + a — 20 = (a—4)(a +5)} 
Be ell Oye OD SE 
Que (2* cannot be negative] 
qu 








5 Solve for x: 
a 4* —6(27)+8=0 b 47-27 -2=0 ¢ 97 — 12(3") +27=0 
d 9*—3* -6 e 25% — 23(5%) — 50 =0 f 497 +1 = 2(77) 


licki icon. 
by clicking on the icon GRAPHICS 


CALCULATOR 


Check your answers using technology. You can get instructions for doing this g 
INSTRUCTIONS 





We have already seen how to evaluate b” when n € Q, orin other words when n is a rational number. 


FUNCTIONS 


But what about 6” when n€R, so n is real but not necessarily rational? 


To answer this question, we can look at graphs of exponential functions. 


The most simple general exponential function has the form y — b^ where b» 0, b z 1. 





For example, y = 2” is an exponential function. 


We construct a table of values from which we graph the 
function: 








a ell a O 


1 


112 
2.4 


3 
8 











it 


2 





Ble 
































When z—-—10, y-22 ? z 0.001. 
When z— —50, y—2 99 z: 8.88 x 10 16, 





As x becomes large and negative, the graph of y — 2* 
approaches the x-axis from above but never touches it, since 
2” becomes very small but never zero. 



































So, as rz —oo, y OF. 
We say that y= 2” is ‘asymptotic to the x-axis’ or ‘y = Q is a horizontal asymptote’. 


We now have a well-defined meaning for b” where b,n € R because simple exponential functions 
have smooth increasing or decreasing graphs. 
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INVESTIGATION 1 


In this investigation we examine the graphs of various families of exponential functions. DYNAMIC 
GRAPHING 
Click on the icon to run the dynamic graphing package, or else you could use your PACKAGE 


graphics calculator. S 


What to do: 
1 Explore the family of curves of the form y — 0^ where b> 0. 
recae cscs gi-2"7. 9-3", g 10^. an! g= (La. 
a What effect does changing b have on the shape of the graph? 
b What is the y-intercept of each graph? 
¢ What is the horizontal asymptote of each graph? 


2 Explore the family of curves of the form y — 2^ -- d where d is a constant. 
For example, consider y — 2*?, y=2"* +1, and y — 2? — 2. 
a What effect does changing d have on the position of the graph? 
What effect does changing d have on the shape of the graph? 
What is the horizontal asymptote of each graph? 
What is the horizontal asymptote of y = 2” + d? 
To graph y —2*--d from y=2* what transformation is used? 


00 an CO 


3 Explore the family of curves of the form y= 27°. 
For example, consider y =2%.) 9 =2 7% y= 2°", and 44 925. 
a What effect does changing c have on the position of the graph? 
b What effect does changing c have on the shape of the graph? 
¢ What is the horizontal asymptote of each graph? 
d 


To graph y=2* © from y= 2* what transformation is used? 


A^ Explore the relationship between y — 0b" and y=b where b> 0. 
For example, consider y — 2^ and y—2 *. 
a Whatis the y-intercept of each graph? 
b What is the horizontal asymptote of each graph? 


¢ What transformation moves Z2 to LN 
y y 


5 Explore the family of curves of the form y — ax 2" where a is a constant. 
a Consider functions where a > 0, suchas y = 27, y —3x 27, and y= i PEDE 
Comment on the effect on the graph. 
b Consider functions where a «0, suchas y — —27, y — —3x 27, and y= -i elie 
Comment on the effect on the graph. 
¢ What is the horizontal asymptote of each graph? Explain your answer. 
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From your investigation you should have discovered that: 


For the general exponential function y — ax b*-*-Ed where b 50, b Z1, az 0: 


e bcontrols how steeply the graph increases or decreases 


e c controls horizontal translation 
e d controls vertical translation 
e the equation of the horizontal asymptote is y — d 


we 
So: 


e if a>0, b>1 
the function is 
increasing. 


exi tar OE DIT 
the function is 
decreasing. 


We can sketch reasonably accurate graphs of exponential 
functions using: 





i as0, O0<n<il 
the function is 
decreasing. 


LOCUS C) CEDE 
the function 1s 
increasing. 


All exponential 
graphs are similar 
in shape and have 


M 
C 


e the horizontal asymptote con 
e the y-intercept asymptote. 
e two other points, for example, when 
1-2, 1—-—2 
Example 20 ») $elf Tutor 


Sketch the graph of. y — 2 * — 3. 
Hence state the domain and range of. f(x) — 2 * — 3. 





ror LE 
the horizontal asymptote is y = —3. 








When 2=0, y=2-3 
=1-3 
= -2 
the y-intercept is —2. 








When 2=2 y=2*-3 


=1- 


m 
z—98 
= 2 



































When x=-2, 
The domain is {x |x € R}. The range is {y | y > —3}. 


y=2-3=1 
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Consider the graph of y= 2” alongside. We 
can use the graph to estimate: 


e the value of 2” for a given value of x, for 
example 21° = 3.5 {point A} 

e the solutions of the exponential equation 
2" — b, for example if 2" — 5 then 
12.3 {point B}. 





























EXERCISE 3F 
1 Use the graph above to estimate the value of: 
1 
a 2? or V2 b 208 c 215 d 2-2 


2 Use the graph above to estimate the solution to: 
a 27=3 b 2" —0.6 


3 Usethe graph of. y — 2^ to explain why 2" —0 has no solutions. 


^4 Draw freehand sketches of the following pairs of graphs using your observations GRAPHING 
from the previous investigation: PACKAGE 
a y=2 and y 22^ —2 b y=2 and y=2 "* t 
c y=2" and y= 2"? d y=2 and y=2(2”) 


5 Draw freehand sketches of the following pairs of graphs: 
a y—3* and y 23 * b y=3” and y 23* 1 
€ y —3* and y — -37 d y=3" and y=3* 
6 For each of the functions below: 


i sketch the graph of the function 
il state the domain and range 


iii use your calculator to find the value of y when x = v2 





iv discuss the behaviour of y as x — +oo 
v determine the horizontal asymptotes. 


a y=2+1 b y=2-2 cy=2*+3 d y=3-2” 
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In this section we will examine situations where quantities are either increasing or decreasing 
exponentially. These situations are known as growth and decay modelling, and occur frequently in 
the world around us. 





Populations of animals, people, and bacteria usually grow in an exponential way. 


Radioactive substances, and items that depreciate in value, usually decay exponentially. 












































GROWTH 
Consider a population of 100 mice which under favourable AP, 
conditions is increasing by 20% each week. 
To increase a quantity by 20%, we multiply it by 1.2. 400 
If P, is the population after n weeks, then: 
300 
Po = 100 {the original population} 
P, = Pp x 1.2 = 100 x 1.2 
Py = P, x 1.2 = 100 x (1.2)? "Bp 
P3 = Py x 1.2 = 100 x (1.2), and so on. 
From this pattern we see that P,, = 100 x (1.2)”. m 
So, the graph of the population is a smooth curve given by b n (wee S) 
the exponential function P, = 100 x (1.2)”. 1 2 3 4 5 6 
Example 21 =ò Self Tutor 


An entomologist monitoring a grasshopper plague notices that the area affected by the grasshoppers 
is given by A, = 1000 x 2°?" hectares, where n is the number of weeks after the initial 
observation. 


a Find the original affected area. 
b Find the affected area after: i 5 weeks ii 10 weeks iii 12 weeks. 
c€ Draw the graph of An against n. 





a Ao = 1000 x 2° 

















= 1000) x i 
= 1000 .. the original affected area was 1000 ha. 
b i A5— 1000 x 2! € 80004 A (ha) 
= 2000 
The affected area is 2000 ha. 6000 
ii Ayo = 1000 x 2? 
= 4000 4000 
The affected area is 4000 ha. 
M 4,5 — 1000'« 297% 2000 
= 1000 x 274 a 
= 5280 n (weeks) 





























The area affected is about 5280 ha. 
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EXERCISE 3G.1 


1 The weight W, of bacteria in a culture t hours after establishment GRAPHING 
PACKAGE 


is given by W, = 100 x 2°1* grams. 
a Find the initial weight. f 
b Find the weight after: i 4 hours ii 10 hours iii 24 hours. 
€ Sketch the graph of W; against t using the results of a and b only. 
d 


20.1X 


Use technology to graph Yı = 100 x and check your answers to a, b, and c. 


2 A breeding program to ensure the survival of pygmy possums is established with an initial population 
of 50 (25 pairs). From a previous program, the expected population P,, in n years’ time is given 
by E =P, x30, 

a What is the value of Py? 

b What is the expected population after: i 2years ii 5 years iii 10 years? 
«€ Sketch the graph of P, against n using a and b only. 

d Use technology to graph Yı = 50 x 293* and check your answers to b. 

3 A species of bear is introduced to a large island off Alaska where previously there were no bears. 
6 pairs of bears were introduced in 1998. It is expected that the population will increase according 
to B, = Bo x 2°18! where t is the time since the introduction. 

a Find Bo. b Find the expected bear population in 2018. 
€ Find the expected percentage increase from 2008 to 2018. 

A The speed V, of a chemical reaction is given by V, = Vo x 200% where t is the temperature 
in °C, 

a Find the reaction speed at: i 0°C ii 20°C. 


b Find the percentage increase in reaction speed at 20°C compared with 0°C. 


c€ Find [| x 100% and explain what this calculation means. 
20 


DECAY 


Consider a radioactive substance with original weight 
20 grams. It decays or reduces by 5% each year. The 
multiplier for this is 95% or 0.95. 








If W, is the weight after n years, then: 





Wo = 20 grams 

Wı = Wo x 0.95 = 20 x 0.95 grams 
W2 = W; x 0.95 = 20 x (0.95)? grams 
W3 = W2 x 0.95 = 20 x (0.95)? grams 














Wao = 20 x (0.95)?° = 7.2 grams 



































Wioo = 20 x (0.95)'°° = 0.1 grams 


and from this pattern we see that W,, = 20 x (0.95)”. 
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Example 22 


When a diesel-electric generator is switched off, the current dies away according to the formula 
I(t) = 24 x (0.25)' amps, where t is the time in seconds after the power is cut. 


Find I(t) when £ — O0, 1, 2 and 3. 


a 
b What current flowed in the generator at the instant when it was switched off? 
c 
d 



























Plot the graph of I(t) for t>0 using the information above. 


Use your graph or technology to find how long it takes for the current to reach 4 amps. 


M S 24: (0.25) amps 


I(0) I(1) I(2) I(3) 
=D (A MES 2 (02) 
= 24 amps = 6 amps = 1.5 amps = 0.375 amps 


b When t=0, I(0)= 24 
When the generator was switched off, 24 amps of current flowed in the circuit. 












































I (amps) 
25 
20 
15 
10 
3 HAS 
BE ; t (seconds) 
0 ¡IES 2 3 4 
d From the graph above, the time to reach 4 amps is about 
1.3 seconds. or ^ 
By finding the point of intersection of 
Y; — 24x (0.22)^X and Y2 = 4 on a graphics = 
calculator, the solution is = 1.29 seconds. Interseckion 


WH-l.zBzuHiz Y=4 


Example 23 =ù Self Tutor 


The weight of radioactive material remaining after t years is given by 
We= Wy a A O ms. 
a Find the original weight. 


b Find the percentage remaining after 200 years. 


a When t=O, the weight remaining is Wo x 2° = Wo 
Wo is the original weight. 
b When t= 200, Waoo = Wo x 270-001 %200 
= Wo x 902 
= Wo x 0.8706 
= 87.06% of Wo 


After 200 years, 87.1% of the material remains. 
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EXERCISE 3G.2 
1 The weight of a radioactive substance t years after being set aside is given by 
W (t) — 250 x (0.998)! grams. 
a How much radioactive substance was initially set aside? 
b Determine the weight of the substance after: 
i 400 years ii 800 years ii 1200 years. 
€ Sketch the graph of W(t) for t 2 0 using a and b only. 
d Use your graph or graphics calculator to find how long it takes for the substance to decay to 


125 grams. 


2 The temperature T of a liquid which has been placed in a refrigerator is given by 
T(t) = 100 x 270-02% °C where t is the time in minutes. 
a Find the initial temperature of the liquid. 
b Find the temperature after: 
i 15 minutes ii 20 minutes iii 78 minutes. 
€ Sketch the graph of T(t) for t 2 0 using a and b only. 


3 Answer the Opening Problem on page 96. 
4 The weight W, grams of radioactive substance remaining after t years is given by 
W, = 1000 x 2-9:95* grams. 
a Find the initial weight of the radioactive substance. 
b Find the weight remaining after: 
i 10 years ii 100 years ii 1000 years. 
c Graph W; against t using a and b only. 
Use your graph or graphics calculator to find the time when 10 grams of the substance remains. 
e Write an expression for the amount of substance that has decayed after t years. 


5 The weight W, of a radioactive uranium-235 sample remaining after t years is given by the formula 
Wi = Wo x 279-0002t grams, t>0. Find: 


a the original weight b the percentage weight loss after 1000 years 


a 
512 


€ the time required until 


We have seen that the simplest exponential functions are 
of the form f(x) =b* where b>0, 4 1. 


of the sample remains. 





Graphs of some of these functions are shown alongside. 


We can see that for all positive values of the base b, the 
graph is always positive. 


Hence b* > 0 for all b>0. 





There are an infinite number of possible choices for the 
base number. 
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However, where exponential data is examined in science, engineering, and finance, the base e e 2.7183 
is commonly used. 

e 1s a special number in mathematics. It is irrational like 7, and just as 7 is the ratio of a circle's 
circumference to its diameter, e also has a physical meaning. We explore this meaning in the following 
investigation. 


INVESTIGATION 2 EST 


A formula for calculating the amount to which an investment grows is un = uo(1 +1)” where: 
Un is the final amount, uo is the initial amount, 

i is the interest rate per compounding period, 

n is the number of periods or number of times the interest is compounded. 
We will investigate the final value of an investment for various values of n, and allow n to get 
extremely large. 
What to do: 


1 Suppose $1000 is invested for one year at a fixed rate of 6% per annum. Use your calculator 
to find the final amount or maturing value if the interest is paid: 


a annually (n=1, 1=6% =0.06) b quarterly (n — 4, i — 8€ = 0.015) 
€ monthly d daily 
e by the second f by the millisecond. 


2 Comment on your answers from 1. 
If r is the percentage rate per year, ¢ is the number of years, and N is the number of 


interest payments per year, then i = E and m — Nt. 
NE 
The growth formula becomes un = uo (1 + =) : 


N 1 ay rt 
If we let a — —, show that u,, = uy (12) | E 
T a 


4 For continuous compound growth, the number of interest 

















payments per year N gets very large. a 
a Explain why a gets very large as N gets very large. 10 
b Copy and complete the table, giving your answers as 100 
accurately as technology permits. 1000 
5 You should have found that for very large values of a, 10000 
(1+ 2) = 2.718 281828 459... dud 
à 1000000 
Use the key of your calculator to find the value of e”. 10000 000 


What do you notice? 


6 For continuous growth, wu, — uge' where ug is the initial amount 
ris the annual percentage rate 
t is the number of years 
Use this formula to find the final value if $1000 is invested for 4 years at a fixed rate of 6% 
per annum, where the interest is calculated continuously. 
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From Investigation 2 we observe that: 


Tf interest is paid continuously or instantaneously then the formula for calculating a compounding amount 
Un = uo(1 +i)” can be replaced by wu, — uoe'*, where r is the percentage rate per annum and f£ is 
the number of years. 


HISTORICAL NOTE l 


The natural exponential e was first described in 1683 by Swiss 
mathematician Jacob Bernoulli. He discovered the number while 
studying compound interest, just as we did in Investigation 2. 


The natural exponential was first called e by Swiss mathematician 
and physicist Leonhard Euler in a letter to the German 
mathematician Christian Goldbach in 1731. The number was then 
published with this notation in 1736. 


In 1748 Euler evaluated e correct to 18 decimal places. 





One may think that e was chosen because it was the first letter of 
Euler’s name or for the word exponential, but it is likely that it Leonhard Euler 
was just the next vowel available since he had already used a in 

his work. 


EXERCISE 3H 


1 Sketch, on the same set of axes, the graphs of y — 2^, y — e^, GRAPHING 
and y — 3*. Comment on any observations. PACKAGE 


2 Sketch, on the same set of axes, the graphs of y — e" and y =e. | 


What is the geometric connection between these two graphs? 


ka 


3 For the general exponential function y = ae*”, what is the y-intercept? 


4 Consider y = 2e”. 
a Explain why y can never be < 0. b Findyif. i x=-20 li r= 20. 


5 Find, to 3 significant figures, the value of: 
a e b e qe d ye e el 


6 Write the following as powers of e: 


1 1 
7 Simplify: 
a (e0:36)3 b (c0.064) 75 c (e- 9.045 d (e—0:836)5 


8 Find, to five significant figures, the values of: 
» 3 
a £5 b £231 e e4829 
d e 4829 e 50e- 09-1764 f 80e70-6342 


g 1000e1-2642 h 0.25e- 3.6742 
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9 


10 


13 


14 


15 
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On the same set of axes, sketch and clearly label the graphs of: 
firre?’, g: Breet, h:iioe+3 
State the domain and range of each function. 


On the same set of axes, sketch and clearly label the graphs of: 
f:zee, g:cze-—e?, h:ze10—e* 
State the domain and range of each function. 
Expand and simplify: 
a (e* 1)? b (1-4 e*)(1— e?) € e*(e * —3) 


t 
The weight of bacteria in a culture is given by W(t) = 2e? grams where t is the time in hours 
after the culture was set to grow. 


a Find the weight of the culture when: 
i t=0 ii ¢ =30 min ili t — 1j hours iv t— 6 hours. 


b Use a to sketch the graph of W(t) — 2e?. 


Solve for x: 


1 
a e* — Je b e?” = 


el rem 


The current flowing in an electrical circuit t seconds after it 
is switched off is given by I(t) 2 75e 919* amps. 
a What current is still flowing in the circuit after: 
i 1 second ii 10 seconds? 
b Use your graphics calculator to sketch 
Tt) = Toe OP" ang. f 1, 


¢ Hence find how long it will take for the current to fall 
to 1 amp. 





Consider the function f(x) = e”. 
a On the same set of axes, sketch y= f(x), y=a, and y= f(a). 
b State the domain and range of f—!. 


ACTIVITY 


Click on the icon to run a card game for exponential functions. 


CARD GAME 
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RESEARCH 





What to do: 


1 The ‘bell curve’ which models statistical distributions is y 
shown alongside. Research the equation of this curve. 





SY 


2 The function f(x) = 1+ g + $x? + z452? + zzi% +... has infinitely many terms. 
It can be shown that f(x) = e”. 
Check this statement by finding an approximation for f(1) using its first 20 terms. 


REVIEW SET 3A 





1 Simplify: 
a —(-1)? b -(-3? ca 
2 Simplify using the laws of exponents: 
aro 4212 Ss a 5(a2y)? 
a a^b? x a*b b 6xy?-9r*y (5222 
E 
a Write down the value of: i f(4) i /(—1) 
b Find the value of k such that f(x--2) — kf(x), kecZ. 
4 Write without brackets or negative exponents: 
Ag xa b 2(ab)~? ¢ 2ab~? 
5 Write as a single power of 3: 
= b (3) 5a x gl—2a 
6 Evaluate: 
2 22 
a 8? b» 0S 
7 Write without negative exponents: 
il 
a mn? b (mn) c — d (4m !n)? 
P 


8 Expand and simplify: 
ee b (yx +2)(yz- 2) C2227) 
9 Find the value of z: 


ao poo 2a Uu 


als 
32 
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10 Match each equation to its corresponding graph: 





a y=-e* DELE crc c] gje gre e y=-e * 
A B y C 
1 
x 
D E y 
3 
z 





zx 


11 Suppose y=a”. 


Express in terms of y: 


il 
aa” b a” c 
a 





2 


REVIEW SET 3B ATOR 


1 a Write 4x 2" as a power of 2. 
Evaluate 7 | — 7°. 


c Write (8)? in simplest fractional form. 





2 
; A : ! 
d Write ( T ) without negative exponents or brackets. 


2 Evaluate, correct to 3 significant figures: 


a 33 b 2775 c 100 
3 If f(«) =3x 27, find the value of: 

a f(0) b /(3) e) 
bh Suppose f(x) =2"* +1. 

a Find f(3). b Find a such that f(a) = 3. 


5 On the same set of axes draw the graphs of y = 2^ and y — 2^— 4. Include on your 
graph the y-intercept and the equation of the horizontal asymptote of each function. 


6 The temperature of a dish t minutes after it is removed from the microwave, is given by 
T=80 x OMIsy °C. 
a Find the initial temperature of the dish. 
b Find the temperature after: 
U $3 UH $234 ili ¢ = 36 minutes. 
c€ Draw the graph of T against t for t > 0, using the above or technology. 
d Hence, find the time taken for the temperature of the dish to fall to 25°C. 


7 Consider y —3*—5. 
a Find y when xz — 0, 








1, 





2). 





€ Sketch the graph of y = 3” — 5. 
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b Discuss y as x — coo. 


d State the equation of any asymptote. 


8 a On the same set of axes, sketch and clearly label the graphs of: 


fi:tre™, g:rre 


gil 
> 


h:ze3-—e* 


b State the domain and range of each function in a. 


9 Consider y —3—2 *. 





a Find y when xz — 0, 





1, 





DR 





€ Sketch the graph of y —3—2 *. 





b Discus yas zy — + 


oo. 


d State the equation of any asymptote. 


10 The weight of a radioactive substance after t years is given by W — 1500 x (0.993)* grams. 


a Find the original amount of radioactive material. 


b Find the amount of radioactive material remaining after: 
ii 800 years. 
€ Sketch the graph of W against t, t > 0, using the above or technology. 


i 400 years 


d Hence, find the time taken for the weight to reduce to 100 grams. 


REVIEW SET 3C 


1 Given the graph of y = 3” shown, estimate —— 


solutions to the exponential equations: 


A a = 5 
b x-l 
CEP) UE O 


2 Simplify using the laws of exponents: 


a (aye 


b pa? x pq 


3 Write the following as a power of 2: 


AS 


DIE 


^ Write without brackets or negative exponents: 


A 


b (ab)? 


















































4 
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9u+l 


Simplify pre 


Write as powers of 5 in simplest form: 


1 
a 1 b 5/5 c+ ia 
ve V5 
Expand and simplify: 
al Tm 

a c"(e * +e”) b (2% +5)? ¢ (x? —7)(x? +7) 
Solve for x: 

a 6-27 =192 b 4 x (3)* — 324 


The point (1, /8) lies on the graph of. y — 2*7. Find the value of k. 
Solve for x without using a calculator: 
a 25 32 b 4H -(1* 


Consider y — 2e * 4 1. 
AENA nece O E 

















b Discuss y as 2 — coo. 
€ Sketch the graph of. y —2e * 4 1. 
d 


State the equation of any asymptote. 
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OPENING PROBLEM 


In a plentiful springtime, a population of 1000 mice will 
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e P Om 


BOQ ORB" 
double every week. ca: Ae ies. 


The population after t weeks is given by the exponential 
function P(t) = 1000 x 2’ mice. 


Things to think about: 


b 


What does the graph of the population over time look 
like? 

How long will it take for the population to reach 
20000 mice? 

Can we write a function for t in terms of P, which 
determines the time at which the population P is 
reached? 

What does the graph of this function look like? 








Consider the exponential function f : z — 10* 
or f(x) = 10". 
The graph of y = f(a) is shown alongside, along with 
its inverse function ft. 
Since f is defined by y — 107, 
f—' is defined by x= 10”. 


y is the exponent to which the base 10 is raised in order 
to get x. 





{interchanging x and y} = 








We write this as y= log, )2 and say that y is the logarithm in base 10, of x. 


Logarithms are thus defined to be the inverse of exponential functions: 


If fox) e 109 then: f 1a) =logig = 


WORKING WITH LOGARITHMS 


Many positive numbers can be For example: 10000 = 104 
easily written in the form 10”. 1000 — 10? 
100 = 10? 
10= 10" 
pedo 

0.1 = 107} 

0.01 = 107? 


0.001 — 107? 
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Numbers like 4/10, 10/10 and u can also be written in the form 10” as follows: 
1 1 
/10 = 10° 10/10 = 10! x 10°5 m = 1073 
— 1095 acidi) ut 1092 


In fact, all positive numbers can be written in the form 10? by using logarithms in base 10. 


The logarithm in base 10 of a positive number is the exponent when the number is written 
as a power of 10. 


For example: 
e Since 1000 = 10°, we write log,, 1000 =3 or log 1000 = 3. 
e Since 0.01 = 10-7, we write log,,(0.01) = —2 
or log(0.01) = —2. 










If no base is indicated we 
assume it means base 10. 


log a means logyg a. 
à — 10le£^ forany a>0. 


Notice that a must be positive since 107 >0 forall x € R. 


Notice also that log 1000 = log 10% = 3 
and log 0.01 = log 107? = —2. 


We hence conclude that log10* —z forany x € R. 





x) Self Tutor 
a Without using a calculator, find: i log 100 ii. log(v/10). 


b Check your answers using technology. 














1 
a i log100=log10? =2 li log(/10) = log(107) = + 
b i Casio fx-CG20 ii TI-84 Plus 
El MAR Norm] x 
1 e — — lo9c4*J165 aoe 
! GRAPHICS 
CALCULATOR 


INSTRUCTIONS 





JUMP {DELETE MATH 








log 100 = 2 log( 4/10) = 0.25 
EXERCISE 4A 
1 Without using a calculator, find: 
a log10000 b log0.001 € log10 d logl 
e logV10 f log(4/10) g log (sx) h log (10410) 
i log 9/100 j log (2) k log(10x Y1O) 1 log(1000/10) 


Check your answers using your calculator. 
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2 Simplify: 


a_ log 10” b log (10% x 100) 


c log (=) d log (+) 











Use your calculator to write the following in the form 10% where zx is correct to 4 decimal places: 
a 8 b 800 c 0.08 
a 8 b 800 c 0.08 
2 10108 8 Il 10le8 800 = 10108 0.08 
x 100-9031 x 102-9031 x 1071-0969 





3 Use your calculator to write the following in the form 10% where x is correct to 4 decimal places: 


a 6 b 60 c 6000 
f 15 g 1500 h 1.5 


d 0.6 e 0.006 
i 0.15 j 0.000 15 





b Explain why log 20 =log2 +41. 


a Use your calculator to find: i log2 


log 20 





a i log22 0.3010 
ii log20 + 1.3010 {calculator} 





b log 20 = log(2 x 10) 


lo (OO cem) 

= log 1013910 {adding exponents} 
= 1.3010 

=log2+ 1 





^ a Use your calculator to find: i log3 


b Explain why log 300 = log 3 + 2. 


5 a Use your calculator to find: i log5 


Explain why log 0.05 = log 5 — 2. 


Example 4 


Find x if: 
a logr=3 





ii log 300 


ii log 0.05 


OA 


log x = —0.271 


=D 
aues do dvd 
x= 0.536 
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6 Find x i£ 
a logx=2 b logx = c logr=0 
d logz--1 e logr=$ f logx=-5 
g logr=4 h loga =—5 i logz z 0.8351 
j logz = 2.1457 k logz zm —1.378 | logz ~ —3.1997 


In the previous section we defined logarithms in base 10 as the inverse of the exponential function 
f(x) — 10*. 


If f(x)-10* then fx) =1l08,,%. 









We can use the same principle to define logarithms in other bases: 


if f(x) ah hen fix) e log s a f(a) = logax 






<> means 
“if and only if”. 


If b — a*, a£ 1, a7 0, we say that x is the logarithm in base a, 
of b, and that b — a^ «& x —log,b, b » 0. 


This means that: 
“if b=a®” then x= log,b, and if x —log,b then b — a?". 
b — a* and z —]log,b are equivalent or interchangeable statements. 


For example: e 8-—2? means that 3 — log,8 and vice versa. 


e log,;25 — 2 means that 25 — 5? and vice versa. 


If y —a* then x= log, y, and so an = loys, GF" 


If x=aY then y — log, z, and so x = ale& * provided x > 0. 


Example 5 ™) Self Tutor 
Write an equivalent exponential equation for logig 1000 = 3. 


Write an equivalent logarithmic equation for 3+ = 81. 





From log) 1000 = 3 we deduce that 10% = 1000. 
From 34 = 81 we deduce that log; 81 = 4. 
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EXERCISE 4B 


1 Write an equivalent exponential equation for: 
a log,5,100 — 2 


d logio V10 = 4 
g logs (4) =-2 


2 Write an equivalent logarithmic equation for: 


b log, , 10000 = 4 


e log,8=3 
h log, V27 = 1.5 


log, (0.1) = —1 
logs; 9 = 2 
logs (Jz) = =F 








a 22=4 b 43—64 b* 2h 
d 7?=49 e 26-64 2739-4 
g 107? = 0.01 h 2-1=1 g-3= 1 
Example 6 =ò Self Tutor 
Find: 
a log, 16 b log; 0.2 € logio V100 d log, (=) 
a  log,16 b  logz0.2 c log; V100 d log ( 4) 
r 
I NL E a 
= = log, 5°! 2 AZ 
E = logio 10° E 
= 
5 
3 Find 
a logo 100000 b log,,(0.01) c logs V3 d log,8 
e log, 64 f log, 128 g log, 25 h log, 125 
i log,(0.125) | logg3 k log, 16 logs, 6 
m logs 243 n log, 7/2 o log, a” p logz 2 
q log, (4) r logs 6/6 $ log,l t logg9 
4 Use your calculator to find: 
a logy) 152 b logy) 25 € logy 74 d log;¡p0.8 
5 Solve for a: 
a log1=3 b log¿2=3 c log, 81 =4 d logy(x—6) =3 
6 Simplify: 
a log, 16 b log, 4 c logs ($) d logio V1000 
e log, (+) f log;(25v5) g log; (+) h log, (zz) 
i log, x? j log, /z k log,, m? | log,(z4/z) 
m log, (=) n log, (=) o log, A) p log, vm? 
n a Ja 
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THEORY OF KNOWLEDGE 


Acharya Virasena was an 8th century Indian mathematician. Among other areas, he worked with the 
concept of ardhaccheda, which 1s how many times a number of the form 2" can be divided by 2. 
The result is the integer n, and is the logarithm of the number 2" in base 2. 


In 1544, the German Michael Stifel published Arithmetica Integra which contains a table expressing 
many other integers as powers of 2. To do this, he had created an early version of a logarithmic 
table. 


In the late 16th century, astronomers spent a large part of their 
working lives doing the complex and tedious calculations of 
spherical trigonometry needed to understand the movement of 
celestial bodies. In 1614, the Scottish mathematician John Napier 
formally proposed the idea of a logarithm, and algebraic methods 
for dealing with them. It was said that Napier effectively doubled 
the life of an astronomer by reducing the time required to do 
calculations. 


Just six years later, Joost Bürgi from Switzerland published 
a geometric approach for logarithms developed completely 
independently from John Napier. 








1 Can anyone claim to have invented logarithms? 


2 Can we consider the process of mathematical discovery an evolution of ideas? 


Many areas of mathematics have been developed over centuries as several mathematicians have 
worked in a particular area, or taken the knowledge from one area and applied it to another field. 
Sometimes the process is held up because a method for solving a particular class of problem has not 
yet been found. In other cases, pure mathematicians have published research papers on seemingly 
useless mathematical ideas, which have then become vital in applications much later. 


In Everybody Counts: A report to the nation on the future of Mathematical Education by the National 
Academy of Sciences (National Academy Press, 1989), there is an excellent section on the Nature 
of Mathematics. It includes: 


“Even the most esoteric and abstract parts of mathematics - number theory and logic, for 
example - are now used routinely in applications (for example, in computer science and 
cryptography). Fifty years ago, the leading British mathematician G.H. Hardy could boast 
that number theory was the most pure and least useful part of mathematics. Today, Hardy’s 
mathematics is studied as an essential prerequisite to many applications, including control of 
automated systems, data transmission from remote satellites, protection of financial records, 
and efficient algorithms for computation.” 


3 Should we only study the mathematics we need to enter our chosen profession? 


4 Why should we explore mathematics for its own sake, rather than to address the needs of 
science? 
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INVESTIGATION 


What to do: 





1 Use your calculator to find: 
a log2+log3 b log3+log7 € log4+ log 20 
d log6 e log21 f log80 


From your answers, suggest a possible simplification for log a + log b. 
2 Use your calculator to find: 
a log6 —log2 b log12—log3 € log3 —]log5 
d log3 e log4 f log(0.6) 
From your answers, suggest a possible simplification for loga — log b. 


3 Use your calculator to find: 
a 3log2 b 2log5 € —4log3 
d log(2%) e log(5?) f log(3 4) 
From your answers, suggest a possible simplification for n loga. 
From the Investigation, you should have discovered the three important laws of logarithms: 
If A and B are both e log A+ log B = log(AB) 


positive then: A 
e log A — log B — log B 


e nlog A — log(A") 


More generally, in any base c where c Z 1, c» 0, we have these laws of logarithms: 


If A and B are both e log. A+ log. B = log.(AB) 
positive then: A 
e log, A — log, B = log, ($) 


e nlog, A = log, (4”) 


Proof: 
s (Be A+ log, B > (Be A— log, B 
= (Be A x (Be B a clog. A 
SET 15) 
= As 1B clog&c 
— gos. (AB) E 
EG m 
- log, A s log, B= log,(AB) EN eke (5) 


log, A — log, B = log, (=) 
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c" log, A 


- (ces. 4)" 
— 
= cles. (A7) 


nlog, A = log, (A”) 








Example 7 x5) $elf Tutor 
Use the laws of logarithms to write the following as a single logarithm or as an integer: 
a log5+log3 b log; 24 — logs 8 € log;5—1 
a log 5 + log 3 b logs 24 — logs 8 c loga 5— 1 
= log(5 x 3) — logs (25) = log, 5 — log; 2! 
= log 15 = 0838 = log, (3) 
ll 











Example 8 


x) $elf Tutor 








Simplify by writing as a single logarithm or as a rational number: 


log8 





a 2log' —3log2 b 2log3+3 c 
log 4 

















a e. b 2log3 +3 c Aa 
— log(7?) — log(23) = log(3*) + log(10°) oe 
= log 49 — log 8 = log9 + log 1000 Z 2log2 
= log (2) = log(9000) 3 
EXERCISE 4C.1 
1 Write as a single logarithm or as an integer: 
a log8+log2 b log4 + log 5 c log40—log5 
d logp— log m e log,8— log, 2 f log5 + log(0.4) 
g log2+log3+ log4 h 1+ log,3 i log4—1 
j log5 + log 4 — log 2 k 2+log2 l t+logw 
m 1log,,40— 2 n logs 6 — logs 2 — logs 3 o log50—4 
p 3- log; 50 q log; 100 -— log; 4 r log e + log 3 + log 7 
2 Write as a single logarithm or integer: 
a 5log2+log3 b 2log3+ 3log2 € 3log4 — log8 
d 21og45 — 3log42 e ilogg4-rlogg3 f ilog(i) 


g 3—log2—2log5 h 1-3log2+log20 i 2— 11og, 4— log, 5 
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3 Simplify without using a calculator: 
log4 b logs 27 É log 8 d log 3 logs 25 log, 8 
log 2 logs 9 log 2 log 9 log3(0.2) log, (0.25) 

















Check your answers using a calculator. 








Example 9 ™) Self Tutor 
Show that: 
a log ($) = —2log3 b log500 = 3 —log2 
a log (5) b log 500 
= log(37?) =1l0g (222) 
= 21083 = log 1000 — log 2 
— log 10? — log 2 
= 3 — log 2 
^ Show that: 
a log9 — 21log3 b log v2 — 7 log2 c log (4) = —3log2 
d log (1) = —log5 e log5=1-log2 f log 5000 = 4 — log 2 
5 If p=log,2, q = log,3, and r = log,5 write in terms of p, q, 
and r: 
a log,6 b log,45 € log, 108 (EO meant 
5 0222222 
d log, (38) € log, (3) f log, (0.2) 






6 If log;P —z, log;Q — y, and log; R —z write in terms of z, y, 





and z: 
a log,(PR) b log,(RQ?) € logs (=) 
Q? R? VQ 
d log;(P^/Q) e log, (E) f log, ( P3 
7 If log, M =1.29 and log, N? = 1.72 find: 
N2 
a log, N b log,(MN) € log, VA 


LOGARITHMIC EQUATIONS 


We can use the laws of logarithms to write equations in a different form. This can be particularly useful 
if an unknown appears as an exponent. 


For the logarithmic function, for every value of y, there is only one corresponding value of x. We can 
therefore take the logarithm of both sides of an equation without changing the solution. However, we 
can only do this if both sides are positive. 


Example 10 
Write these as logarithmic equations (in base 10): 
a 
a y=a’b b y= B 
a y — a?b 


log y — log(a?b) 
log y = log a? + log b 
logy = 2log a + log b 


e- (8) 


20 
log P = log 


20 
yn 


$ 


n2 


| 


log P — log20 — logn 
log P = log 20 — ilogn 


NIB 
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=ò Self Tutor 


BB 
a 
log y = log (5) 


logy = loga — log b? 
logy = loga — 3 log b 


™) Self Tutor 





Example 11 


Write the following equations without logarithms: 


a logA=logb+ 2loge 


log A = logb+ 2loge 
log A = logb + log c? 
log A — log(bc?) 

EM S 


b log; M — 3log;a — 2 
b logy M = 3logy a — 2 
log, M — log, a? — log; 2? 


3 
loga M = logs P 
3 


ML 
TA: 





EXERCISE 4C.2 
1 Write the following as logarithmic equations (in b 


a y—2* b y= 200° 
e R-bvl f Q=5 
fi ji N= E 
c b 
2 Write the following equations without logarithms: 
a logD=loge+log2 
c logP = ilogz 


€ log B —3logm — 2logm 
g logP=3logr+1 


ase 10), assuming all terms are positive: 


c M=ad* d T=5vd 

g y=ab? h F= 
n 

k S —200 x2! I y- m 

b log, F = log, 5 — log, t 

d log, M = 2log, b + log,, € 

f log N = —3 log p 

h log, Q =2- log, x 
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3 a Write y—3x2" asa logarithmic equation in base 2. 
b Hence write x in terms of y. 


€ Find x when: 
i y=3 ii y= 12 ill y —30 


4 Solve for z: 


a logs 27 + logs($) = logs x b log; x = logs 8 — log; (6 — x) 
¢ log, 125 — log, /5 = logs x d logsz = 1 + logs 10 
€ logz + log(a + 1) = log 30 f log(a +2) — log(x — 2) = log5 





In Chapter 3 we came across the natural exponential e z 2.71828. 


Given the exponential function f(r) — e*, the inverse function f ! — log,z is the logarithm in 
base e. 


We use lnx to represent log, x, and call ln x the natural logarithm of z. 
y —lnz is the reflection of y = e” in the mirror line y = zx. 


Notice that: e Inl=Ine® =0 
e Ine=Ine!=1 


e Ine? =2 


e Inye=lne? =5 


wn] 





e ln B —-]lne^!2-1 * 
e: 


me =z ad e =r 





. x 
Since a” = (el™*)" = erma, fod e ee a) 


Example 12 =ò Self Tutor 


Use your calculator to write the following in the form e* where k is correct to 4 decimal places: 
a 50 b 0.005 





50 b 0.005 
— ¿150 — ¿10.005 


Musine n o 
aE —5.2983 


== e 
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EXERCISE 4D.1 


1 Without using a calculator find: 


a Ine? b Ine? c Inve d inl 
1 á 1 1 
e In (5) f Inde g ln (3) h In (=) 
Check your answers using a calculator. 
2 Simplify: 
a eln3 b eg21n3 € e^ In 5 d e 2ln2 


3 Explain why In(—2) and In0 cannot be found. 
4 Simplify: 
a Ine? b In(ex e?) € In (e? x e^) d In(e?)" e ln (5) 


Example 13 ™) Self Tutor 


Find = if: 
ain b Inz = —0.384 








aum» sim b Inz = —0.384 
pog a gog T 
z= 8.76 AGS 





£A 
C 


V 


5 Use your calculator to write the following in the form e* where k is correct to 4 decimal places: 


a 6 b 60 c€ 6000 d 0.6 e 0.006 
f 15 g 1500 h 1.5 i 0.15 j 0.00015 
6 Find z if: 
a Inz=3 b Inzx=1 c Inz=0 d Inz=-—1 
e Inc=-5 f Inzx=0.835 g lng z 2.145 h Inz z —3.2971 


LAWS OF NATURAL LOGARITHMS 


The laws for natural logarithms are the laws for logarithms written in base e: 


For positive A and B: 
A 
e lnA-- In B = In(AB) ° ina —InB =n (F) e nln A = In(A”) 
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Use the laws of logarithms to write the following as a single logarithm: 
a In5--In3 b 1n24— In8 € In5-1 













ln5— 1 
=In5—In e. 


ED 


In 24 — In 8 





b 





In 5 -- n3 
— In(5 x 3) 
— mnis 









Example 15 1») $elf Tutor 


Use the laws of logarithms to simplify: 


a 21n7—31n2 b 21n343 





21n7 —31n2 b 
— In(7?) — In(2?) 
= ln 49 — In8 
4 
=n(2) 


21n3 4-3 
= In(3?) + Ine? 
=1n 9+ Ine? 
= In(9e*) 





Example 16 ERM) 


Show that: 
a ln (4) — —21n3 


LIC) 
no 
— —21n3 


b 1n500 z 6.9078 — In2 





b 1n500 = In (1929) 
= In 1000 — In 2 
& 6.9078 — In2 





EXERCISE 4D.2 


1 Write as a single logarithm or integer: 


a 1n15 4-1n3 b Inl15-1n3 € 1n20— In5 
d In44-1n6 e In5+1In(0.2) f In24-1In34 In5 
g 1+In4 h In6-1 i In5-In8— In2 
j 2+In4 k 1n20—2 | In12—In4—In3 
2 Write in the form lna, ac Q: 
a 5ln3+In4 b 3In2+2In5 € 31n12— In8 
d 31In4— 21n2 e 31n8+1n3 f 3 1n(3) 
g —1n2 —In(i) i —2In(4) 
3 Show that: 
a In27=31n3 b Inv3=3In3 c In(f) =-4In2 
e 
d In(1)- —In6 e In (<5) — —$1n2 f In ($) —1-1n5 
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4 Show that: 
a nw5=4ln5 b In(35) =—5In2 
ville ió dual -3-33 
va 3 8 
x) $elf Tutor 
Write the following equations without logarithms: 
a In4=2lnc+3 b InM=3lna—2 
a nA=2Inc+3 b InM =3lna—2 
InA-2lnc=3 mt nta 
InA-Inc? =3 2 ln Mine? =—2 
A ] MY. 
M = 
AC It og 
aS E 
3 
ee ME T 








5 Write the following equations without logarithms, assuming all terms are positive: 


a nD=Iinx+1 b InF=-—Inp+2 c InP-ilng 
d InM =2lny +3 e nB=3lnt-1 f InN =-—3Ing 
gs lnQz3lnz 4 2.159 h In D z 0.41n n — 0.6582 


LOGARITHMS 


In Chapter 3 we found solutions to simple exponential equations where we could make equal bases and 
then equate exponents. However, it is not always easy to make the bases the same. In these situations 
we use logarithms to find the exact solution. 








™) Self Tutor 


Example 18 










Consider the equation 2” = 30. 
a Solve for x, giving an exact answer, by using: a base 2 b base 10. 


b 


Comment on your answers. 









ES) 
x = log, 30 
ii ue) 
log 2^ = log 30 {find the logarithm of each side} 
x log 2 = log 30 {log(A”) = nlog A} 
log 30 
AS a 
log 30 
log 2 * 















b Froma, log, 30 = 
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x) Self Tutor 











Find x exactly: 
a e = 30 b 3e" —21 
as e* = 30 b  3e = 21 
x = 1n30 ee 
zm 
2 
qp em 2a 
EXERCISE 4E 
1 Solve for z, giving an exact answer in base 10: 
a 27=10 b 37 = 20 c 4* — 100 
d (i)' —0.0625 e (3) 204 f 10" — 0.00001 
2 Solve for x, giving an exact answer: 
a e* —]10 b e* — 1000 € 2e* — 0.3 
d e7 =5 e e” =18 fe?=1 


Example 20 xò Self Tutor 





Consider the equation P = 200 x 20-04, 
a Rearrange the equation to give t in terms of P. 
b Hence find the value of t when P = 6. 





a RRN P 
90.04t — s {dividing both sides by 200} 
‘ log 2°-°* = log (ss) {finding the logarithm of each side} 
0.04t x log 2 = log (5) {log(A)” = nlog A} 


l rus 
ve (55) 
t= 


~ 0.04 x log 2 


1 ci 
b When P=6, SIE EA 
0.04 x log 2 








3 Consider the equation R= 200 x 20-25%, 

a Rearrange the equation to give £ in terms of R. 

b Hence find t when: i R= 600 ii R = 1425 
4 Consider the equation M = 20 x 57007, 

a Rearrange the equation to give x in terms of M. 

b Hence find x when: i M — 100 ii M — 232 
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Example 21 x) $elf Tutor 


Find algebraically the exact points of intersection of. y — e^ —3 and y—1-—3e *. 
Check your solution using technology. 





The functions meet where 


x ar ues —2 GRAPHING 
ed ie PACKAGE 


s oe —-4-4-43e * 20 F 
e 3-0 {multiplying each term by e” } 


(e* — 1)(e* -3) 20 
=i or sd 
ora WES" CHI-3 
TOMO LES 
When =0, y=e"-3=-2 
When =1n3, y=e"*-3=0 
the functions meet at (0, —2) and at (In3, 0). a iM 








5 Solve for x, giving an exact answer: 


a 4x2 *—012 b 300 x 5917 = 1000 € 32x83 0292 — 4 

d 20x e?" — 840 e 50x e-999» — 9.05 f 41e93* _97=0 
6 Solve for z: 

a ce?" — 2e? b ese” c e —5e7+6=0 

d e? +2 = 3e e 1--12e * —e* f e*+e *7=3 


7 Find algebraically the point(s) of intersection of: 
a y=e" and y=e**—6 b y=2e"+1 add y=7-e” 
c y=3-e and y=5e *-3 


Check your answers using technology. 


BASE RULE 





log, a 





log, a = for a,b,c>0 and b,cXl. 


log, b 


Proof: LO DTO 
log, b = log, a {taking logarithms in base c} 


xlog, b= log, a {power law of logarithms} 
. log.a 





log, b 


l 
log, a = SEU 





loge b 
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Find log, 9 by: 
a letting log;9— x b changing to base 10 € changing to base e. 








a Let logg;9—z b log;,9— log10 9 
log10 2 
dae SERVI 
log 2” = log 9 B 
n 
qu c log29 = 3 
Ie UIT ~ 3.17 





~ log 2 


Example 23 x) $elf Tutor 





Solve for x exactly: 8? — 5(4%) 20 














8” — 5(44) =0 
93r a BO) — 0 
272" = 5) —0 
1m m as 2 tor alo 
m . log5 
T Ium 
EXERCISE 4F 
1 Use the rule log, a = weit to find, correct to 3 significant figures: 
0810 
a logz12 b log: 1250 c€ log3(0.067) d log, 4(0.006 984) 
2 
2 Use the rule log, a = me to solve, correct to 3 significant figures: 
a 2” = 0.051 b 4° = 213.8 £ 399 224089 
3 Solve for x exactly: 
a 25*—3(5*) 20 b 8(9*)—3* 20 c 2* —2(4*) 20 
4 Solve for x: 
a log, 2° + log, /z —8 b log,¿1? = logg4 125 — log, yz 
Find the exact value of x for which 4? x 5%7+3 = 1027+3, 
Suppose logy x + logys7x = p. Write the value of log, x + logg, x in terms of p. 
4 3 
7 Without using technology, show that Qrast Tare — 175, 
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Consider the general exponential function f(x) =a*, a>0, aX 1. 





The graph of y =a” is: 


For O<a<l: For a>l: 





The horizontal asymptote for all of these functions is the x-axis y = 0. 


The inverse function f~! is given by r=a¥, so y= log, 2. 


If f(z)-— a* where a » 0, a 1, then f (x) log, T. 


Since f !(z)-—]log,c is an inverse function, it is a reflection of f(x) =a” 


We may therefore deduce the following properties: 


in the line y= x. 


“(x) = log, 2 
ESA ESE 





al A i) 


The vertical asymptote of y = log, x is the y-axis x = 0. 


y=loga x 


y=5 


For 0O<a<l: as 2>00, Y —>—00 For a>l: as 2>00, y —>00 


as 2>0*, y=00 as 2=0*, y — —oo 


Since we can only find logarithms of positive numbers, the domain of f~1(x) —log,z is {x | x » 0]. 
In general, y= log,(g(x)) is defined when g(x) > 0. 


When graphing f, f7*, and y=x=x on your graphics calculator, it is best to set the scale so that 
y =a makes a 45? angle with both axes. 
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Consider the function f(x) — logo(x — 1) 4- 1. 
a Find the domain and range of f. 
b Find any asymptotes and axes intercepts. 
€ Sketch the graph of f showing all important features. 
d 


Find f^! and explain how to verify your answer. 


gS wisn a > 1! 
So, the domain is {x |x > 1} and the range is y € R. 


b As > 1 from the right, y— —oo, so the vertical asymptote is x = 1. 
As t= œ, Y> œ. 
When z —0, y is undefined, so there is no y-intercept. 
When y=0, log2(x— 1) =-—1 
=1=2* 
a=13 


3 às c 
So, the x-intercept is 15. 









































€ To graph the function using your calculator, yA 
it may be necessary to change the base to 

base 10 or base e. 6i 

osa 

So, we graph IOS A 

d f is defined by y=log2(x— 1) +1 9| 
f ! is defined by x =log,(y—1)+1 

x —1= logs(y— 1) ME: 
y-1-2*' Lal 
_ 92-1 
U ll | 
























































a eee! 
which has the horizontal asymptote y —1 v 
Its domain is {x | x € R}, and its range is {y |y > 1}. 





EXERCISE 4G 
1 For the following functions f: 


i Find the domain and range. 
ii Find any asymptotes and axes intercepts. 
ili Sketch the graph of y = f(x) showing all important features. 
iv Solve f(x) =—1 algebraically and check the solution on your graph. 
v Find f^! and explain how to verify your answer. 


a f:zelogg(x 1) b f:i>1-logs(x +1) 
c f:1iu>logs(1— 2) — 2 d f:z1-logs;(z — 2) 
e f:21>1-2log,x f f:z log,(x? — 3x — 4) 
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Example 25 x) $elf Tutor 


Consider the function f : z — e*—?. 
a Find the equation defining f—!. 
b Sketch the graphs of f and f ! on the same set of axes. 
c State the domain and range of f and f~t. 
d Find any asymptotes and intercepts of f and ft. 







































































a f(z) =e" b y 
fl is a=e* ye? A 
y—3-—lnz i3) "---- 
y=3+Inzx f 
So, f !(z)23-FInz 
c | 1 
» 
y=x 
d For f: Horizontal asymptote is y = 0, For f !: Vertical asymptote is x = 0, 
y-intercept is. (0, e ?). z-intercept is. (e ?, 0). 
2 For the following functions f: 
i Find the equation of f~t. 
il Sketch the graphs of. f and f ! on the same set of axes. 
ili State the domain and range of f and f7?. 
iv Find any asymptotes and intercepts of f and f7!. 
a f(x@)=e7+5 b f(z) =e! -3 
c fíx)=Inx-4 zx>0 d fía) =In(x-1)+2 z>1 


2x 


3 Given f:rre and g:1>2x—1, find: 


a (fog)(x) b (go f)*(z) 


4 Consider the graphs A and B. One of them is the graph of 
y =Ina and the other is the graph of y = In(a — 2). 

a Identify which is which. Give evidence for your 
answer. 

b Copy the graphs onto a new set of axes and add to 
them the graph of y =1In(x +2). 

€ Find the equation of the vertical asymptote for each 
graph. 
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5 Kelly said that in order to graph y = In(z?), x » 0, 
you could first graph y = lng and then double the 
distance of each point on the graph from the x-axis. 

Is Kelly correct? Explain your answer. 





6 Consider the function f : x — e*t? +2. 
a Find the defining equation for f~t. 
b Find the values of x for which: 
i f(a) <2.1 ii f(z) < 2.01 iii f(x) < 2.001 iv f(x) < 2.0001 
Hence conjecture the horizontal asymptote for the graph of f. 


c Determine the equation of the horizontal asymptote of f(a) by discussing the behaviour of 
f(x) as z — coo. 





d Hence, determine the vertical asymptote and the domain of f~t. 


Example 26 ™) Self Tutor 
Solve for x: a e = 2r +r+1 b e? 222?--r-41 








a Wegraph y=e"” and y-—22?-z--1 on 
the same set of axes. 
Using technology we find the points of 
intersection of the graphs. 





y=20 tx 1 
x=0 and =3.21 are the solutions. 


x 


b Using the same graphs as above, we seek values of x for which the graph of y = e” either 
meets or is higher than the graph of y — 2z? 4- x —- 1. 
The solution is zx —0 or x > 3.21 s 
We could also graph the solution set: A A 
seo 


or write itas «=0 or x € [3.21, oof. 





7 Solve for z: 
a z?»e* b zjce7 c 5—m»lnz 


8 State the domain of. f(x) — z?]nz. Hence find where f(x) « 0. 


9 a Use technology to sketch the graph of f(x) = 2 20041, 
zx 


b State the domain and range of this function. 
c Hence findall z € R forwhich e2-2+1 > 2, 
T 
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ACTIVITY 


Click on the icon to obtain a card game for logarithmic functions. 


CARD GAME 


In Chapter 3 we showed how exponential functions can be used to model a variety of growth and decay 
situations. These included the growth of populations and the decay of radioactive substances. In this 
section we consider more growth and decay problems, focussing particularly on how logarithms can be 
used in their solution. 





POPULATION GROWTH 





=ò Self Tutor 


A farmer monitoring an insect plague notices that the area affected by the insects is given by 
An = 1000 x 207 hectares, where n is the number of weeks after the initial observation. 


a Draw an accurate graph of A, against n and use your graph to estimate the time taken for 
the affected area to reach 5000 ha. 


b Check your answer to a using logarithms and using suitable technology. 


























a b When A, — 5000, 
1000/5: 20:7. — 5000 
(ra 
6000 3 1 m. A : : 
5000 —- oe da 
0.7n log 2 = log 5 
4000 log 5 
~ 0.7 x log2 
2000 Mio oe 
it takes about 3 weeks and 
2 days. 






































4 
n (weeks) 


Using technology we find the intersection of y = 1000 x 20-77 and y — 5000. This confirms 
DEIA 








FINANCIAL GROWTH 


Suppose an amount u; is invested at a fixed rate for each compounding period. In this case the value of 
the investment after n periods is given by Un4i = U1 X r” where r is the multiplier corresponding 
to the given rate of interest. In order to find n algebraically, we need to use logarithms. 
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Example 28 
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Iryna has €5000 to invest in an account that pays 5.2% p.a. interest compounded annually. Find, 
using logarithms, how long it will take for her investment to reach €20 000. 








Un+1 = 20000 after n years Now unpa Sur 
uj — 5000 -. 20000 = 5000 x (1.052)” 
REO AOS CERO 2 E 


log(1.052)" — log4 
n X log1.052 = log 4 
|.  log4 
log 1.052 
Rounding up here, it will take about 28 years to reach €20 000. 





= 27.3 years 





EXERCISE 4H 


The weight W, of bacteria in a culture t hours after establishment is given by 
W; = 20 x 29-15 grams. Find, using logarithms, the time for the weight of the culture to reach: 


a 30 grams b 100 grams. 


The mass M; of bacteria in a culture t hours after establishment is given by 
M, —25xe0!* grams. Show that the time required for the mass of the culture to reach 50 grams 
is 101n2 hours. 
A biologist is modelling an infestation of fire ants. He determines that the area affected by the 
ants is given by A, = 2000 x e957^ hectares, where n is the number of weeks after the initial 
observation. 

a Draw an accurate graph of An against n. 

b Use your graph to estimate the time taken for the infested area to reach 10000 ha. 

€ Check your answer to b using: i logarithms il suitable technology. 


A house is expected to increase in value at an average rate of 7.596 p.a. If the house is worth 
£160 000 now, when would you expect it to be worth £250 000? 


Thabo has $10000 to invest in an account that pays 4.896 p.a. compounded annually. How long 
will it take for his investment to grow to $15 000? 


Dien invests $15000 at 8.4% p.a. compounded monthly. He will withdraw his money when it 
reaches $25 000, at which time he plans to travel. The formula u,+y1 =u xr” can be used to 
model the investment, where n is the time in months. 

a Explain why r — 1.007. b After how many months will Dien withdraw the money? 
The mass M, of radioactive substance remaining after t years is given by 
M; = 1000 x e~°-°** grams. Find the time taken for the mass to: 

a halve b reach 25 grams c reach 196 of its original value. 
A man jumps from an aeroplane. His speed of descent is given by V — 50(1— e-9?*) ms-!, 
where £ is the time in seconds. Show that it will take 51n 5 seconds for the man’s speed to reach 
40 ms !. 


Answer the Opening Problem on page 124. 


10 


13 


14 


REVIEW SET 4A 
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The temperature of a liquid t minutes after it is placed in a refrigerator, is given by 
T —4--96xe-99* ^C. Find the time required for the temperature to reach: 

a 25°C b 5°C. 
The weight of radioactive substance remaining after t years is given by 
W = 1000 x 270-04 grams. 

a Sketch the graph of W against t. 

b Write a function for t in terms of W. 

c Hence find the time required for the weight to reach: 

i 20 grams ii 0.001 grams. 


The weight of radioactive uranium remaining after t years is given by the formula 
W(t) = Wo x 270-0002t grams, t> 0. Find the time required for the weight to fall to: 


a 25% of its original value 6 0.1% of its original value. 


The current J flowing in a transistor radio t seconds after it 
is switched off is given by I = Io x 2 99?* amps. 


Show that it takes a seconds for the current to drop to 
08 
10% of its original value. 


A parachutist jumps from the basket of a stationary hot air 
balloon. His speed of descent is given by 
V —60(1—2 925) ms^! where t is the time in seconds. 


Find the time taken for his speed to reach 50 ms !. 








1 Find the following, showing all working. 


a log, 64 b log,256 € log4(0.25) d logs; 5 

e logg 1 f logs, 3 g logg(0.1) h log, Vk 
2 Find: 

a log V10 b log a ¢ log( 10? 107") 
3 Simplify: 

a 4ln2--21n3 b 3In9—In2 € 2In5- 1 d 3In81 
^ Find: 

a In(eye) b In (3) ¢ In(e?”) d In (E) 

e e 

5 Write as a single logarithm: 

a log16+2log3 b log, 16 — 2log,3 c 2+log45 
6 Write as logarithmic equations: " 

aD p 

p 


7 Show that log; 7 x 2log; x = 2log; x. 
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8 Write the following equations without logarithms: 
a logT = 2log x — log y b log, K = loga n + 4 log, t 


9 Write in the form alnk where a and k are positive whole numbers and k is prime: 
a ln32 b In125 c 1n729 


10 Copy and complete: 








11 If A=log,2 and B=log,3, write in terms of A and B: 


a log; 36 b log, 54 € log; (8/3) d log,(20.25) ^ e log;(0.8) 
12 Solve for zx: 
a 3e" —5— —2e-* b 2Inz - 3n (2) ZU 


REVIEW SET 4B | 


1 Write in the form 10* giving x correct to 4 decimal places: 


a 32 b 0.0013 c 8.963 x 10? 
2 Find z if: 
a log;z — —3 b log, x & 2.743 c log x =% —3.145 


3 Write the following equations without logarithms: 
a log k ~ 1.699 + a b log, Q = 3log, P + log, R 
€ log A z 5log B — 2.602 


A4 Solve for z, giving exact answers: 
a 5"—T7 b 20% 2777! = 640 


t 
5 The weight of a radioactive isotope after t years is given by W; = 2500 x g Tw grams. 
a Find the initial weight of the isotope. 
b Find the time taken for the isotope to reduce to 30% of its original weight. 
€ Find the percentage weight loss after 1500 years. 
d Sketch the graph of W, against t. 


6 Show that the solution to 167 —5x 8" —0 is g= log,5. 

7 Solve for z, giving exact answers: 
a Inz=5 b 3lnz+2=0 € e* — 400 
d egriocg e 25e" — 750 


8 A population of seals is given by P, = P523 where t is the time in years, t > 0. 
a Find the time required for the population to double in size. 


b Find the percentage increase in population during the first 4 years. 
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9 Consider g:z — 2e* — 5. 
a Find the defining equation of. g^ !. 
b Sketch the graphs of g and g ! on the same set of axes. 


€ State the domain and range of g and g™!. 


d State the asymptotes and intercepts of g and g7!. 

10 Consider f(x)=e? and g(r)-—ln(r-4-4), r » —4. Find: 
a (fog)(5) b (go f)(0) 

11 a Sketch the graph of f(x) — x? 4- z? — 6x — e”. 
b Hence findall z € R for which e* « z? -- z? — 6z. 








1 Without using a calculator, find the base 10 logarithms of: 

a 1000 € Ini 
2 Simplify: 

a cimo b In(e?) c In(ye) 

d igit em ues 

ex logs 9 

3 Write in the form e”, where x is correct to 4 decimal places: 

a 20 b 3000 € 0.075 
4 Solve for x: 

a logr=3 b logs(a +2) = 1.732 € log, (=) == 671 
5 Write as a single logarithm: 

a 1n60—1n20 b In4+In1 c In200—In8+4+1n5 
6 Write as logarithmic equations: r 

5 a“b 

a M=ab" Oe ay, poU 
7 Solve for z: 

a 3" — 300 5230553015 (go pis 
8 Solve exactly for x: 

ü 6 Je b e” -— 7e +12=0 
9 Write the following equations without logarithms: 

a nP=15nQ+4+nT b nM =1.2—-0.5nN 


10 Consider the functions f(x) =e* —a® and g(x) = ln(z? + 1). 
a Explain why f(x) and g(x) are even functions. 


b Graph y= f(x) and y= g(a) onthe domain 0 < « < 5. Find the points of intersection 
of the graphs on this domain. 


c Hence solve zó—e” + ln(z? +1)>0 forall xz € R. 
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11 For the function gy: logz(x +2) — 2: 


a 
b 
c 
d 


Find the domain and range. 


Find any asymptotes and axes intercepts for the graph of the function. 


Find the defining equation for g^ !. 


1 


Explain how to verify your answer. 


Sketch the graphs of g, g ^, and y — x on the same axes. 


12 The weight of a radioactive isotope remaining after t weeks is given by 


t 


W, —8000xe 7 grams. Find the time for the weight to: 


halve b reach 1000 g € reach 0.196 of its original value. 





Transforming functions 







Syllabus reference: 2.2, 2.3 


Contents: 


A 


z= va" mon Ww 


Transformation of graphs 
Translations 

Stretches 

Reflections 

Miscellaneous transformations 
Simple rational functions 

The reciprocal of a function 
Modulus functions 
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OPENING PROBLEM 


Consider the function f(x) = z? — 8, whose graph is 
shown alongside. 


1 For each of the following functions g(x), draw the 
graphs of y — f(x) and y — g(x) on the same set 





of axes: 
a g(x) =2°+2 b g(z)—(x—4)-—8 
€ g(z)-(-2?-8 — d g(z) 2 —(z? — 8) 
e g(z)-2(-8) — f g(z)- (iz) -8 
s g(z) — |a? 8| h g(x) =|2|°—8 
i g(x) = i g(a) = Ye F8 








y 
z 
mi » 
f(z)=z?-8 
GRAPHING 
PACKAGE 


T 





Linear fix year dr catus 0 
Quadratic f(z) =az?+br+c, a#40 
Cubic f(z) = az? cba? c ez -d, a z0 
Modulus ME] 

Exponential | f(x) =a*, a>0, af 1 
Logarithmic | f(x) = 5s e Ge ques ms 
Reciprocal he) = T0, k0 








RT] Rh + +. 9 


| General form | | Function notation 


:zear-cb5, az0 
:ze ax? -br-c-c a#0 

: £9 az? --bz? ez --d, a Z0 
ize |al 

¡zea a4»0, aZz1 


:zelog,z or f:zxelnzr 


ue t sea), [== (0 





These families of functions have different and distinctive graphs. We can compare them by considering 
important graphical features such as axes intercepts, turning points, values of x for which the function 


does not exist, and asymptotes. 


INVESTIGATION 1 


In this investigation you are encouraged to use the graphing package supplied. GRAPHING 


Click on the icon to access this package. 


What to do: 
1 From the menu, graph on the same set of axes: 


y=2r+1, y=2r+3, y=2r-—1 
Comment on all lines of the form y = 2x + b. 


PACKAGE 


T 
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2 From the menu, graph on the same set of axes: 
qup Y= 2, Yir 2 Y => 27 2 y--iz-2 
Comment on all lines of the form y — az 4- 2. 


3 On the same set of axes graph: 


yeu yes yeux peces ec eats 


Comment on all functions of the form y — az?, a £ 0. 


2 


A^ On the same set of axes graph: 
y=%, y=(2-1)+2 y=(2+1)-3, y=(@-2)?-1 
and other functions of the form y=(=—h)?+k of your choice. 
Comment on the functions of this form. 


5 On the same set of axes, graph these functions: 








1 3 10 = 7? —5 
a y =-=, y =-=, Em b y = —, y = —, y = — 

x zT z z zx zT 

1 il il il [i 1 

= = = d == == D = == % 

a uU E 

D D D 
EO p IUS coU. 


Write a brief report on your discoveries. 
From the Investigation you should have observed how different parts of a function's equation can affect 
its graph. 


In particular, we can perform transformations of graphs to give the graph of a related function. These 
transformations include translations, stretches, and reflections. 


In this chapter we will consider transformations of the function y — f(x) into: 


e y= f(x)+b, bis a constant e y—f(r—a) aisa constant 
e y=pf(x), pisa positive constant e y= f(qr), qisa positive constant 
e y=-$f[x) e y= f(-x) 


When we perform a transformation on a function, a point which does not move is called an invariant 
point. 





x) $elf Tutor 





If f(x) = 2?, find in simplest form: 
a f(2z) b (2) c 2f(z) 4-1 d f(r43)-4 
a — f(2x) b 16 © 2f(e)+1 d f(e+3)—4 
2:2 E = 210 +1 = (2+3)?-4 
Eie = (5) =a? +6r+9-4 
ES a =e +62+5 
9 
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EXERCISE 5A 
1 If f(x) =x, find in simplest form: 
a f(2x) b f(x)+2 c $f(z) d 2f(x)+3 
2 If f(x) =x?, find in simplest form: 


a f(3z) b 1 (5) c 3f(z) d 2f(z-1)45 


3 If f(x) =<2°, find in simplest form: 
a f(4Ax) b if(2z) € f(r-41) d 2f(1+1)-3 
Hint: (2+1)? =1% 432? +4+3x+1. See the binomial theorem in Chapter 8. 
4 If f(x) = 2%, find in simplest form: 
a f(2x) b f(-—z)+1 c fla-2+3 d 2f(1)+3 


5 If f(a) ==, find in simplest form: 
a fí-x) b f(x) c 2f(1)+3 d 3f(r—1)42 





INVESTIGATION 2 


In this investigation we consider translations of the forms y= f({x)+b and y= f(x- a). 





What to do: GRAPHING 
1 a For f(z) = 2°, find in simplest form: ae 
i f(x)+2 ii f(z)—3 iii f(r) +6 | 


b Graph all four functions on the same set of axes. 
What effect does the constant b have when y = f(x) is transformed to y — f(x) + b? 


2 a For f(x) — z?, find in simplest form: 
IO) ii f(r-1) ii f(r—5) 
b Graph all four functions on the same set of axes. 
What effect does the constant a have when y = f(x) is transformed to y — f(x — a)? 


e For y — f(x) -- b, the effect of b is to translate the graph vertically through b units. 
>» If b>0 it moves upwards. > If b<0 it moves downwards. 


e For y — f(x —a), the effect of a is to translate the graph horizontally through a units. 
> If a>0 it moves to the right. > If a<0O it moves to the left. 
e For y — f(x —a) -- b, the graph is translated horizontally a units and vertically b units. 
We say it is translated by the vector (7). 
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EXERCISE 5B 


1 a Sketch the graph of. y — z?. GRAPHING 
b On the same set of axes sketch the graphs of: Lo 
I y=o?+2 li y= 27-3. F 
c What is the connection between the graphs of y — f(x) and y = f(x)+b if 
i b>0 ii b<0? 


2 For each of the following functions f, sketch on the same set of axes the graphs of y = f(x), 
y= f(x)+1, and y= f(x) —-2. 


1 
a f(a) =2 b f(c) =2° c f(e) =t 
d f(z)-(z—1Y e f(x) — |z| 
3 a Onthesame set of axes, graph f(z) —z?, y — f(z—3), and y- f(x 2). 
b What is the connection between the graphs of. y — f(x) and y= f(r—a) if 
i a20 ii a<0? 
4 For each of the following functions f, sketch on the same set of axes the graphs of y = f(z), 
y=flx-1) and y= f(a+ 2). 
a f(x) — a? b f(z) =Ina c f(z) =- 
d f(z) =(e+1)?+2 e f(x) — |z| 
5 For each of the following functions f, sketch on the same set of axes the graphs of y = f(x), 
y = f(w—2)+3, and y= f(a+1)—-4. 
1 
TORG e f()-e e f) -1 


6 Copy these functions and then draw the graph of. y — f(x — 2) — 3. 
a YA b 




















y= f(z) 
































— =3 













































































Y Y 








7 The graph of f(x) =1?-—2x+2 is translated 3 units right to g(x). Find g(x) in the form 
g(x) = ax? + bx +<. 


8 Suppose f(x) = zx? 


is transformed to g(x) = (x — 3)? +2. 
a Find the images of the following points on f(x): 

i (0,0) if (—3, 9) ili where x —2 
b Find the points on. f(x) which correspond to the following points on g(x): 


i (1,6) ii (-2, 27) ii (15, 44) 
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INVESTIGATION 3 


In this investigation we consider stretches of the forms y — pf(x), p» 0 and 
y — f(qx), q » 0. 


STRETCHES 





What to do: GRAPHING 
PACKAGE 
1 a For f(x) =2x+2, find in simplest form: “ 
i 3f(z) ii $ f(z) ili 5/(z) 


b Graph all four functions on the same set of axes. 


What effect does the constant p have when y = f(x) is transformed to y = pf(z), 
p> 0? 


2 a For f(x) —z?, find in simplest form: 
i f(2x) ii f(3x) ïi /(7) 
b Graph all four functions on the same set of axes. 


c What effect does the constant q have when y = f(x) is transformed to y — f(qx), 
q >0? 


e For y=pf(x), p>0, the effect of p is to vertically stretch the graph by the scale factor p. 
> If p>1 it moves points of y — f(x) further away from the x-axis. 
> If 0<p<1 it moves points of y = f(x) closer to the z-axis. 


i 
e For y= f(qz), q 7 0, the effect of q is to horizontally stretch the graph by the scale factor 3 


> If q>1 it moves points of y= f(x) closer to the y-axis. 
> If 0<q<1 it moves points of y= f(x) further away from the y-axis. 


EXERCISE 5C 
1 Sketch, on the same set of axes, the graphs of y — f(x), y — 2f/(r), and y — 3f(x) for each of: 


a f(z)-z b f(z) =2° c f(x) =e 
1 
d f(x) =Ina e f(z)=> f f(x) = |e 
2 Sketch, on the same set of axes, the graphs of y = f(x), y = f(x), and y = f(x) for each 
of: 
a f(z) =2" b f(x) =2° c f(a) =e 
3 Sketch, on the same set of axes, the graphs of y= f(a) and y= f(2x) for each of: 
a y=x? b y=(2-1)? c y=(2+3) 


4 Sketch, on the same set of axes, the graphs of y= f(x) and y — f($) for each of: 


a yz? b y=2r ec y=(2+2) 
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5 Sketch, on the same set of axes, the graphs of y= f(x) and y= f(3x) for each of: 


a y=z b y=2x cy=e 


6 Consider the function f : x — z?. 
On the same set of axes sketch the graphs of: 


a y=f(x) y=3f(1-2)+1, and y=2f(1+1)-3 
b y=f(0), y=f(2-3) y — f(-3. y=2F(§ — 3), and y= 2f(§ —3)+4 
€ y— f(z) and y - 1f(2z - 5) 1. 


7 a Given that the following points lie on y = f(x), find the coordinates of the point each moves 
to under the transformation y = 3f (2x): 


i (3, —5) it (1,2) iii (—2, 1) 
b Find the points on y = f(x) which are moved to the following points under the transformation 
y= 3f 2r); 
i (2,1) ii (—3, 2) iii (—7, 3) 


8 The function y — f(x) is transformed to the function. y — 3-- 2/ (4x — 1). 
a Fully describe the transformation that maps y = f(x) onto y=3+2f(3x +1). 


b Given that the following points lie on y = f(x), find the coordinates of the point each moves 
to under the transformation y=3+2f(31 +1). 
i (1, -3) ii (2, 1) iii (—1, —2) 
c Find the points on y = f(x) which are moved to the following points under the transformation 
y =3+2/(32 +1). 
i (—2, —5) ii (1, —1) iii (5, 0) 


LECTIONS 





INVESTIGATION 4 


In this investigation we consider reflections of the forms y = —f(x) and y — f(—z). 
What to do: GRAPHING 
1 Consider f(x) = x? —2. PACKAGE 
a Find in simplest form: SE 
i —f(z) ii f(—2) 


b Graph y — f(x), y — —f(x), and y — f(—z) on the same set of axes. 


2 Consider f(x) — e*. 
a Find in simplest form: 
i — f(x) Wü f(—2) 
b Graph y= f(x), y — —f(z), and y — f(—z) on the same set of axes. 


3 What transformation moves: 
a y= f(z) to y — —f(z) b y=f(x) to y= f(-2)? 
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From the Investigation you should have discovered that: 


e For y — —f(x), we reflect y = f(x) in the x-axis. 
e For y — f(—x), we reflect y — f(x) in the y-axis. 


In addition, in our earlier study of functions we found that: 


e For y— f !(z), wereflect y = f(x) inthe line y = z. 


EXERCISE 5D 


1 On the same set of axes, sketch the graphs of y = f(x), y = — f(x), and if it exists, y = fT t(x). 


a f(r) =32 b f(r) =e € f(a) =a? 
d f(x)=lnz e f(x)=2°-2 f f(z) =2(24+1)? 
2 For each of the following, find f(—a). Hence graph y = f(x) and y = f(—x) on the same 
set of axes. 
a f(1)=20+1 b f(1)=122+20+1 e. fa ea d f(z)-|x —3| 


3 The function f(x) =x%—Inzx is reflected in the z-axis to g(x). Find g(x). 
4 The function f(x) = 24 — 2x — 3x? +5x—7 is reflected in the y-axis to g(x). Find g(z). 


5 The function y = f(x) is transformed to g(x) = — f(x). 
a Find the points on g(x) corresponding to the following points on f(z): 
i (3,0) ii (2, —1) iii (—3, 2) 
b Find the points on. f(x) that have been transformed to the following points on g(x): 
i (7, —1) ii (—5, 0) iii (—3, —2) 


6 The function y — f(x) is transformed to h(x) = f(—z). 
a Find the image points on h(a) for the following points on f(x): 


i (2, —1) it (0,3) iii (—1, 2) iv (3, 0) 
b Find the points on f(x) corresponding to the following points on h(x): 
i (5, —4) it (0, 3) iii (2, 3) iv (3, 0) 


7 The function y — f(x) is transformed to m(z) — f (x). 


a Find the image points on m(x) for the following points on f(x): 


i (3, 1) ii (—2, 4) ii, (0, —5) 
b Find the points on. f(x) corresponding to the following points on m(x): 
i (—1, 1) ii (6, 0) iii (3, —2) 


8 A function f(x) is transformed to the function g(x) = —f(—<). 
a Describe the nature of the transformation. 
b If (3, —7) lieson y= f(x), find the transformed point on y = g(x). 
€ Find the point on f(x) that transforms to the point (—5, —1). 
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9 a Copy the graph of y = f(x) alongside, then 
draw the graph of: 
i y=- f(z) li y= f(x) 
b Copy the graph of y — f(x) alongside. 

















i On the same set of axes, draw the reflection 
of y= f(x) in the line y=x. 
ii Is this the graph of y = f !(x)? 





















































n SFORMATIONS 


A summary of all the transformations is given in the printable concept map. CONCEPT 
MAP 
Example 2 ™) Self Tutor 
Consider f(z) = 52+1. On separate sets of axes graph: 
a y=f(c) and y=f(e+2) b y=f(z) and y= f(x) +2 
c y=f(x) and y=2f(x) d y= f(z) and y— —f(z) 
a 
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EXERCISE 5E 
1 Consider f(r) =2?-1. 
a Graph y= f(a) and state its axes intercepts. 







Invariant points do not move 
under a transformation. 
6 Graph the functions: 


i y=f(xz)+3 ii y=fa—1) 
lii y — 2f(z) iv y=—f(2) 
c€ What transformation on y = f(x) has occurred in each case in b? 


d On the same set of axes graph y = f(x) and y = —2f(z). 
Describe the transformation. 
e What points on y= f(x) are invariant when y= f(x) is transformed to y — —2f (x)? 


2 On each of the following f(x) is mapped onto g(x) using a single transformation. 
i Describe the transformation fully. ii Write g(x) in terms of f(x). 
b 





3 Copy the following graphs for y = f(x) and sketch the graphs of y = —f(a) on the same axes. 
a y b y € y 


T 


4 Given the following graphs of y = f(x), sketch graphs of y = f(—x): 


" y " y 
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5 The scales on the graphs below are the same. Match each equation to its graph. 


A y=x* B y=2z24 C y= $2" D y=6x* 


AU AZ AL MU 


6 Forthe graph of y — f(x) given, sketch the graph of: 


a y=2f(x) b y-if(z) 
c y= f(z+2) d y= f(2z) 
e y=f($z) 





For the graph of y = g(x) given, sketch the graph 
of: 


a y=g(x)+2 b y—-g(z) 
y = g(-x) d y=g(x+1) 








8 For the graph of y = h(x) given, sketch the graph of: 
a y=h(x)+1 b y=5h(x) 
e y=h(-1) d y=h(3) 





In Chapter 2 we introduced rational functions and some of their properties. 





ax +b 
cae +d’ 
is called a simple rational function. 


A function of the form y = 





d 
x #—— where a, b, c, and d are constants, 
C 


These functions are characterised by the presence of both a horizontal asymptote and a vertical 
asymptote. 
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Any graph of a simple rational function can be obtained 
from the reciprocal function y = E by a combination of 
transformations including: 

e a translation (vertical and/or horizontal) 

e stretches (vertical and/or horizontal). 


For example: 


ko. : 1 : 
e y-— — isa vertical stretch of y= >= with scale factor k. 
z T 





1 : : i 1 : 
€ ge 5a horizontal translation of. y — — through k units. 
z— x 


The function g(x) results when y = ES is transformed by a vertical stretch with scale factor 2, 
zx 





followed by a translation of (55) ; 


a Find an expression for g(x). © Find the asymptotes of y = g(x). 


G Skin NO d Is g(x) a self-inverse function? Explain your answer. 


a Under a vertical stretch with scale factor 2, f(x) becomes 2f(z). 
iE becomes 2 (<) ES 
zx T 


T 


Under a translation of (E f(z) becomes f(x — 3) — 2. 





2 2 

=i becomes ———— — 95 

z 1—3 

1 2 

So, y — — becomes g(x) = ae 

x oS 
_ 4=HG—B) 
pu 1—3 
ME LTS 
DUCES 


b The asymptotes of y — E as m=00 mu y =0. 
T 


These are unchanged by the stretch, and shifted C by the translation. 
the vertical asymptote is x = 3 and the horizontal asymptote is y = —2. 


d The graph is not symmetric about y = 2, 
so g(x) is not a self-inverse function. 
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Example 4 x) $elf Tutor 





Consider the function f(x) 


OQ a O wv 


EN 7.5 
Ey r1 Í 
Find the asymptotes of y= f(x). 





Discuss the behaviour of the graph near these asymptotes. 
Find the axes intercepts of y = f(x). 
Sketch the graph of the function. 


Describe the transformations which transform y = E into y = f(z): 
T 


Describe the transformations which transform y — f(x) into y — E 
z 





f(x) = aes) y = f(x) isa translation of y = = through eo) 
a+1 z 





E Now y= S has asymptotes x=0 and y=0. 
x+1 2 
ee <. y= f(x) has vertical asymptote z — —1 and 
rcl horizontal asymptote y — 2. 





As r5 —1, y oo. d Pent he 


f(x) 


As y —5 —1*, y — —oo. zl 





As zy — —o0, y — 2*. 





As 200,92 . 





When z —0, y- +2=-6. | 3 
the y-intercept is —6. | z6 
When y=0, 2x-6=0 
TELE) 
the x-intercept is 3. 


1 8 E ; 
— becomes — under a vertical stretch with scale factor 8. 
zx d 


8 —8 ‘ene : 
— becomes — under a reflection in the y-axis. 
T T 


mo 
ar dl 





z becomes +2 under a translation through (55) : 
T T 


So, y= a is transformed to y = f(x) under a vertical stretch with scale factor 8, followed 
z 
by a reflection in the y-axis, followed by a translation through ix 


I 1 - 
To transform y= f(x) into y — —, we need to reverse the process in €. 
T 


We need a translation through [5s followed by a reflection in the y-axis, followed by a 


vertical stretch with scale factor i 
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EXERCISE 5F 





: . b f a 
1 Write, in the form y = "TI the function that results when y — — is transformed by: 
cc x 
a a vertical stretch with scale factor i b a horizontal stretch with scale factor 3 
€ a horizontal translation of —3 d a vertical translation of 4. 


2 The function g(x) results when y = = is transformed by a vertical stretch with scale factor 3, 
x 
followed by a translation of A ). 


ax + b 


a Write an expression for g(x) in the form g(x) = zd 
cx 





Find the asymptotes of y = g(x). 
State the domain and range of g(x). 
Sketch y = g(x). 


Is g(x) a self-inverse function? Explain your answer. 


00 an C 


3 For each of the following functions f, find: 











. s I 
i the asymptotes ii how to transform y — — into y — f(z). 
x 
= 2 1 
a Po ets b fos : c fix zt 
x—1 x+1 2-2 


^ For each of the following functions f(x): 
i Find the asymptotes of y = f(z). 
ii Discuss the behaviour of the graph near these asymptotes. 
ili Find the axes intercepts of y = f(x). iv Sketch the graph of y = f(x). 


: : A Los 
v Describe the transformations which transform y == into y= f(x). 
x 
s : i ; : 1 
vi Describe the transformations which transform y= f(x) into y= =. 
z 


2r 4-3 
r1 











3 _ 2-1 d | 9r—1 


b y—1-—2 y 3-2 = Fl 


a y= 





5 In order to remove noxious weeds from her property, Helga sprays with a weedicide. The chemical 
is slow to act, and the number of weeds per hectare remaining after t days is modelled by 


N =20+ 100 weeds/ha. 
t+2 


How many weeds per ha were alive before the spraying? 

How many weeds will be alive after 8 days? 

How long will it take for the number of weeds still alive to be 40/ha? 
Sketch the graph of N against f. 


^ & o GO a 


According to the model, is the spraying going to eradicate all weeds? 
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For a function f(x), the reciprocal of the function is 





| FUNCTION 


ee 
f(x) 


When y — D is graphed from y = f(x): 











e the zeros of y = f(x) become vertical asymptotes of y = 50 
e the vertical asymptotes of y = f(x) become zeros of y = 50 
x 
e the local maxima of y= f(x) become local minima of y = m 
e the local minima of y = f(r) become local maxima of y — 50 
zx 
1 1 
e when f(z) >0, —~>0 and when f(x) <0, —~ <0 
f(x) T f(x) a 
1 1 
e when f(r)— 0, —— — coo and when f(x) too, —— — 0. 
> Fe i FG) 
x) $elf Tutor 
Graph on the same set of axes: 
a y—rz—2 and EE b y—z? and y=2 
LO 














EXERCISE 5G 


1 Graph on the same set of axes: 








=1 
a y=x>+3 and y- 3 b y = —x? and jet 
1 1 
c€ y=yzx and y m y—(r—1)x—3) and y G-1G-3 
2 Invariant points are points which do not move under a transformation. 
Show that if y = f(x) is transformed to y = JG» invariant points occur at y = +1. 
zT 


Check your results in question 1 for invariant points. 
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3 Copy the following graphs for y = f(x) and on the same axes graph y = 


NN 
f(x) 





x if «>0 
—x if «<0. 


We have seen that the modulus function is defined by f : x > |z| = { 


To obtain the graph of y = f(|x|) from the graph of y = f(x): 

e discard the graph for x < 0 

e reflect the graph for z 20 in the y-axis, keeping what was there 

e points on the y-axis are invariant. 
f(x) if f(a) > 0 
f(x) if f(a) <0. 
To obtain the graph of y — |/(x)| from the graph of y — f(x): 

e keep the graph for f(x) 2 0 


e reflect the graph in the z-axis for. f(x) « 0, discarding what was there 


The modulus of the function f(x) is |f(x)| = í 


e points on the x-axis are invariant. 


Example 6 x) $elf Tutor 


Draw the graph of f(x) =3x(x—2) and on the same set of axes draw the graph of y = |f (x)| 
and y= f(|z\). 


nns f f( if z20 
y= fle) =| gen if 2 <0 


The graph is unchanged for x > 0 and 
reflected in the y-axis for x < 0. 


y= f(z) 
A 











ay 
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EXERCISE 5H 


1 Draw y=2(a2+2) and on the same set of axes graph: 


a y-|f(z)| b y= (zl) 
2 Draw y--—z?--6r—8 and on the same set of axes graph: 
a y-|f(z)| b y= (zl) 


3 a Copy the following graphs for y = f(x) and on the same axes graph y = |f(x)|: 





b Repeat a, but this time graph y = f(x) and y — f(|x|) on the same set of axes. 


4 Suppose the function f(x) is transformed to |f(z)|. 
For each of the following points on y = f(x), find the corresponding image point on y =|f(x)|: 
a (3,0) b (5, —2) c (0, 7) d (2, 2) 
5 Suppose the function f(a) is transformed to (||). 
a For each of the following points on y = f(x), find the image points of: 


i (0,3) ii (1,3) iii (7, —4) 
b Find the points on y = f(x) that are transformed to the following points on y = f(|z|): 
i (0, 3) ii (—1, 3) iii (10, —8) 


REVIEW SET 5A 


1 If f(x) =2?—2z, find in simplest form: 


a f(3) b f(2z) e f(-2) d 3f(x)-2 
2 If f(z) 25—x —z?, find in simplest form: 
a f(-1) b f(r-1) e f(5) d 2f(z)- f(-2) 


3 The graph of f(x) = 3x? — 2x? +2%+2 is translated to its image g(x) by the vector ( E 
Write the equation of. g(z) in the form. g(x) — ax? 4- bx? + cz + d. 


A4 The graph of y = f(x) is shown alongside. 
The x-axis is a tangent to f(x) at r — a and f(x) 
cuts the x-axis at x = b. 
On the same diagram, sketch the graph of 
y = f(x — c) where 0<c<b-a. 
Indicate the x-intercepts of y = f(x — c). 
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5 For the graph of y= f(x) given, sketch graphs of: 
a y= f(-2) b y=—f(z) 
¢ y=f(x+2) d y— f(x) *? 


6 Consider the function. f : x — z?. 


On the same set of axes graph: 
a y= f(x) b y=f(z-1) e 
7 The graph of y — f(x) is shown alongside. 

a Sketch the graph of y = g(x) where 
g(x) — f(x 4-3) — 1. 

b State the equation of the vertical asymptote of 
y = g(x). 

€ Identify the point A” on the graph of y = g(x) 
which corresponds to point A. 





8 The graph of y — f(x) is drawn alongside. 
a Draw the graphs of y — f(x) and 
y — |f(x)| on the same set of axes. 


b Find the y-intercept of L, 
f(x) 


€ Show on the diagram the points that are 





invariant for the function m 

f(x) 

d Draw the graphs of y = f(a) and 
EE a on the same set of axes. 


f(x) 


C lief (== DEC) 


a On a set of axes like those shown, sketch the graph of 
y — f(x). Labelclearly any points of intersection with 
the axes and any asymptotes. 

b On the same set of axes, sketch the graph of y — E 

x 


Label clearly any points of intersection with the axes. 





10 Consider f(x) =xw—a where a is a positive real number. 
a Find expressions for |f(a)| and f(|z|). 
b Sketch y —|/(x)| and y — f(|z|) on the same set of axes. 


€ Solve for z given a is a positive real number: |x — a| — |z| — a. 
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REVIEW SET 5B ATOR 


Use your calculator to help graph f(x) = (x +1)? —4. Include all axes intercepts, and the 
coordinates of the turning point of the function. 


?. On the same set of axes graph: 


Consider the function f : x > x 
a y=fíx) b y=f(1+2) € y —2f(x 42) d y=2f(x+2)-3 
Consider f: xt zu 
T 
Does the function have any axes intercepts? 
Find the equations of the asymptotes of the function. 
Find any turning points of the function. 


Sketch the function for —4 < zx < 4. 


QQ n CS v 


Consider (DSE 7 
a Use your calculator to help determine whether the following are true or false: 
i As r—5 oco, 2 *—90. il As r— —oo, 2 ^90. 
ili The y-intercept is 4. iv 2-*>0_ forall z. 
b On the same set of axes, graph y — f(r) and y — |f (z)]. 
¢ Write down the equation of any asympotes of y — |f (z)]. 


The graph of the function f(z) — (x 4- 1)? - 4 is translated 2 units to the right and 4 units 
up. 

a Find the function g(x) corresponding to the translated graph. 

b State the range of f(z). 

c€ State the range of g(x). 


For each of the following functions: 
i Find y — f(x), the result when the function is translated by ( e 


ii Sketch the original function and its translated function on the same set of axes. Clearly 
state any asymptotes of each function. 
iii State the domain and range of each function. 


a y=2 DIE 


Sketch the graph of f(x) — x? -- 1, and on the same set of axes sketch the graphs of: 

a —f(x) b f(x) c f(1)+3 
Suppose f(z) =x +2. The function F is obtained by stretching the function f vertically 
with scale factor 2, then stretching it horizontally with scale factor i then translating it i 
horizontally and —3 vertically. 

a Find the function F(x). 

b What can be said about the point (1, 3) under this transformation? 

c What happens to the points (0, 2) and (—1, 1) under this transformation? 

d 


Show that the points in € also lie on the graph of y = F(x). 
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9 The graph of y — f(x) is given. y 
On the same set of axes graph each pair of 
functions: 


a y— f(x) and Ra 
6 y=f(z) and y= == (2,—2) 
c y=f(x) and y= |f(x)| 








2x — 3 


10 Consider the function f(x) = a 





Find the asymptotes of y = f(x). 
Discuss the behaviour of the graph near these asymptotes. 


a 
b 
€ Find the axes intercepts of y = f(x). 
d Sketch the graph of y = f(z). 

e 


š : - a 
Describe the transformations which transform y =-= into y = f(x). 
zx 


z : : 1 
f Describe the transformations which transform y = f(x) into y = = 
r 


11 a Sketch the graph of f(z) = —2x 4-3, clearly showing the axes intercepts. 


b Find the invariant points for the graph of y = E 
T 
€ State the equation of the vertical asymptote of y = ELS and find its y-intercept. 


f(x) 


d Sketch the graph of y = on the same axes as in part a, showing clearly the 


EE 
f(x) 
information you have found. 


e Ona new pair of axes, sketch the graphs of y = |f(x)| and y = f(|r|) showing 
clearly all important features. 


REVIEW SET 5C 


IIS a find in simplest form: 
x 


a f(-4) b f(x) c f (3) d 4f(z--2)-3 
2 Consider the graph of y — f(x) shown. 
PRINTABLE 
a Use the graph to determine: GRAPH 





i the coordinates of the turning point 





e 


ii the equation of the vertical asymptote 
ili the equation of the horizontal asymptote 
iv the x-intercepts. 


b Graph the function g: > +1 
on the same set of axes. 





























¢ Hence estimate the coordinates of 
the points of intersection of 


y= f(x) and y — g(z). 
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Sketch the graph of f(x) = —x?, and on the same set of axes sketch the graph of: 








a y= f(-x) b y=-f(z) c y= f(2x) d y= f(x- 2) 
The graph of a cubic function y = f(x) is shown y 
e y— f(x) 
alongside. 
a Sketch the graph of g(x) 2 —f(x — 1). (1,4) 
b State the coordinates of the turning points of 
y = g(x). E - 
(3,0) B 
The graph of f(x) = x? is transformed to the graph y y- f(x) 
of g(x) by a reflection and a translation as illustrated. 
Find the formula for g(a) in the form V(—3, 2) 
g(x) = ax? + bx + c. 4 - 
y— g(x) 


Given the graph of y = f(x), sketch graphs of: 
a f(=x) b f(r-1) 
€ f(z)-3 








The graph of. f(x) — x? --3z? — r--4 is translated to its image y = g(x) by the vector 


E Write the equation of g(x) in the form g(x) — az? +br? + cr + d. 


a Find the equation of the line that results when the line f(x) =3x +2 is translated: 
i 2 units to the left ii 6 units upwards. 


b Show that when the linear function f(r) — az --b, a» 0 is translated k units to the 
left, the resulting line is the same as when f(a) is translated ka units upwards. 


The function f(x) results from transforming the function y = = by a reflection in the y-axis, 
x 

then a vertical stretch with scale factor 3, then a translation of (e): 

Find an expression for f(x). 

Sketch y = f(x) and state its domain and range. 


Does y — f(x) have an inverse function? Explain your answer. 


f. n GO vv 


Is the function f a self-inverse function? Give graphical and algebraic evidence to support 
your answer. 


172 TRANSFORMING FUNCTIONS (Chapter 5) 


10 Consider y — log, x. 


a 
b 
c 
d 


Find the function which results from a translation of (uy 
Sketch the original function and the translated function on the same set of axes. 
State the asymptotes of each function. 


State the domain and range of each function. 


: T A A 
11 The function g(x) results when y = — is transformed by a vertical stretch with scale factor 
x 


3> followed by a reflection in the y-axis, followed by a translation of 2 units to the right. 


Q a C 


ax +b 
cz+d` 





Write an expression for g(x) in the form g(a) = 


Find the asymptotes of y = g(x). 
State the domain and range of g(x). 
Sketch y = g(x). 





Complex numbers 
and polynomials 


Syllabus reference: 1.5, 1.8, 2.5, 2.6 
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Complex numbers 

Real polynomials 

Zeros, roots, and factors 
Polynomial theorems 
Graphing real polynomials 
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In Chapter 1, we determined that: 





If az?--br--c— 0, a Z 0 and a, b, cc R, then the solutions or roots are found using the 





E mE, A E . . . 
formula x= A where A =b? — 4ac is known as the discriminant. 
a 
We also observed that if: e A>0 we have two real distinct solutions 


e A=0 we have two real identical solutions 
e A<O0O0 we have no real solutions. 


However, it is in fact possible to write down two solutions for the case where A « 0. To do this we 
need imaginary numbers. 


In 1572, Rafael Bombelli defined the imaginary number i = /—1. It is called ‘imaginary’ because we 
cannot place it on a number line. With i defined, we can write down solutions for quadratic equations 
with A « 0. They are called complex solutions because they include a real and an imaginary part. 


Any number of the form a+ bi where a and b are real and ¿= y—1, 
is called a complex number. 














Example 1 aD) Self Tutor If the coefficient of i 
is a square root, we 
write the ¿ first. 
a r? = —4 b 224242 has a=1, b=1, c=2 
c. 2, x1 -40)0) 
g=+V4/-1 8e a 
DE == 
zz cbe ecu == a SA 
2 
a Eun = -$ is A 








In Example 1 above, notice that A < 0 in both cases. In each case we have found two complex 
solutions of the form a+ bi, where a and b are real. 





Example 2 x) $elf Tutor 


Write as a product of linear factors: 


a 2744 


+4 a? +11 
=r — 47? Sie iy 


= (1 + 24) (x — 24) = (x c iV11)(z — iv/11) 





Example 3 


Solve for x: 
a 12+9=0 


xr? +9=0 


o z2—9i?-0 
(x 4-3i)(z — 3i) 2 0 





* 2 = 3232 
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™) Self Tutor 


a +22 =0 

a(x? +2) =0 

* ale" — 217) =0 

a(x + iv2)(x — iv2) = 0 
e. ape) i +iv2 











Solve for z: 
a r?—4r+13=0 


om —0 


™) Self Tutor 











a 22-4r+13=0 





r= 
2 
4 + y —36 
dg 
2 
ctn 
gg e 





a=2+3 or 2-3 


4+ 4/16 — 4(1)(13) 


EXERCISE 6A 

1 Write in terms of 2: 
a /-9 b y-64 € 4/-4 d /-5 
Write as a product of linear factors: 
a z?—9 b z?-9 x? —7 
e 4x?-1 f 4274-1 g 222—9 
iaa j +e k x*-1 
Solve for x: 
a z2—25—0 b 124+25=0 c z2—5-20 
e 4x7 -9=0 f 42324-9—0 g a?—4x—0 
i z2—32-20 j 2243220 k z^—1-20 
Solve for x: 
a z?—10z4-29—0 b 27+62+25=0 
d 27?+5=62 e 2?-2/3r+4=0 
Solve for x: 
a 25-2223 b ct=27+6 
d z*--9z? 14 — 0 e z*-1- 922? 


^n (222 3)(02—2)-0 
(z -- iV3)(z — iv3)(x + V2)(z — v2) «0 
E SOL iD 


r+ =6 
rt+r?-—6=0 











e /-8 


r? +7 
h 2r? +9 
| z*—16 


d 122+5=0 
h z344r-20 
| z*—81 





+ 14x +50=0 
1 


21+-==1 


T 


x* + 5a? = 36 
gt +22?4+1=0 
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Any number of the form a-- bi where a, b € IR and i — /—1, is called a complex number. 





Notice that all real numbers are complex numbers in the special case where b — 0. 


A complex number of the form bi where b € R, b z 0, is called an imaginary number or 
purely imaginary. 


THE 'SUM OF TWO SQUARES' 


Notice that a+b? =a? — bi? {as i? = —1} 
= (a + bi) (a — bi) 


Compare: a* —b*? = (a+b)(a—d) {the difference of two squares factorisation} 
a* +b? =(a+bi)(a—bi) {the sum of two squares factorisation} 


If we write z=a+bi where a, be R, then: 


e ais the real part of z and we write a = Re (z) 


e bis the imaginary part ofz and we write b = Jm (z). 


For example: If z=2+3i, then Re(z)=2 and Jm(z)=3. 
If z— —v2i, then Re(z)=0 and IJm(z) = -V2. 


OPERATIONS WITH COMPLEX NUMBERS 
Operations with complex numbers are identical to those with radicals, but with i? = —1 rather than 
(2) =2 or (/3)? =32. 
For example: 
e addition: (2+ v3) + (4 + 2v3) = (2 + 4) + (1 + 2)v3 = 6 + 3v3 
(2+i) + (4+2i)=(2+4)+(1+2)i =6+3i 


e multiplication: (2+ v3)(4 + 2v3) = 8 + 4V3 + 4V3+2(V3)? = 8 + 8V3 + 6 
(2+i)(4+2i)=8+ 4i +4i + 2%? =8+ 8 -2 








So, we can add, subtract, multiply, and divide complex numbers in the same way we perform these 
operations with radicals: 


(a+ bi) + (c+ di) = (a+c)+(b+d)i addition 
(a + bi) — (c -- di) 2 (a — c) 4- (b — di subtraction 
(a + bi)(c + di) = ac + adi + bci + bdi? multiplication 


a-bi  (a4bi c—diX — ac— adi ^ bei — bdi? HE 
e+di Le+di A ~ c2 4- d? 





Notice that in the division process, we use a multiplication technique to obtain a real number in the 
denominator. 
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Example 5 x) $elf Tutor 
If 2=3+2% and w=4-—23 find: 
a zt+w b z—w 
Z 
= (342i) + (4-14) = (342i) — (4 — i) 
=T7T+i =3+2%-4+12 
=-14+3i 
: E d 2 3*8 
d r w 4—i 
E PSN fte 
= 12 — 31 + 81 — 21? - (ERES) 
=124+514+2 1112-304 8042: 
— 14 4 5i |» —— 16-32 
ERU, 
EN: 
— D Hi 








You can use your calculator to perform operations with complex numbers. 


= 
After solving the questions in the following exercise by hand, check your 
GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


answers using technology. 


EXERCISE 6B.1 
1 Copy and complete: 








2 If 2=5-2% and w=2+1, find in simplest form: 
a zw b 2z c iw d z-w 
e 2z—3w f zw g we h 2 
3 For z=1+7 and w=-—2+3i, find in simplest form: 
a z+2w b 2 c 2 d iz 
e w? f zw g zw h izw 


^ a Simplify i" for n —0,1,2,3,4, 5,6, 7, 8, 9 and also for n = —1, —2, —3, —4, —5. 


b Hence, simplify j^"^? where n is any integer. 


Write (1-4-i)^ in simplest form. Hence, find (1--;)!?! in simplest form. 


6 Suppose z—2-—i and w=1+3i. Write in exact form a-- bi where a, b € R: 
zZ w 9 
a £ b — d z 


w z iz 
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7 Simplify: a : a b ae) x DER 
1-2 3— 2d 2—i 2+1 


8 If z=2+i and w=-1+2, find: 
a Jm(Az — 3w) b Ste(zw) €. jm (iz?) d ge (=) 
w 


EQUALITY OF COMPLEX NUMBERS 


Two complex numbers are equal when their real parts are equal and their imaginary parts are equal. 


atb=cid & a=c¢c ad b=d. 





Proof: Suppose bÆ d. Now if a+bi=c+di where a, b, c, and d are real, 
then bi-di=c—a 
. i(b—d)-c—a 
; LM EU 
= (as b zz d] 


This is false as the RHS is real but the LHS is imaginary. 


Thus, the supposition is false. Hence b= d and furthermore a = c. 


For the complex number a + bi, where a and b are real, a+bi=0 & a=0 and b=0. 


Example 6 






























Find real numbers x and y such that: 
a (r-yi)(2—i)--i b (r-c-2i)1—i)—25- yi 
(x 4 2i)(1—2) 25-4 yi 
—i OSL E O 
CPNS é c 
2—i So (z-2)-:(2—-z2)2ü25-yi 
= ( = ) (=) Equating real and imaginary parts, 
2 2+4 
TE JE MTM ETE) 
= -2;i-$ ° =3 and = —] 
A z g= y= 
8295 
TE 
ed 
mE 
Equating real and imaginary parts, «x = and y= -$. 











EXERCISE 6B.2 


1 Find exact real numbers x and y such that: 


a 2x+ 3yt = —x — 61 b 12+xi=4-2i 
€ (ra yi)(2—i) 284i d (3--2i)(x yi) 2 —i 
2 Findexact xz, y E R such that: 
a 2(1+yi) =x-— yi b (1+20)(y — 1) = -4-7i 
c (x+i)(3—iy)=1+13i d (r-4yi)(2-4i)-—2z—(y- 1) 
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3 The complex number z satisfies the equation 3z + 17i = iz +11. Write z in the form a+ bi 
where a, be R and i = y-—1. 


2 
4 Express z in the form a 4- bi where a, b c Z, if z= (eri) : 
2 


5 Find the real values of m and n for which 3(m 4- ni) 2 n — 2mi — (1 — 2i). 
3i 
vV2—i 


7 Suppose (a--bi)? — —16 — 30i. where a, b € R. and a » 0. 
Find the possible values of a and b. 


HISTORICAL NOTE 


18th century mathematicians enjoyed playing with these new ‘imaginary’ 
numbers, but they were regarded as little more than interesting curiosities 
until the work of Gauss (1777 - 1855), the German mathematician, 
astronomer, and physicist. 





6 Express z= +1 inthe form a+i where a, b € R. are given exactly. 





For centuries mathematicians had attempted to find a method of trisecting 
an angle using a compass and straight edge. Gauss put an end to this | 
when he used complex numbers to prove the impossibility of such a a : 
construction. By his systematic use of complex numbers, he was able to ae 

convince mathematicians of their usefulness. 





Carl Friedrich Gauss 


Early last century, the American engineer Steinmetz used complex numbers to solve electrical 
problems, illustrating that complex numbers did have a practical application. 


Complex numbers are now used extensively in electronics, engineering, and physics. 


COMPLEX CONJUGATES 


Complex numbers a+bi and a—lWi are called complex conjugates. 


If z=a+bi we write its conjugate as 2* =a-— bi. 


We saw on page 176 that the complex conjugate is important for division: 


w* zw* . ] 
c which makes the denominator real. 
w* ww* 





E [x 


zZ 
w 
Quadratics with real coefficients are called real quadratics. This does not necessarily 
mean that their zeros are real. 
e Ifa quadratic equation has rational coefficients and an irrational root of the form 
c+ dyn, then the conjugate c— dyn is also a root of the quadratic equation. 


e Ifa real quadratic equation has A <0 and c+di is a complex root, then the 
complex conjugate c — di is also a root. 


For example: e 1?2—2:4-5—0 has A-—(-2) —4(1)(5) 2 —16 
and the solutions are z —1--2i and 1-—2i 
e 2244-0 has A—0? — 4(1)(4) 2 -16 


and the solutions are z —2i and -—2i 
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Theorem: If c-- di and c— di are roots of a quadratic equation, then the quadratic equation 
is a(x? — 2cx + (c? +d*))=0 for some constant a 4 0. 


Proof: The sum of the roots = 2c and the product = (c+ di)(e-— di) =? +d 


*. x? — (sum)z + (product) = 0 
. 2? —2cx + (c? +d”) =0 
In general, a(x? — 2cx +c?+d?)=0 for some constant a # 0. 


Notice that: e the sum of complex conjugates c+di and c— di is 2c which is real 


e the productis (c+ di)(c— di) = c? +d? which is also real. 


x) $elf Tutor 





Example 7 












Find all real quadratic equations having 1 — 2 as a root. 


As 1— 24 isa root, 1-- 2i is also a root. 





The sum of the roots — 1 — 2i 4- 1 4- 2i The product of the roots — (1 — 2i)(1 4- 2i) 
=§ 


So, as 2x” — (sum) + (product) = 0, 


a(z?—2z--5)—0, a 4 0 gives all possible equations. 








Example 8 x) $elf Tutor 
Find exact values for a and b if. /2+% isarootof 2?+ar+b=0, a,b c R. 


Since a and b are real, the quadratic has real coefficients. 
V2 — i is also a root. 

The sum of the roots = V2 + i + V2 — i = 2V2. 

The product of the roots — (V2-- i)(/2— i) 2 24-1— 3. 

Thus a=—2/2 and b=3. 








EXERCISE 6B.3 
1 Find all quadratic equations with real coefficients and roots of: 
a 3i b 13i c —2+5i d vV2+i 
e 243 f O and —4 g +iv2 h —6i 
2 Find exact values for a and b if: 
a 3+i isarootof z?+axr+b=0, where a and b are real 

















b 1— 2 isarootof z?--ax--b — 0, where a and b are rational 
€ a-ai isarootof z?--4xr--b — 0, where a and b are real. [Careful!] 
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PROPERTIES OF CONJUGATES 


INVESTIGATION 1 


The purpose of this investigation is to discover any properties that complex conjugates might have. 
What to do: 


1 Given z3=1-i and z2=2+%3 find: 


a z b n e (zh) d (27) 
e (1+2)* f zt Mz g (2 -292)* h 2° — z” 
b (2122)* E k 2) j l a 
z2 2 
m (z?)* n (21) o (27) p (y 


2 Repeat 1 with zı and z2 of your choice. 


3 Examine your results from 1 and 2, and hence suggest some rules for complex conjugates. 


From the Investigation you should have discovered the following rules for complex conjugates: 


O (GP A 


e (zy 22)! — zc z4 and (zy —29)!— zj —zy 
AN S 

© (23) =27 2, and (2) =T, 240 
22 29 


e (z")* — (z*)" for positive integers n 


e z-F-z' and zz" are real. 





x) $elf Tutor 


Example 9 









Show that for all complex numbers zı and zo: 


a (aro) =2 +2 bu MIT 











a Let 2=a+bi and z=c+di b Let z2 =a+bi and zw2=c+di 


2a =a b ad 2 =c d s. 2122 = (a+ bi)(c+ di) 
Now zy +22 =(atc)+(b+d)i = ac + adi + bci + bdi? 
(2 +22)" = (a +0) - (b+ d)i = (ac — bd) + i(ad + bc) 
eas z. (2122)* = (ac — bd) — i(ad + bc) .... (1) 
=a—bi+c— di Also, DET 
=24 +2 — (a — bi)(c — di) 


ac — adi — bci + bdi? 
= (ac — bd) — i(ad + bc) .... (2) 
From (1) and (2), (2122)* = 2," x 29° 


Il 
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CONJUGATE GENERALISATIONS 


Notice that (21 + 22 +23)" = (21 +22) + 23" {treating 21 +22 as one complex number] 
=24 +27 +27 co (1) 


Likewise (z1 + 22+ 23+ 24)* = (21+ 22+ 23)* +24 
=24 +2 +2 +24 {from (1)} 





There is no reason why this process cannot continue for the conjugate of 5, 6, 7, .... complex numbers. 
We can therefore generalise the result: 


(21 + Zo + 2g to. + n)* = zt + z +z ect zI 


The process of proving the general case using the simpler cases when n = 1, 2, 3, 4, .... requires 
mathematical induction. Formal proof by the Principle of Mathematical Induction is discussed in 
Chapter 9. 


EXERCISE 6B.4 
1 Showthat (zji— 293)! — z* —z4 for all complex numbers z; and zg. 
2 Simplify the expression (w* — z)* — (w — 22*) using the properties of conjugates. 


3 It is known that a complex number z satisfies the equation z* = —z. 
Show that z is either purely imaginary or zero. 


4 Suppose zı =a+bi and z2=c+di are complex numbers. 


* * 
a Find = in the form X +1Y. b Show that (=) = = for all zı and z2 4 0. 
Z2 22 29 
k p 21 * z“ : E 21 * 
5 a Aneasier way of proving e — — isto start with (=) X Zo. 
22 Zo 22 


Show how this can be done, remembering we have already proved that “the conjugate of a 
product is the product of the conjugates” in Example 9. 


6 Let z=a+bi bea complex number. Prove the following: 
i If z-—z*, then z is real. ii If z* =-—z, then z is purely imaginary or zero. 
6 Prove that for all complex numbers z and w: 


a zw*+z*w is always real b zw* —z*w_ is purely imaginary or zero. 


7 a lf z=a+bi, find z* inthe form X +iY. 


g 


Hence, show that. (22)* — (2*)? for all complex numbers z. 


c Repeat a and b but for z? instead of z?. 


=> : i Es : 
8 Suppose w= 4 where z=a+bi. Find the conditions under which: 
zZ 
a w isreal b w is purely imaginary. 
9 Assuming  (2122)* = z4“ z3, explain why  (212223)* = 24“ Z3“ Z3“. 


Hence show that (21222324)* = 212 2324. 


Generalise your results from a and b. 


t^e GO wv 


Given your generalisation in ¢, what is the result of letting all z; values be equal to z? 
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OLYNOMIALS 


Up to this point we have studied linear and quadratic functions at some depth, with perhaps occasional 
reference to cubic functions. These are part of a larger family of functions called the polynomials. 





A polynomial function is a function of the form 
P(x) = ant” + 0-10 "1 +... +92? +a12+40, 41, ...., Gn constant, an 40. 


We say that: x is the variable 
ay is the constant term 
an is the leading coefficient and is non-zero 
ar is the coefficient of x” for r = Q, 1, 2, ...., n 
n is the degree of the polynomial, being the highest power of the variable. 


In summation notation, we write B => cue 
which reads: “the sum from r — 0 to n, of a,x"”. 
A real polynomial P(x) is a polynomial for which a» € R, r = 0, 1, 2, ...., n 


The low degree members of the polynomial family have special names, some of which you are already 
familiar with. For these polynomials, we commonly write their coefficients as a, b, c, .... 


n Polynomial function | Degree | Nam 
A 





ADDITION AND SUBTRACTION 





To add or subtract two polynomials, we collect “like” terms. 





Example 10 x) $elf Tutor 
If P(z)— z?—2a?--3z —5 and Q(z)-—2az?--2? — 11, find: 
a P(x) + Q(z) b P(x) - Q(z) 
a P(x) + Q(z) b P(z) - Q(z) 
= £°—2774+32—5 Ix grep an 
T2235 € oz? -1 = g’-—2r +3r-—5 


m E: +11 
= —-30+30+6 


4,5 72-530 16 


Il 













It is a good idea to place 
brackets around expressions 
which are subtracted. 


Collecting ‘like’ terms is 
made easier by writing them 





one above the other. 
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SCALAR MULTIPLICATION 


To multiply a polynomial by a scalar (constant) we multiply each term by the scalar. 


Example 11 x9) $elf Tutor 


If P(z)— z*—2a?-rAr--'7 find |a 3P(z b —2P(z) 


3P(z) —2P(z) 
= 3(a* — 2a? + de + 7) — —2(x* — 2x? + 4c +7) 
= 3x7 — 6a? + 12” + 21 = —277 + 4? — 8a — 14 





POLYNOMIAL MULTIPLICATION 


To multiply two polynomials, we multiply each term of the first polynomial by each 
term of the second polynomial, and then collect like terms. 


Example 12 =ò Self Tutor 
If P(x)=x3—2r+4 and Q(x)=2r? +3r-—5, find P(zx)Q(z). 


P(z)Q(z) — (x? — 22 + 4)(22? + 8a — 5) 
= (20? + 3x— 5) — 20(20? -- 3x — 5) -- 4(2z? -- 3x — 5) 
= 21 + 3x4 — 523 
— 4x3 — 6x? + 102 
STO Dept 
— 25 -- 3a — 9a? 4-23? + 220 — 20 














SYNTHETIC MULTIPLICATION (OPTIONAL) 


Polynomial multiplication can be performed using the coefficients only. We call this synthetic 
multiplication. 


For example, for (a? + 2% — 5)(2”%+3) we detach coefficients and multiply. It is different from the 
ordinary multiplication of large numbers because we sometimes have negative coefficients, and because 
we do not carry tens into the next column. 








1 0 2 -5 coefficients of x3 + 2x — 5 
x 2 3 coefficients of 2x + 3 
3 0 6 —15 
2 0 4 —10 
2 3 4 -4 -15 So (2° + 22 —5)(22 +3) 


constants = 2x7 + 3x3 + 4a? — Ax — 15. 


8 
8 
8 
8 


COMPLEX NUMBERS AND POLYNOMIALS (Chapter 6) 185 


EXERCISE 6C.1 
1 If P(x)—z?--2x--3 and Q(z) =42?+52+6, find in simplest form: 





a 3P(x) b P(x)+0Q(z) ¢ P(x) -— 2Q(z) d P(zx)Q(x) 
2 If f(r)—a?— r--2 and g(z)-—az?—3z--5, find in simplest form: 

a f(x) +9(@) b g(x) — f(z) c 2f(1) + 3g(x) 

d g(x) +af(a) e f(a) g(a) tm 
3 Expand and simplify: 

a (z?—2z --3)(2z -- 1) b (x —1)?(a? + 3x — 2) € (x42) 

d (272— z 4-3» e (2r — 1)* f (3x —2)?(2x + 1)(x — 4) 
4 Find the following products: 

a (2x? — 3x + 5)(3a — 1) b (4x? — x + 2)(2r + 5) 

c€ (2x? + 3x + 2)(5—2) d (x —2)?(2x + 1) 

e (x? — 32 +2)(2x? + 4x — 1) f (3a7 — a2 +2)(5x? + 2x — 3) 

g (12-2+3) h (22? +x- 4) 

i (2x+5) j (£3 +r? — 2)? 


DIVISION OF POLYNOMIALS 


The division of polynomials is only useful if we divide a polynomial of degree n by another of degree n 
or less. 


DIVISION BY LINEARS 

Consider (22? + 3x + 4)(x + 2) +7. 

If we expand this expression we obtain (2x? + 3a + 4)(a +2) + 7 = 22° + 7x7 + 10x + 15. 
Dividing both sides by (2% +2), we obtain 

















203 +722 4+10r+15 _ (2z? +3r+4)(£+2)+7 
x+2 7 r42 
(2a? + 3a + 4)(a + 2) 7 
= A IA + 
x+2 x+2 


= 2g? + 3z +4 + — where z-F-2 is the divisor, 
x 





21? +3x +4 is the quotient, 
and 7 is the remainder. 


If P(x) is divided by axz+b until a constant remainder R is obtained, then 


Ple) | 


R , 
(1) + ——, where  ar--b isthe divisor, D(x), 
QD ax 


b 
i Q(x) is the quotient, 
and R is the remainder. 


Notice that P(x) = Q(x) x (ax +b) + R. 
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DIVISION ALGORITHM 


We can divide a polynomial by another polynomial using an algorithm similar to that used for division 
of whole numbers: 


Step 1: What do we multiply x by to get 2x°? 











The answer is 227, 20" + 3044 
and 2z?(x 4-2) — 22? -- 4z?. r2 223 + 7x? + 102 +15 
a - — (22? -- Az?) | 
Step 2: Subtract 22? --4z? from 2z? 4 747. eee 
The answer is 32. — (322+ 6x) 
Step 3: Bring down the 10z to obtain 32? + 10z. Sane 
Return to Step 1 with the question: AGS) 
“What must we multiply x by to get 3x2?” n 
The answer is 3z, and 3x(x +2) = 32? + 6x 
We continue the process until we are left with a constant. 
The division algorithm can also be performed by leaving 2 3 4 
out the variable, as shown alongside. 12 [ 2 7 10 15 
Either way, BUT Uem = 2g? +3r+4+ — — 
-(3 6) 
4 15 
a 





| Example 13 | x) $elf Tutor 


z3 — r2 — 3x — 5 
xr-—-3 ` 


Hence write x-—gz?—3r—5 inthe form Q(x) x (x—3)+R. 


Find the quotient and remainder for 





q2-pog [d Check your answer by 
EN oe — 22 —32—5 expanding the RHS. 
— (x? — 3x7) 
22? — 3x 
— (22? — 6x) 
ap 8 E 
~ Be —9) The quotient is 2?+2x +3 T 
4 and the remainder is 4. 
unc =ae7°+4+2r4+3+ = 


moe RE +20+3)(0 3) +4. 
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Example 14 x) $elf Tutor 


at +4 20? —1 
143 


Perform the division 


Hence write z*--2z? —1 inthe form Q(z)x (x--3)-4- R. 





Notice the insertion 


z? —3z? - 11x — 33 
of Ox? and Ox. 


z43 | oe Bor la 1 
n | 
211219 
gru) 
lla? + Oz 
— (11a? + 332) 
— 33x — 1 
— (— 33x — 99) 
98 











m m D Iu Ee 


7 zt +2r2—1 
+3 +3 
a? +21? —1= (2% — 322 + lx — 33) (2 +3) + 98 





EXERCISE 6C.2 


1 Find the quotient and remainder for the following, and hence write the division in the form 
P(x) = Q(x) D(x) +R, where D(x) is the divisor. 
a? + 22 —3 b z? —5r+1 P 243 + 6a? — 42 +3 
+2 z=1 2=2 
2 Perform the following divisions, and hence write the division in the form 
P(x) = Q(x) D(x) + R. 








a2—30+6 b x? +42 —11 a 21? — 7 +2 
1r—4 r3 1—2 
d 2x3 + 3r? — 32 — 2 e 3x3 + 11x? 8r 7 f 2x4 — z3 — 12 +7r +4 
2r 4-1 3x—1 2r 4-3 
3 Perform the divisions: 
a r2 +5 b 2z? + 3a e 3x? + 2x — 5 
x—2 x+1 x+2 
d xv? + 2x2 —5r +2 ë 2x9 — y f z?422—5 
x—1 x+4 x—2 


SYNTHETIC DIVISION (OPTIONAL) 


Click on the icon for an exercise involving a synthetic division process for the division PRINTABLE 
of a polynomial by a linear. SECTION 


+ 
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DIVISION BY QUADRATICS 


As with division by linears we can use the division algorithm to divide polynomials by quadratics. The 
division process stops when the remainder has degree less than that of the divisor, so 


If P(x) is divided by az?+bx+c then 


(Ga) ex + f 2 : T 
ORE E Q(z) + UE Tm where  az“+bx+c is the divisor, 
Q(x) is the quotient, 
and PEA is the remainder. 
ata DTC 


The remainder will be linear if e Z 0, and constant if e = 0. 


Example 15 x) $elf Tutor 


v4 +493 —24+1 


Find the quotient and remainder for 
z2—g-FT 


Hence write z*--4z? —z-4-1 intheform Q(x)x (z?— x 4-1) - R(a). 














a2+50+4 

a2—a+l z!-4z25--0zr^— +1 
(at 23+ 2?) 
Sz — g?^— gm 
bor ood bg) The quotient is £? + 5g + 4 
dr? — 6x +1 and the remainder is. —2z — 3. 
— (40? — 4x 4) D umm 
-0p-3 —(xr^-5r-4(r!—zr41)—-2z—3 











EXERCISE 6C.3 
1 Find the quotient and remainder for: 
a 23421024203 3x2 — x i 3233 rz —1 d x—4 
a2+a+1 x2 —1 z2 4-1 12-2» —1 


2 Carry out the following divisions and also write each in the form P(x) = Q(x) D(x) + R(x): 











á z2—mz41 b x? i a+ 302401 
a2+a+1 z?--2 a2—a+l1 
2x3 — xz +6 a xt z^ 223 p z-5 

(z—19 (+1? (x — 1) 3 2) 


3 Suppose P(x) = (x —2)(z? 42x -- 3) - 7. Find the quotient and remainder when P(x) is 
divided by x — 2. 


4 Suppose /(x)- (z—1)(z--2)(z?— 3z--5)--15 — 10x. Find the quotient and remainder when 
f(x) is divided by z? 4- z — 2. 
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IND FACTORS 


A zero of a polynomial is a value of the variable which makes the polynomial equal to zero. 
a is a zero of polynomial P(x) = P(a) =0. 
The roots of a polynomial equation are the solutions to the equation. 
a is a root (or solution) of P(x) 20 & P(o) — 0. 


The roots of P(x) =0 are the zeros of P(x) and the z-intercepts of the graph of y = P(x). 





Consider P(x) = x? + 22? — 32 — 10 An equation has roots. 
P(2) = 2° + 2(2)? — 3(2) — 10 A polynomial has zeros. 
=8+8-6-10 
=0 


This tells us: e 2isazero of z?--2z? — 3r — 10 
e 2isarootof z?--23?—3r —10— 0 
e the graph of y = 2° + 2x7 — 3x — 10 has the z-intercept 2. 





If P(x)= (x+ 1)(2x— 1)(x+2), then (x +1), (2x— 1), and (x+ 2) are its linear factors. 


Likewise P(x) = (x +3)? (2x+3) has been factorised into 3 linear factors, one of which is repeated. 


(x — o) isa factor of the polynomial P(x) «» there exists a polynomial Q(z) 
such that P(x) = (x — a)Q(z). 


™) Self Tutor 





Example 16 








Find the zeros of: a z?— 4x 4-53 b z?--3z 





a We wish to find x such that b We wish to find z such that 
g — 4 +53 = 0 z3 +3z=0 











E AO Ae z(2? --3) 20 
2 
_4+y-196 _ 4+14i 2(z + iv3)(z —iv3) =0 
7 an 2 UOT +iv3 
r-2-'ü The zeros are —i./3, 0, and iv/3. 





The zeros are 2 — 7i and 2+ Ti. 








EXERCISE 6D.1 
1 Find the zeros of: 
a 2x? 5zy — 12 b z?--6z 4-10 c z?—6z-46 
d z?—4z e z?-2z f 254-42 -—5 
2 Find the roots of: 
a 5a? = 32742 b (22 +1)(z7 +3) =0 c€ —22(z2 —2z2+2)=0 


d 2 =52 e 2+52=0 f 24=3224+10 
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Example 17 


Factorise: a 2z?--5z? 3x b 2744749 









—4 c 4/16 — 4(1)(9 

a 22? -- 52? — 3x b 22+42+9 is zero when op aN A S 
2c A 
A ERR) G E 
—4 x 2i /5 
ZF 

2 

2=-2+iv5 





2? +4z +9 = (z — |-2 + iv5])(z — |-2 — iv5]) 
E ERE) 








3 Find the linear factors of: 
a 2r? — Tz — 15 b 22-62+16 c z? +2? -— 4r 
d 62 — 2? — 22 e 24-6:2+5 f 24-2?-2 
5 If P(r)-—a(x-—o)(x-—f)(x—-) then o, B, and y are its zeros. 
Verify this statement by finding Pla), P(8), and P(). 


Example 18 x) Self Tutor 


Find all cubic polynomials with zeros - and —3+21. 








The zeros —32+27 have sum = —3 + 2i — 3 — 2i = —6 and 
product = (—3 + 2i)(—3 — 2i) = 13 
they come from the quadratic factor x? + 6x + 13 
i comes from the linear factor 2x — 1. 


P(x) = a(2x — 1)(x? + 6x +13), a#0. 





Example 19 x) $elf Tutor 













Find all quartic polynomials with zeros 2, -i and —14 





The zeros —1+vV5 have sum=-1+v5-1-v5=-2 and 
product = (—1 + »/5)(—1 — 5) = —4 


they come from the quadratic factor 2x? + 2x — 4. 





The zeros 2 and —4 come from the linear factors (x — 2) and (3% +1). 


P(x) = a(x — 2)(3a + 1)(a? + 22-4), a0. 





5 Find all cubic polynomials with zeros: 


a +2,3 b —2, +i c 3, —1+1 d —1, —2 + 





S 








6 Find all quartic polynomials with zeros of: 


a +1, +2 b 2, —1, +iv3 c +v3, 1i d 2+ v5, —2+ 3i 






































COMPLEX NUMBERS AND POLYNOMIALS (Chapter 6) 191 


POLYNOMIAL EQUALITY 


Two polynomials are equal if and only if they have the same degree (order) and corresponding 
terms have equal coefficients. 


If we know that two polynomials are equal then we can equate coefficients to find unknown coefficients. 
For example, if 2z?--3a? — 4r 4-6 — aa? -- bz? -F er -- d, where a, b, c, d c IR, then 

a=2, b=3, c=-4, and d=6. 
Example 20 ™) Self Tutor 


Find constants a, b, and c given that: 
6x? + 7z? — 19r +7 = (2x — 1)(ax? +br +c) forall z. 


6x? +72? — 19x + 7 = (2x — 1) (ax? +br + c) 
6x? + Tz? — 19x + 7 = 2az? + 2bxr? + 2cr — ax? — be — c 
62? -- Tz? — 19x -- 7 — 2az? 4- (2b — a)z? -- (2c - b)g — c 








Since this is true for all x, we equate coefficients: 
2a — 6 2b-a=7 2c— b — —19 and 7 -—c 
SS SA — AS 


s r2 s TS constants 

a=3 and c=-—7 and consequently 2b-3=7 and —14-b=-—19 
CS 

[pe 


in both equations 


SO, a@=3 b=5 and == 


Example 21 x) $elf Tutor 


Find constants a and b if z4 +9 = (z? +az + 3)(z2?+bz +3) forall z. 











2 +9=(2 Paz e o E oal When simultaneously 
FE Gi d t ioc D solving more equations 
3e a than there are 
+ az" + abz i 3az unknowns, we must 
+ 32° +3b2+9 check that any solutions 


2* --9 — z^ -- (a -- b)z? -- (ab 4- 6)2? -- (3a -- 3b)z -- 9. forall z | fit alll equations. If they 
do not, there are no 


ps cest solutions. 
Equating coefficients gives Gp 6 — 0 a O 1o} 
3m 31-30 xn ©) fest 


From (1) and (3) we see that b — —a 


in (2), a(—a)+6=0 

a’? =6 

-. a=+Vv6 andso b=+FV6 
a= 1/6 b=-vV6 or a = — v6, b= v6 
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Example 22 


(x +3) isa factor of P(x)-— az?--az? —'7z--6. Find a € R and the other factors. 





Since (En ais 3) is a factor, The coefficient of This must be 2 so the 
SN MA constant term is 3x 2—6 


zi?-raz? — Ty -6 — (r--3)(z?--bz --2) for some constant b 
Ada 2x 

+ 3x7 + 3bx +6 

=a + (b+3)2? + (3b+2)x +6 





Equating coefficients gives 3b+2=-—7 and a=b+3 
IA 


P(z) — (x -- 3)(z? — 3x -- 2) 
= (x + 3)(a — 1)(a — 2) 


The other factors are (r — 1) and (x — 2). 








Example 23 
(2: 4-3) and (x —1) are factors of 2x* + ax? — 3x2? + bx +3. 


Find constants a and b and all zeros of the polynomial. 


Since (Qa niu 3) and (Es = 1) are factors, The coefficient of x* This must be —1 so the constant 
iG Ze il se le 2 termis 3x —1x —1—3 


2n* +an° —8z^-br--3—(2r--3)(r—1)z^--er— 1)  forsomec 
— (22? -- x — 3)(z? -- ex — 1) 
= 21? + 2ca? — 2q? 
L Pher- m 
— 32? — 3cz 4-3 
— 2z* -- (2c - 1)z? + (c—-5)a? + (=1= 3c)x +3 


Equating coefficients gives 2ce+l=a, c—5=-—3, and —1—3c=) 
CI 2? 
a=5 and b= -7 


P(x) = (22 + 3)(a — 1)(x? + 22 — 1) 
Now z?-42xr—] has zeros o de A 1/9 


D 











P(x) has zeros —3, 1, and -1+ v2. 
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EXERCISE 6D.2 
1 Find constants a, b, and c given that: 
a 2r? + 4r +5 = ar? + [2b-— 6]jz +c forall x 
b 2g? — x? +6 = (x-1) (2x +a)+br+c forall z. 


2 Find constants a and b if: 
a 2+4=(2+024+2(2?+b2+2) forall z 
b 22445234 427 +7246 = (2? + az 4+ 2)(2z22? +bz +3) forall z. 

3 Show that 2*--64 can be factorised into two real quadratic factors of the form 2?+az+8 and 
z? +bz +8, but cannot be factorised into two real quadratic factors of the form z2? + az + 16 
and 22+b2+4. 

4 Find real numbers a and b such that x* — 4x? + 82 — 4 = (x? + ax +2)(2? + bx — 2). 


Hence solve the equation z^ 4- 8x — 4z? + 4. 


5 a (22—3) isafactorof 2z2?—2?-raz —3. Find a € R and all zeros of the cubic. 
b (32+2) isafactorof 323—2?+(a+1)z+a. Find a € R and all the zeros of the cubic. 
6 a (2z--1) and (xz —2) are factors of. P(x) — 2z* -- az? -- ba? — 12x — 8. 


Find constants a and b, and all zeros of P(x). 


b (2+3) and (2x—1) are factors of 2g + ax? + bx? + ax +3. 
Find constants a and b, and hence determine all zeros of the quartic. 





7 a8 z?-3a?—9r--c, c € RR, has two identical linear factors. Prove that c is either 5 or —27, 
and factorise the cubic into linear factors in each case. 
b 3z?--4Az? — r--m, m € R, has two identical linear factors. Find the possible values of m, 
and find the zeros of the polynomial in each case. 





There are many theorems about polynomials, some of which we look at now. Some of the theorems are 
true for all polynomials, while others are true only for real polynomials. 


THE REMAINDER THEOREM 


A real polynomial is a 





Consider the cubic polynomial P(x) = x? + 5x2? — 11z 4+ 3. Dole SI Ded 
If we divide P(x) by x— 2, we find that coefficients. 
xz? --5z? — 11z +3 - aed 3 d 9 -— ——- remainder 
2—2 x—2 


So, when P(x) is divided by x — 2, the remainder is 9. 


Notice that P(2) 2 84- 20 — 224-3 
= 9, which is the remainder. g. 


By considering other examples like the one above, we formulate 
the Remainder theorem. 
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The Remainder Theorem 


When a polynomial P(x) is divided by x — k until a constant remainder R 
is obtained, then R= P(k). 


Proof: By the division algorithm, P(r) 2 Q(x)(z — k) - R 
Letting c=k, P(k)=Q(k)x04+R 
P(k) =R 


When using the Remainder theorem, it is important to realise that the following statements are equivalent: 
e P(zr)-—(x-—k)Q(r)- R 
e P(k)=R 
e P(x) divided by x —k leaves a remainder of R. 


Example 24 


Use the Remainder theorem to find the remainder when. z*—32?--z —4 is divided by x+2. 





If P(r) =a*-—323+2-—4, then 
P=) (2 A A 
=16+24-2-4 
=> 


when z'—3z?--z —4 is divided by +2, the remainder is 34. {Remainder theorem} 








™) Self Tutor 


When P(x) is divided by z? — 3x -- 7, the quotient is z? 4- z — 1 and the remainder R(x) 
is unknown. 

When P(x) is divided by z —2 the remainder is 29. When P(x) is divided by x+1 the 
remainder is —16. 

Find R(x) in the form az + b. 







Example 25 









When the divisor is x?-—32+7, P(x) =(27+x2—1) (a2? -—32+7) + oz 4b. 
a SS 
Q(z) D(x) R(z) 
Now P(2)=29 {Remainder theorem} 
(2 4-2— 1)(22 — 6 - 7) - 2a - b — 29 
(5)(5) + 2a + b = 29 
2, Me (1) 
Also, P(-1)=-—16 {Remainder theorem} 
((—1)? + (-1) — 1)((-1)? — 3(-1) +7) + (-a + b) = -16 
*, (-1)(11) -a+b=-16 
=a+b=-=5 .... (2) 
Solving (1) and (2) simultaneously gives a=3 and b= —2. 
ROSSE? 
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EXERCISE 6E.1 


1 For P(x) areal polynomial, write two equivalent statements for each of: 
a If P(2)=7, then ... 
b If P(x) = Q(x)(r--3)—8, then ... 
c If P(x) divided by z —5 has a remainder of 11 then .... 


2 Without performing division, find the remainder when: 
a az?-F-2z? — Ir--5 is divided by z— 1 
b z*—2z?--3x —1 is divided by x2. 


3 Find a € R given that: 
a when 2%—2x+a is divided by zr —2, the remainder is 7 


b when 2z?--a?--ax — 5 is divided by z--1, the remainder is —8. 


4 When 2%+22?+ax+b is divided by z —1 the remainder is 4, and when divided by x + 2 
the remainder is 16. Find constants a and b. 


5 2z"-raz?-—6 leaves a remainder of —7 when divided by z— 1, and 129 when divided by x+3. 
Find a and n given that n € Z*. 


6 When P(z) isdivided by 2? —3z--2 the remainder is 4z — 7. 
Find the remainder when P(z) is divided by: a z-1 b 2-2, 


7 When P(z) is divided by 2+1 the remainder is —8, and when divided by z—3 the remainder 
is 4. Find the remainder when P(z) is divided by (z — 3)(z —- 1). 


8 If P(r) is divided by (x —a)(r—0b), where az b, a, b € R, prove that the remainder is: 


eas x (z — a) 4- P(a). 


THE FACTOR THEOREM 


For any polynomial P(x), k is a zero of P(x) <= (x-— k) isa factor of P(x). 


Proof: STO O Cr) E ETAT ES) (definition of a zero] 
me (Remainder theorem] 
€ P(x) 2 Q(x)(x — k) [division algorithm] 


«€ (z—k) isafactor of P(r) {definition of a factor} 


The Factor theorem says that if 2 is a zero of P(x) then (x—2) isa factor of P(x), and vice versa. 
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Example 26 


Find k given that (1— 2) isa factor of x? + kz? — 3x +6. 
Hence, fully factorise 1% + kx? — 3x 4- 6. 





Let P(x) = zx? + kz? — 3s +6 
Since (x — 2) is a factor, P(2)=0 {Factor theorem} 
(2)? -- K(2)? — 3(2) 4-6 — 0 
8+4k=0 
. k=-2 


We now use either the division algorithm or synthetic division to find the other factors of P(x): 





Division algorithm or Synthetic division 
TEMES 
r-—2 T? — 2x? — 3z + 6 
— (a? — 22?) | 
Ox? — 3x 
— (0x? — 02) 
=e ae 
—(—3a + 6) 
0 


Using either method we find that P(x) = (a — 2)(x? — 3) 
= (a — 2)(@ + V3)(a — V3) 








EXERCISE 6E.2 


1 Find the constant k and hence factorise the polynomial if: 
a 2a3+a27+kx—4 has the factor (x + 2) 
b x*— 323 —kx?+6z has the factor (x — 3). 


2 Find constants a and b given that 2x? +azr?+br+5_ has factors (x—1) and (x +5). 


3 a Suppose 3 isa zeroof P(z) = 23 —22+(k—5)z+(k? —7). 
Find the possible values of k € R and all the corresponding zeros of P(z). 
b Showthat (z — 2) isa factor of P(z) —2?-- mz? 4 (3m —2)z — 10m —4 . for all values 
of m € R. For what value(s) of m is (z — 2)? a factor of P(z)? 


A4 a Consider P(r)—2z?— a? where a is real. 
i Find P(a). What is the significance of this result? 


ii Factorise «*—a® as the product of a real linear and a quadratic factor. 


b Now consider P(x) =2?+a°, where a is real. 
i Find P(—a). What is the significance of this result? 


il Factorise z?--a? as the product of a real linear and a quadratic factor. 
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5 a Provethat “x+1 isafactorof "+1, neZ < nis odd”. 


b Find the real number a such that. (x — 1— a) isa factorof P(x) = 2° —3axr —9. 


THE FUNDAMENTAL THEOREM OF ALGEBRA 


The theorems we have just seen for real polynomials can be generalised 
in the Fundamental Theorem of Algebra: 











Gauss proved this 
theorem in 1799 as 
his PhD dissertation. 


a Every polynomial of degree n > 1 has at least one zero which 
can be written in the form a+ bi where a,b €R. 


b If P(x) is a polynomial of degree n, then P(x) has exactly n 
zeros, some of which may be either irrational numbers or complex 
numbers. 


Using the Fundamental Theorem of Algebra, the following properties of real polynomials can be 
established: 


e Every real polynomial of degree n can be factorised into n complex linear factors, some of which 
may be repeated. 


e Every real polynomial can be expressed as a product of real linear and real irreducible quadratic 
factors (where A < 0). 


e Every real polynomial of degree n has exactly n zeros, some of which may be repeated. 


e If p4- qi (qz 0) is a zero of a real polynomial then its complex conjugate p — qi is also a 
Zero. 


e Every real polynomial of odd degree has at least one real zero. 





=ò Self Tutor 


Suppose —3--i isazeroof P(x) = ax? + 9x? +ax—30 where a is real. 


Find a and hence find all zeros of the cubic. 





Since P(x) is real, both —3+4 and —3-— i are zeros. 


These have sum — —6 and product = (—3 + i)(—3 — i) — 10. 





the zeros —3-i come from the quadratic x? + 6x + 10. 


The coefficient of z? is a. The constant term is 10 x (—3) = —30. 
Consequently, ax? + 9x? + ax — 30 = (2? + 6x + 10) (ax — 3) 
— ax? + (6a — 3)2? + (100 — 18)x — 30 


Equating coefficients of z? gives: CUA MOL. ND 
Equating coefficients of x gives: 10a — 18 =a A 


a=2 and the linear factor is (2x — 3) 


the other two zeros are —3— à and 5. 
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Example 28 


One zero of. az? --(a4-1)z? -10r --15, a € R, is purely imaginary. 









Find a and the zeros of the polynomial. 







Let the purely imaginary zero be bi, b Z 0. 
Since P(x) is real both bi and —bi are zeros. 


These have sum — 0 and product — —b?i? — b? 





the zeros +bi come from the quadratic x? + b?. 


15 
The coefficient of z? is a. The constant term is. 52 x — — 15. 


" a 


Consequently, ar? + (a 4- 1)z? + 102 +15 = (1? + ne JE a) 


= az? + (5) z? -r ab? z 4- 15 


Equating coefficients of z? gives: a+1= = d) 
Equating coefficients of x gives: ab? = 10 AZ) 


ab? +b? =15 {using (1)} 
10+b?=15 {using (2)} 
b =5 
b=4+V5 


Inj (2); since. 675.) bar — 108 9. 








The linear factor ax + à becomes 2z +3 





a=2 andthe zeros are +i/5, -$. 








EXERCISE 6E.3 


1 Find all real polynomials of degree 3 with zeros —4 and 1-31. 


2 p(x) isa real cubic polynomial for which p(1) =p(2+1)=0 and p(0) = —20. 
Find p(x) in expanded form. 
3 2—3i isazeroof P(z)-—2?--pz--q where p and q are real. 
a Using conjugate pairs, find p and q and the other two zeros. 


b Check your answer by solving for p and q using P(2 — 3i) — 0. 


^ 3--i isarootof z*—2z?-raz?--bz-4-10 — 0, where a and b are real. Find a and b and the 
other roots of the equation. 


5 Onezeroof P(z)-—2?-raz?--3z--9, a € R, is purely imaginary. Find a and hence factorise 
P(z) into the product of linear factors. 


6 At least one zero of P(x) = 3233 + ka? + 152 +10, k € R, is purely imaginary. Find k and 
hence factorise P(x) into the product of linear factors. 
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SUM AND PRODUCT OF ROOTS THEOREM 


: : : b 
We have seen that for the quadratic equation az? -- bx -- c — 0, a 4 0, the sum of the roots is —— 
a 


and the product of the roots is 2. 
a 


For the polynomial equation a4z^ -- a, 42^ 1 -F...-Fasz? tat ta =, a, 0 
TL 
which can also be written as ` a,x" = 0, 
m=0 


"E U- s —1)"a 
the sum of the roots is a and the product of the roots is (rao 


TL TL 


We can explain this result as follows: 
Consider the polynomial equation a, (x — o1)(z — a2)(x — o3)....(z — an) = 0 
with roots o4, 0, Q3, ...., Qn- 
Expanding the LHS we have 
à (z — o4)(x — oa)(x — oa)(z — o4)....(x — An) 
= an (1? — [a1 + ae + (—-D?a102) (2 — a3)(x — a4)....(x — O) 


— a4 (x? — [o4 + oa -- oa]? +.... + (—D) a1ar03)(x — 04)....(x — a4) 
{the term of order x is no longer important as it will not contribute to 
either the z"^ term or the constant term] 


as (x^ — [o3 +02 +03 +.... +anje”? +... + (-1)010203.... On) 


= Mp1" — Only +02 +03 +... + dl ta? +...+(-1)"010903.... Oy Qn 


Equating coefficients, 





An—1 =—An[01 +02 +03+...+0n] and ay) =(-1)"010203.... AnQn 
O —1)"a 
ee = @aı + a2 + Q3 +... + an and uñas = 010903.... An 
din, an 





Example 29 ™) Self Tutor 


Find the sum and product of the roots of. 2? — 723? -- 8x — 1 — 0. 





The sum of the roots = —~— = Z, 


The polynomial equation has degree 3. 


Sem 
the product of the roots — U e i. 
2 





200 COMPLEX NUMBERS AND POLYNOMIALS (Chapter 6) 


Example 30 











A real polynomial has the form P(x) = 3x4 — 12x? + cx? +dxr +e. The graphof y= P(x) 
has y-intercept 180. It cuts the x-axis at 2 and 6, and does not meet the x-axis anywhere else. 
Suppose the other two zeros are mni, n>0. Use the sum and product formulae to find m 
and n. 
If the other two zeros are m -=ni the sum of the zeros is 
2 4-6 4- (m 4 ni) 4- (m — ni) =- 
2m F8 =4 
m E? 
The constant term e is the y-intercept. 
e = 180 
a x (ibd, 
The product of the zeros is. 2x 6 x (-2-- ni)(—2 — ni) — ye 60 
12(4 + n?) — 60 
A+n?=5 
n?-1 
TUE SINE a SUR 
So m= 2 and n=l. 








EXERCISE 6E.4 


1 Find the sum and product of the roots of: 


a 2r? —3r+4=0 b 3r3-— 4r? +8r-5=0 
c xt- r’? +2? +3r—4=0 d 22° —324+27-8=0 
e —+2-9=0 f xé-1=0 





2 Areal cubic polynomial P(x) has zeros 34i/2 and Z, It has a leading coefficient of 6. Find: 


a the sum and product of its zeros b the coefficient of z? 


€ the constant term. 








3 A real polynomial of degree 5 has leading coefficient —1 and zeros of —2, 34%, and Vk+1. 
The y-intercept is 18. Find: 


ak b the coefficient of z^. 


4 A real polynomial of degree 5 has leading coefficient 2 and the coefficient of z^ is 3. When the 





polynomial is graphed, the y-intercept is 5, and it cuts the x-axis at i and 14-2 only. 





Suppose the other two zeros are m «E ni, n 7» 0. Use the sum and product formulae to find m 
and n. 








5 A real quartic polynomial has leading coefficient 1 and zeros of the form a+7z and 3+a, where 
a ER. Its constant term is 25. What are the possible values that a may take? 


6 a? —pr?--qr —r — 0 has non-zero roots p, q, and r, where p, q,r €R. 


a Showthat q—-—r and p= E b Hence find p, q, and r. 


T 
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SLYNOMIALS 








Any polynomial with real coefficients can be graphed on the Cartesian plane. 


Use of a graphics calculator or the graphing package provided will help in this section. 


CUBI 


C POLYNOMIALS 


INVESTIGATION 2 


Every real cubic polynomial can be categorised into one of four types. In each case a € R, a z 0, 
and the zeros are a, 6, 7. 


Type 1: Three real, distinct zeros: P(x) = a(x — a)(x — 8)(x — y) 


Type 2: Two real zeros, one repeated: P(x) = a(x — a)?(x — p) 


Type 3: One real zero repeated three times: P(x) = a(x — a)? 


Type 4: One real and two complex conjugate zeros: 


P(x) = (2— a)(ar* +bx+c), A=b*- 4ac<0. 


What to do: 


Experiment with the graphs of Type 1 cubics. State the effect of changing both the size and 
sign of a. What is the geometrical significance of o, £, and y? 


Experiment with the graphs of Type 2 cubics. What is the geometrical significance of the squared 
factor? 


Experiment with the graphs of Type 3 cubics. What is the geometrical significance 


of a? GRAPHING 
. . . . . . B PACKAGE 
Experiment with the graphs of Type 4 cubics. What is the geometrical significance >” 


of a and the quadratic factor which has complex zeros? 


From Investigation 2 you should have discovered that: 


If a> 0, the graph has shape Ae 2 i @< REUS as «x : 


All cubics are continuous smooth curves. 

Every cubic polynomial must cut the x-axis at least once, and so has at least one real zero. 
For a cubic of the form P(x) = a(x — a)(x — B)(x — 7), 

a, B, y € R, the graph has three distinct x-intercepts 


corresponding to the three distinct zeros a, 3, and y. The of B Y 
graph crosses over or cuts the x-axis at these points, as 
shown. 


For a cubic of the form P(x) = a(x — a)?(x — 6), a, 
BER, the graph touches the x-axis at the repeated zero a 
and cuts it at the other x-intercept 3, as shown. B 
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e Fora cubic of the form P(r) =a(x—a)3, reR, the 
graph has only one x-intercept, a. The graph is horizontal 
at this point, and the x-axis is a tangent to the curve even 5 


though the curve crosses over it. 


e For a cubic of the form P(x) — (x — a)(ax? + br + c) 
where A < 0, there is only one x-intercept, a. The graph 
cuts the x-axis at this point. The other two zeros are complex 
and so do not appear on the graph. 


Example 31 x) Self Tutor 





Find the equation of the cubic with graph: 








a The x-intercepts are —1, 2, 4. b The graph touches the z-axis at 2 


igi» 
y — a(z -- 1)(z — 2)(x — 4) indicating a squared factor (3x — 2)?. 
The other x-intercept is —3, 
so y-—a(3z — 2)? (x 3). 


But when z—-0, y—6 


But when z—0, y-2-—8 
a(1)(—2)(—4) = -8 
MEE 

So, y- -(z-41)(x-2)(x— 4) 


a(-2)*(3) « 6 


Oe 5 


So, y= 3(32 — 2)(2 + 3) 








When determining a polynomial function from a given graph, if we are not given all the zeros, or if some 


of the zeros are complex, we write a factor in general form. 
For example: e Ifan z-intercept is not given, use 


P(x) = (x — k)? (ax + b). 
A 
most general form of a linear 


Using P(x) = a(x —k)*(x +) is 
more complicated. 


e If there is clearly only one x-intercept 
and that is given, use 


P(x) = (x —k) (aa? + br +0). 





most general form of a quadratic 
A<0 





Ý Either graph is possible. 
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Example 32 x) $elf Tutor 












Find the equation of the cubic which cuts the x-axis at 2 and —3, cuts the y-axis at —48, and 
which passes through the point (1, —40). 





The zeros are 2 and —3, so. y — (rz — 2)(z -3)(az -b), az 0. 


When z=0, y= -—48 
(—2)(3)b = —48 
DIES 
When z=1, y=-40 
(=D (4) (a + 8) = —40 
a+8=10 
0 m2 


So, the equation is y = (1- 2(x +3)(Qx +8) 
Voy — 2(x — 2)(a@ + 3)(a + 4) 











EXERCISE 6F.1 
1 Fora cubic polynomial P(a), state the geometrical significance of: 
a a single real linear factor such as (x — a), aœ € R 


b a squared real linear factor such as (x —o)?, a€R 


c a cubed real linear factor such as (z — o)?, a €R. 


2 Find the equation of the cubic with graph: 
a 





3 Find the equation of the cubic whose graph: 
a cuts the x-axis at 3, 1, and —2, and passes through (2, —4) 
b cuts the x-axis at —2, 0, and 3, and passes through (—3, —21) 
c€ touches the x-axis at 1, cuts the x-axis at —2, and passes through (4, 54) 


d touches the x-axis at -$ cuts the z-axis at 4, and passes through (—1, —5). 
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4 Match the given graphs to the corresponding cubic function: 


a y-—2(r-— l)(x-42)(x 4 4) b y—-—(r-41l)(xz-2)(x-4) 
€ y — (z— l)(x — 2)(x 4- 4) d y--2(x — 1)(x 4 2)(z 4- 4) 
e y- —(x-—1)(x-2)(x-4) f y —2(x-— I)(x —2)(x 4-4) 
A 





5 Find the equation of a real cubic polynomial which: 
a cuts the x-axis at i and —3, cuts the y-axis at 30, and passes through (1, —20) 
b cuts the x-axis at 1, touches the x-axis at —2, and cuts the y-axis at (0, 8) 


€ cuts the x-axis at 2, cuts the y-axis at —4, and passes through (1, —1) and (—1, —21). 


QUARTIC POLYNOMIALS 


INVESTIGATION 3 


There are considerably more possible factor types to consider for quartic functions. We will consider 
quartics containing certain types of factors. 


What to do: 


1 Experiment with the graphs of quartics which have: GRAPHING 


a four distinct real linear factors PACKAGE 


a squared real linear factor and two distinct real linear factors l 7 
two squared real linear factors 


a cubed real linear factor and one distinct real linear factor 
a real linear factor raised to the fourth power 


~m~ © Qa C 


one real quadratic factor with A <0 and two real linear factors 
g two real quadratic factors each with A < 0. 


2 Summarise your observations. 
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From Investigation 3 you should have discovered that: 


e Fora quartic polynomial in which a is the coefficient of z^: 


> If a>0 the graph opens upwards. 


> If a «0 the graph opens downwards. 


e Ifa quartic with a > 0 is fully factorised into real linear factors, then: 


> fora single factor (r— o), the 
graph cuts the x-axis at a 


y 
a 


| 


> fora cubed factor (x — a)’, the 
graph cuts the x-axis at œ and is 
‘flat’ at a 


> Ifa quartic with a > 0 has one 
real quadratic factor with A < 0 
we could have: 


Example 33 





Find the equation of the quartic 
with graph: 








> for a square factor (x —«)?, the 
graph touches the x-axis at a 


CE Da 
T or T 


> for a quadruple factor (x — a)‘, 
the graph touches the x-axis and is 
‘flat’ at that point. 


PL. 


> Ifa quartic with a > 0 has two real 
quadratic factors both with A < 0 
we have: 


y 
8n 
The graph does not meet the x-axis 
at all. 
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The graph touches the x-axis at —1 
and cuts it at —3 and 3. 

y =aļx +1) (x +3)(£— 3), a#0 
But when =0, y=-=3 

-3 - a1 (3)(-3) 

—3 — —9a 


(04 


3 
E i(r + 1)?(¢ + 3)(z — 3) 
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Find the quartic which touches the x-axis at 2, cuts the x-axis at —3, and also passes 
through (1, —12) and (3, 6). 






2 


The graph touches the x-axis at 2, so (x — 2)^ is a factor. 










The graph cuts the x-axis at —3, so (x +3) is a factor. 
P(x) = (x — 2)?(a +3)(ax+6) where a and b are constants, a 4 0. 


Now P(1) =-12 and P(3)=6, 
(1 (4) (a + b) = -12 +, 12(6)(3a +b) =6 
at+b=—3_ .... (I) Luo hos ec 


Solving (1) and (2) simultaneously gives a —2, b= —5. 
P(x) — (zx — 2)? (x -- 3)(2x — 5) 








EXERCISE 6F.2 
1 Find the equation of the quartic with graph: 





2 Match the given graphs to the corresponding quartic functions: 


a y-(z—1)*(x-1)(x-3) b y-—-2(x — 1)?(x - 1)(x 4-3) 
€ y — (z- 1)(z - 1)? (z 3) d y= (z-—1)(z + 1)(z-— 3) 
e y=-3(2-1)(2 + 1)(z +3} f y=-(2-1)2+1)(x — 3) 
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3 Find the equation of the quartic whose graph: 
a cuts the x-axis at —4 and i. touches it at 2, and passes through the point (1, 5) 


b touches the x-axis at 2 and —3, and passes through the point (—4, 49) 











c€ cuts the x-axis at i and +2, and passes through the point (1, —18) 





d touches the x-axis at 1, cuts the y-axis at —1, and passes through (—1, —4) and (2, 15). 


ACTIVITY 


Click on the icon to run a card game for graphs of cubic and quartic functions. CARD GAME 


GENERAL POLYNOMIALS 


We have already seen that every real cubic polynomial must cut the x-axis at least once, and so has at 
least one real zero. 


If the exact value of the zero is difficult to find, we can use technology to help us. We can then factorise 
the cubic as a linear factor times a quadratic, and if necessary use the quadratic formula to find the other 
Zeros. 


This method is particularly useful if we have one rational zero and two irrational zeros that are radical 
conjugates. 





DISCUSSION 


Consider the general polynomial P(x) = an@" + an—12" 1+....+a12+40, an 40. 





e Discuss the behaviour of the graph as z — —oo and x — oo depending on 
> the sign of an > whether n is odd or even. 

e Under what circumstances is P(x) an: 
> odd function > even function? 
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Find exactly the zeros of P(x) = 3z? — 142? -- 5x 4- 2. 











Using the calculator we search for any rational zero. 
In this case, 272 0.666667 or 0.6 indicates x = 2 1S a Zero. 
(3x — 2) is a factor. 
3x3 — 149? + 5a + 2 — (3r — 2)(z?-F ar — 1) forsomea 
= 310% 4- (3a. — 2)z? -- (-3 — 2a)z 4-2 


a 7 GRAPHING 
Equating coefficients: 3a — 2 =—14 and -—3-2a=5 PACKAGE 


LEGI PEE nd —2a=8 WT 
a EN 


P(x) = (3a — 2)(x? — 4x — 1) which has zeros 2 and 24 V5 (quadratic formula} 











Example 36 x) $elf Tutor 











Find exactly the roots of 62° + 13x? + 202 +3=0. 





Using technology, zz —0.16666667 — —2 isaroot,so (6z+1) isa factor of the cubic. 


(6x + 1)(x? ++ ax+3)=0 for some constant a. 





Equating coefficients of z?: 1 + 6a = 13 El_ [EXEJ:Show coordinates 
Y1=6x"(3)+13x2+20pw43 
6a = 12 
=e 


Equating coefficients of x: a+18=20 v 
(62 4- 1)(z? + 22 + 3) = 0 








x=-f or —1+iv2 {quadratic formula} 








For a quartic polynomial P(x) we first need to establish if there are any x-intercepts at all. If there 
are not then the polynomial must have four complex zeros. If there are z-intercepts then we can try to 
identify linear or quadratic factors. 


EXERCISE 6F.3 


1 Find exactly all zeros of: 


a z?—32?2—3r 41 b z?—3z?--4r—2 
c 22? — 33? — 4x — 35 d 2a? — x? -- 20x — 10 
e dat— da — 252? - 2 4-6 f xt — 622 + 22x? — 48x + 40 


2 Find exactly the roots of: 
a 2° +227+32+6=0 b 27° 4327 —32-—2=0 
c z2?—62?74127—8—0 d 2r? +18 = 5x2? + 9x 
e z*—a3?—9z?-L11z4-6—0 f 2z* — 132? + 27r? = 13x + 15 
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3 Factorise into linear factors with exact values: 





a 2? — 322+ 42-2 b 13432 +4x+12 
c 22? — 9x? + 6x —1 d 2° — 4274 9x — 10 
e 423 -—827+2+4+3 f 304+ 403 + 5x? + 129 — 12 
g 2r4— 323 +527 +62 —4 h 22° + 5a? + 8x + 20 








4 The following cubics will not factorise neatly. Find their zeros using technology. 
a z?-22? 62 —6 b zx -:2— 72—8 


5 A scientist is trying to design a crash test barrier with the characteristics shown graphically below. 
The independent variable t is the time 
after impact, measured in milliseconds, 
such that 0 < t < 700. 

The dependent variable is the distance 
the barrier is depressed during the 
impact, measured in millimetres. 





400 600 


a The equation for this graph has the form f(t) = kt(t—a)?, 0 «t « 700. 
Use the graph to find a. What does this value represent? 


b If the ideal crash barrier is depressed by 85 mm after 100 milliseconds, find the value of k. 
Hence find the equation of the graph given. 


6 Last year, the volume of water in a particular reservoir could be described by the model 
V(t) = —t? + 30t? — 131t + 250 ML, where t is the time in months. 
The dam authority rules that if the volume falls below 100 ML, irrigation is prohibited. During 
which months, if any, was irrigation prohibited in the last twelve months? Include in your answer 
a neat sketch of any graphs you may have used. 


7 A ladder of length 10 metres is leaning against a wall so that it is just 
touching a cube of edge length one metre as shown. 
What height up the wall does the ladder reach? 


rm 10m 





1m 
REVIEW SET 6A 
1 Find real numbers a and b such that: 
a a+ib=4 b (1-—2i)(a+ bi) = -—5-— 10i € (a+22)(1 + bi) 2 17 — 19i 


2 If 2=3+% and w=-—2—+2, find in simplest form: 


* 


a 22—3w b — c z8 
w 
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10 
11 


12 


13 


14 


15 


16 


17 
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Find exactly the real and imaginary parts of z if z= c 44/3. 
i+ v3 


Find a complex number z such that 2z — 1 = iz — i. Write your answer in the form 
2=a+bi where a, be R. 


Prove that zw* — z*w_ is purely imaginary or zero for all complex numbers z and w. 
purely ginary p 


2+1 


z* +1 


Given w= 





where z=a+bi, a, beR, write w in the form x+y, x,y ER. 
Hence determine the conditions under which w is purely imaginary. 
Expand and simplify: a (313 +22 — 5)(4x — 3) b (21? -— +3) 


3 3 


x 


La O eee 
r+2 DNE) 


Carry out the following divisions: a 
Find the sum and product of the zeros of: 

a 3z*— 4x? + 3r? +8 b 2x5 --2z* — r? +7zr-— 10 
State and prove the Remainder theorem. 


—2+bi isasolutionto 2?+az+(3+a)=0. Find constants a and b given that they are 
real. 


P(x) has remainder 2 when divided by x — 3, and remainder —13 when divided by z 4 2. 


2 


Find the remainder when P(z) is divided by x^ — x — 6. 


Find all quartic polynomials with real, rational coefficients, having 2—i/3 and /2+1 as 
two of the zeros. 


If f(z) =2?—32?—92+b has (x — k)? asa factor, show that there are two possible 
values of k. For each of these two values of k, find the corresponding value for b, and hence 
solve f(x) =0. 


Find all real quartic polynomials with rational coefficients, having 3—i/2 and 1— 2 as 
two of the zeros. 

When P(x) =2"+322+kx+6 is divided by (x+1) the remainder is 12. When P(zx) 
is divided by (r — 1) the remainder is 8. Find k and n given that 34 <n < 38. 


If o; and f are two of the roots of. z?— z--1— 0, show that og isaroot of z?--z?—1 — 0. 
Hint: Let z?—z-41-(x-—o)(z- B)(x— y). 


REVIEW SET 6B TOR 


2 
3 
4 


3 
If z= (57, -3-2i) , T,YEZ, express z in the form z—z- yi. 
A 


Without using a calculator, find z if z? = 5 — 12i. Check your answer using a calculator. 
Prove that if z is a complex number then both z --z* and zz* are real. 
If z=4+i and w-—3-—2i fid 2w* — iz. 


2— 3i : 
= 3 +2%. 
2a + bi zh 


Find rationals a and b such that 





10 
11 
12 


13 


14 


15 


16 


17 
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a+ai isarootof 12—6x+b=0 where a, b € R. 
Explain why 6 has two possible values. Find a in each case. 


Find the remainder when x^" — 32% + 529 + 11 is divided by x +1. 
Factorise 2z +z? +10z+5 asa product of linear factors with exact terms. 


A quartic polynomial P(x) has graph y= P(x) which touches the x-axis at (—2, 0), cuts 
the x-axis at (1, 0), cuts the y-axis at (0, 12), and passes through (2, 80). 
Find an expression for P(x) in factored form, and hence sketch the graph of y — P(x). 


Find all zeros of 22°- 52° + 13z? — 4z — 6. 
Factorise z4 +223 — 2z? +8 into linear factors. 


Find the general form of all real polynomials of least degree which have zeros 2 -- i and 
—1-4 3. 


3—2i isazeroof z*--kz?--32z-F3k — 1, where k is real. 

Find k and all zeros of the quartic. 

Find all the zeros of the polynomial z + 2z + 6z? +8z +8 given that one of the zeros is 
purely imaginary. 

When a polynomial P(x) is divided by 1?—3x+2 the remainder is 2z 4-3. 

Find the remainder when P(x) is divided by x — 2. 


Find possible values of k if the line with equation. y — 2x -- k. does not meet the circle with 
equation. z? -- y? - 8r — 4y - 2 — 0. 





P(x) = 2x4 — 8x?-Faz?-F bx —110, a,b € R, has zeros m+2i and 1+ny3 where 
m, n ER. 


a Find m and n. b Sketch the graph of y= P(x). 





REVIEW SET 6C 


e w N 


Find real numbers x and y such that (3x + 2yi)(1 — i) = (3y + 1)i — x. 
Solve the equation: z? + iz + 10 = 6z. 
Prove that zw* +z*w is real for all complex numbers z and w. 
Find real z and y such that: 
a 2+iy=0 b (3-2)(12+1) =17 + yi ¢ (x +iy)? =a —-iy 


z and w are non-real complex numbers with the property that both z +w and zw are real. 
Prove that z* — w. 


Find the sum and product of the roots of: 
a 27° +327 —4¢ +6=0 b 474 = 27 +27 —6 


Findzif Yz= ~~ +2454, 
weet 


Find the remainder when 2g!" + 5x1? — 7x3 +6 is divided by x — 2. 
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12 
13 


14 
15 


16 


17 
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5—i isazeroof 22% +a2 +622 + (a— 5), where a is real. Find a and the other two 
zeros. 


Find, in general form, all real polynomials of least degree which have zeros: 
a iv/2 and i b 1-i end —3- i. 

P(x) = 22° + 7x2 +kx—k_ is the product of 3 linear factors, 2 of which are identical. 
a Show that k can take 3 distinct values. 
b Write P(x) as the product of linear factors for the case where k is greatest. 


Find all roots of 22% — 323 + 22? = 62 +4. 
Suppose a and k are real. For what values of k does z? +az? +kz+ka=0 have: 
a one real root b 3 real roots? 
(3x +2) and (x—2) are factors of 61% + ax? — 4ax+b. Find a and b. 
Find the exact values of k for which the line y — z—k isa tangent to the circle with equation 
(z — 2)? - (y - 3? — 4. 
Find the quotient and remainder when xt + 323 — 7x2 +11r—1 is divided by x? +2. 


Hence, find constants a and b for which z* -- 32? — 72? -- (2-- a)z -- b. is exactly divisible 
by z?--2. 











P(x) is a real polynomial of degree 5 with leading coefficient 1 and zeros m + 2i, 1 mi, 
and 2 (m € R). The graphof y= P(x) cuts the y-axis at —56. 


a Show that m = v3. b Find the coefficient of z^. 
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OPENING PROBLEM IR 


Around 1260 AD, the Kurdish historian Ibn Khallikan recorded the following story about Sissa ibn 
Dahir and a chess game against the Indian King Shihram. (The story is also told in the Legend of 
the Ambalappuzha Paal Payasam, where the Lord Krishna takes the place of Sissa ibn Dahir, and 
they play a game of chess with the prize of rice grains rather than wheat.) 


King Shihram was a tyrant king, and his subject Sissa ibn Dahir wanted to teach him 
how important all of his people were. He invented the game of chess for the king, and 
the king was greatly impressed. He insisted on Sissa ibn Dahir naming his reward, and 
the wise man asked for one grain of wheat for the first square, two grains of wheat for 
the second square, four grains of wheat for the third square, and so on, doubling the 


wheat on each successive square on the board. 


The king laughed at first and agreed, for there was so little grain on the first few 
squares. By halfway he was surprised at the amount of grain being paid, and soon he 
realised his great error: that he owed more grain than there was in the world. 

















Things to think about: 
a How can we describe the number of grains of wheat for each square? 
b What expression gives the number of grains of wheat for the nth square? 
€ Find the total number of grains of wheat that the king owed. 


To help understand problems like the Opening Problem, we need to study sequences and their sums 
which are called series. 


EQUENCES 


In mathematics it is important that we can: e recognise a pattern in a set of numbers, 





e describe the pattern in words, and 
e continue the pattern. 


A number sequence is an ordered list of numbers defined by a rule. 
The numbers in the sequence are said to be its members or its terms. 
A sequence which continues forever is called an infinite sequence. 


A sequence which terminates is called a finite sequence. 


For example, 3, 7, 11, 15, .... form an infinite number sequence. 
The first term is 3, the second term is 7, the third term is 11, and so on. 
We can describe this pattern in words: 
“The sequence starts at 3 and each term is 4 more than the previous term.” 
Thus, the fifth term is 19 and the sixth term is 23. 


The sequence 3, 7, 11, 15, 19, 23. which terminates with the sixth term, is a finite number sequence. 


SEQUENCES AND SERIES (Chapter 7) 215 


Example 1 ™) Self Tutor 


Describe the sequence: 14, 17, 20, 23, .... and write down the next two terms. 





The sequence starts at 14, and each term is 3 more than the previous term. 


The next two terms are 26 and 29. 








EXERCISE 7A 


1 Write down the first four terms of the sequence if you start with: 


a 4 and add 9 each time b 45 and subtract 6 each time 
¢ 2 and multiply by 3 each time d 96 and divide by 2 each time. 
2 For each of the following write a description of the sequence and find the next 2 terms: 
a 8,106, 24, 32, .... b 2,5,8,11, ... c 36, 31, 26, 21, .... 
d 96, 89, 82, 75, .... e 1,4, 16, 64, ... f 2,6, 18, 54, .... 
g 480, 240, 120, 60, .... h 243, 81, 27, 9, .... i 50000, 10000, 2000, 400, .... 
3 Describe the following number patterns and write down the next 3 terms: 
a 1,4, 9, 16, .... b 1,8, 27, 64, .... € 2, 6, 12, 20, .... 
4 Find the next two terms of: 
a 95, 91, 87, 83, .... b 5,20, 80, 320, .... € 1,16, 81, 256, .... 
d 2,3,5, 7, 1l, .. e 2,4, 7, 11, ... f 9,8, 10, 7, 11, .... 


Sequences may be defined in one of the following ways: 





e listing all terms (of a finite sequence) 

e listing the first few terms and assuming that the pattern represented continues indefinitely 

e giving a description in words 

e using a formula which represents the general term or nth term 

e using a recurrence formula which describes the nth term of a sequence using a formula which 
involves the preceding terms. 


Consider the illustrated tower of bricks. The first row 
has three bricks, the second row has four bricks, and 
the third row has five bricks. 


If un represents the number of bricks in row n (from 
the top) then uy = 3, u2 —4, u3 — 5, u4 — 6, ... 





This sequence can be specified by: 
e listing terms 3, 4, 5, 6, .... 


e using words “The top row has three bricks, and each successive row under it 
has one more brick than the previous row." 
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e using an explicit formula Un =n+2 isthe general term or nth term 
formula for n=1,2, 3, 4, .... 
Check: u=1+2=3 v ug=24+2=4 V 
ug=3+2=5 v 
e using a recurrence formula The first layer has 3 bricks, and each subsequent layer has 1 more 
brick. 
uy=3 and u,-u, 4-1, n» l. 
e a pictorial or graphical representation 
Early members of a sequence can be graphed with each represented 
by a dot. 
The dots must not be joined because n must be an integer. 





THE GENERAL TERM 


The general term or nth term of a sequence is represented by a symbol with a subscript, for example 
Un, Tn, tn, Or An. The general term is defined for n — 1, 2, 3, 4, .... 


{un} represents the sequence that can be generated by using un as the nth term. 


The general term un is a function where n +> Un. The domain is n € Z* for an infinite sequence, 
or a subset of Z* for a finite sequence. 
For example, {2n +1} generates the sequence 3, 5, 7, 9, 11, .... 
fum 
! GRAPHICS 


You can use technology to help generate sequences from a formula. 





CALCULATOR 
INSTRUCTIONS 


EXERCISE 7B.1 
1 A sequence is defined by u, =3n—2. Find: 
a ui b us € Uo 
2 Consider the sequence defined by u,, — 2n 4- 5. 
a Find the first four terms of the sequence. b Display these members on a graph. 


3 Evaluate the first five terms of the sequence: 





a (2n) b (2n+2) € (2n— 1) d (2n—3) 

e (2n - 3) f {2n+ 11} g {3n+1} h {4n - 3} 
4 Evaluate the first five terms of the sequence: 

a (2%; b {3 x 27} c (6x (^) d {(-2)"} 


5 Evaluate the first five terms of the sequence (15 — (—2)"). 


RECURRENCE FORMULAE 


A recurrence formula describes the nth term of a sequence using a formula which involves the preceding 
terms. 


When we write a recurrence formula, we need to specify the initial terms needed for the formula to start. 


For example, the recurrence formula Un = un—1 +3 is by itself useless, since we do not know what 
the first term is. 
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However, if we write uy = 7, Un =Un—-1 +3, n>1, then we can write 
uz = u: +3=7+3=10 
uz = u2 + 3 = 10 + 3 = 13 
u4 = u3 +3 =13+3=16 


EXERCISE 7B.2 
1 A sequence is defined by u1 = 3, Un — u4 1—4, n1. Find: 
a uz b us € u, d us 
2 The first term of a sequence is 3, and each subsequent term is double the previous one. 
a Describe the sequence fully using a recurrence formula. 
b Display the first 5 terms on a graph. 
1 


3 A sequence is defined by u; — 1, u, — —— ——, n » 1. 
1+un-1 


a Find the next four terms of the sequence. 
Display the first 5 terms on a graph. 

€ Assume that the sequence terms tend to the constant value u, so that as n —^ 00, Un-1 > u 
and u, — u. 

1 _ 1445 


let 


i Show that u?+u—1=0. ii Hence show that 


4& A sequence is defined by uy = 1, un = 4 po n 1. 
1+ Un-1 


a Find the next four terms of the sequence, writing your answers correct to 5 decimal places. 





1+ 





T 
Daas 


b Assuming that the sequence terms tend to the constant value u, show that u? + u?—1=0. 


c Hence find correct to 5 decimal places. 





5 Find, correct to 5 decimal places: : 





1 2 
— 
1 
1+ (ZI i y) 
IX.) 


INVESTIGATION 1 


Leonardo Pisano Bigollo, known commonly as Fibonacci, was born in Pisa around 1170 AD. He is 
best known for the Fibonacci sequence which starts with 0 and 1, and then each subsequent member 
of the sequence is the sum of the preceding two members. 


What to do: 


1 Describe the Fibonacci sequence fully using a recurrence formula. 





2 Write down the first 10 terms of the sequence. 
3 Can the sequence be described using a formula for the general term un? 
5 


Research where the Fibonacci sequence is found in nature. 
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An arithmetic sequence is a sequence in which each term differs from the previous one 
by the same fixed number. 





It can also be referred to as an arithmetic progression. 


For example: 


e the tower of bricks in the previous section forms an arithmetic sequence where the difference between 
terms is 1 


e 2,5,8, 11, 14, .... is arithmetic as 5-2=8-5=11-8=14-1ll=... 
e 31, 27, 23, 19, .... is arithmetic as 27 — 31 — 28— 27 — 19 — 28 — ... 


ALGEBRAIC DEFINITION 


{un} is arithmetic = u,41 —u, =d for all positive integers n where d is a 
constant called the common difference. 


The symbol <> means ‘if and only if’. It implies both: 


e if {un} is arithmetic then u,,1 — Un is a constant 


e if uny1 — Un is a constant then (u,) is arithmetic. 


THE NAME ‘ARITHMETIC’ 


If a, b, and c are any consecutive terms of an arithmetic sequence then 








b=a=c-b {equating common differences} 
2b=a+c 
b oe ETE 


So, the middle term is the arithmetic mean of the terms on either side of it. 


THE GENERAL TERM FORMULA 


Suppose the first term of an arithmetic sequence is u; and the common difference is d. 
Then us =u1 +d, uz =u1 +2d, us =u1 +3d, and so on. 
Hence u,-— ui 4 (n— 1)d 
— 


4 


term number the coefficient of d is 
one less than the term number 


For an arithmetic sequence with first term u4 and common difference d 
the general term or nth term is un =u1 + (n — 1)d. 


b 
c 
d 
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Example 2 x) $elf Tutor 
Consider the sequence 2, 9, 16, 23, 30, .... 


Show that the sequence is arithmetic. 

Find a formula for the general term un. 

Find the 100th term of the sequence. 

Is i 828 ii 2341 a term of the sequence? 


9-2=7 The difference between successive terms is constant. 
16-9=7 So, the sequence is arithmetic, with u; — 2 and d=7. 
23-16=7 
30-23=7 
Un = U1 +(n—1)d G I @= 100: 
Un = 24+ 7(n—-1) Uro9 = 7(100) — 5 
Un = in —5 = 695 
¡ISS eta — 234 
7n — 5 = 828 s In — 5 = 2341 
1 = ESE ZO LO 
LO E 3354 
828 is a term of the sequence, But n must be an integer, so 2341 
and in fact is the 119th term. is not a member of the sequence. 





EXERCISE 7C 
1 Find the 10th term of each of the following arithmetic sequences: 


a 19, 25, 31, 37, .... b 101, 97, 93, 89, .... c 8,92, 11, 121, ... 
2 Find the 15th term of each of the following arithmetic sequences: 

a 31,930, 41, 46, .... b 5,—3, —11, —18, ... € a, a-- d, a-- 2d, a * 3d, .... 
3 Consider the sequence 6, 17, 28, 39, 50, .... 

a Show that the sequence is arithmetic. b Find the formula for its general term. 

€ Find its 50th term. d Is 325 a member? 


e Is 761 a member? 
4 Consider the sequence 87, 83, 79, 75, 71, .... 





a Show that the sequence is arithmetic. b Find the formula for its general term. 

c Find the 40th term. d Which term of the sequence is —297? 
5 A sequence is defined by u, — 3n — 2. 

a Prove that the sequence is arithmetic. Hint: Find u,,1— u;. 

b Find u; and d. c Find the 57th term. 

d What is the largest term of the sequence that is smaller than 450? Which term is this? 
6 A sequence is defined by un = a S m 

a Prove that the sequence is arithmetic. b Find u, and d. € Find u;s. 


d For what values of n are the terms of the sequence less than —200? 
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™) Self Tutor 


Find k given that 3k +1, k, and —3 are consecutive terms of an arithmetic sequence. 


Since the terms are consecutive, k — (3k--1) 2 —3— k {equating differences} 
k—3k—-12-3-k 
—2k —- 1 = —3 -k 
—143-2-k--2k 
k2 
or Since the middle term is the arithmetic mean of the terms on either side of it, 


p kt ms (=3) 


2k = 3k —2 
le =2 








7 Find k given the consecutive arithmetic terms: 


a 32,k,3 b k, 7, 10 c k+1,2k+1, 13 

d k-1,2k+3,7-—k e k, k*, k? +6 f 5k, k?—8 
Example 4 x) $elf Tutor 
Find the general term un for an arithmetic sequence with. u3 — 8 and ug — —17. 
uz=8 2 u+2d=8 acne (I) {using un = ui + (n— 1)d} 

ug = —17 2. Uy + Yd — —1T 52) 


We now solve (1) and (2) simultaneously: 


=u1 = 2d = =8 {multiplying both sides of (1) by —1} 


S STO LITT 
5d = —25 {adding the equations} 
d=-5 
So, in (1): ui + 2(—5) =8 Check: 
i = 10=8 ug = 23 — 5(3) 
~ u= LO 
Now  u, =u1 + (n— 1)d ES Y 
DEL que a 1) ae 
Un = 18—5n 9 = 23) — 410) 
Un = 23— 5n =-17 v 








8 Find the general term u, for an arithmetic sequence with: 
a uz =4l and uia — 7T b us=-2 and ui = —124 
€ seventh term 1 and fifteenth term —39 


d eleventh and eighth terms being —16 and -115 respectively. 


SEQUENCES AND SERIES (Chapter 7) 221 


| Example 5 | 5 |4) Self Tutor $elf Tutor 


Insert four numbers between 3 and 12 so that all six numbers are in arithmetic sequence. 





Suppose the common difference is d. 


the numbers are 3, 3+d, 3+2d, 3+3d, 3-- Ad, and 12 


3+5d= 12 
5d =9 
SES 


So, the sequence is 3, 4.8, 6.6, 8.4, 10.2, 12. 








9 a Insert three numbers between 5 and 10 so that all five numbers are in arithmetic sequence. 


b Insert six numbers between —1 and 32 so that all eight numbers are in arithmetic sequence. 


10 Consider the arithmetic sequence 36, 353, 343, .... 


a Find u; and d. b Which term of the sequence is —30? 
11 An arithmetic sequence starts 23, 36, 49, 62, .... What is the first term of the sequence to exceed 
100000? 
Example 6 € Self Tutor 


Ryan is a cartoonist. His comic strip has just been bought by a newspaper, so he sends them the 
28 comic strips he has drawn so far. Each week after the first he mails 3 more comic strips to the 
newspaper. 


a Find the total number of comic strips sent after 1, 2, 3, and 4 weeks. 

b Show that the total number of comic strips sent after n weeks forms an arithmetic sequence. 
€ Find the number of comic strips sent after 15 weeks. 
d 


When does Ryan send his 120th comic strip? 





a Week I: 28 comic strips Week 3: 31+3=34 comic strips 
Week 2: 28+3=31 comic strips Week 4: 34+3=37 comic strips 


b Every week, Ryan sends 3 comic strips, so the difference between successive weeks is always 
3. We have an arithmetic sequence with wu; = 28 and common difference d= 3. 


€ Uu, =u1 +(n-— 1)d 


=28+(n-1)x3 A 2 SS Als 
= 25 + 3n zu 
After 15 weeks Ryan has sent 70 comic strips. 
d We want to find n such that ün = 120 
25 + 3n = 120 
3n = 95 
m= 312 


Ryan sends the 120th comic strip in the 32nd week. 
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12 A luxury car manufacturer sets up a factory for a new model. In the first month only 5 cars are 
produced. After this, 13 cars are assembled every month. 


a List the total number of cars that have been made in the factory by the end of each of the first 
six months. 


b Explain why the total number of cars made after n months forms an arithmetic sequence. 
c How many cars are made in the first year? 


d How long is it until the 250th car is manufactured? 


13 Valéria joins a social networking website. After 1 week she has 34 online friends. At the end of 
2 weeks she has 41 friends, after 3 weeks she has 48 friends, and after 4 weeks she has 55 friends. 


a Show that Valéria's number of friends forms an arithmetic sequence. 


b Assuming the pattern continues, find the number of online friends Valéria will have after 
12 weeks. 


€ After how many weeks will Valéria have 150 online friends? 


15 A farmer feeds his cattle herd with hay every day in July. The amount of hay in his barn at the end 
of day n is given by the arithmetic sequence wu, = 100 — 2.7n tonnes. 


a Write down the amount of hay in the barn on the first three days of July. 
b Find and interpret the common difference. 

c Find and interpret us». 
d 


How much hay is in the barn at the beginning of August? 


(QUENCES 





A sequence is geometric if each term can be obtained from the previous one by 
multiplying by the same non-zero constant. 


A geometric sequence is also referred to as a geometric progression. 


For example: 2, 10, 50, 250, .... is a geometric sequence as each term can be obtained by multiplying 
the previous term by 5. 


Notice that 42 = 30 = 39 — 5, so each term divided by the previous one gives the 


same constant. 


ALGEBRAIC DEFINITION 


{un } is geometric < tt =P forall positive integers n where r is a 
ES constant called the common ratio. 
For example: e 2, 10, 50, 250, .... is geometric with r — 5. 


e 2, —10, 50, —250, ... is geometric with r — —5. 
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THE NAME 'GEOMETRIC' 





; ; b 
If a, b, and c are any consecutive terms of a geometric sequence then — — > 
a 
b? =ac andso b=+,/ac where \/ac is the geometric mean of a and c. 


THE GENERAL TERM FORMULA 


Suppose the first term of a geometric sequence is u and the common ratio is r. 
Then uz=uır, ug-—ujr?, u4 = ur, and so on. 


Hence wp =u, r+ 


term number The power of r is one less than the term number. 


For a geometric sequence with first term u and common ratio r, 
the general term or nth term is O 





il 


Consider the sequence 8, 4, 2, 1, 3, .... 


€ Hence, find the 12th term as a fraction. 


a Show that the sequence is geometric. b Find the general term un. 


™) Self Tutor 





Consecutive terms have a common ratio of i. 


the sequence is geometric with uj; — 8 and r = i. 





EXERCISE 7D.1 


1 For the geometric sequence with first two terms given, find b and c: 


b dp UT © ui2=8 x (4) 
Ue =8 Ce pru (ae — 3c 
zx 2g us 
— 23+(—n4+1) 
— 94-n 





a 2,6,b,c, ... b 10, 5,b,c, .... € 12, -6, 5c, ... 
2 Find the 6th term in each of the following geometric sequences: 

a 3,06, 12, 24, ... b 2, 10, 50, .... € 512, 256, 128, .... 
3 Find the 9th term in each of the following geometric sequences: 

a 1,3, 9, 27, ... b 12, 18, 27, .... c i -i i =>, .. d a,ar, ar?, ... 
4 a Show that the sequence 5, 10, 20, 40, .... is geometric. 


b Find u, and hence find the 15th term. 
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5 a Show that the sequence 12, —6, 3, -$, .. 18 geometric. 
b Find u, and hence write the 13th term as a rational number. 


6 Show that the sequence 8, —6, 4.5, —3.375, ... is geometric. Hence find the 10th term as a 
decimal. 


7 Show that the sequence 8, 4/2, 4, 2\/2, ..... is geometric. Hence show that the general term of 


7 T 
à 5>>3n 
the sequence is un =2? ? 





Example 8 ™) Self Tutor 


k —1, 2k, and 21—k are consecutive terms of a geometric sequence. Find k. 





Since the terms are geometric, EC vee 
ke] 2k 
4k? — (21— k)(k — 1) 
4k? = 21k — 21 — k? +k 
Bk? — 22k +21 = 0 
(5k — T)(k — 3) 20 





{equating the common ratio r} 


Chads It b= - the terms are: 


If k=3 the terms are: 





8 Find k given that the following are consecutive terms of a geometric sequence: 
a 7, k, 28 b k,3k,20—k c k,k+8, 9k 





Example 9 x) $elf Tutor 


A geometric sequence has u9 — —6 and us — 162. Find its general term. 


de = Wir m 8 aus (10) 
and us =wr* = 162 .... (2) 
a 162 
m OO} 
= -27 
= Y —27 
IO 
Using (1), ui(—3) = —6 


Now 


"Vou = 2 
Thus tp — 2 (3) 5% 





9 Find the general term un of the geometric sequence which has: 


8 u4-—24 and u; — 192 b u4 —8 and ug — —1 


€ u; —24 and uj5 — 384 d uz=5 and ur = 3 
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Example 10 x) $elf Tutor 


Find the first term of the sequence 6, 6/2, 12, 12/2, ... which exceeds 1400. 


The sequence is geometric with uj —6 and r — V2 
Un = 6 x (V2)^-1. 
We need to find n such that u,, » 1400. 
Using a graphics calculator with Y; — 6 x (V/2)^(X — 1), we view a fable of values: 


Casio fx-CG20 TI-84 Plus Ti-vapire 
Y1=8x (12) *(x-1) 

x Yi 
15 768 











floy- Y 
ELE, 

768. 
.| 1086.12 
es] 
| 217223 
3072. 








16 1086.1 
17 
18 2172.2 


1536 
FORMULA) Daas MS DET )(GPH-CON(GPH-PLT 














The first term to exceed 1400 is u17 = 1536. 








10 a Find the first term of the sequence 2, 6, 18, 54, .... which exceeds 10 000. 
b Find the first term of the sequence 4, 4/3, 12, 1243, .... which exceeds 4800. 
c Find the first term of the sequence 12, 6, 3, 1.5, ... which is less than 0.0001 . 


GEOMETRIC SEQUENCE PROBLEMS 


Problems of growth and decay involve repeated multiplications by a constant number. We can therefore 
use geometric sequences to model these situations. 





Example 11 x) $elf Tutor 


The initial population of rabbits on a farm was 50. 
The population increased by 7% each week. 
a How many rabbits were present after: 
i 15 weeks ii 30 weeks? 


b How long would it take for the population to reach 500? 


There is a fixed percentage increase each week, so the population forms a geometric sequence. 


Cn — 0) and r=107 
uz = 50 x 1.07' = the population after 1 week 
ua — 50 x 1.07? — the population after 2 weeks 


Un+1 = 50 x 1.07" = the population after n weeks. 
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a I we =50 x (1.07)" li uz =50 x (1.07% 
= 137.95 = 380.61 
There were 138 rabbits. There were 381 rabbits. 
b We need to solve 50 x (1.07)” = 500 50*c1.07734 
. n= 493, 9856769 
Lo 20 SmkC1. Ha 2^35 
PO 333. 8290742 


~~ In(1.07) 
or trial and error on your calculator gives n ~ 34 weeks. 


or finding the point of intersection of Yı = 50 x 1.07^X 
and Yə = 500, the solution is = 34.0 weeks. 


The population will reach 500 early in the 35th week. FEE vzEnü 











EXERCISE 7D.2 


1 A nest of ants initially contains 500 individuals. 
The population is increasing by 1296 each week. 
a How many ants will there be after: 
i 10 weeks ii 20 weeks? 


b Use technology to find how many weeks it will 
take for the ant population to reach 2000. 





2 The animal Eraticus is endangered. Since 1995 there has only been one colony remaining, and in 
1995 the population of the colony was 555. The population has been steadily decreasing by 4.5% 
per year. 

a Find the population in the year 2010. 


b In which year would we expect the population to have declined to 50? 


A herd of 32 deer is to be left unchecked on a large island off 
the coast of Alaska. It 1s estimated that the size of the herd 
will increase each year by 18%. 
a Estimate the size of the herd after: 
i 5 years ii 10 years. 


b How long will it take for the herd size to reach 5000? 





^ An endangered species of marsupials has a population of 178. However, with a successful breeding 
program it is expected to increase by 32% each year. 


a Find the expected population size after: i 10 years ii 25 years. 
b How long will it take for the population to reach 10 000? 


SEQUENCES AND SERIES (Chapter 7) 227 


COMPOUND INTEREST 


Suppose you invest $1000 in the bank. You leave the money in the bank for 
3 years, and are paid an interest rate of 10% per annum (p.a). The interest per annum means 
is added to your investment each year, so the total value increases. each year. 


The percentage increase each year is 10%, so at the end of the year you will 
have 100% + 10% = 110% of the value at its start. This corresponds to 
a multiplier of 1.1. 





After one year your investment is worth $1000 x 1.1 = $1100. aT 
After two years it is worth After three years it is worth 
$1100 x 1.1 $1210 x 1.1 
= $1000 x 1.1 x 1.1 = $1000 x (1.1)? x 1.1 
= $1000 x (1.1)? = $1210 = $1000 x (1.1)? = $1331 


This suggests that if the money is left in your account for n years it would amount to $1000 x (1.1)”. 


Observe that: uj — $1000 — initial investment 
uz = u xX 1.1 = amount after 1 year 
uz =u1 X (1.1)? = amount after 2 years 
u4 = u; x (1.1)? = amount after 3 years 
Uny1 =41 X (1.1)" = amount after n years 


THE COMPOUND INTEREST FORMULA 


We can calculate the value of a compounding investment using the formula 
UU 
where tj — initial investment 
r — growth multiplier for each period 


n = number of compounding periods 
Un+1 = amount after n compounding periods. 


Example 12 € Self Tutor 











$5000 is invested for 4 years at 7% p.a. compound interest, compounded annually. What will it 
amount to at the end of this period? Give your answer to the nearest cent. 





ie =n x ra is the amount after 4 years 
— 5000 x (1.07)* — (fora 796 increase 10096 becomes 10796) 
= 6553.98 


The investment will amount to $6553.98. 
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EXERCISE 7D.3 


1 a What will an investment of $3000 at 1096 p.a. compound interest amount to after 3 years? 


b How much of this is interest? 


2 How much compound interest is earned by investing €20 000 at 1296 p.a. if the investment is over 
a 4 year period? 


3 a What will an investment of Y30000 at 1096 p.a. compound interest amount to after 4 years? 
b How much of this is interest? 


^ How much compound interest is earned by investing $80 000 at 996 p.a. if the investment is over a 
3 year period? 


5 What will an investment of Y 100 000 amount to after 5 years if it earns 896 p.a. compounded twice 
annually? 


6 What will an investment of £45 000 amount to after 21 months if it earns 7.596 p.a. compounded 
quarterly? 


Example 13 







x9) Self Tutor 






How much should I invest now if I need a maturing value of €10000 in 4 years’ time, and I am 
able to invest at 8% p.a. compounded twice annually? Give your answer to the nearest cent. 


The initial investment wu; is unknown. 























The investment is compounded twice annually, so the multiplier r= 1+ M = 1.04. 
There are 4x2=8 compounding periods, so jp em 
Un+1 = Ug 
Now ug = u1 x 78 {using u441— w xr") Ec Al 
dE 8 
10000 = uy x (1.04) 00003 (1.04). 6.90205 
u, — 10000 
* (1048 
u1 & 7306.90 





I should invest €7306.90 now. 








7 How much money must be invested now if you require $20000 for a holiday in 4 years’ time and 
the money can be invested at a fixed rate of 7.5% p.a. compounded annually? 


8 What initial investment is required to produce a maturing amount of £15000 in 60 months’ time 
given a guaranteed fixed interest rate of 5.5% p.a. compounded annually? 


9 How much should I invest now to yield €25 000 in 3 years’ time, if the money can be invested at a 
fixed rate of 8% p.a. compounded quarterly? 


10 What initial investment will yield ¥40 000 in 8 years’ time if your money can be invested at 9% p.a. 
compounded monthly? 
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A series is the sum of the terms of a sequence. 

For the finite sequence {u,,} with n terms, the corresponding series is wy + Ug + ug +.... + Un. 
The sum of this series is S, = u,+ug+ug+....f+-Un and this will always be a finite real number. 
For the infinite sequence {up}, the corresponding series is wu, + ug +ugt+....+Un +... 


In many cases, the sum of an infinite series cannot be calculated. In some cases, however, it does 
converge to a finite number. 


SIGMA NOTATION 
uy + U + U3 + U4 +... +Un can be written more compactly using sigma notation. 


The symbol 5; is called sigma. It is the equivalent of capital S in the Greek alphabet. 


n 
We write uy tugtugtugt....+tn as >> up. 
k=1 





Y uz reads “the sum of all numbers of the form uz where k = 1, 2, 3, ...., up to n”. 
k=1 
Example 14 x) $elf Tutor 
Consider the sequence 1, 4, 9, 16, 25, .... 
a Write down an expression for Sn. b Eind on tome — le ee eandes: 
O E b S =1 
{all terms are squares} S2=1+4+4=5 


S3=14+44+9=14 
Sa =1+4+9+16 = 30 
S5 =1+4+9+16+25 = 55 


= k2 
k=l 








Example 15 =) Self Tutor 


7 
Expand and evaluate: — a (k>+1) 
k=1 


a Y 1) 


k 
=2-3--4-0+6--7-8 
35 





, 


You can also use technology to evaluate the sum of a series in sigma 
notation. Click on the icon for instructions. GRAPHICS 
CALCULATOR 
INSTRUCTIONS 
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PROPERTIES OF SIGMA NOTATION 


TL 


2 (ous DI oe te 


k=1 k=1 kS 


n n n 
If cis constant, 5^ cü, — 6 » ap and X een. 
= k= k=1 


EXERCISE 7E 


1 For the following sequences: 


i write down an expression for Sn ii find Ss. 
a 3, 11, 19, 27, .... b 42,37, 32, 27, .... € 12,6,3, 13, PE 
d 2,3, 43, 63, ... @ 15.5. ge f 1,8, 27, 64... 


2 Expand and evaluate: 


3 
a >> 4k 


6 4 
b Y (k+1) ce Y (3k-5) 
k=1 k=1 k=1 
5 7 5 
d Y (11— 2k) e Y) k(k-4 1) f Y 10x21 
k=1 k=1 k=1 


3 For u, =3n—1, write u +U>+U3+.... + uz) using sigma notation and evaluate the sum. 


5 Show that: 


TL 


a c — cn b So car =c >> ay ce Y (ax +bx)= » a+ dS bk 


k=1 k=1 k=1 k=1 k=1 k=1 
5 12 
5 Evaluate: a >> k(k+1)(k +2) » > 100% (12) 
k=l k=6 


6 a Expand ;k. 
k=1 


b Now write the sum with terms in the reverse order, placing each term under a term in the 


original expansion. Add each term with the one under it. 
c Hence write an expression for the sum Sn of the first n integers. 


d Hence find a and bif 3^ (ak -- b) — 8n? -- 1n for all positive integers n. 
k=1 


7 a Explain why IE Ebenen x X qas pcs 


k=1 k=1 
b Given that So k= REED ang yop? EEDD, 
k=1 


find in simplest form y (k+1)(k +2). 
k=1 


Check your answer in the case when n = 10. 
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An arithmetic series is the sum of the terms of an arithmetic sequence. 


For example: 21, 23, 25, 27, ....,49 1s a finite arithmetic sequence. 


21 +23 +25 +27 + ....+49 is the corresponding arithmetic series. 


SUM OF A FINITE ARITHMETIC SERIES 


If the first term is u1 and the common difference is d, the terms are uy, uy +d, uz, +2d, u4 + 3d, 
and so on. 


Suppose that u,, is the final term of an arithmetic series. 


So, Sn = u1 + (u1 + d) + (uy + 2d) +.... + (Un — 2d) + (un — d) + Un 
But Sn = Un + (Un — d) + (un — 2d) + .... + (u1 + 2d) + (u +d)+u1 {reversing them} 


Adding these two equations vertically we get 
2S, = (ur + Un) + (ur + Un) + (ur + Un) +. + (u1 + Un) + (ur + Un) + (u1 + un) 
a A A 


n of these 
2$, = n(ui + Un) 


Sn = (us + un) where up, =u, +(n—1)d 
The sum of a finite arithmetic series with first term u1, common difference d, and last term un, is 


n n 
Sa = iH + Un) OF iy = ze + (n — 1)d). 
For example, from Exercise 7E question 6, we observe that the sum of the first n integers is 


142434... +n= "04D fon nc Z*. 


Example 16 ™) Self Tutor 
Find the sum of 4+7+10+13+.... to 50 terms. 


The series is arithmetic with ui = 4, d=3, and n=50. 


Now Sn = zQui + (n — 1)d) 


Sso = D(2x 4 + 49 x 3) 
= 3875 





models this is tedious. GRAPHICS 


CALCULATOR 


You can also use technology to evaluate series, although for some calculator B5 
INSTRUCTIONS 
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Find the sum of —6+1+8+15+....+141. 





The series is arithmetic with uj = —6, d=7 and u, = 141. 
First we need to find n. 


Now u, = 141 








ui t (n— 1)d 2 141 Using S, == (us + un); 
—6 +7(n — 1) = 141 2 
7(n — 1) 2 147 S22 = 22(—6 + 141) 
n—1=21 = 11 x 135 
n = 22 = 1485 
EXERCISE 7F 
1 Find the sum of: 

a 3+7+11+15+.... to 20 terms b 3+3+53+8+.... to 50 terms 
c 100+93+86+79+.... to 40 terms d 50+ 484 +47+ 454 +.... to 80 terms. 


2 Find the sum of: 
a 5-841114 4 .... - 101 b 50+ 495 + 49 + 484 + .... + (—20) 


¢ 8+105+13+4155+....+83 








3 Evaluate these arithmetic series: 
10 15 20 143 
a Y (2k+5) b S (k- 50) c > (=) 
k=1 k=1 k=1 2 


Check your answers using technology. 


4 An arithmetic series has seven terms. The first term is 5 and the last term is 53. Find the sum of 


the series. 


5 An arithmetic series has eleven terms. The first term is 6 and the last term is —27. Find the sum of 


the series. 


did he build? 





A bricklayer builds a triangular wall with layers of bricks as 
shown. If the bricklayer uses 171 bricks, how many layers 


7 A soccer stadium has 25 sections of seating. Each section has 44 rows of seats, with 22 seats in the 


first row, 23 in the second row, 24 in the third row, and so on. How many seats are there in: 


a row 44 of one section b each section € the whole stadium? 


8 Find the sum of: 
a the first 50 multiples of 11 b the multiples of 7 between 0 and 1000 
€ the integers between 1 and 100 which are not divisible by 3. 
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9 Consider the series of odd numbers 1 --3-4- 5 4- 7 4 .... 
a What is the nth odd number un? 
b Prove that the sum of the first n odd integers is n?. 
€ Check your answer to b by finding 51, 5S5, S3, and S4. 
10 Find the first two terms of an arithmetic sequence if the sixth term is 21 and the sum of the first 
seventeen terms is 0. 


11 Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of —80. Find 
the terms. Hint: Let the terms be x—d, x, and z+ d. 


12 Five consecutive terms of an arithmetic sequence have a sum of 40. The product of the first, middle 
and last terms is 224. Find the terms of the sequence. 


13 Henk starts a new job selling TV sets. He sells 11 sets in the first week, 14 sets in the next, 17 sets 
in the next, and so on in an arithmetic sequence. In what week does Henk sell his 2000th TV set? 


x i e 11 
14 The sum of the first n terms of an arithmetic sequence is A 
a Find its first two terms. b Find the twentieth term of the sequence. 
q 


INVESTIGATION 2 


A circular stadium consists of sections as illustrated, with aisles in between. The diagram shows the 
13 tiers of concrete steps for the final section, Section K. Seats are placed along every concrete step, 
with each seat 0.45 m wide. The arc AB at the front of the first row, is 14.4 m long, while the arc 
CD at the back of the back row, is 20.25 m long. 


1 How wide is each concrete step? 20.25 m 


2 What is the length of the arc of the back of 
Row 1, Row 2, Row 3, and so on? 


3 How many seats are there in Row 1, Row 2, 
Row 3, ...., Row 13? 


^ How many sections are there in the stadium? 





What is the total seating capacity of the 1 it m 
stadium? t / [ to centre 
& í| of circular 
6 What is the radius r of the “playing surface”? stadium 


"IC SERIES 


A geometric series is the sum of the terms of a geometric sequence. 


For example: 1, 2, 4, 8, 16, ...., 1024 1s a finite geometric sequence. 





14+2+4+8+16+....+ 1024 is the corresponding finite geometric series. 


If we are adding the first n terms of an infinite geometric sequence, we are then calculating a finite 
geometric series called the nth partial sum of the corresponding infinite series. 


If we are adding all of the terms in a geometric sequence which goes on and on forever, we have an 
infinite geometric series. 
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SUM OF A FINITE GEOMETRIC SERIES 
If the first term is u4 and the common ratio is r, then the terms are: u4, uir, u1r?, uir, .... 


So, Sn =u, + ur + ur? + ur? +... + ur”? + uret 


[| | | | 


U2 U3 UA Un—1 Un 


For a finite geometric series with r Æ 1, 


u(r” — 1 ui(1— r" 
A E EN 
r— i 1-r 
Proof: If Sp =u ur Fur? E uir? e Eur"? pur (65) 


then rS, = (ur + Giro tae dan E url) Tur? 
TSn = (Sn — u1) + uir” {from (*)} 

TSn — Sn = Ur” — Uy 

Sn(r — 1) = u, (r” — 1) 


u(r” — 1) e aatem 


um 
p 1-r 


provided r #1. 


In the case r = 1 we have a sequence in which all terms are the same, and Sn = uin. 





Example 18 1») $elf Tutor 


Find the sum of 2+6+18+54+.... to 12 terms. 


Dhe series is geometmic withtur = 2r = andin = l2. 
pam 
cR 
HG — il) 
mE 
531 440 








Example 19 ™) Self Tutor 


Find a formula for S,, the sum of the first n terms of 
the series 9-3+1-= 3 +... 


The series is geometric with uj =9 and r=—3. 
1 
ie A A A This answer cannot 
i l—r 4 be simplified as we 


3 


27 1 do not know if n is 
Sn = ae a (—3)") odd or even. 
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EXERCISE 7G.1 


1 Find the sum of the following series: 


a 12+6+3+41.5+.... to 10 terms b V74+74+7V/7+49+.... to 12 terms 

c 6-3+14- +... to 15 terms d l-ati gate to 20 terms 
2 Find a formula for S,,, the sum of the first n terms of the series: 

a V3+3+3V3+9+.... b 12+6+3+1 +... 

¢ 0.9+ 0.09 + 0.009 + 0.0009 + .... d 20-10+5-2 +... 


3 A geometric sequence has partial sums Sı =3 and S = 4. 
a State the first term ui. b Calculate the common ratio r. 
c€ Calculate the fifth term us of the series. 


4 Evaluate these geometric series: 
10 12 25 
a Y53x2*1 b Y? c 56x (-2)* 
k=1 k=1 k=1 
5 Each year a salesperson is paid a bonus of $2000 which is banked into the same account. It earns a 
fixed rate of interest of 6% p.a. with interest being paid annually. The total amount in the account 
at the end of each year is calculated as follows: 


Ag = 2000 

A; = Ao x 1.06 + 2000 

A = A1 x 1.06 4- 2000 and so on. 
a Show that A = 2000 4- 2000 x 1.06 4- 2000 x (1.06)?. 
b Show that A3 — 2000[1 4- 1.06 + (1.06)? + (1.06)*]. 


«€ Find the total bank balance after 10 years, assuming there are no fees or withdrawals. 


6 Consider Sn =F+h4+h + Rte ty 


a Find Si, S2, S3, S4, and S5 in fractional form. 
From a guess the formula for Sn. 

u(1—r”) 
l-r 





c Find S, using Sn = 





Comment on Sn as n gets very large. 














e What is the relationship between the given diagram and d? 


7 A geometric series has second term 6. The sum of its first three terms is —14. Find its fourth term. 


8 An arithmetic and a geometric sequence both have first term 1, and their second terms are equal. 
The 14th term of the arithmetic sequence is three times the third term of the geometric sequence. 
Find the twentieth term of each sequence. 


9 Find n given that: a S (2k--3) 2 1517 b 5 2x9 -—177146 
k=1 k=1 
10 Suppose uj, uz, ...., Un isa geometric sequence with common ratio r. Show that 


z Su (pil — 1) 


r—i 


(u1 + u2)? + (u2 + u3)? + (uz + u4)?+ .... + (Un—1 + Un)? — (u? +u2). 
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11 $8000 is borrowed over a 2-year period at a rate of 12% p.a. Quarterly repayments are made and 
the interest is adjusted each quarter, which means that at the end of each quarter, interest is charged 
on the previous balance and then the balance is reduced by the amount repaid. 


There are 2 x 4=8 repayments and the interest per quarter is E — 396. 


At the end of the first quarter the amount owed is given by A, — $8000 x 1.03 — R, where R 
is the amount of each repayment. 
At the end of the second quarter, the amount owed is given by: 
Az, =A, x 1.03-R 

— ($8000 x 1.03 — R) x 1.03 — R 

= $8000 x (1.03)? — 1.03R — R 
Find a similar expression for the amount owed at the end of the third quarter, As. 
Write down an expression for the amount owed at the end of the 8th quarter, Ag. 
Given that As = 0 for the loan to be fully repaid, deduce the value of R. 
Suppose the amount borrowed is $P, the interest rate is r% per repayment interval, and there 
PO * qp" * sog dollars. 

+= 


Q n SC v 


are m repayments. Show that each repaymentis R= 


SUM OF AN INFINITE GEOMETRIC SERIES 


To examine the sum of all the terms of an infinite geometric sequence, we need to consider 


s _u(1-r”) 
ye l-r 


when n gets very large. 

If |r| > 1, the series is said to be divergent and the sum becomes infinitely large. 

For example, when r =2, 1+2+4+8+16+.... is infinitely large. 

If |r| « 1, or in other words —1 <r < 1, then as n becomes very large, r^ approaches 0. 


For example, when pÉm l+5+qtegtate. =2. 


This means that S,, will get closer and closer to D. 
=F 


oo 
If |r| <1, an infinite geometric series of the form ur + urr + urr? +... = Se air 


ul 


will converge to the sum S = T 
E 





We call this the limiting sum of the series. 


This result can be used to find the value of recurring decimals. 





Example 20 x5) $elf Tutor 


Write 0.7 as a rational number. 


piu a 7 
0.7 = 10 ar 100 ar 1000 a 10 000 Tee 


which is a geometric series with infinitely many terms. 
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In this case, uy = 





EXERCISE 7G.2 


1 Consider 0.3 — 2 +43 4-3. +..... which is an infinite geometric series. 
10 * Too * Tooo 
a Find: i u ii r 


b Using a, show that 0.3 = 3. 


2 Write as a rational number: a 04 b 0.16 c 0.312 


ui 
J= 


3 Use S= to check your answer to Exercise 7G.1 question 6d. 





4 Find the sum of each of the following infinite geometric series: 


a 18+12+8+ $+... b 18.9 — 6.3 + 2.1 — 0.7 + .... 
5 Find each of the following: 
a ` ak b >’ 6(—2) 
k=1 k=0 


6 The sum of the first three terms of a convergent infinite geometric series is 19. The sum of the 
series is 27. Find the first term and the common ratio. 

7 The second term of a convergent infinite geometric series is 3. The sum of the series is 10. Show 
that there are two possible series, and find the first term and the common ratio in each case. 

8 When dropped, a ball takes 1 second to hit the ground. It then takes 


90% of this time to rebound to its new height, and this continues 
until the ball comes to rest. 


a Show that the total time of motion is given by 
1 + 2(0.9) + 2(0.9)? + 2(0.9)? +.... 
b Find S,, for the series in a. 


How long does it take for the ball to come to rest? 
ground 


Note: This diagram is inaccurate as the motion is really up and down on the same spot. It has 
been separated out to help us visualise what is happening. 


9 Determine whether each of the following series is convergent. If so, find the sum of the series. If 
not, find the smallest value of n for which the sum of the first n terms of the series exceeds 100. 


a 18—9+4.5-.... b 1.241842.7+.... 


10 When a ball is dropped, it rebounds 75% of its height after each bounce. If the ball travels a total 
distance of 490 cm, from what height was the ball dropped? 


oo 3x k—1 
11 Findz if x (3) =à 
k=1 \ 2 
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ACTIVITY 


Click on the icon to run a card game for sequences and series. CARD GAME 


Ww 


THEORY OF KNOWLEDGE 


The German mathematician Leopold Kronecker (1823 - 1891) 
made important contributions in number theory and algebra. 
Several things are named after him, including formulae, symbols, 
and a theorem. 





Kronecker made several well-known quotes, including: 


“God made integers; all else is the work of man.” 





“A mathematical object does not exist unless it can be 
constructed from natural numbers in a finite number of steps.” Leopold Kronecker 


1 What do you understand by the term infinity? 


2 Ifthe entire world were made of grains of sand, could you count them? Would the number 
of grains of sand be infinite? 


Consider an infinite geometric series with first term u and common ratio r. 


If |r| <1, the series will converge to the sum $ — si 





= e : 
Proof: If the first term is u and the common ratio is r, the terms are uj, wir, wir, ur, 
and so on. 
Suppose the sum of the corresponding infinite series is 
S = u + ur + ur? + ur? + urt... () 
We multiply (*) by r to obtain rS = ur + ur? + ur? + urt t... 
rS = S — u {comparing with (*)} 
S(r — 1) = —u 


rr 
1—-r 





[provided r 4 1) 


3 Can we explain through intuition how a sum of non-zero terms, which goes on and on 
for ever and ever, could actually be a finite number? 


In the case r = —1, the terms are u4, —u4, u1, —u, .... 


If we take partial sums of the series, the answer is always w or 0. 


A4 Whatis the sum of the infinite series when r — —1? Is it infinite? Is it defined? 
uj 


Substituting r — —1 into the formula above gives S = I Could this possibly be the 
answer? 
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INVESTIGATION 3 


Y TT 


In this investigation we consider a limit curve named after the Swedish mathematician Niels Fabian 
Helge von Koch (1870 - 1924). 


To draw Von Koch's Snowflake curve we: DEMO 


start with an equilateral triangle, C 
then divide each side into 3 equal parts 
then on each middle part draw an equilateral triangle Ais 

then delete the side of the smaller triangle which lies on. Cj. f Le 





The resulting curve is C2. By repeating this process on every edge of C5, we generate curve C3. 


We hence obtain a sequence of special curves C1, C2, C3, C4, .... and Von Koch's curve is the 
limiting case when n is infinitely large. 


Your task is to investigate the perimeter and area of Von Koch's curve. 


What to do: 


Suppose C has a perimeter of 3 units. Find the perimeter of C2, C3, C4, and Cs. 
Hint: becomes BN so 3 parts become 4 parts. 


Remembering that Von Koch’s curve is Cn, where n is infinitely large, find the perimeter of 
Von Koch’s curve. 


Suppose the area of C4 is 1 unit?. Explain why the areas of C2, C3, C4, and Cs are: 





Az =1+43 units” As =1+ $[1+ 4] units? 
Ag = 1+ 4[1+ 4+ (4)7] units? As =1+ 3[1+ § + (§)? + (§)°] units’. 


Use your calculator to find A,, where n= 1,2, 3, 4, 5, 6, and 7, giving answers which are as 
accurate as your calculator permits. 
What do you think will be the area within Von Koch’s snowflake curve? 


Is there anything remarkable about your answers to 1 and 2? 


Similarly, investigate the sequence of curves obtained by adding squares on successive curves 
from the middle third of each side. These are the curves C4, C5, C3, .... shown below. 
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REVIEW SET 7A OI 
1 Identify the following sequences as arithmetic, geometric, or neither: 
a 7, —1, —9, —17, ... b 9,9,9,9, € 4, —2, 1, -i, m. 
IIIS UMS e the set of all multiples of 4 in ascending order. 
2 Find kif 3k, k — 2, and k--'7 are consecutive terms of an arithmetic sequence. 


Show that 28, 23, 18, 13, .... is an arithmetic sequence. Hence find un and the sum Sn of the 
first n terms in simplest form. 


4 Find k given that 4, k, and k? — 1 are consecutive terms of a geometric sequence. 


5 Determine the general term of a geometric sequence given that its sixth term is +6 and its tenth 


term is 290. 


Insert six numbers between 23 and 9 so that all eight numbers are in arithmetic sequence. 


Find, in simplest form, a formula for the general term u,, of: 


a 86, 83, 80, 77, .... b LLL. € 100, 90, 81, 72.9, .... 
Hint: One of these sequences is neither arithmetic nor geometric. 
id S 
8 Expand and hence evaluate: a x b Y ates 
f= ep eor? 





9 Find the sum of each of the following infinite geometric series: 
a 18—12+8-.... b 8+4V2 +44... 


10 A ball bounces from a height of 3 metres and returns to 80% of its previous height on each 
bounce. Find the total distance travelled by the ball until it stops bouncing. 


3n2 + 5n 


11 The sum of the first n terms of an infinite sequence is forall n € Z*. 


a Find the nth term. b Prove that the sequence is arithmetic. 


12 a, b, and c are consecutive terms of both an arithmetic and geometric sequence. 
What can be deduced about a, b, and c? 


13 x, y, and z are consecutive terms of a geometric sequence. 


IU I and z? +y? +z? = a, find the values of x, y, and z. 
14 2x and x —2 are the first two terms of a convergent series. The sum of the series is iB, 


Find z, clearly explaining why there is only one possible value. 


15 a, b, and c are consecutive terms of an arithmetic sequence. Prove that the following are also 
consecutive terms of an arithmetic sequence: 
1 1 1 


a b+c, c+a, and a+b a ea 
Vb-- Vc vetva Vat vb 


REVIEW SET 7B Ke) 


1 List the first four members of the sequences defined by: 


| 3n 2 
E n+3 





au, =3"-? b un € u, — 2^ — (-3) 


10 


12 


13 


14 
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A sequence is defined by un = 6(5)"~?. 
a Prove that the sequence is geometric. b Find u; andr. 


c Find the 16th term of the sequence to 3 significant figures. 


Consider the sequence 24, 231, 223, TA 


a Which term of the sequence is —36? b Find the value of u35. 
€ Find S49, the sum of the first 40 terms of the sequence. 


Find the sum of: 
a the first 23 terms of 3+9+15+21+.... 
b the first 12 terms of 24+12+6+3>.... 


Find the first term of the sequence 5, 10, 20, 40, .... which exceeds 10000. 


What will an investment of €6000 at 7% p.a. compound interest amount to after 5 years if the 
interest is compounded: 


a annually b quarterly ¢ monthly? 


The nth term of a sequence is given by the formula un = 5n — 8. 
a Find the value of u10. 
b Write down an expression for Un+ı — Un and simplify it. 
¢ Hence explain why the sequence is arithmetic. 
d 


Evaluate U15 + U16 + U17 + weet U30- 


A geometric sequence has ug = 24 and us — 768. Determine the general term of the 
sequence and hence find: 


a u b the sum of the first 15 terms. 
Find the first term of the sequence 24, 8, 3, 5, .... which is less than 0.001. 
a Determine the number of terms in the sequence 128, 64, 32, 16, ...., s 


b Find the sum of these terms. 


Find the sum of each of the following infinite geometric series: 


14 4 8 
a 1.21-1.1+1-.... b Pa 


How much should be invested at a fixed rate of 9% p.a. compound interest if you need it to 
amount to $20 000 after 4 years with interest paid monthly? 


In 2004 there were 3000 iguanas on a Galapagos island. Since then, the population of iguanas 
on the island has increased by 5% each year. 


a How many iguanas were on the island in 2007? 


b In what year will the population first exceed 10 000? 


x+3 and x— 2 are the first two terms of a geometric series. 
Find the values of z for which the series converges. 
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REVIEW SET 7C 


10 


12 


13 


14 


A sequence is defined by u,, — 68 — 5n. 
Prove that the sequence is arithmetic. b Find u; and d. 


Find the 37th term of the sequence. 


Q a v 


State the first term of the sequence which is less than —200. 
a Show that the sequence 3, 12, 48, 192, .... is geometric. 
b Find u, and hence find ug. 


Find the general term of the arithmetic sequence with u; — 31 and uj5 — —17. 
Hence, find the value of uza. 


Write using sigma notation: 





a 4+11+18+25=+.... forn terms b t+e+H4+Hh+-. for n terms. 
8 = 15 oo E 
Evaluate: a x (= 5 =) b 50(0.8)*=* e »5 (3^ i 
f k=1 k=7 


How many terms of the series 11+16+21+26+.... are needed to exceed a sum of 450? 
£12500 is invested in an account which pays 8.25% p.a. compounded. Find the value of the 
investment after 5 years if the interest is compounded: 


a half-yearly b monthly. 


The sum of the first two terms of an infinite geometric series is 90. The third term is 24. 
a Show that there are two possible series. Find the first term and common ratio in each case. 


b Show that both series converge and find their respective sums. 


Seve is training for a long distance walk. He walks 10 km in the first week, then each week 
thereafter he walks an additional 500 m. If he continues this pattern for a year, how far does 
Seve walk: 


a in the last week b in total? 


oo 
a Under what conditions will the series > 50(2x — 1)*71 converge? 


E k=1 
Explain your answer. 


oo 
b Find Y, 50(27— D)" ! if z—03. 
k=1 
a, b, c, d, and e are consecutive terms of an arithmetic sequence. 
Prove hata em Od me 
Suppose n consecutive geometric terms are inserted between 1 and 2. Write the sum of these 


n terms, in terms of n. 


An arithmetic sequence, and a geometric sequence with common ratio r, have the same first 





two terms. Show that the third term of the geometric sequence is 3 d times the third term 
"m 


of the arithmetic sequence. 


1p —9-— 23 and 12 9 335. 
Show that (CA A (22222082) is a perfect square. 
AAA A SS 


| | 


2n 1s qus 





Counting and the 
binomial expansion 


Syllabus reference: 1.3 


Contents: 








A™7mMInN Wp 


The product principle 
Counting paths 
Factorial notation 
Permutations 
Combinations 
Binomial expansions 
The binomial theorem 
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OPENING PROBLEM 


At an IB Mathematics Teachers’ Conference there are 273 delegates present. The organising 
committee consists of 10 people. 


Things to think about: 
a If each committee member shakes hands with every 
other committee member, how many handshakes take 
place? 





Can a 10-sided convex polygon be used to solve this 
problem? 

b Ifall 273 delegates shake hands with all other delegates, 
how many handshakes take place now? 





€ Ifthe organising committee lines up on stage to face the 
delegates in the audience, in how many different orders 
can they line up? 


The Opening Problem is an example of a counting problem. 


The following exercises will help us to solve counting problems without having to list and count the 
possibilities one by one. To do this we will examine: 


e the product principle e counting permutations e counting combinations. 


ODUCT PRINCIPLE 





Suppose there are three towns A, B, and C. Four 
different roads could be taken from A to B, and two 
different roads from B to C. B 


How many different pathways are there from A to C 
going through B? 


If we take road 1, there are two alternative roads to 


complete our trip. A p) a: C 
Nom 


Similarly, if we take road 2, there are two alternative 
roads to complete our trip. 


The same is true for roads 3 and 4. 
So, there are 2+2+2+2=4x2 different pathways from A to C going through B. 


Notice that the 4 corresponds to the number of roads from A to B and the 2 corresponds to the number 
of roads from B to C. 


THE PRODUCT PRINCIPLE 


If there are m different ways of performing an operation and for each of these there are n different 
ways of performing a second independent operation, then there are mn different ways of performing 
the two operations in succession. 


The product principle can be extended to three or more successive independent operations. 
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Example 1 x) $elf Tutor 


P, Q, R, and S represent where Pauline, Quentin, Reiko, and Sam live. There are two different 
paths from P to Q, four different paths from Q to R, and 3 different paths from R to S. 


C EE 
Q R 


How many different pathways could Pauline take to visit Sam if she stops to see Quentin and then 
Reiko on the way? 








The total number of different pathways — 2x 4x 3—24 {product principle} 





EXERCISE 8A 





The illustration shows the different map routes for a Q R 
bus service which goes from P to S through both Q 
and R. 
How many different routes are possible? P 
S 
In how many ways can the vertices of a rectangle be labelled 
with the letters A, B, C, and D: 
a in clockwise alphabetical order 
b in alphabetical order 
€ in random order? 
The wire frame shown forms the outline of a box. B 


An ant crawls along the wire from A to B. 


How many different paths of shortest length lead from 
A to B? 


A 
In how many different ways can the top two positions be filled in a table tennis competition of 7 
teams? 


A football competition is organised between 8 teams. In how many ways can the top 4 places be 
filled in order of premiership points obtained? 


How many 3-digit numbers can be formed using the digits 2, 3, 4, 5, and 6: 
a as often as desired b at most once each? 


How many different alpha-numeric plates for motor car 
registration can be made if the first 3 places are English 
alphabet letters and the remaining places are 3 digits from 
0 to 9? 





In how many ways can: 
a 2 letters be mailed into 2 mail boxes b 2 letters be mailed into 3 mail boxes 
c 4 letters be mailed into 3 mail boxes? 
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Consider the road system illustrated which shows 





D 
the roads from P to Q. A 
From A to Q there are 2 paths. e 
From B to Q thereare 3x 2— 6 paths. P EUM Q 
From C to Q there are 3 paths. De 
EF 
from P to Q there are 2+6+3= 11 paths. C 


Notice that: e When going from B to G, we go from B to E and then from E to G, and we 
multiply the possibilities. 
e When going from P to Q, we must first go from P to A or P to B or P to C. 
We add the possibilities from each of these first steps. 


The word and suggests multiplying the possibilities. 
The word or suggests adding the possibilities. 








Example 2 x) $elf Tutor 
How many different paths C 
lead from P to Q? 
Q 
E 
G 
From PtoAtoBtoCtoQ there are 2x3=56 paths 
or from P to D to E to F to Q there are 2 paths 


or from PtoDtoGtoHtolIltoQ thereare 2x2=4 paths. 


In total there are 6 4-2-- 4 — 12 different paths. 








EXERCISE 8B 
1 How many different paths lead from P to Q? 


Ser CL 
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2 Katie is going on a long journey to visit her family. B 
She lives in city A and is travelling to city E. 
Unfortunately there are no direct trains. However, 
she has the choice of several trains which stop in A 
different cities along the way. These are illustrated in 
the diagram. 
How many different train journeys does Katie have E 
to choose from? D 





In problems involving counting, products of consecutive positive integers are common. 


For example, 8x7x6 or 6x5x4x3x2xl. 


For convenience, we introduce factorial numbers to represent the products of consecutive positive 
integers. 


For n 2 1, n! is the product of the first n positive integers. 
n! 2 n(n —1)(n—2)(n—3)....x 3x 2x1 


n! is read “n factorial”. 


For example, the product 6x5x4x3x2x1 can be written as 6!. 
Notice that 8x 7x6 can be written using factorial numbers only as 


8x7x6x5x4x3x2x1 8! 


8x7x6= = 
Drar x2xi 5! 


An alternative recursive definition of factorial numbers is n=nx(n-1)! fo n>1 


which can be extended to n! 2 n(n — 1)(n — 2)! and so on. 


Using the factorial rule with n — 1, we have 1! — 1 x 0! 


Therefore, for completeness we define Ol al 


Example 3 x) $elf Tutor 


What integer is equal to: 


ZEE ER DEM 


5|  5x4x3x2x1 
20 3K 2K 


2) 


T Tx6x5x4x3x2x1 


35 
ASS AO al! 
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EXERCISE 8C.1 
1 Find n! for n — 0, 1, 2, 3, ...., 10. 


2 Simplify without using a calculator: 





COUNTING AND THE BINOMIAL EXPANSION (Chapter 8) 












6! b 6! É 6! 4! 100! 7! 
5! 4! 7! 6! 99! 5! x 2! 
! ! ! 
3 Simplify: E p PEI g CrN 
(n — 1)! n! (n—1 
Express in factorial form: 
10x9x8x7 






a 10x9x8 x7 


Aa Sea aml 









cj 40 54 9 5€ 5x Tf — 


10x9x8x7x6x5x4x3x2x1 10! 




















AS 


4 Express in factorial form: 


a 7x6x5 b 10x9 
13x 12 x 11 1 
3x 2x 1 6x5x4 


Example 5 


Write as a product by factorising: 
a 8!- 6! 


8! 4- 6! 
=8x7x6! + 6! 
= 6!(8 x 7+ 1) 
ERA 


5 Write as a product by factorising: 
a 5!4 4! b 11!-— 10! 
e 9!4-8! 4 T! f 7!-6!+8! 


Example 6 


Simplify 


C= 2e. 
z by factorising. 


6 x5 xd oe 3o XI 
MORIRSE OA ISS OS 
4x3x2x1x6x5x4x3x2x1  4!1x6! 








6! 
10! 





€ 11x 10x9x8x7 
4x3x2x1 
20 x 19 x 18 x 17 


x9) Self Tutor 


b 10!—9!+8! 


10! — 9! + 8! 
=10x9x8! — 9x8! + 8! 
=8!(90—9+1) 
= ol 82 


c 61+8! 
g 12! — 2x 11! 


d 12!-10! 
h 3x9! + 5x8! 


™) Self Tutor 


a 
6 
| 7x 6! — 6! 
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6 Simplify by factorising: 








12! — 11! b 10! 4- 9! i 10! — 8! 10! — 9! 
11 11 89 9! 
6! -- 5! — 4! n! 4 (n — 1)! n! — (n — 1)! h (n + 2)! + (n 4- 1)! 
4! (n — 1)! n—1 n+3 
THE BINOMIAL COEFFICIENT 
The binomial coefficient is defined by 
ser gb O n! 
()- r(r - 1)(r—-2)...2x1 — rl(n — r)! 
— 


factor form factorial form 


The binomial coefficient is sometimes written "C, or C7. 





™) Self Tutor 





 5x4x3x2x1 


=10 





Binomial coefficients can also be found using your graphics calculator. 


EXERCISE 8C.2 
1 Use the formula (2) z 


a (1) 


Use the formula de = A to evaluate: a (6) b (7) 
5! 11! 
a opem b i EET 
n o 
— 2!x3! ~ 71x4! 


Daea 


b (3) 


ele oO GOD Se aioe ao exe dao) ai ol 
~ MAA O Al 
7920 
= oe 
= shi) 





A 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


n! 


to evaluate: 


« (3) 


Check your answers using technology. 


2 a Use the formula (>) = 


n—r 


b Show that (7) E n 


3 Findkif (1)54(,^.). 


n! . . 8 
rin —r)l to evaluate: I ( 2 ) 


) for all ne Zt, r=0,1, 2,...., n. 
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A permutation of a group of symbols is any arrangement of those symbols in a definite order. 


AUTATIONS 





For example, BAC is a permutation on the symbols A, B, and C in which all three of them are used. 
We say the symbols are “taken 3 at a time”. 


The set of all the different permutations on the symbols A, B, and C taken 3 at a time, is 
{ABC, ACB, BAC, BCA, CAB, CBA}. 


Example 8 x) $elf Tutor 















List the set of all permutations on the symbols P, Q, and R taken: 


a lata time b 2ata time € 3ata time. 







c (PQR, PRQ, QPR, 
PR, QR, RQ} QRP, RPQ, RQP} 








Example 9 


™) Self Tutor 






List all permutations on the symbols W, X, Y, and Z taken 4 at a time. 


There are 24 of them. 





For large numbers of symbols, listing the complete set of permutations is absurd. However, we can still 
count them by considering the number of options we have for filling each position. 


In Example 9 there were 4 positions to fill: 





Ist 2nd 3rd 4th 


In the 1st position, any of the 4 symbols could be used, so we 
have 4 options. 


E 





Ist 2nd 3rd 4th 


This leaves any of 3 symbols to go in the 2nd position, which 


leaves any of 2 symbols to go in the 3rd position. As 


Ist 2nd 3rd 4th 








The remaining symbol must go in the 4th position. alalal1 











Ist 2nd 3rd 4th 


So, the total number of permutations = 4 x 3x 2x 1 {product principle} 
= 4! 
= 24 
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Example 10 x) $elf Tutor 


A chess association runs a tournament with 16 teams. In how many different ways could the top 
8 positions be filled on the competition ladder? 


Any of the 16 teams could fill the ‘top’ position. 
Any of the remaining 15 teams could fill the 2nd position. 
Any of the remaining 14 teams could fill the 3rd position. 


Any of the remaining 9 teams could fill the 8th position. 


[16 | 15 | 14 | 13 | 12 | 11 | 10 | 9 | 


Ist 2nd 3rd 4th 5th 6th 7th Sth 


The total number of permutations = 16 x 15 x 14x 138 x 12 x 11 x 10x 9 
_ 16! 
m 
— 518918 400 


Example 11 x) $elf Tutor 


The alphabet blocks A, B, C, D, and E are placed in a row in front of you. 
a How many different permutations could you have? 
How many permutations end in C? 


b 
c How many permutations have the form  [..[A]...]B]...] ? 
d 


How many begin and end with a vowel (A or E)? 


a There are 5 letters taken 5 at a time. 
the total number of permutations = 5 x 4x 3x 2x 1 =5! = 120. 


b C must be in the last position. The other 4 letters could go 























into the remaining 4 places in 4! ways. 
any others the number of permutations = 1 x 4! = 24. 
here 
C here 
c A goes into 1 place. B goes into 1 place. The remaining 
3 letters go into the remaining 3 places in 3! ways. 
A B .. the number of permutations = 1 x 1 x 3! = 6. 
d IPJEIPJEREI A or E could go into the 1st position, so there are two options. 
The other one must go into the last position. 
Nock The remaining 3 letters could go into the 3 remaining places 
z i ! 
remainder inodo. 


ofA or E .. the number of permutations = 2 x 1 x 3! = 12. 
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EXERCISE 8D 
1 List the set of all permutations on the symbols W, X, Y, and Z taken: 


a lata time b two at a time € three at a time. 
2 List the set of all permutations on the symbols A, B, C, D, and E taken: 
a 2atatime b 3ata time. 
3 In how many ways can: 
a 5 different books be arranged on a shelf 
b 3 different paintings be chosen from a collection of 8, and hung in a row 
c€ a signal consisting of 4 coloured flags in a row be made if there are 10 different flags to choose 
from? 
4 Suppose you have 4 different coloured flags. How many different signals could you make using: 
a 2flagsina row b 3 flags in a row ¢ 2 or 3 flags in a row? 


5 How many different permutations on the letters A, B, C, D, E, and F are there if each letter can be 
used once only? How many of these: 
a end in ED b begin with F and end with A 
¢ begin and end with a vowel (A or E)? 
6 How many 3-digit numbers can be constructed from the digits 1, 2, 3, 4, 5, 6, and 7 if each digit 
may be used? 
a as often as desired b only once € once only and the number is odd? 
7 3-digit numbers are constructed from the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 using each digit at 
most once. How many such numbers: 
a can be constructed b endin 5 ¢ end in0O d are divisible by 5? 


Example 12 =ò Self Tutor 
There are 6 different books arranged in a row on a shelf. In how many ways can two of the books, 


A and B, be together? 


Method 1: We could have any of the following locations for A and B 


If we consider any one of these, 
the remaining 4 books could be 
of these placed in 4! different orderings. 


total number of ways 
= 10% 4l= 240. 


E HARO lo 
SAR le E] 
O Y = bel x 
ET ao) dE o M E Ec 


X x b E ae 
Ei ane me em x 


Method 2: A and B can be put together in 2! ways (AB or BA). 


Now consider this pairing as one book (effectively tying a string around them) which 
together with the other 4 books can be ordered in 5! different ways. 


the total number of ways = 2! x 5! = 240. 








COUNTING AND THE BINOMIAL EXPANSION (Chapter 8) 253 


8 In how many ways can 5 different books be arranged on a shelf if: 
a there are no restrictions b books X and Y must be together 
€ books X and Y must not be together? 


9 10 students sit in a row of 10 chairs. In how many ways can this be done if: 


a there are no restrictions b students A, B, and C insist on sitting together? 


10 How many three-digit numbers can be made using the digits 0, 1, 3, 5, and 8 at most once each, if: 
a there are no restrictions b the numbers must be less than 500 
€ the numbers must be even and greater than 300? 
11 Consider the letters of the word MONDAY. How many different permutations of these four letters 
can be chosen if: 
a there are no restrictions b atleast one vowel (A or O) must be used 
€ the two vowels are not together? 
12 Nine boxes are each labelled with a different whole number from 1 to 9. Five people are allowed 
to take one box each. In how many different ways can this be done if: 
a there are no restrictions 
b the first three people decide that they will take even numbered boxes? 


13 Alice has booked ten adjacent front-row seats for a basketball game for herself and nine friends. 
a How many different arrangements are possible if there are no restrictions? 


b Due to a severe snowstorm, only five of Alice's friends are able to join her for the game. In 
how many different ways can they be seated in the 10 seats if: 


i there are no restrictions ii any two of Alice's friends are to sit next to her? 


INVESTIGATION 1 


There are 6 permutations on the symbols A, B, and C in a line. These are: 
ABC ACB BAC BCA CAB CBA. 





However in a circle there are only 2 different permutations on these 3 symbols. They are the only 
possibilities with different right-hand and left-hand neighbours. 


B E 
e B 
In contrast, these three diagrams show the same cyclic permutation: 
B A E 
E B A 
1 Draw diagrams showing different cyclic permutations for: 


a onesymbol: A b two symbols: A and B 
€ three symbols: A, B, and C d foursymbols: A, B, C, and D 


What to do: 
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2 Copy and complete: 





3 If there are n symbols to be arranged around a circle, how many different cyclic permutations 
are possible? 


LO 


A combination is a selection of objects without regard to order. 


NATIONS 


For example, there are 10 different possible teams of 3 people that can be selected from A, B, C, D, 
and E: 

ABC ABD ABE ACD ACE ADE 

BCD BCE BDE 

CDE 


Now given the five people A, B, C, D, and E, we know that there are 5 x 4 x 3 = 60 permutations for 
taking three of them at a time. So why is this 6 or 3! times larger than the number of combinations? 


The answer is that for the combinations, order is not important. Selecting A, B, and C for the team is the 
same as selecting B, C, and A. For each of the 10 possible combinations, there are 3! ways of ordering 


the members of the team. 
number of ways to select 


5 players in order 


More particularly, the number of possible combinations = ISI = 
!x 2! 


order of those in the bv of those not in the 


team is not important team is not important 


The number of combinations on n distinct symbols taken r at a time is 


! 
E E 












How many different teams of 4 can be selected from a squad of 7 if: 


a there are no restrictions b the teams must include the captain? 








There are 7 players up for selection and we want any 4 of them. 
There are (1) — 35 possible combinations. 


b The captain must be included and we need any 3 of the other 6. 









There are. (1) x ($) — 20 possible combinations. 
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Example 14 x) $elf Tutor 
A committee of 4 is chosen from 7 men and 6 women. How many different committees can be 
chosen if: 

a there are no restrictions b there must be 2 of each sex 


€ there must be at least one of each sex? 


a Thereare 74-6 — 13 people up for selection and we want any 4 of them. 


There are fe) = 715 possible combinations. 


b The 2 men can be chosen out of 7 in (5) ways. 


The 2 women can be chosen out of 6 in (5) Ways. 


there are (7) x ($) 2315 possible combinations. 
2 2 


c The total number of combinations 
= the number with 3 men and 1 woman + the number with 2 men and 2 women 
+ the number with 1 man and 3 women 


OOO G) 


a605 
or The total number of combinations 
= ip) — the number with all men — the number with all women 
xa LESEN) 
— 665 








EXERCISE 8E 
1 List the different teams of 4 that can be chosen from a squad of 6 (named A, B, C, D, E, and F). 
! 
Check that the formula (2) = Hs 


SU gives the total number of teams. 
2 How many different teams of 11 can be chosen from a squad of 17? 
3 Candidates for an examination are required to answer 5 questions out of 9. 
a In how many ways can the questions be chosen if there are no restrictions? 


b Ifquestion 1 was made compulsory, how many selections would be possible? 


4 a How many different committees of 3 can be selected from 13 candidates? 
b How many of these committees consist of the president and 2 others? 
5 a How many different teams of 5 can be selected from a squad of 12? 


cs 


How many of these teams contain: 
i the captain and vice-captain ii exactly one of the captain or the vice-captain? 


6 A team of 9 is selected from a squad of 15. 3 particular players must be included, and another must 
be excluded because of injury. In how many ways can the team be chosen? 


7 In how many ways can 4 people be selected from 10 if: 
a one person must be selected b two people are excluded from every selection 


€ one person is always included and two people are always excluded? 
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10 


13 


14 


15 


16 


17 
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A committee of 5 is chosen from 10 men and 6 women. Determine the number of ways of selecting 
the committee if: 


a there are no restrictions b it must contain 3 men and 2 women 
€ it must contain all men d it must contain at least 3 men 


e it must contain at least one of each sex. 


A committee of 5 is chosen from 6 doctors, 3 dentists, and 7 others. 
Determine the number of ways of selecting the committee if it is to contain: 


a exactly 2 doctors and 1 dentist b exactly 2 doctors 
c€ at least one person from each of the two given professions. 


How many diagonals does a 20-sided convex polygon have? 


There are 12 distinct points A,B,C, D,....,L ona circle. Lines are drawn between each pair of 
points. 

a How many lines: i are there in total ii pass through B? 

b How many triangles: i are determined by the lines ii have one vertex B? 


How many 4-digit numbers can be constructed for which the digits are in ascending order from left 
to right? You cannot start a number with 0. 


a Give an example which demonstrates that: 


(5) x (a) + C) x (3) + (2) x (2) + (3) x (1) + (3) x (0) = (2). 


b Copy and complete: 
(0) + (00%) + (03) G3) € G00x0) + CP) <0) = 
In how many ways can 12 people be divided into: 


a two equal groups b three equal groups? 


Line A contains 10 points and line B contains 7 points. A 
If all points on line A are joined to all points on pn ÁÀM — 
line B, determine the maximum number of points of 

intersection between the new lines constructed. 


7 e—*9e— —e———e——.—. . B 


10 points are located on [PQ], 9 on [QR], and 8 on Q 
[RP]. 

All possible lines connecting these 27 points are drawn. 

Determine the maximum possible number of points 

of intersection of these lines which lie within triangle 

PQR. 


Answer the Opening Problem on page 244. 
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Consider the cube alongside, which has sides of length 
(a + b) cm. 





bcm 


The cube has been subdivided into 8 blocks by making 3 cuts 
parallel to the cube's surfaces as shown. 


We know that the total volume of the cube is (a+b)? cm?. 4° 
However, we can also find an expression for the cube’s 
volume by adding the volumes of the 8 individual blocks. 


acm 
acm 
We have: 1 block axaxa bem bem 
3 blocks axaxb 
3 blocks axb~x b 
1 block bxbxb ANIMATION 


*. the cube's volume — a? + 3a?b + 3ab? + b? 
(a+b)? = a? + 3a?b + 3ab? + b° 








The sum a 4- b is called a binomial as it contains two terms. 


Any expression of the form (a + b)” is called a power of a binomial. 


All binomials raised to a power can be expanded using the same general principles. In this chapter, 
therefore, we consider the expansion of the general expression (a +b)” where n €N. 


Consider the following algebraic expansions: 
(a+b)! =a+b (a 4- b)? — (a 4- b)(a 4- 5? 
(a +b)? = a? + 2ab + b? = (a + b) (a? + 2ab + b?) 
= a? + 2a?b + ab? + a?b + 2ab? + b’ 
= a? + 3a°b + 3ab? + b? 





The binomial expansion of (a + b)? is GE 4b Dal sb i. 
The binomial expansion of (a + b)? Sa Da DAD 


INVESTIGATION 2 


What to do: 


1 Expand (a+b)* in the same way as for (a +b)? above. 
Hence expand (a+b) and (a +b)*. 


2 The cubic expansion (a+b)? = a? + 3a?b+ 3ab? +b% contains 4 terms. Observe that their 
coefficients are: 1 3 3 1 


a What happens to the powers of a and b in each term of the expansion of (a + b)*? 


b Does the pattern in a continue for the expansions of (a+b)*, (a+b)?, and (a +b)§? 
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¢ Write down the triangle of m= l 1 


coefficients to row 6: w=? 1 2 ii 
TEES 1 3 3 1—— row 3 


3 The triangle of coefficients in ¢ above is called Pascal’s triangle. Investigate: 
a the predictability of each row from the previous one 


b a formula for finding the sum of the numbers in the nth row of Pascal’s triangle. 


4 a Use your results from 3 to predict the elements of the 7th row of Pascal’s triangle. 
b Hence write down the binomial expansion of (a +b)”. 


€ Check your result algebraically by using (a+ b)” = (a +b)(a +b)? and your results 
from 1. 


From the Investigation we obtained (a+b)*= a* + 4a3h + 6a?b? + 4ab? + ^ 
= a* + 4a3b1 + 6a7b? + 401d? + bt 
Notice that: e As we look from left to right across the expansion, the powers of a decrease by 1, 
while the powers of b increase by 1. 
e The sum of the powers of a and b in each term of the expansion is 4. 
e The number of terms in the expansion is 44- 1 — 5. 
e The coefficients of the terms are row 4 of Pascal's triangle. 


For the expansion of (a +b)” where n € N: 


e As we look from left to right across the expansion, the powers of a decrease by 1, while the 
powers of b increase by 1. 


e The sum of the powers of a and b in each term of the expansion is n. 
e The number of terms in the expansion is n + 1. 
e The coefficients of the terms are row n of Pascal’s triangle. 


In the following examples we see how the general binomial expansion (a 4- b)" may be put to use. 


Example 15 x) $elf Tutor 





Using (a+b)? = a? + 3a7b + 3ab? + b*, find the binomial expansion of: 
a (2z 4-3? b (1-5) 








a In the expansion of (a+)? we substitute a = (2x) 
and 6 = (3). 
(2x + 3)? = (2x)? + 3(2x)?(3) + 3(2x)'(3)? + (3)% 
= 8x" + 36x? + 54a + 27 
b We substitute a — (x) and 6 — (—5) 
(z — 5) — (z)? c 3(z)*(-5) - 3(2)(-5)? - (-8)* 
— a? — 152? + 752 — 125 





Brackets are essential! 
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Example 16 x) $elf Tutor 
Find the: d 
a 5th row of Pascal’s triangle b binomial expansion of (« — 3 n 
zx 
a 1 ——— — — — — the Oth row, for (a +b)? 
1. 1-—— — —— the 1st row, for. (a 4- 0)! 
TE PTT 
EL 
AG MAT] 


155 00 100 531 the 5th row, for. (a 4- b)? 





b Using the coefficients obtained in a, (a + b)> = a® + 5a*b + 10a3b? + 10a7b? + 5ab* + b5 


etine ta = (2) OS (2) we find 
zx 


(s - :) p (3) 4- 10(z)? = + 10(2)? GO 4+. 5(2) UE 2 = i 


1004400 90. 39 
o8 xr 


n 








EXERCISE 8F 


1 Use the binomial expansion of (a+b)? to expand and simplify: 
a (p+q)? b (r1) € (x—3) 
d (242)? e (3r — 1)? f (27-5)? 
3 i? i 13? 
9 (2a- b) h (30 — 5) i (20 + =) 
2 Use (a+b)* =a* + 4a°b + 6a7b? + 4ab? + b* to expand and simplify: 
a (142) b (p-9) € (r—2) 
d (3-0) e (14 22)4 f (2x —3)4 
134 i 
g (20+) h (2 +=) i (2 - =) 
zx T 


3 Expand and simplify: 
5 
a (r42) b (r-—2y) c (14-22)? d (2 2 =) 


4 a Write down the 6th row of Pascal’s triangle. 


b Find the binomial expansion of: 


i (x +2) ii (2x — 1) ii (x +4)° 
5 Expand and simplify: 
a (14/2)? e (/542) e (2- y2) 
6 a Expand (2+u)*. b Hence find the value of (2.01). 


7 The first two terms in a binomial expansion are: (a 4- b)? — 8 4- 12e? 4 .... 


a Find a and b. b Hence determine the remaining two terms of the expansion. 
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8 Expand and simplify (2x +3)(x+1)*. 


9 Find the coefficient of: 
a ab? in the expansion of (3a +)° b ab? in the expansion of. (2a 4- 30)9. 


E L THEOREM 


In the previous section we saw how the coefficients of the binomial expansion (a +b)” can be found 





in the nth row of Pascal's triangle. These coefficients are in fact the binomial coefficients (2) for 
p= Of 1, 2a 


The binomial theorem states that 
(a -- b)" — a^ 4- (7) a^ 1b E... -- (T) an-*bP sp bn 


where (r9) is the binomial coefficient of a”~"b” and r =Q, 1, 2,3, ...., n. 


The general term or (r + 1)th term in the binomial expansion is 77,1 — (5) De 


Using sigma notation we write (a +b)" = Y) (7) a"=rb”. 
0 


T= 





12 
Write down the first three and last two terms of the expansion of (22 te 2) : 
x 


Do not simplify your answer. 





(22-1) - 392 « (2) e (2) (2) e (2 +... 
O 


Example 18 ™) Self Tutor 


4 


14 
Find the 7th term of (32 — 3) . Do not simplify your answer. 





=A 
a= (ee), b- (zx). and m-— 14 


Given the general term T,.,, = i Ge", weler 7=6 


1 = (4) 00 (2) 
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EXERCISE 8G 


1 Write down the first three and last two terms of the following binomial expansions. Do not simplify 
your answers. 


si 2 15 3 20 
a (14-22) b (30 + =) c (22 - 2) 


2 Without simplifying, write down: 


a the 6th term of (2x +5)! b the 4th term of (x? +y)’ 
2 Bud 1 21 
€ the 10th term of (2 B 2) d the 9th term of (20? = =) . 
x x 
Example 19 ™) Self Tutor 


12 
In the expansion of ie E 5) , find: 
x 


a the coefficient of x? b the constant term 


aro b- (5). and m -— 12 
x 


a 
the general term T}.41 = (o) (z2)1277 (5) 
x 
IN DM 4" 
EN ( r Ves is x a 


= (5) 4T 24-3 





a If 24-3r=6 b If 24—3r=0 
then 3r - 18 then 3r = 24 
r=6 & pee 
T; = (a) 4676 EI (2) 4840 
the coefficient of zê is -. the constant term is 
(12) 4$ or 3784704. (12) 4$ or 32440320. 





3 Consider the expansion of (x +)". 
a Write down the general term of the expansion. 


b Find b given that the coefficient of x+ is —280. 
4 Find the constant term in the expansion of: 
2 15 34? 
a (2+5) o (2-3). 
5 a Write down the first 5 rows of Pascal’s triangle. 


Find the sum of the numbers in: 


i row 1 ii row 2 iii row 3 iv row 4 V row 5. 
€ Copy and complete: “The sum of the numbers in row n of Pascal's triangle is ...... $ 
d Showthat (1-2)" — (5) - (1) «- (2) &? - - (,7,) ^71 - (2) z^. 


Hence deduce that (5) + (1) + (3) det ( n ) + (2) =n, 


n—1 
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6 Find the coefficient of: 


a zin the expansion of (3 -- 272)1? b x? in the expansion of (22? — 2) 
T 
: . 6 : , qs 
c x9? in the expansion of. (22? — 3y) dx!” in the expansion of (20? — 2) : 
T 





Example 20 x) $elf Tutor 


Find the coefficient of. z? in the expansion of (x -- 3)(2z — 1)6. 


(2 4 


8 4 (9) 22)* (71) + (§) (22)4(-1)? + ....] 
xn 
tt f j 








(1) 
(2) 











So, the terms containing x? are (3) 242° from (1) 
and —3 C) 25x5 from (2) 


the coefficient of z? is. (9) 21 —3(0) 2» — —336 





7 a Find the coefficient of z? in the expansion of (æ + 2)(z? 4- 1)8. 
b Find the term containing x? in the expansion of (2—x)(3x+1)?. Simplify your answer. 


8 Consider the expression (a?y — 2y?). Find the term in which x and y are raised to the same 
power. 


9 a The third term of (1-- x)" is 3627. Find the fourth term. 
b If (1-4 kz)' 21— 12z -- 60z? — ...., find the values of k and n. 


10 
10 Find a if the coefficient of. z!! in the expansion of Es + >) is 15. 
ax 


11 Expand (1-4-2x —2?)? in ascending powers of z as far as the term containing z^. 


19 Show that (emn and a for all neZ*, n>2. 


13 From the binomial expansion of (1+ 2)”, deduce that: 
a (5) — (1) +) (5) +. +(=D" (5) =0 
b AAA A) A) ean 


14 By considering the binomial expansion of (1+x)”, find >> 2” (2): 
r=0 


15 Consider (x?—3x2+1)? = 24—6x°+112?—6x+1. The sum of the coefficients in the expansion 
is 1-6+11-6+1=1. 
Find the sum of the coefficients in the expansion of (z? + 2x? + 3x — 7)10. 


16 By considering (1+2)"(1+2)” =(1+2)?", show that 


(3) + (2) + G) + (3) +4 (2)? = (2). 
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17 a Write down the first four and last two terms of the binomial expansion (3+ 2)”. 
Hence find, in simplest form, the sum of the series 
394 (1)37 14 (3)3724(5)373+...+3n+1. 


18 a Prove that riz)en(r. 


b Hence show that (1) +2 (3) +3 (3) +4 (1) Toon (2) — n2n-1, 
€ Suppose the set of numbers {P,} are defined by 
P, = i p(1—p)"" for r =O, 1, 2, 3, ...., . 
Prove that: i Da = 1 ii Yu — np 
r=0 = 


pk 


REVIEW SET 8A 


y La n! n! 4- (n 4- 1)! 
1 Simplify: a co b EET RED 


2 Eight people enter a room and each person shakes hands with every other person. How many 
hand shakes are made? 


3 Theletters P, Q, R, S, and T are to be arranged in a row. How many of the possible arrangements: 
a end with T b begin with P and end with T? 


4 a How many three digit numbers can be formed using the digits 0 to 9? 
b How many of these numbers are divisible by 5? 


5 The first two terms in a binomial expansion are: (a 4- b)* — e** — 4e?* 4... 


a Find a and b. b Copy and complete the expansion. 
6 Expand and simplify (4/3 4-2)? giving your answer in the form a -- 5/3, a, b € Z. 


8 
7 Find the constant term in the expansion of (a? + 2) f 
x 


8 Find c given that the expansion (1+ cx)(1+.)* includes the term 222°. 


9 a Write down the first four and last two terms of the binomial expansion (2+ 2)”. 
b Hence find, in simplest form, the sum of the series 
2^ (1) 2771 - (2) 277? - (2) 2773 E... 2n 1. 


REVIEW SET 8B 


1 Ten points are located on a 2-dimensional plane such that no three points are collinear. 
a How many line segments joining two points can be drawn? 


b How many different triangles can be drawn by connecting all 10 points with line segments 
in every possible way? 


2 Use the expansion of (4-- 2)? to find the exact value of. (4.02). 


6 
3 Find the term independent of x in the expansion of (32 — >) : 
T 
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9 


10 
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Find the coefficient of z? in the expansion of. (x 4- 5)6. 


A team of five is chosen from six men and four women. 
a How many different teams are possible with no restrictions? 


b How many different teams contain at least one person of each sex? 


A four digit number is constructed using the digits 0, 1, 2, 3, ...., 9 at most once each. 
a How many numbers are possible? 
b How many of these numbers are divisible by 5? 
Use Pascal's triangle to expand (a + b)*. 
6 
Hence, find the binomial expansion of: a (2-3) b (1 E -) 


12 
Find the coefficient of x7? in the expansion of (2z — 4j : 
T 


Find the coefficient of x° in the expansion of (2x + 3)(x — 2)°®. 


9 
Find the possible values of a if the coefficient of z? in e + >) 1s 288. 
ax 


REVIEW SET 8C 


10 


Alpha-numeric number plates have two letters followed by four digits. How many plates are 
possible if: 


a there are no restrictions b the first letter must be a vowel 

€ no letter or digit may be repeated? 

a How many committees of five can be selected from eight men and seven women? 
b How many of the committees contain two men and three women? 

€ How many of the committees contain at least one man? 


Use the binomial expansion to find: a (r—2y) b (3x +2)4 


Find the coefficient of x? in the expansion of (2x 4- 5)6. 


6 
Find the constant term in the expansion of ex = =) : 
T 
The first three terms in the expansion of. (1-- kz)" are 1—4¢+2?. Find k and n. 
Eight people enter a room and sit at random in a row of eight chairs. In how many ways can 
the sisters Cathy, Robyn, and Jane sit together in the row? 


A team of eight is chosen from 11 men and 7 women. How many different teams are possible 
if there: 


a are no restrictions b must be four of each sex on the team 


€ must be at least two women on the team? 


Find k in the expansion (m — 2n)!9 — m!? — 20m°n + km8n? — .... + 1024n?°. 


8 
Find the possible values of q if the constant terms in the expansions of (Es E 4) and 
T 


4 
ie + 2) are equal. 
I 





Mathematical 
induction 


Syllabus reference: 1.4 


Contents: A The process of induction 
= B The principle of mathematical induction 
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OPENING PROBLEM 


Pascal’s triangle is named after 
the French mathematician Blaise 
Pascal who recorded it in 1653 
in his treatise Traité du triangle 
arithmétique. 


SHES 
wae 


However, this triangle was 
studied by mathematicians long 











before Pascal. Indian and Persian 4S B RE 
mathematicians used it in the aS E OF 
10th century, as did the Chinese 40 OR 
mathematician Yang Hui in the TERT 
13th century. Yang Hui s Triangle 
The first few rows of Pascal's triangle are shown alongside. 1 row 0 
A : TNT row 1 
Things to think about: P EM 
a Find the sum of the numbers in: 13 37 
i row 0 ii row 1 IA TI 
ili row 2 iv row 3 HE MET EL S TI 


V row 4. EIE E OCT EO ET: 
b What do you suspect is the sum of the numbers in row n? : 


€ Suppose your suggestion in b is true for the nth row of 
Pascal's triangle. 
i Can you show that your suggestion must then be true for the (n; 4- 1)th row also? 
ii How can we formally prove that your suggestion in b is correct? 


THEORY OF KNOWLEDGE 


Consider the statement: “The sum of the first n odd numbers is n?.” 


How can we determine whether this statement is true? We can check that the statement is true for 
the first few values of n: 


i = lls 121? 

n=2: 1+3=4 =2 
n=3: 14+34+5=9 =3? 
n=4: 14+34+5+7=16=4 
n=5: 1+3+5+7+9=25= 5% 


So, the statement is true for the first 5 values of n. But is this enough to prove that the statement is 
true in general? What if we checked the first 20 values of n, or the first 100 values of n? 


1 Can we prove that a statement is true in general by checking it is true for a few specific 
cases? 


2 How do we know when we have proven a statement to be true? 


We may conjecture that “the sum of the first n odd numbers is n 
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There are many conjectures in mathematics. These are statements that have not been proven, but 


are believed to be true. 


Occasionally, incorrect statements have been thought to be true after 
a few specific cases were tested. The Swiss mathematician Leonhard 
Euler (1707 - 1783) stated that n? +n +41 is a prime number 
for any positive integer n. 


For example: when n=1, n?+n+41=43, which is prime 
when n=2, n?4+n+41=47, which is prime 
when n=3, n?+n+41=53, which is prime. 


In fact, n?+m+41 is prime for all positive integers n from 1 
to 40. However, checking n — 41 gives a counter-example to the 
statement, since 41? -- A1-- 41 is clearly divisible by 41. 





Leonhard Euler 


3 Isitreasonable for a mathematician to assume a conjecture is true until it has been formally 
proven? 





INDUCTION 


The process of formulating a general result from a close examination of the simplest cases is called 


mathematical induction. 


For example: the first positive even number is 2=2x1 
the second positive even number is 4=2 x2 
the third positive even number is 6=2x3 
the fourth positive even number is 8=2x4 


and from these results we induce that “the nth positive even number is 2 x n or 2n". 


The statement that “the nth positive even number is 2n" is a summary of the observations of the simple 
cases n — 1, 2, 3, 4 and is a statement which we believe is true. We call such a statement a conjecture 


or proposition. 


Consider the sum of the first odd numbers: 


121 21? 

14-324 22 
14434529 223 
1+3+5+7=16 = 4? 
1+3+5+74+9=2=5? 





2» 


The nth odd number is (2n — 1), so we could also write the conjecture as: 


143+5+7+9+...+(2N—1)=n? forall ne Z+* 
or Y (2n-1)=n* forall neZ?. 
i—l 
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By examining the cases n = 1, 2, 3, 4, make a conjecture about the sum of 





™) Self Tutor 













RL i il 1 dl 
=D ogg ratios Ur ENS 








$;,—d-i If the conjecture is true then 


1 
E. S1000 = po t zx3 t -- t Tx1001 





Il 


Il 


+ 

a 1E 
5s — yxg - zxs ^ 3xa — 39 ^13 — à 
$4, — iij m 


forall n € Z*. 








EXERCISE 9A 
1 Copy and complete the conjecture: 
The nth term of the sequence 3, 7, 11, 15, 19, .... is for nc 
2 Examine the following using substitutions like n = 1, 2, 3, 4, ..... Hence complete the proposition 


or conjecture. 
a 3"°>1+2n for 


b 11"— 1 is divisible by for 
€ 7"+2 is divisible by for 
d (1-53) (1-3) (1-3)... (1-5) = for 


3 Copy and complete each of the following conjectures, then write it using summation notation: 





a 24+44+64+84104+....42n= for 
b 1!—-2x2!4-3x3!-4x4l' - ...-nxnl- for 
RIO p d dud e for 
20 3. 4 5 (m+ 
1 l i +.... ton terms = for 











2x5 5x8 8x11 


4 m points are placed inside a triangle. 
Non-intersecting line segments are drawn connecting the 3 vertices of the triangle and the points 
within it, to partition the given triangle into smaller triangles. 


AAA 


Make a proposition concerning the maximum number of triangles obtained in the general case. 
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5 nm points are placed around a circle so that 


when line segments are drawn between n-l n=2 n=3 
every pair of the points, no three line 

segments intersect at the same point inside NY 
the circle. We consider the number of 


regions formed within the circle. Lo 


a Draw the cases 1 —4 and m — 5. 


b Use the cases n = 1, 2, 3, 4,5 to 
form a conjecture about the number of 
regions formed in the general case. 


€ Draw the case n — 6. Do you still believe your conjecture? 


PROPOSITION NOTATION 


We use P, to represent a proposition which is defined for every integer n where n >a, a € Z. 





For example, in the case of Example 1, our proposition P,, is: 
1 1 1 il n 








a fh forall ne Zt, 
is3 3452 TOROS D n+1 
We see that: e bh is: X 
' poe XA 8 
à 1 1 2 
e Py iss —~—+—=- 
2 1x2 2x3 3 
$ 1 1 1 1 k 
e Py is: 


RR 


THE PRINCIPLE OF MATHEMATICAL INDUCTION 


The principle of mathematical induction constitutes a formal proof that a particular proposition is true. 


Suppose P, isa proposition which is defined for every integer n >a, a € Z. 
If P4, istrue, and if P,,, is true whenever P, is true, then P, is true for all n >a. 
Suppose for a given proposition that P is true. If we can show that P;,4 is true whenever P, is true, 


then the truth of P, implies that P5 1s true, which implies that Ps is true, which implies that P; is true, 
and so on. 


One can liken the principle of mathematical induction to the domino effect. We imagine an infinite set 
of dominoes all lined up. 


Provided that: 


DEMO 


e the first domino topples to the right, and 


e the (k+1)th domino will topple if the kth domino 
topples, 





then given sufficient time, every domino will topple. 
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DIVISIBILITY 
Consider the expression 4” +2 for n=O, 1, 2, 3, 4, 5, .... 
4°42=3 =3x1 


4 42256 =3%2 
4 55:18 = 3x6 We observe that each of the answers is divisible 
B49=66 —3x22 by 3 and so we make the conjecture 


44 +2 — 258 — 3 x 86 47 +2 is divisible by 3 forall n € Z*. 


Prove that 4” +2 is divisible by 3 for n € Z, n 2 0, by using: 













a the binomial expansion of (1+ 3)” b the principle of mathematical induction. 








a If n=0, 47°+2=494+2=3 which is divisible by 3. 
47 4+2=(14+3)"+ 





= 1" + (7) 3+ (5) 3? + (9) 3° +. + G21) 8" - (2)8" 2 
== a ar 
A ee) 


where the contents of the brackets is an integer. 
47 +2 is divisible by 3. 
b P, is: 47 +2 is divisible by 3 for neZ, n>0. 
Proof: (By the principle of mathematical induction) 
QD DE SS E USA ue! 
(2) If P, istrue, then. 4^ --2 —3A where A is an integer, and A> 1 
Now 4%?! 42=4'4* +2 
=4(34-2)+2 (using Pz) 
= 124 -8+2 
=124-6 
=3(44—2) where 44—2 is an integeras A €Z. 
Thus 4**!.-2 is divisible by 3 if 4* +2 is divisible by 3. 
Since Po is true, and Px+1 1s true whenever Pz is true, 
then P,, is true for al neZ, n>0 {Principle of mathematical induction} 








EXERCISE 9B.1 

1 Prove that 3” +1 is divisible by 2 for all integers n > 0, by using: 

a the binomial expansion of (1 + 2)” b the principle of mathematical induction. 
2 Prove that 6” —1 is divisible by 5 for all integers n > 0, by using: 

a the binomial expansion of (5+1)” b the principle of mathematical induction. 
3 Use the principle of mathematical induction to prove that: 

a n?--2n is divisible by 3 for all positive integers n. 

b n(n?-4-5) is divisible by 6 for all integers n € Z* 

c 7" 4" — 3" is divisible by 12 forall n € Z*. 
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SEQUENCES AND SERIES 


Example 3 x) $elf Tutor 


- 1)(2n 4- 1) 


a Prove that >i? = ua E for all ne Zt. 
i=1 





() Jair) 12-597 2.99 0 


n(n + 1)(2n + 1) 

6 
Proof: (By the principle of mathematical induction) 
IAS 
as 


AN EIE S MESE ERU MEE forall n € Z*. 


() If n=1, LHĦS=1?=1 and RHS = 
P, is true. 
(2) If Py is true for ke Zt, then 
k 


il 





























PHP eP ar + e+... +h = MEF VORTY 
i=1 
Thus 17 4274374474... +h7 +(k +1)? 
AA = D (k+1)? {using P} 
E AG (k+ 1? x $ Always look 
6 6 for common 
— (+ D)[£(2k +1) + 6(k + 1)] factors. 
6 
_ (k+1)(2k? +k +6k +6) 
B 6 
_ (k+1)(2k? + 7k +6) i 
E 6 
_ (k+1)(k+2)(2k +3) eg 
6 
— [e (e 1] d 2) 4-1] 4-1) 
6 
Since Pj, is true, and P,41 1s true whenever P; is true, 
Pa is true for all n € Z”. {Principle of mathematical induction} 
b Using Pio, 12+2+32+42+.... + 100? = A — 338350 








EXERCISE 9B.2 


1 Use the principle of mathematical induction to prove that the following propositions are true for all 
positive integers m: 


á ya D b Yd EDO 
q=1 2 i—l 3 

i » 3i(i 4) — n(n + Den t 13) d » f= a 1)? 
i—l i=] 


2 Prove that the sum of the first n odd numbers is n? using: 


a the sum of an arithmetic series formula b the principle of mathematical induction. 
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3 Prove that >Miix27!=(n-1)x2%+1 forall ne Zr. 
i=1 










































Example 4 =ò Self Tutor 
n il n 
P that ——— = —— forall Z*. 
rove tha 2. Gi-)83) vum UE ne 
P, ds: je Con apa s 
1 = pze s ES cmd A 
Proof: (By the principle of mathematical induction) 
() if wat. Luss —— E = — 
23€ 5 10 671-4 10 
P, is true. 
(2) If P, is true, then 
k 
1 1 1 1 k 
a ENT) Ds fe (3k—1)(3k+2) 6k+4 
Now : ub : PERT T : 
2x5 5x8  (3k—1)(3k+2) (3k42)(3k +5) 
k 1 E 
E P 
taa Et 
E E 1 , (3) 
—. 2(3k -- 2) 3k +5 (3k + 2)(3k + 5) E 
_ 3k? +5k+2 
—2(3k + 2)(3k + 5) 
_ _Bk+2V(k+1) 
2(3k-+-2)(3k + 5) 
IO 
— 6k--10 
= ARE OO 
6(k+1) +4 
Since Pi is true, and P,41 is true whenever P; is true, 
P,, is true for all n € Z*. {Principle of mathematical induction} 
1 1 1 1 n 
4 aP tht —- + — + — +... + —— = — forall Zt, 
A al Tn d gag ee 
b Hence find E 1 Lm us d. — A 
10 x 11 11x 12 12 x 13 20 x 21 
1 1 1 n(n +3) d 
c P that ——— + ———_ +. +. ——_________ = __+*__"____ for all Z'. 
Ee aa aa Urbe 





5 a Prove that 1x 1!+2x2!4+3x3!4+4x4!+..4nxnl=(n+4+1)!—1 forall neZ, 
where n! is the product of the first n positive integers. 
n _ (n+1)!-1 


1 2 3 4 
P that —+—+4+—4—4....4—— = IHM forall Z+. 
b Prove tha A a a a am n Di or all ne 


1 2 3 4 9 P i 
¢ Hence find the sum —+—+—+—4....+ — inrational form. 
2 a m al t 10i 
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6 Prove that n+2(n—1)43(n— 2) +....4+ (n — 2)3 + (n — 1)2 +n = for all 


integers n> 1. 


n(n + 1)(n + 2) 
6 


Hint: 1x64+2x54+3x4+4x345x2+6x1 
=1x54+2x44+3x34+4x245x14+(1+24+3+44+4+5-46) 
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A sequence is defined by u; — 1 and u,,1 —2u4 —-1 forall n € Z*. 


Prove that u,-—2"—1 forall ne Zr. 


JE RB. Gub qup em db Eu Quos e) dE JL Tei elll aS IG, hen NN 
Proof: (By the principle of mathematical induction) 
(ela olen ele eat -. Pis true. 
(2) If P, 1s true, then. uj, — gr 
Now  ugy1 = 2ux +1 

=2(2*-1)+1 {using Py} 

O 

—= 94+1_1 





Pr+1 is also true. 
Since P, is true, and. P,,4 is true whenever P is true, 
then P, is true for all n € Z^ (Principle of mathematical induction) 








7 Use the principle of mathematical induction to prove these propositions: 


a Ifasequence (u,] is defined by u4 — 5 and u,,1 — u, --8n-- 5 forall n € Z^, then 
Un = 4n? +n. 

b If the first term of a sequence is 1, and subsequent terms are defined by the recursion formula 
Un+1 =2 + 3Un, then un = 2(3"71)— 1. 


92—n 


€ Ifasequence is defined by uy =2 and uns, = forall n € Z*, then un = 





Un 
2(n +1) 
d Ifa sequence is defined by u, =1 and uni, = Un +(-1)"(n +1)? forall ne Z*, then 


- ED n(n +1) 
= > . 


n! 


Un 


8 A sequence is defined by uy = 1 and un+1 = Un + (2n +1) forall n € Z*. 
a By finding u, for n — 2, 3, and 4, conjecture a formula for u, in terms of n only. 


b Prove that your conjecture is true using the principle of mathematical induction. 


1 
(2n 4- 1) (2n 4 3) 
a By finding u, for n — 2, 3, and 4, conjecture a formula for un in terms of n only. 


9 A sequence is defined by u; — i and u,,; = Un + for all n € Z*. 


3 


b Prove that your conjecture is true using the principle of mathematical induction. 
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10 (2--/3)" — A, --B,V3 forall n € Z^, where A, and B, are integers. 

a Find A, and B, for n = 1, 2, 3, and 4. 

b Without using induction, show that A441 —24, 4-35, and B4,1 — A, t 2D,. 
c Calculate (4,)? —3(B4,)? for n — 1,2, 3, and 4. and hence conjecture a result. 
d 


Prove that your conjecture is true. 


11 Prove that uy, = a is an odd number for all n € Z*. 


12 Sometimes, in order to prove the next inductive step, we require the previous two cases. 
Another form of the principle of mathematical induction is therefore: 


Suppose P, is a proposition defined for all n € ZT. 
If P, and P, are true, and also. P5 is true whenever Pj and P;.,/ are true, then 
B, is true for all n € Z*. 


Use this form to prove that: 
a Ifasequence u, is defined by uj; = 11, us = 37, and Unya — 5u4,4,41 — 6u, for all 
n€Z*, then u, — 5(3") — 27*1, 


b If u,-—(3-- V5)" --(3— V5)" where n € Z*, then up is a multiple of 2”. 
Hint: First find a and b such that 4,45 — au, 44 + bun. 


OTHER APPLICATIONS 
Proof by the principle of mathematical induction is used in several other areas of mathematics, including: 


e inequalities e geometrical generalisations e differential calculus 
e products e complex numbers. 


You will find some proofs with these topics in the appropriate chapters later in the book. 


Example 6 ™)) Self Tutor 





Prove that a convex n-sided polygon has n(n — 3) diagonals for all n > 3. 





P„ is: A convex n-sided polygon has ¿n(n— 3) diagonals for all n > 3. 


Proof: (By the principle of mathematical induction) 


(1) If n=3 we have a triangle with 0 diagonals, 
and 4x 3x0=0 A 


P5 1s true. 


(2) If Py is true, a convex k-sided polygon has ik(k — 3) diagonals. 
We label the vertices 


INDE RE EMINET, 7 5 es 
and k4-1 as an additional vertex. 
3 k—2 
2 k-1 
1 k 


k+1 
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The number of diagonals when n=k-+1 is 


the number of diagonals when n=k, + k-—2 the line from vertex 1 to 
y 


vertex k was previously a side 
| and is now a diagonal 
the number of diagonals from vertex k 4- 1 
to the yertices 2 3 Amm O 
the number of diagonals Try this process for 
when n=k+1 is k = 4,5,6, 
Sk(k—3)+k-=1 
= sk(k — 3) + 2 (k — 1) 
i[k? — 3k 4- 2k — 2] 





ie 
[k — k- 2] E 
(k+ “a 22) 


ln 
2 
i 
2 
i 


= 5[k + 1]([k +1] — 3) 


Since Px is true, and Px,1 1s true whenever Pz is true, 
then P,, is true for all n >3 {Principle of mathematical induction} 








EXERCISE 9B.3 


1 Use the principle of mathematical induction to prove the following propositions: 


: 6-236-230-2672 rez 


Hint: The LES 4 Y (1 = 
4=1 








) since it is a product not a sum. 


b If m straight lines are drawn on a plane such that each line intersects every other line and no 
three lines have a common point of intersection, then the plane is divided into “att +1 
regions. 

€ If n points are placed inside a triangle, and non-intersecting lines are drawn connecting the 
3 vertices of the triangle and the points within it to partition the triangle into smaller triangles, 
then the maximum number of triangles resulting is 2n + 1. 


d (1-3) (1 - =) (1-3)-- (1- 3) == for all integers n > 2. 
n n 


2 Use the principle of mathematical induction to prove the following propositions: 





a 3" >1+42n foral neN b n!22" forall n€Z, n24 
c 8" 2m? forall ne Zt 
d (1—h)” < —— for O<h<1 andall n € Z*. 

14 nh 


3 Use the principle of mathematical induction to prove the following propositions. You may use the 
results from Chapter 6 that for all complex numbers z1 and za, (21 +22) =2 "+2 and 


(2122) — 2 25. 
a la+zt.. +2) *=23 +2 +...+2 forall ne Zt and complex 2, 22, ....5 Za 
b (z122..25)' — z,'z4 ...2,  forall n € Z* and complex 21, 22, ...., Zn 


c (z")*—(z*)" forall n€ Z^ and complex z. 
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INVESTIGATION 1 ION 


This investigation involves the principle of mathematical induction as well as concepts from 
sequences, series, and counting. 


The sequence of numbers {un} is defined by up, =n x nl. 
What to do: 
1 Let S, =U1 +u2+U3+.... + Un. Investigate S, for several different values of n. 
2 Hence conjecture an expression for Sp. 
3 Prove your conjecture to be true using the principle of mathematical induction. 
4 


Show that wu, can be writtenas (n+1)!—n! and hence devise an alternative direct proof 
of your conjecture for Sn. 


Let C,, = Un + Un+1. Write an expression for C, in factorial notation, and simplify it. 
TEO Eee Te OIL A ando? 


Conjecture an expression for Th. 


on ow 


Prove your conjecture for 7;, by any method. 


INVESTIGATION 2 


Already in the course we have seen equivalent statements which are connected by “if and only if”. 





For example, if the statements A and B are equivalent we write A< B. 


In order to prove that two statements are equivalent, we need to prove that both: 
e if A is true then B is also true, written A= B 
e if DB is true then A is also true, written B => A 

For example, consider the equivalent statements for n € Z*: 


(n4-2)? — n? is a multiple of 8 <= n is odd 






We need to show that 
A — B and that 
ID SAC 


Proof: If (n+2)?—n? isa multiple of 8 then 
n?+4n+4-—n? =8k for some integer k 


4n+4= 8k 

A(n +1) = 8k 

n+1=2k 
n=2k-1 

n is odd. 


If n is odd then n=2k—1 for some integer k 


n+1=2k 
4(n +1) = 8k 
4n 4- 4 — 8k 


n? t 4n -A— n? — 8k 
(n4-2)? — n? is a multiple of 8 
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What to do: 


1 Prove using the method of mathematical induction that (n+2)? —n? is a multiple of 8 for 
all odd integers n. 


2 Prove that forall xE€Z*, x is not divisible by 3 < 2?-— 1 is divisible by 3. 


3 Can you prove using the method of mathematical induction that x2? —1 is divisible by 3 for 
all positive integers x that are not divisible by 3? 


REVIEW SET 9A 


Prove the following propositions using the principle of mathematical induction: 


(2i-1)=n? forall n € Z*. 


¡NS 


= 
ll 
a 


2 7" +2 is divisible by 3 for all n € Z*. 


a PS 


for all ne Zt. 
1 4 


¡Mis 


E 
ll 


ENTE 
4 Dr-brh or tot E A 


forall n € Z*, provided r Z 1. 


5 52" _1 is divisible by 24 for all n € Z+. 
6 5" 21-r4n forall neZr. 


7 If w=1 and u4,;-— 3u4--2", then u, — 3* —2^ forall m € Z*. 


REVIEW SET 9B 


Prove the following propositions using the principle of mathematical induction: 
PER 2. n(2n-4 1)(2n — 1) a 
1 X (2i- 1) me for all ne Z*. 
2 32"+?2 _ 8n—9 is divisible by 64 for all positive integers n. 
3) (i+ 1)2'* = 1+ (2n—1) x 2” forall positive integers n. 


h 5” +3. is divisible by 4 for all integers n > 0. 


— n(n+1)(n+2)(3n +5) 
ipeo Seen) 


B 


for all positive integers n. 


= 
ll 


6 5^-L3^ »9^"1! forall we Ze. 


7 If uw =9 and ty, = 2u, +3(5"), then u, =2+1 +5" forall ne Zr. 
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REVIEW SET 9C 
Prove the following propositions using the principle of mathematical induction: 


1 » 2-25 D0nTU forall ne Zt. 
=l 


N 
-1 


^ —] is divisible by 6 for all n € Z*. 


3 Y) (2i— 1)? =n?(2n? — 1) forall positive integers n > 1. 


i 
1 


4 3” —1-—2n is divisible by 4 for all non-negative integers n. 


5 


LLL. 2.1. for all positive integers n 
£s (-1QTI 2n41 P SS 


6 If u; —5 and u4,1 —2u, —3(—1)", then. u, —3(2") -(—1)" forall ne Zr. 





forall n € Z*. 





The unit circle 
and radian measure 


Syllabus reference: 3.1, 3.2 


Contents: A Radian measure 
== B Arc length and sector area 
A C The unit circle and the 
e Sr US trigonometric ratios 
RS D Applications of the unit circle 
pp 







Negative and complementary 
angle formulae 
Multiples of Z and 7 
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OPENING PROBLEM 


Consider an equilateral triangle with sides 2 cm long. Altitude [AN] A 
bisects side [BC] and the vertical angle BAC. 


Things to think about: 
a Can you use this figure to explain why sin 30° = $? 


b Use your calculator to find the values of sin 30°, sin 150°, 
sin 390°, sin 1110°, and sin(—330°). 
Can you explain your results even though the angles are not 
between 0° and 90°? 


DEGREE MEASUREMENT OF ANGLES 








MEASURE 


We have seen previously that one full revolution makes an angle of 360°, and the angle on a straight line 
is 180°. Hence, one degree, 1°, can be defined as th of one full revolution. This measure of angle 
is commonly used by surveyors and architects. 


For greater accuracy we define one minute, 1', as ¿¿th of one degree and one second, 1”, as ¿th of 
one minute. Obviously a minute and a second are very small angles. 


into minutes and seconds. This is also useful for converting fractions of hours GRAPHICS 


CALCULATOR 


into minutes and seconds for time measurement, as one minute is 4th of one 
INSTRUCTIONS 


Most graphics calculators can convert fractions of angles measured in degrees = 
60 i 


hour, and one second is áth of one minute. 


RADIAN MEASUREMENT OF ANGLES 


An angle is said to have a measure of 1 radian (1°) if it is subtended at the 
arc centre of a circle by an arc equal in length to the radius. 


eee The symbol ‘c’ is used for radian measure 


but is usually omitted. By contrast, the 
degree symbol is always used when the 
measure of an angle is given in degrees. 


radius=r 





From the diagram to the right, it can be seen that 1° is slightly smaller 
than 60°. In fact, 1° = 57.3°. 





The word ‘radian’ is an abbreviation of ‘radial angle’. 


DEGREE-RADIAN CONVERSIONS 


If the radius of a circle is r, then an arc of length ar, or half the 
circumference, will subtend an angle of 7 radians. 180° or 7° 


Therefore, m radians = 180°. aa 


So, 1¢= (48)° ~57.3° and 1° = ( 


THE UNIT CIRCLE AND RADIAN MEASURE (Chapter 10) 281 


Z5) & 0.0175". 





180 We indicate degrees 
To convert from degrees to radians, we multiply by 75. with a small °. 
To indicate radians we 
To convert from radians to degrees, we multiply by im use a small * or else 
use no symbol at all. 
x T 
Pus COP E 
Degrees Radians 
icc 180 oe 
T 
Example 1 xù Self Tutor 






180 
= E radians 








Convert 45? to radians in terms of 7. 





45° = (45 x =) radians or 


( 


uy’ = 






Angles in radians 
may be expressed 


ego radians either in terms of 


m or as decimals. 


radians 


450 — radians 





ala AIA 














Convert 126.5° to radians. 


3 
g 









126.52 


180 
= 2.21 radians 


EXERCISE 10A 


1 Convert to radians, in terms of 7: 


a 909 
f 135? 
k 315? 


= (126.5 x =) radians 






b 60° 
g 225° 
| 540° 





c 30? d 18? e 9? 
h 2709 i 360° j 720° 
m 36° n 80° o 230° 


2 Convert to radians, correct to 3 significant figures: 


a 36.7? 


b 137.2? 


Example 3 


ST 


Convert 6 


5r 
6 


c 317.9? d 219.6? e 396.7? 


»9) Self Tutor 


to degrees. 


= (3 180) 


50% 
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3 Convert the following radian measures to degrees: 


T 3T 3T T T 
15 b + dira d 18 € 9 
Tr T 3T : Tr I z 
fov 3 3 h 35 i = i 3 


Example 4 9) $elf Tutor 


Convert 0.638 radians to degrees. 


0.638 radians 
— (0.638 x 139)? 
&: 36.6? 





4 Convert the following radians to degrees. Give your answers correct to 2 decimal places. 
a 2 b 1.53 c 0.867 d 3.179 e 5.267 


5 Copy and complete, giving answers in terms of m: 


EM tl ol | | | | 
perrera 
| dr Ee EE e 


THEORY OF KNOWLEDGE 


There are several theories for why one complete turn was divided into 360 degrees: 








e 360 is approximately the number of days in a year. 
e The Babylonians used a counting system in base 60. If 


they drew 6 equilateral triangles within a circle as shown, po CUN 
and divided each angle into 60 subdivisions, then there 
were 360 subdivisions in one turn. The division of an 
hour into 60 minutes, and a minute into 60 seconds, is 
from this base 60 counting system. Go p 


e 360 has 24 divisors, including every integer from 1 to 10 
EXCEPT: 


The idea of measuring an angle by the length of an arc dates to around 1400 and the Persian 
mathematician Al-Kashi. The concept of a radian is generally credited to Roger Cotes, however, who 
described it as we know it today. 


1 What other measures of angle are there? 


2 Which is the most natural unit of angle measure? 
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You should be familiar with these terms relating to the 
parts of a circle: 2 





sector 








" centre 


chord radius 


An arc, sector, or segment is described as: 
e minor if it involves less than half the circle 
e major if it involves more than half the circle. 


For example: minor arc AB 


(black) 






minor segment / 


major segment 
major arc AB (red) 


ARC LENGTH 
A ; In the diagram, the arc length AB is |. Angle O is measured 
in radians. We use a ratio to obtain: 
arc length — 6 
B circumference — 2m 
| 68 
Qnr — 2m 
l— 60r 


For 60 in radians, arc length | = Or. 


For 0 in degrees, arc length | = — x 27r. 


AREA OF SECTOR 


x In the diagram, the area of minor sector XOY is shaded. @ is 
measured in radians. We use a ratio to obtain: 


area of sector — 0 
Y area of circle 2x 
A 0 
nr? Or 
A= 40r? 


= 2 


For 6 in radians, area of sector A = 36r?. 


For 0 in degrees, area of sector A = zem x ar. 
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Example 5 ™) Self Tutor 


A sector has radius 12 cm and angle 3 radians. Find its: 


a arc length b area 


a arc length = Or 
=3 x12 
= 36 cm 








EXERCISE 10B 
1 Use radians to find the arc length and area of a sector of a circle of: 


a radius 9 cm and angle — b radius 4.93 cm and angle 4.67 radians. 


2 A sector has an angle of 107.9? and an arc length of 5.92 m. Find its: 


a radius b area. 


3 A sector has an angle of 1.19 radians and an area of 20.8 cm?. Find its: 


a radius b perimeter. 


Example 6 x) $elf Tutor 


Find the area of a sector with radius 8.2 cm and arc length 13.3 cm. 





|— 60r (0 in radians] 


l 13. 
qmm 
T 8.2 
area — ior? 
= 4x 13:3) 9.02 
8.2 
= 54.5 cm? 








4 Find, in radians, the angle of a sector of: 


a radius 4.3 m and arc length 2.95 m b radius 10 cm and area 30 cm?. 


5 Find 0 (in radians) for each of the following, and hence find the area of each figure: 


31.7 cm 


a b c 
( > QS 
6 cm 
| 8.4 cm 0 


6 Find the arc length and area of a sector of radius 5 cm and angle 2 radians. 


7 Ifa sector has radius 2r cm and arc length z cm, show that its area is. z? cm?. 


THE UNIT CIRCLE AND RADIAN MEASURE (Chapter 10) 


SN is made from this sector: 


pa 12 cm c—— 


8 The cone 





Y 








285 


r cm 
Find correct to 3 significant figures: 
a the slant length s cm b the value of r 
€ the arc length of the sector d the sector angle 0 in radians. 
9 The end wall of a building has the shape illustrated, where 
the centre of arc AB is at C. Find: 
a ato 4 significant figures 
b 0 to 4 significant figures 
€ the area of the wall. 
10 x [AT] is a tangent to the given circle. OA — 13cm and 


the circle has radius 5 cm. Find the perimeter of the shaded 


region. 


1 nautical mile (nmi) 


11 A nautical mile (nmi) is the distance on the Earth's surface 
that subtends an angle of 1 minute (or 5 of a degree) of the 
Great Circle arc measured from the centre of the Earth. 

A knot is a speed of 1 nautical mile per hour. 
a Given that the radius of the Earth is 6370 km, show that 
1 nmi is approximately equal to 1.853 km. 


b Calculate how long it would take a plane to fly from Perth 
to Adelaide (a distance of 2130 km) if the plane can fly 





at 480 knots. 
12 fence A sheep is tethered to a post which is 6 m from a long 
fence. The length of rope is 9 m. Find the area which 
6m the sheep can feed on. 
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13 A belt fits tightly around two pulleys of radii 4 cm and 6 cm respectively. The distance between 
their centres is 20 cm. 








Find, correct to 4 significant figures: 
aa b 0 € ó d the length of the belt. 





The unit circle is the circle with 
centre (0, 0) and radius 1 unit. 





Suppose P(z, y) is any point on the circle with centre (0, 0) 
and radius r units. 


Since OP =r, 
(1 — 0)? + (y — 0)? =r {distance formula} 
r? +y =r? 





z? + y? = r? is the equation of a circle with centre (0, 0) and radius r. 
The equation of the unit circle is 2? + y? = 1. 





ANGLE MEASUREMENT y 
Suppose P lies anywhere on the unit circle and A is (1, 0). pate 
Let 0 be the angle measured from [OA] on the positive x-axis. 
0 is positive for anticlockwise rotations and 1 x 
. . > < z] > 
negative for clockwise rotations. A 
P 
Negative 


direction 
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For example, 0 — 210° and $ — —150?. y á 
You can explore angle measurement further 

day ; EH DYNAMIC 
by clicking on the icon. 30? ANGLES 







DEFINITION OF SINE AND COSINE 


Consider a point P(a, b) which lies on the unit circle in the 
first quadrant. [OP] makes an angle 6 with the x-axis as shown. 


Using right angled triangle trigonometry: 





ADJ a 
cos@ = —~=-=a 
HYP 1 
HYP 1 
PP b in 0 
tanc Rr s. = 
ADJ a cos 0 


In general, for a point P anywhere on the unit circle: 


e cosÓ is the x-coordinate of P 
e sinó is the y-coordinate of P 


We can hence find the coordinates of any point on the unit circle with given angle 0 measured from the 
positive x-axis. 


Since the unit circle has equation x?+y*=1, (cos)? +(sin@)? =1 for all 6. 


We commonly write this as cos? O + sin? 0 — 1. 
For all points on the unit circle, —1<x<1 and —-l<y<l. 


So, —1 < cosð0 <1 and —1<sin0<1 for all 0. 


DEFINITION OF TANGENT 


Suppose we extend [OP] to meet the tangent at A(1, 0). 
The intersection between these lines occurs at Q, and as P 
moves so does Q. 


The position of Q relative to A is defined as the tangent 
function. 


Notice that As ONP and OAQ are equiangular and therefore 
similar. 


AQ NP AQ sind 

Consequently — = — and hence — = —. 

q y OA ON 1 cos 0 
sin 0 





Under the definition that AQ — tan 0, tan = 





cos O 
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INVESTIGATION 1 


In this investigation we explore the signs of the trigonometric ratios in each quadrant -JHE UNIT 
of the unit circle. CIRCLE 


What to do: T 


1 Click on the icon to run the Unit Circle software. 
Drag the point P slowly around the circle. 
Note the sign of each trigonometric ratio in each quadrant. 


cos | 








positive 





2 Hence note down the trigonometric ratios which are positive in each quadrant. 


From the Investigation you should have discovered that: 
e sin0,cos0, and tan are positive in quadrant 1 
e only sin is positive in quadrant 2 
e only tanÓ is positive in quadrant 3 


e only cos is positive in quadrant 4. 


We can use a letter to show which trigonometric ratios are 
positive in each quadrant. The A stands for all of the ratios. 


You might like to remember them using 


All Silly Turtles Crawl. 





Example 7 





cos(—270°) =0 {the x-coordinate} 
sin(-270?) —1 [the y-coordinate] 





We can use the unit circle to find various relationships between cosine and sine. 
Example 8 ») $elf Tutor 


Use the unit circle to show that cos e + 9) =-—sin@ and sin (3 + 9) =cos@ for 


IAE 
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Let point B(cos0, sin@) be on the unit circle such 
that [OB] makes an angle of 0 with the positive 
X-axis. 

Let point P be on the unit circle such that [OP] makes 
an angle of (5 + 9) with the positive x-axis. 





In As POQ and BOA: e OP — OB 
+. POQ =BOA 
e PQO = BAO 
As POQ and BOA are congruent. (AAcorrS) 


". PQ—- AB— sinÜ 
and OQ = OA = cos0 





P has coordinates (— sin 0, cos 0). 
But P has coordinates. (cos (5 -- 0), sin (5 -- 0)). 


cos (£ 4- 0) =-—sin@ and sin (3 + 0) — cos, 








In order to prove that cos (5 + 9) — —sinÜ and sin (5 + 9) =cos@ for all 0, we would need to 
consider each quadrant separately. 


PERIODICITY OF TRIGONOMETRIC RATIOS 


Since there are 27 radians in a full revolution, if we add any integer multiple of 27 to 0 (in radians) then 
the position of P on the unit circle is unchanged. 


For 0 in radians and k € Z, 
cos (0 + 2krr) = cos@ and sin (0 + 2kr) = sin 8. 


tan(@+ 7) = c» f dé 
—a 





For 0 in radians and k € Z, tan(0 -- kx) — tanQ. 


This periodic feature is an important property of the trigonometric functions. 
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EXERCISE 10€ 


1 For each unit circle illustrated: 


i state the exact coordinates of points A, B, and C in terms of sine and cosine 
ii use your calculator to give the coordinates of A, B, and C correct to 3 significant figures. 




















3 a Use your calculator to evaluate: i — ü x3 


b Copy and complete the following table. Use your calculator to evaluate the trigonometric ratios, 
then a to write them exactly. 














^ a Copy and complete: 


A AS A ES 





b In which quadrants are the following true? 
i cos@ is positive. ii cos@ is negative. 
iii cos and sin ð are both negative. iv cos@ is negative and sin is positive. 


5 a Use your calculator to evaluate: 
i sin 100° ii sin 80° iii, sin 120° iv sin 60? 
V sin150? vi sin 30° vii sin 45° viii sin 135? 
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b Use the results from a to copy and complete: 
sin(180? — 9) — ...... 


€ Justify your answer using the diagram alongside: 








d Find the obtuse angle with the same sine as: 


i 45? ii 51? ii 3 iv 5 

6 a Use your calculator to evaluate: 
i cos 70° ii cos110° iii cos 60° iv cos120° 
V cos25? vi cos155? vii cos 80? viii cos 100? 


b Use the results from a to copy and complete: 
cos(180° — 9) — ...... 


€ Justify your answer using the diagram alongside: 





d Find the obtuse angle which has the negative cosine of: 
i 40° ii 19? iii = iv = 

7 Use the unit circle to show that, for 0 «0 — 2 
a cos(c--0)— —cos0 and sin(m--0)— —sinO 


b cos (3% + 9) = sin0 and sin (22 + 0) — — cos 0 


8 Without using your calculator, find: 


a sinl37? if sin 43° = 0.6820 b sin592 if sin121° + 0.8572 
€ cos1432 if cos37? ~ 0.7986 d cos24? if cos156? zz —0.9135 
e sinll5? if sin65° = 0.9063 f cos132° if cos48° = 0.6691 


9 a If AOP — 0 and BOQ — 0 also, what is 
the measure of AOQ? 
b Copy and complete: 


[OQ] is a reflection of [OP] in the ...... 
and so Q has coordinates ...... 


c€ What trigonometric formulae can be deduced 
from a and 6? 





10 a Copy and complete: 





b What do you suspect is true from a for a general angle 0? 
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The coordinates of P in the figure are (cos 6, sin 0). 






i By finding the coordinates of Q in terms of 0 in 
two different ways, prove that your suspicion in b is 
correct. 

ii Hence explain why  cos(2x — 0) — cos. 


: UNIT CIRCLE 


The identity cos? 0 -- sin?0 — 1 is essential for finding trigonometric ratios. 


Example 9 x) $elf Tutor 





Find exactly the possible values of cos0 for sin0 — 2. Illustrate your answers. 





cos? 0 + sin? 0 = 1 
cos? 0 + (ye | 


29— 5 
cos“ 0 = 3 





«lá 


Gos) = ae 











EXERCISE 10D.1 


1 Find the possible exact values of cos 0 for: 


a sind = i b sing — —i € sin0—0 d sin0—-1 


2 Find the possible exact values of sin 0 for: 


a cos0 = $ b cos6 — —3 € cosó—1 d cos0—0 
Example 10 x) $elf Tutor 
If sin0 — E and 7 «0« am find cos 0 and tan 0. Give exact values. 


Now cos? 0 + sin? 9 =1 
cos? 9 - 5 —1 


aue 
COS 0 — i5 





"I 


cos 6 = + 
But r<0< am. so 0 is a quadrant 3 angle 


cos @ is negative. 


IS 


cos@ = — 





Aw e 


in 
atan eem 
cos 0 


Il 


“lS 
Se 
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3 Without using a calculator, find: 











a sinó if cos@ = = and D«B o b cos0 if sind = 2 and a Se 
¢ cos@ if sing = —3 and 3E <9 < 2r d sind if cosð = -5 and m<O< 3, 
Example 11 =ù Self Tutor 
If tan@ = —2 and — « 0 «2m, find sinÓ and cos0. Give exact answers. 
tan pnd = —2 
cos 0 








sin 0 = —2cos0 
Now sin? + cos?@ = 1 
(—2 cos 6)? + cos? 9 = 1 
4cos? 0 + cos? 0 = 1 
5cos?0 = 1 
1 


Cos) = se—= 


V5 
But 37 «0 «2m, so @ is a quadrant 4 angle. 





cos @ is positive and sin 6 is negative. 


cos6 = Tp and sin@ = —À 








Wok 
4 a If sinr— i and $ «c«m, find tang exactly. 
b If cosg = 5 and — <x<2r, find tang exactly. 
PEE: 3 
c If sinz— -73 and c «z«'-$, find tana exactly. 
d If cosr— -$ and $ «c«m, find tang exactly. 
5 Find exact values for sin x and cos x given that: 
a tanz=3 and 0<x<3 b tanz=-% and F<zx<r 
c tang = VS and m<a< 3 d tang =—¥ and St<a< 20 


6 Suppose tanz =k where kis a constant and m < £ < 3t, Write expressions for sin x and 
cos x in terms of k. 


FINDING ANGLES WITH PARTICULAR TRIGONOMETRIC RATIOS 


From Exercise 10C you should have discovered that: 


For 0 in radians: 
e sin(z — 0) = sin 
e cos(z — 0) = — cos 0 


e cos(27 — 0) — cos0 


We need results such as these, and also the periodicity of the trigonometric ratios, to find angles which 
have a particular sine, cosine, or tangent. 
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Example 12 


Find the two angles 0 on the unit circle, with 0 < 0 < 27, such that: 


b sing — 2 (4 "eng 




















S 
a cos — 3 








a Using technology, b Using technology, c Using technology, 
cos = § sing — 3 tano =? 


cos !(3) e 1.23 sin ! (2) = 0.848 tan !(2) e 1.11 





0221.23 or 27m — 1.23 -, 620.848 or c — 0.848 So Sell owen lll 
ORADORES 0 =0.848 or 2.29 OA oe 2238 








Example 13 x) Self Tutor 


Find two angles 0 on the unit circle, with 0 < 0 < 27, such that: 





a sind = —0.4 b cos 0 = —2 c tanü — —i 

a sing — —0.4 b cos@ = —2 c tan = —i 
Using technology, Using technology, Using technology, 
sin! (—0.4) & —0.412 cos !(—2) = 2.30 tan !(—1) « —0.322 





Bu OE OR PT But 0<6 < 27 But 0<0< 27 
0 z: 1 --0.412 or Su (eg PXSIU) cc NOT (08322 COT: 
2v — 0.412 27 — 2.30 27 — 0.322 
0 = 3.55 or 5.87 2 120 or sls S. (uum) qe BOIS 










The green arrow 
shows the angle that 
the calculator gives. 
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EXERCISE 10D.2 


1 Find two angles 0 on the unit circle, with 0 < 0 < 27, such that: 


a tand=4 b cos = 0.83 € sinü— 3 
d cos =0 e tan0=1.2 Í cos0 — 0.7816 
g sinf = t h tan = 20.2 i sin = — 

2 Find two angles 0 on the unit circle, with 0 < 6 < 27, such that: 
a cos @ = —i b sin0—0 c tan = —3.1 
d sinf = —0.421 e tand = —6.67 f cos0 =- 
g tan = -v5 h cos0 = =% i sing = Y 





For any given angle 0: 
e the negative of 0 is —0 e the complement of 0 is 5 — 0. 


INVESTIGATION 2 


The purpose of this investigation is to discover relationships (if they exist) between | cos(—6), 
sin(—0), cos (3 - ) sin (8 — 6), cosÓ, and sin. 


What to do: 





1 Copy and complete, adding angles of your choice to the table: 





2 Hence predict formulae for sin(—0), cos(—0), sin (Z — 9), and cos e — 9). 


NEGATIVE ANGLE FORMULAE 


In the diagram, P’ is the reflection of P in the z-axis. It 
therefore corresponds to the angle —0. 


P and P’ have the same z-coordinate, but their 
y-coordinates are negatives. 

Hence cos(—@)=cos@ and sin(—0)= —sinð. 
Using these results, 


sin(—0) — —sin0 -— 


tan(—0) — -our s — tan 0 
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We have hence deduced the negative angle formulae: 


cos(—0) = cos@ sin(—0) — — sin 0 tan(—0) = — tan 0 


COMPLEMENTARY ANGLE FORMULAE 





Consider P’ on the unit circle which corresponds to the angle 


T 
fe 


P(cos 0, sin 0) 
P'is (cos (5 - 0), sin (5 -0)) sa (1) 

But P’ is the image of P under a reflection in the line y = z. 
P’ is (sin@, cos6) we (2) shaded 


Comparing (1) and (2) gives the complementary angle 
formulae: 


cos (5 — au = sind sin (5 


2 — 6) =cos@ 





Example 14 x) $elf Tutor 
Simplify: 
a 2sin(—0)--3sin0 b 2cosÓ0 4 cos(—0) c 3sin (5 -0) +2 c080 
a 2sin(—0) + 3sin 0 b 2c0s 0 + cos(—6) c 3sin (4 -0) +2cos0 
= —2sin@ + 3sin0 = 2 cos 0 + cos@ = 3 cos 0 + 2 cos 0 
= sind = Hees) — 5cos0 





EXERCISE 10E 


1 Simplify: 
a sin@ + sin(—0) b tan(—0) — tan0 ¢ 2cos@ + cos(—0) 
d 3sin6 — sin(—6) e cos?(—a) f sin?(-a) 


g cos(—a) cosa — sin(—a@) sina 


2 Simplify: 
a 2sin 0 — cos(90? — 0) b sin(—0) — cos(90? — 0) € sin(90? — 0) — cos0 
d 3cos(—0) — 4sin (& — 6) e 3cos + sin (3-8) f cos (3-8) + 4sin0 


3 Explain why sin(@— ¢) = —sin(@— 90), cos(@— ¢) = cos(¢— 0). 





4 Simplify: 
á sin 0 sin(—0) j sin (5 — 9) 
cos 0 cos(—0) cos 0 
—sin(—0) ë cos (5 — 6) f cos (3 — 6) 


T 
2 
cos 0 sin (5 £ 8) cos 0 
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INVESTIGATION 3 


Usually we write functions in the form y — f(x). 
For example: y=3x+7, y=2?-6r+8, y=sinz = 
However, sometimes it is useful to express both x and y in terms of another GRAPHICS 
: : : CALCULATOR 
variable t, called the parameter. In this case we say we have parametric INSTRUCTIONS 


equations. 


What to do: 


1 a Use your graphics calculator to plot [(x=, y) | x= cost, y =sint, 0% <t< 360%). 
Use the same scale on both axes. 
Note: Your calculator will need to be set to degrees. 


b Describe the resulting graph. Is it the graph of a function? 


c Evaluate z?--y?. Hence determine the equation of this graph in terms of x and y only. 


2 Use your graphics calculator to plot: 


A A OS y sin) ERES GUS 
DTS cos y 2 si (0) O° <r< sor} 

€ ((x,y)|x-—2cost, y— cost —sint, 0? «tx 360?] 
da) e =cos ts 2h = cos, 0° e dese 3609) 
ey 2 cost yy cing c =< 360") 


Angles which are multiples of | and 7 


trigonometric ratios exactly. 


MULTIPLES OF 7 OR 45° 


Triangle OBP is isosceles as angle OPB 
also measures 45°. 


Letting OB = BP =a, 
al + a? =1? {Pythagoras} 


2a? —1 

2 1 

gm 

ae 

aeu as a>0 


So, P is (75 7) where A ~ 0.707. 


cos * — 1l. and sin? — 


4 V2 4 





occur frequently, so it is important for us to write their 





1 
V2 
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You should remember these values. If you forget, draw a right angled 
isosceles triangle with side length 1. 


1 v2 
O 
1 
. 1 B . 
For multiples of m the number va 3s the important AU 


thing to remember. The signs of the coordinates are 
determined by which quadrant the angle is in. 











MULTIPLES OF + OR 30? 


Since OA = OP, triangle OAP is isosceles. 


The remaining angles are therefore also 60°, and so 
triangle AOP is equilateral. 


The altitude [PN] bisects base [OA], 














so ON=3 
IfP is (2, k), then (3)? -- k^ —1 {Pythagoras} 
2 
P=} 





P 
muc Te V3 
CS =F and i. = 
a 30° 
Now NPO = 4 = 30°. Y [ye 
602 
Hence cos = = oe and sin € = 3 O I PN 


You should remember these values. If you forget, divide in two an 
equilateral triangle with side length 2. 
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For multiples of =, the numbers 4 and v3 are 
p 6 2 2 


important. The exact coordinates of each point 


are found by symmetry. 


SUMMARY 


e For other multiples of 7, the coordinates involve 4 


e For other multiples of =, the coordinates involve +5 





e For multiples of 7, the coordinates of the points on the unit circle involve 0 and 4 
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ell. 





S 
il 


5 and 


LU 





sl 











You should be able to use this summary to find the trigonometric ratios for angles which are multiples 


of & and 7. 
For example, consider the angles: 


e 225° = 5E 





57 is in quadrant 3, so the signs 


I 1 
are both negative and both have Um 


size. 


Example 15 








Find the exact values of sina, cosa, and tana for a= 





e 300° = which is a multiple of €. 





5z is in quadrant 4, so the signs 


are (+, —) and from the diagram the 


a-value is 3. 


™) Self Tutor 


3T 


1: 


sin(3£) — 7 
cos(3£) — -7% 
tan(2) =-—1 
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Example 16 





EXERCISE 10F 


1 Use a unit circle diagram to find exact values for sin@, cos 0, 


b 3 


"t 
a o, 4 


2 Use a unit circle diagram to find exact values for sing, cos 0, 


T 2T 
a; b T 


3 Find the exact values of: 
a cos120?, sin120?, 


Find the exact values of. sin ££ COS 





and tan 120° 





End tan = 
sin() = —3 
cos(44) = —4 
8 
tan() E 


Tn 


iir 


TT 
ce 


4 a Find the exact values of cos 90° and sin 90°. 


b What can you say about tan 90°? 


Example 17 


5 Without using a calculator, evaluate: 


a sin? 609 
d 1-cos*(5) 
g sin(3£) — cos(3£) 


j tan?(Z) — 2sin?(4) 


b 
e 


h 


k 


sin 30? cos 60? 
sin?^(22) - 1 
1 — 2sin?() 


3T) 


2tan(—2£) — sin(3Z 


Check all answers using your calculator. 


™) Self Tutor 





and tanó for 0 equal to: 


T 


3m 


e -7 


and tan 8 for 8 equal to: 


5r 
3 





lir 


€ 5$ 


b cos(—45?), sin(—45?), and tan(—45?) 


x) $elf Tutor 


€ 4sin 60? cos 30? 


f cos?(F ) —sin(E) 


i cos?(3£) — sin? (55) 
i 2 tan 150° 
1 — tan? 1509 
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Example 18 x) Self Tutor 


Find all angles 0 € 0 €x 2x with a cosine of 3. 





Since the cosine is 2, we draw the 
vertical line z — i. 


Because z is involved, we know the 


required angles are multiples of 7. 


They are £ and ?7. 








6 Find all angles between 0? and 360? with: 


: 1 : v3 : 1 
a asine of 5 b asine of 4 € a cosine of a 
. 1 . 1 . _ V3 

d acosine of —5 e acosine of — Z f asine of-%5 


7 Find all angles between 0 and 27 (inclusive) which have: 


a atangent of 1 b atangent of —1 c a tangent of v3 
d a tangent of 0 e a tangent of 7 f a tangent of —/3 

8 Find all angles between O and 47 with: 
a a cosine of sS b asine of -i € asine of —1 

9 Find0if 0<0<2r and: 
a cos@ = 4 b sing = Y € cosü — —1 d sin0—1 
e cos) = —75 Í sini?0=1 g cos?9=1 h cos?@ = 4 
i tang — —7s j tan20 23 

10 Find a// values of 0 for which tan 0 is: a zero b undefined. 


REVIEW SET 10A 


1 Convert these to radians in terms of 7: 


a 120? (2 295 € 150? d 540? 
2 Find the acute angles that would have the same: 
a sine as => b sine as 165° c cosine as 276°. 
3 Find: 
a sin159? if sin21° = 0.358 b cos92? if cos88° = 0.035 
€ cos75° if cos105” = —0.259 d sin(-133%) if sin47° = 0.731. 


4 Use a unit circle diagram to find: 
a cos360° and sin 360° b cos(—7) and sin(—7). 


10 
11 


12 


13 
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Explain how to use the unit circle to find 9 when cos0 — —sin0, 0x0 x 2m. 


Find exact values for sin, cos, and tan for 0 equal to: 
2m 8a 
am b 87 


3 3 
If sing = (1 ande ess 3, find tanx exactly. 
If cos? = - find the possible values of sin 0. 
Evaluate: 
a 2sin(5)cos($) b tan*(7)-1 € cos?(£) — sin?(Z) 
Given tanzr — —3 and 3* «r2, find: a sing b cosz. 


Find the perimeter and area of the sector. 


4 
Suppose cos0 — Y and 0 is acute. Find the exact value of tan 0. 


Simplify: 


a cos (5 — 9) — sin b cos(—0) tan 0 € sin(—a)cos (a — 7) 


REVIEW SET 10B TOR 





Determine the coordinates of the point on the unit circle corresponding to an angle of: 
a 320° b 163° 


Convert to radians to 4 significant figures: 
a 71° b 124.6° € —142° 
Convert these radian measurements to degrees, to 2 decimal places: 
a 3 b 1.46 € 0.435 d —5.271 


Determine the area of a sector of angle — and radius 13 cm. 


Find the coordinates of the points M, N, and P on the 
unit circle. 





Find the angle [OA] makes with the positive x-axis if the x-coordinate of the point A on the 
unit circle is —0.222. 
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7 Find all angles between 0° and 360° which have: 

a a cosine of = b asine of 7 c a tangent of m 
8 Find @for 0<0< 27 if: 

a cos@=-—1 b sin? ¢ = 3 


9 Find the obtuse angles which have the same: 
a sine as 47? b sine as 75 € cosine as 186? 


10 Find the perimeter and area of a sector of radius 11 cm and angle 63°. 
11 Find the radius and area of a sector of perimeter 36 cm with an angle of u, 


12 Find two angles on the unit circle with 0 < 6 < 27, such that: 


a cos 0 = 2 b sinü — —i CG tn? = 2 


REVIEW SET 10C 


1 Convert these radian measurements to degrees: 





a Y b x c Z d Hz 
2 Illustrate the regions where sin? and cos@ have the same sign. 
3 Use a unit circle diagram to find: 

a cos(3Z) and sin(27) b cos(—%) and sin(—4) 


A Suppose m = sinp, where p is acute. Write an expression in terms of m for: 


a sin(z — p) b sin(p + 27) € cosp d tanp 
5 P a State the value of 0 in: 
i degrees ii radians. 


b State the arc length AP. 
¢ State the area of the minor sector OAP. 


6 Without a calculator, evaluate tan? (22). 
7 Show that cos(3E) — sin(3%) = —y2. 


8 If cos0 — -$, $«0«m find the exact value of: 


a sind b tanó € sin(0 +7) 
9 Without using a calculator, evaluate: 
a tan? 60° — sin? 45° b cos?(4) + sin(Z) € cos(27) — tan(3£) 
10 Simplify: 


a sin(z — 0) — sin b sin (£ — 0) — 2cos0 
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11 Use a unit circle diagram to show that 
cos (3 +0) =-sin@ for 5<0<T. 

12 Three circles with radius r are drawn as shown, each 
with its centre on the circumference of the other two 


circles. A, B and C are the centres of the three circles. 
Prove that an expression for the area of the shaded 


9 
regionis A= Sr — 1/3). 





Non-right angled 
triangle trigonometry 


Syllabus reference: 3.7 


Contents: 


ono» 





Areas of triangles 

The cosine rule 

The sine rule 

Using the sine and cosine rules 





306 = NON-RIGHT ANGLED TRIANGLE TRIGONOMETRY (Chapter 11) 


OPENING PROBLEM 


A triangular sail is to be cut from a section of cloth. Two of the sides 
must have lengths 4 m and 6 m as illustrated. The total area for the 










sail must be 11.6 m?, the maximum allowed for the boat to race in 
its class. 
Things to think about: 


a Can you find the size of the angle 0 between the two sides of 
given length? 
b Can you find the length of the third side of the sail? 














base base base 


If we know the base and height measurements of a triangle we can calculate the area using 
area = + base x height. 


However, cases arise where we do not know the height but we can use trigonometry to calculate the area. 


These cases are: 


e knowing two sides and the included e knowing all three sides 
angle between them 


8cm 8cm 9cm 


10 cm 10 cm 
USING THE INCLUDED ANGLE 


A 
Triangle ABC has angles of size A, B, and C. The sides 
opposite these angles are labelled a, b, and c respectively. 
c b 
Using trigonometry, we can develop an alternative area formula 
that does not depend on a perpendicular height. 
Any triangle that is not right angled must be either acute or B a C 


obtuse. We will consider both cases: 
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In both triangles the altitude h is constructed from A to D on [BC] (extended if necessary). 


sinc =" sin(180° — C) = Ë 
h = bsinC v. A= bsin(180° — C) 
But sin(180° — C) = sin C 
h — bsinC 


So, since area — sah, we now have Area = iab sin C. 


Using different altitudes we can show that the area is also ibc sinA or iac sin B. 


Given the lengths of two sides of a triangle, and the size of the 
included angle between them, the area of the triangle is sde 
half of the product of two sides and the sine of the 
included angle. id 
side 


included angle 











Find the area of triangle ABC. Area = jac sin B 
A TG E EnS 
11 cm eS cns 
E 15cm E 
If we rearrange the area formula to find the included angle between two sides, we need LINK 


to use the inverse sine function denoted sin”*. For help with this and the other inverse CMT 
trigonometric functions you should consult the Background Knowledge chapter on the CD. 
Example 2 x) $elf Tutor 


A triangle has sides of length 10 cm and 11 cm and an area of 50 cm?. Determine the two possible 
measures of the included angle. Give your answers accurate to 1 decimal place. 





If the included angle is 0, then i x 10 x 11 x sin = 50 


a OU 
sin O = $5 


Now sin '!(229) = 65.49 
10 
0 2265.4? or 180? — 65.4? pes 10 cm 
PA ORI 


11 cm 11 cm 
The two different possible angles are 65.4? and 114.6". 
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EXERCISE 11A 


1 Find the area of: 


. 9cm * 31 km : 
10.2 cm 
25 km 
10 cm 
6.4 cm 
2 Iftriangle ABC has area 150 cm?, A 
find the value of z: 17 cm 
B 68° 
rcm C 


3 A parallelogram has two adjacent sides with lengths 4 cm and 6 cm respectively. If the included 
angle measures 52°, find the area of the parallelogram. 


4 A rhombus has sides of length 12 cm and an angle of 72°. Find its area. 
5 Find the area of a regular hexagon with sides of length 12 cm. 


6 A rhombus has an area of 50 cm? and an internal angle of size 63°. Find 
the length of its sides. 


7 A regular pentagonal garden plot has centre of symmetry O and an area of 
338 m?. Find the distance OA. 





8 Find the possible values of the included angle of a triangle with: 
a sides of length 5 cm and 8 cm, and area 15 cm? 
b sides of length 45 km and 53 km, and area 800 km?. 


9 The Australian 50 cent coin has the shape 
of a regular dodecagon, which is a polygon 
with 12 sides. 

Eight of these 50 cent coins will fit exactly 
on an Australian $10 note as shown. What 
fraction of the $10 note is not covered? 









10 Find the shaded area in: 
a b 


12 cm 
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11 ADBisan arc of the circle with centre C and radius D 
7.3 cm. AEB is an arc of the circle with centre F 
and radius 8.7 cm. 
Find the shaded area. A B 


INVESTIGATION 1 





In his book Metrica written about 60 AD, Heron (or Hero) of Alexandria proved the following 
formula for the area of a triangle with side lengths a, b, and c: 


A = J/s(s — a)(s — b)(s — c) d 


a+b+e 
2 


where s= 


What to do: 


1 Find the area of the right angled triangle with sides 3 cm, 4 cm, and 5 cm: 


a without using Heron's formula b using Heron's formula. 


2 Find the area of a triangle with sides of length: 


a 6 cm, 8 cm, and 12 cm b 7.2 cm, 8.9 cm, and 9.7 cm. 


3 Research Heron's proof of his theorem using cyclic quadrilaterals. 


A more common modern proof of Heron's formula is to use the cosine rule, which we see in the 
next section. 


The cosine rule involves the sides and angles of a triangle. A 





In any AABC: a? = b? + e? — 2bccos A 
or b? = a? + e? — 2accos B 

or c?— a? - b? — 2ab cos C 

B C 


We will develop the first formula for both an acute and an obtuse triangle. 


310 | NON-RIGHT ANGLED TRIANGLE TRIGONOMETRY (Chapter 11) 


Proof: 























In both triangles draw the altitude from C down to [AB] (extended if necessary), meeting 
it at D. 


Let AD=x and let CD — h. 
Apply the theorem of Pythagoras in ABCD: 


a? =h? + (c= 2)? a’ =h? +(c+2)? 
a? =h? +c? —2cxr +27 2 a A e 





In both cases, applying Pythagoras to AADC gives h?+ a? =0?. 


h? = b? — x”, and we substitute this into the equations above. 


a? = b? + e? — 2cx = a =b ie en, 
In AADC, cos A = > cos(180° — A) = = 
NOS Al = av Bees 
a? =b? + e? — 2becos A b 


—bcos A — x 
a? = b? +c? — 9bccos A 


The other variations of the cosine rule could be developed by rearranging the vertices of AABC. 


Note that if 4 — 90? then cosA—0 and a? =0?+c?—2bcecosA reducesto a? = b? +e, 
which is the Pythagorean Rule. 


The cosine rule can be used to solve problems involving triangles given: 

e two sides and an included angle e three sides. 
If we are given two sides and a non-included angle, then when we try to find the third side we obtain 
a quadratic equation. This is an ambiguous case where there may be two plausible solutions. We may 


not be able to solve for the length uniquely if there are two positive, plausible solutions to the quadratic 
equation. 





Se Ce x) $elf Tutor 


Find, correct to 2 decimal By the cosine rule: 


eS encia BO! 
a BC? = 112 + 132 —2 x 11 x 13 x cos 42° 


BC ~ y (112 + 13? — 2 x 11 x 13 x cos 42°) 
BC = 8.801 





[BC] is 8.80 cm in length. 
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Rearrangement of the original cosine rule formulae can be used for finding angles if we know all three 
sides. The formulae for finding the angles are: 


b2 2 9 2 PNE 2-52 62 
redu E Corpo reed AO 
2bc 2ca 2ab 


We then need to use the inverse cosine function cos”? to evaluate the angle. 


Example 4 ™) Self Tutor 
In triangle ABC, AB = 7 cm, BC= 5 cm, and CA — 8 cm. 
a Find the measure of BCA. b Find the exact area of triangle ABC. 
a P. By the cosine rule: 
282 72 
8cm cosC = (PS) 
(2x 5x8) 
E 
Y Set (BAe ee 
mom a C = cos ——— 
2x5x8 
Sam O (5) 
(GO 
B 


So, BCA measures 60°. 
b The area of AABC = i x8x5 x sin60? 


—20x V9 {sm60? = 3} 
= 10/3 cm 








EXERCISE 11B 


1 Find the length of the remaining side in the given triangle: 
a b c 
Q 


A 15cm K 
4.8 km 
21 cm R 6.2m 
6.3 km 
c P E 148 m M 
2 Find the measure of all angles of: 3 a Find the measure of obtuse PQR. 
b Hence find the area of APQR. 
C P 
10cm 
12cm 11cm 
5cm 
R 
A B 


13 cm Q 7 cm 
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h a Find the smallest angle of a triangle with sides 11 cm, 13 cm, and 


The smallest angle 
17 cm. 


is opposite the 
shortest side. 






b Find the largest angle of a triangle with sides 4 cm, 7 cm, and 9 cm. 





5 a Find cos@ but not 0. 


b Find the value of z. 5cm 2cm 
AED: TEN 
xz cm 


6 Find the exact value of x in each of the following diagrams: 
a b c 


5 cm 


6 cm T cm 5cm x cm 


x cm rcm 2x cm 


7 Solve the Opening Problem on page 306. 


8 Find x in each of the following diagrams: 


a b 
11cm 13 cm 
x cm 
5cm 
8 cm © en 
9 Show that there are two plausible values Pom 
for x in this triangle: 
x cm 
6 cm 
10 In the diagram alongside, cos0 — -i. 
a Find z. 
b Hence find the exact area of the triangle. PIQUE 
(zx 4-2) cem 
(zx 4-3) cm 


11 The parallel sides of a trapezium have lengths 5 cm and 8 cm. The other two sides have lengths 
6 cm and 4 cm. Find the angles of the trapezium, to the nearest degree. 
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E SINE RULE 


The sine rule is a set of equations which connects the lengths of the sides of any triangle with the sines 
of the angles of the triangle. The triangle does not have to be right angled for the sine rule to be used. 





In any triangle ABC with sides a, b, and c units in length, 
and opposite angles A, B, and C respectively, 


sinA _ sinB X sinC CAN DE E 


oo = — = : 
a b € sin A sin B sinC 








Proof: The area of any triangle ABC is given by i besin A — 4 acsin B — $ absinC. 


Dividing each expression by 3 abc gives —— = —— = ——. 
a 


The sine rule is used to solve problems involving triangles, given: 


e two angles and one side e two sides and a non-included angle. 


FINDING SIDE LENGTHS 


Example 5 ™) Self Tutor 


Find the length of [AC] correct 
to two decimal places. 


12 


- E b 
Using the sine rule, ——— = 
8 sin 58° sin 39° 


. 12 x sin 58? 
| sin399 
b = 16.170 74 
[AC] is about 16.17 cm long. 





EXERCISE 11C.1 
1 Find the value of z: 


a b 11 cm c 
rcm 115° DIS 4.8 km 
23 cm 


80° z km 
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2 Consider triangle ABC. 
a Given A=63°, B=49°, and b=18 cm, find a. 
b Given A = 82°, C = 25°, and c= 34 cm, find b. 
c Given B = 21°, C = 48°, and a = 6.4 cm, find c. 


FINDING ANGLES 


The problem of finding angles using the sine rule is more complicated because there may DEMO 


be two possible answers. For example, if sin? = SE then 0 — 60? or 120?. We call CET 
this situation an ambiguous case. 


You can click on the icon to obtain an interactive demonstration of the ambiguous case, 
or else you can work through the following investigation. 


INVESTIGATION 2 


You will need a blank sheet of paper, a ruler, a protractor, and a compass for the tasks that follow. 
In each task you will be required to construct triangles from given information. You could also do 
this using a computer package such as ‘The Geometer’s Sketchpad’. 


What to do: 


Task 1: Draw AB = 10 cm. At A construct an angle of 30°. Using B as the centre, draw an arc 
of a circle of radius 6 cm. Let C denote the point where the arc intersects the ray from A. 
How many different possible points C are there, and therefore how many different triangles 
ABC may be constructed? 


Task 2: As before, draw AB = 10 cm and construct a 30? angle at A. This time draw an arc of 
radius 5 cm centred at B. How many different triangles are possible? 


Task 3: Repeat, but this time draw an arc of radius 3 cm centred at B. How many different triangles 
are possible? 


Task 4: Repeat, but this time draw an arc of radius 12 cm centred at B. How many different triangles 
are possible now? 


You should have discovered that when you are given two sides and a non-included angle there are a 
number of different possibilities. You could get two triangles, one triangle, or it may be impossible to 
draw any triangles at all for some given dimensions. 


Now consider the calculations involved in each of the cases of the investigation. 











Task 1: Given: c= 10 cm, a = 6 cm, A = 30° C4 
sin  sinA 
C 7 a 
sinC = csin A C2 6 cm 
a 
: o 
sind =P 008333 ARAS 
5 Á 10 cm B 


Because  sinÓ — sin(180? — 0) there are two possible angles: 
C z 56.44? or. 180? — 56.44? — 123.56? 
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Task 2: Given: c=10cm, a=5cm, A=30° 
C 

sinC  sinA 

co a 5cm 
a= csin A 

a 
: o A 10 cm B 

sinas A —1 


There is only one possible solution for C in the range from 0° to 180°, and that is C — 90?. Only 
one triangle is therefore possible. Complete the solution of the triangle yourself. 














Task 3: Given: c= 10 cm, a = 3 cm, A = 30? 
sinC  sinA 
c E a 
a csin A 
d ' 
P o A 10 cm B 
sinC — TM ~ 1.6667 


There is no angle that has a sine value > 1. Therefore there is no solution for this given data, and 
no triangles can be drawn to match the information given. 











Task 4: Given: c=10cm, a=12cm, A = 30° 
sinC  sinA 
E 7 a 
anes csin A 
a 
» o 
sinC — TT = 0.4167 


Two angles have a sine 
ratio of 0.4167: 





C x= 24.622 or 
180? — 24.62? — 155.38? 


A 10 cm B 

However, in this case only one of these two angles is valid. If A — 30? then C cannot possibly equal 
155.38? because 30° + 155.38° > 180°. 

Therefore, there is only one possible solution, C ~ 24.62°. 


Conclusion: Each situation using the sine rule with two sides and a non-included angle must be 
examined very carefully. 
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Example 6 


Find the measure of angle C in triangle ABC if AC — 7 cm, AB — 11 cm, and angle B measures 
rA 

















sin C sin B 











= {sine rule} 
C 
sinC _ sin 25° 
MIA 7 
11 cm imis 11 x sin 25? 
iG 
C = sin”! (+ x sin =) or its supplement 
2 Y (as C may be obtuse] 


(GR E ING Ror OUEST CO 
C en ^. C z 41.69. or. 138.4? 


C measures 41.6? if angle C is acute, or 138.4? if angle C is obtuse. 


In this case there 1s insufficient information to determine the actual shape of the triangle. There 
are two possible triangles. 





Sometimes there is information in the question which enables us to reject one of the answers. 





Find the measure of angle L in triangle KLM given that angle K measures 56%, LM = 16.8 m, 
and KM = 13.5 m. 







sinL _ sin56° 








{by the sine rule} 


K IS IDE 
: o 
dard cm 13.5 x sin 56 
16.8 
135m 
ME ASS Sino : 
L=sin pa or its supplement 
16.8 
M ., DE 41.8° or 180? — 41.8? 
16.8 m c done TS. or 138.2" 


We reject L2: 138.2?, since 138.2? 4-56? > 180° which is impossible in a triangle. 


L = 41.8°, a unique solution in this case. 








EXERCISE 11C.2 


1 Triangle ABC has angle B — 40°, b — 8 cm, and c — 11 em. Find the two possible measures 
of angle C. 


2 Consider triangle ABC. 
a Given a — 14.6 cem, b — 17.4 cm, and ABC = 65°, find the measure of BAC. 
b Given b= 43.8 cm, c= 31.4 cm, and ACB = 43°, find the measure of ABC. 
€ Given a — 6.5 km, c— 4.8 km, and BAC = 71°, find the measure of ACB. 
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3 Is it possible to have a triangle with the measurements 


shown? Explain your answer. 350 
9.8 cm 
68° 


11.4 cm 


4 Given AD = 20 cm, find the magnitude of ABC and 
hence the length BD. 





5 Find x and y in the given figure. 





6 Triangle ABC has A= 58°, AB = 5.1 cm, AC = 8 cm, and BC = 6.84 cm. 
a Find B correct to the nearest degree using the sine rule. 


b Find B correct to the nearest degree using the cosine rule. 


c€ Copy and complete: “When faced with using either the sine rule or the cosine rule it is better 
to use the ...... as it avoids ...... = 


7 In triangle ABC, ABC = 30°, AC=9cm, and AB=7cm. Find the area of the triangle. 


In the parallelogram ABCD, AB — 67 mm, AD — 35 mm, and BAD = 47°. Calculate BAC. 


9 Find the exact value of x, giving your answer in 
the form a+by2 where a,be Q. 








If we are given a problem involving a triangle, we must first decide which rule is best to use. 


If the triangle is right angled then the trigonometric ratios or Pythagoras’ Theorem can be used. For 
some problems we can add an extra line or two to the diagram to create a right angled triangle. 


However, if we do not have a right angled triangle then we usually have to choose between the sine and 
cosine rules. In these cases the following checklist may be helpful: 
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Use the cosine rule when given: 
e three sides e two sides and an included angle. 


Use the sine rule when given: 


e one side and two angles 


e two sides and a non-included angle, but beware of an ambiguous case which can occur when 


the smaller of the two given sides is opposite the given angle. 


Example 8 


The angles of elevation to the top of a mountain are 
measured from two beacons A and B at sea. 


The measurements are shown on the diagram. 


If the beacons are 1473 m apart, how high is the mountain? 





Let BT be z m and NT be h m. 














tos 
ATB = 41.2 — 29.7% {exterior angle of A} 
hm MESS 
a We find x in AABT using the sine rule: 
sin29.7? sin 11.5° 
ge ee sin 297° 
sin 11.5° 
= 3660.62 
; RS h 
Now, in ABNT, sin41.22 — — z& 
m 3660.62 


h = sin 41.2° x 3660.62 
Aili) 


The mountain is about 2410 m high. 





EXERCISE 11D 


1 Rodrigo wishes to determine the height of a flagpole. 
He takes a sighting to the top of the flagpole from point 
P. He then moves further away from the flagpole by 
20 metres to point Q and takes a second sighting. The 
information is shown in the diagram alongside. How 
high is the flagpole? 





™) Self Tutor 
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2 Q To get from P to R, a park ranger had to walk along a 
175 m dx 63 m path to Q and then to R as shown. 
What is the distance in a straight line from P to R? 


3 A golfer played his tee shot a distance of 220 m to point 
A. He then played a 165 m six iron to the green. If the 
distance from tee to green is 340 m, determine the angle 
the golfer was off line with his tee shot. 










4 A communications tower is constructed on top of a 
l tower building as shown. Find the height of the tower. 
D 
I building 
L 
*«————— 200 m——> 
5 Hikers Ritva and Esko leave point P at the same time. Ritva N 


walks 4 km on a bearing of 040°, then a further 6 km on a 
bearing of 155°. 
Esko hikes directly from P to the camp site. 
a How far does Esko hike? 
b In which direction does Esko hike? 
c Ritva hikes at 10 km h~! and Esko hikes at 6 km h7!. 
i Who will arrive at the camp site first? 
ii How long will this person need to wait before the 
other person arrives? 





d On what bearing should the hikers walk from the camp 

site to return to P? campsite 

6 A football goal is 5 metres wide. When a player is 

26 metres from one goal post and 23 metres from the 

other, he shoots for goal. What is the angle of view of the 
goals that the player sees? 

goal posts 
E= 





7 A tower 42 metres high stands on top of a hill. From a point some distance from the base of the 
hill, the angle of elevation to the top of the tower is 13.2° and the angle of elevation to the bottom 
of the tower is 8.3°. Find the height of the hill. 
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8 From the foot of a building I have to look 22° upwards 
to sight the top of a tree. From the top of the building, 
150 metres above ground level, I have to look down at an 
angle of 50° below the horizontal to sight the tree top. 


a How high is the tree? 150m 


b How far from the building is this tree? 





Example 9 =ù Self Tutor 


Find the measure of RPV. 





In ARVW, RV = y5? +3? = v34cm. {Pythagoras} 
In APUV, PV= y6?+3?= v45 cm. {Pythagoras} 
In APQR, PR= y6?+5?= v61 cm. {Pythagoras} 


v61 cm By rearrangement of the cosine rule, 
12 R 
hi cos — (8D? -- (VI? — (V4)? 
2/61/45 
v45 cm v34 cm _ 61445 — 34 
Y 2614/45 
m 
2/61/45 
2 36 
oos a e A 
(Gava) 


RPV measures about 46.6. 








9 Find the measure of POR in the rectangular 
box shown. 





10 Two observation posts A and B are 12 km apart. A third observation post C is located such that 
CAB is 42° and CBA is 67°. Find the distance of C from A and from B. 


13 


14 


15 


16 
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Stan and Olga are considering buying a 
sheep farm. A surveyor has supplied 
them with the given accurate sketch. 
Find the area of the property, giving 
your answer in: 


A hectare is equivalent to 
100 m x 100 m. 









a km? b hectares. P Tg 
12 km 


Thabo and Palesa start at point A. They each walk in a straight line at an 
angle of 120° to one another. Thabo walks at 6 kmh~! and Palesa walks 
at 8 kmh~+. How far apart are they after 45 minutes? 


The cross-section design of the kerbing for a 
driverless-bus roadway is shown opposite. The 
metal strip is inlaid into the concrete and is 
used to control the direction and speed of the 
bus. Find the width of the metal strip. 





metal strip 


An orienteer runs for 43 km, then turns through an angle of 32° and runs for another 6 km. How 
far is she from her starting point? 

Sam and Markus are standing on level ground 100 metres apart. A large tree is due north of Markus 
and on a bearing of 065° from Sam. The top of the tree appears at an angle of elevation of 25° to 
Sam and 15° to Markus. Find the height of the tree. 

A helicopter A observes two ships B and C. B is 23.8 km from the helicopter and C is 31.9 km 


from it. The angle of view BAC from the helicopter to B and C, is 83.6°. How far are the ships 
apart? 


REVIEW SET 11A 





1 Determine the area of the triangle. 


8 km 
2 You are given enough details of a triangle so that you could use either the cosine rule or the 
sine rule to find an unknown. Which rule should you use? Explain your answer. 


3 Kady was asked to draw the illustrated triangle exactly. 
a Use the cosine rule to find z. 8 cm 7 cm 
b What should Kady’s response be? 


4 A triangle has sides of length 7 cm and 13 cm, and its area is 42 cm?. Find the sine of the 
included angle. 
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5 Consider the kite ABCD alongside: D 


a Use the cosine rule to show that ADC = ABC. 
b Use the sine rule to show that DAC — BAC. 


m 
» 


6 “60° A boat is meant to be sailing directly from A to B. 
However, it travels in a straight line to C before the 
captain realises he is off course. The boat is turned 
through an angle of 60°, then travels another 10 km to 
B. The trip would have been 4 km shorter if the boat had 
gone straight from A to B. How far did the boat travel? 


A 


7 Show that the yellow shaded area is given by 


A= # (8 — sin(82)), 


e 


8 In triangle ABC, AB— 5m, AC—dm, BC—zm, and C 
ABC measures 20°. xm 


a Find an expression for d? in terms of x. 


B 
dm 
b For d » 0, d is minimised when d? is minimised. Use E 
this fact to find the exact value of x which minimises d. ^ us 
c Hence, show that d is minimised when BCA isa right angle. 
9 a For the quadratic function y =—=?+12x — 20, find the maximum or minimum value 


and the corresponding value of x. 
b In triangle ABC, AB = y, BC =z, AC = 8, and the 
perimeter of the triangle is 20. 
i Write y in terms of zx. 
il Use the cosine rule to write y? in terms of z and cos 0. 
STO A 


iii Hence show that cos = > 
L 


E 

2 = 
8 

Q 


€ If the area of the triangle is A, show that A? = 20(—x? + 12x — 20). 


d Hence, find the maximum area of the triangle, and the triangle’s shape when this occurs. 
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REVIEW SET 11B 


1 Determine the value of zx: 


a 11 cm b 15 km 
13 cm 17 km 
19 cm z km 


2 Find the unknown side and angles: 3 Find the area of quadrilateral ABCD: 





11cm 


E A 2m 
A E 
9.8 cm ue 
11cm a 
B 


4 A vertical tree is growing on the side of a hill with gradient 10° to the horizontal. From a point 
50 m downhill from the tree, the angle of elevation to the top of the tree is 18°. Find the height 





E 


of the tree. 
5 A 3km D Hikers Andrew and Brett take separate trails from their start- 
m ing point P to get to their destination D. They walk at an 
8km 100* angle of 40? apart from each other as shown, and stop to eat 
uL | their lunch at positions A and B respectively. How far does 
i A MR B Brett still have to walk to reach the destination? 


6 At 1 pm, runners A and B start out from the same point. Runner A runs at 14 kmh ! on the 
bearing 025°. Runner B runs at 12 kmh”* on the bearing 097°. 
a At what time will A and B be 20 km apart? 
b Find the bearing of B from A at this time. 
7 From point A, the angle of elevation to the top of a tall building is 20°. On walking 80 m 
towards the building, the angle of elevation is now 23°. How tall is the building? 


8 Peter, Sue, and Alix are sea-kayaking. Peter is 430 m from Sue on a bearing of 113°. Alix is 
on a bearing of 210° and is 310 m from Sue. Find the distance and bearing of Peter from Alix. 





REVIEW SET 11C 


1 Find the value of z: 


E 13 cm rcm 


11cm 14 cm 


19 cm 21 cm 
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2 The triangle ABC has area 80 cm?. 


a Find the value of x. 
b Hence find the length AC. 


3 Find the measure of EDG: 





^ Anke and Lucas are considering buying a block of 
land. The land agent supplies them with the given 
accurate sketch. Find the area of the property, giving 
your answer in: 125m 90 m 


2 


am b hectares. 





n 120 m 


5 A family in Germany drives at 140 kmh^! for 45 minutes on the bearing 032°, and then 
180 km h^! for 40 minutes on the bearing 317?. Find the distance and bearing of the car from 
its starting point. 

6 Soil contractor Frank was given the following dimensions over the telephone: 


The triangular garden plot ABC has CAB measuring 44?, [AC] is 8 m long, and [BC] is 6 m 
long. Soil to a depth of 10 cm is required. 


a Explain why Frank needs extra information from his client. 
b What is the maximum volume of soil needed if his client is unable to supply the necessary 
information? 
7 a Explain why cos(180? — 0) — — cos. 
In the given quadrilateral, b + d = 180. 
i Show that 300 cos d° — 192 cos b° = 117. 


ii Find the values of b and d. 
iii Hence, find the values of a and c. 





8 Quadrilateral PQRS has been divided into two 3 Q 
triangles by the diagonal [QS]. PQ = 3, QR = 7, E 
PS = 6, QPS = ¢, and QRS = 32°. 

a Find QS in terms of cos @. 
b Suppose 6$ — 50? and RSQ is acute. 


i Find the measure of RSQ. 
ii Find the perimeter of the quadrilateral. 





ili Find the area of the quadrilateral. 
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OPENING PROBLEM 


A Ferris wheel rotates at a constant speed. The 
wheel’s radius is 10 m and the bottom of the wheel 
is 2 m above ground level. From a point in front of 
the wheel, Andrew is watching a green light on the 
perimeter of the wheel. Andrew notices that the green 
light moves in a circle. He estimates how high the 
light is above ground level at two second intervals 
and draws a scatter diagram of his results. 


Things to think about: 
a What does his scatter diagram look like? 


b What function can be used to model the data? 
€ How could this function be used to find: 











i the light's position at any point in time 
ii the times when the light is at its maximum 
and minimum heights? 


d What part of the function would indicate the time interval over which one complete cycle occurs? 


Click on the icon to visit a simulation of the Ferris wheel. You will be able to view 


the light from: DEMO 


e in front of the wheel e a side-on position e above the wheel. 


You can then observe the graph of the green light’s position as the wheel rotates at a constant rate. 


Periodic phenomena occur all the time in the physical world. For example, in: 





e seasonal variations in our climate 

e variations in average maximum and minimum monthly temperatures 
e the number of daylight hours at a particular location 

e tidal variations in the depth of water in a harbour 

e the phases of the moon 

e animal populations. 


These phenomena illustrate variable behaviour which is repeated over time. The repetition may be called 
periodic, oscillatory, or cyclic in different situations. 


In this chapter we will see how trigonometric functions can be used to model periodic phenomena. 


OBSERVING PERIODIC BEHAVIOUR 


The table below shows the mean monthly maximum temperature for Cape Town, South Africa. 
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On the scatter diagram alongside we plot the T (*C) 
temperature 7T' on the vertical axis. We assign 30 
January as t = 1 month, February as t= 2 e Q^ 
months, and so on for the 12 months of the year. 20 a, A 
... (10, 213) 
10 
t (months) 
= St > 
| is 6 9 ni 
JAN JAN 


The temperature shows a variation from an average of 28?C in January through a range of values across 
the months. The cycle will approximately repeat itself for each subsequent 12 month period. By the 
end of the chapter we will be able to establish a periodic function which approximately fits this set of 
points. 














AT(CC) 
30 o o 
s o eg o 
o o 
20 s >? 2a > 
o o o o o o 
10 
t (months) 
| 3 6 9 121 15 18 21 24 
YJAN JAN 


HISTORICAL NOTE 





direction 12 


of rotation 





In 1831 Michael Faraday discovered that an electric current was generated by rotating a coil of wire 
in a magnetic field. The electric current produced showed a voltage which varied between positive 
and negative values as the coil rotated through 360°. 


Graphs with this basic shape, where the cycle is repeated over and over, are called sine waves. 


GATHERING PERIODIC DATA 


Data on a number of periodic phenomena can be found online or in other publications. For example: 


e Maximum and minimum monthly temperatures can be found at www.weatherbase.com 


e Tidal details can be obtained from daily newspapers or internet sites such as 
http://tidesandcurrents.noaa.gov or  http://www.bom.gov.au/oceanography 
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TERMINOLOGY USED TO DESCRIBE PERIODICITY 


A periodic function is one which repeats itself over and over in a horizontal direction, in intervals of 
the same length. 

The period of a periodic function is the length of one repetition or cycle. 

f(a) is a periodic function with period p = f(a +p) = f(x) forall x, and p is the 


smallest positive value for this to be true. 


A cycloid is an example of a periodic function. It is the curve traced out by a point on a circle as the 
circle rolls across a flat surface in a straight line. 


horizontal flat surface 








Use a graphing package to examine the function f(x) = x — [x] 
where [zx] is “the largest integer less than or equal to x”. TOL 


Is f(x) periodic? What is its period? T» 


WANES 


In this course we are mainly concerned with periodic phenomena which show a wave pattern: 


the wave 







principal axis 


The wave oscillates about a horizontal line called the principal axis or mean line which has 
max + min 
T : 


A maximum point occurs at the top of a crest, and a minimum point at the bottom of a trough. 


equation y= 


The amplitude is the distance between a maximum (or minimum) point and the principal axis. 
max — min 


amplitude = B 


maximum points 





principal axis 
I ————————————— —Á—— M: > 





minimum point Ei 
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EXERCISE 12A 
1 Which of these graphs show periodic behaviour? 























a b 
> 
T 
c d 
: : : T 
123456789 
LÀ] O Lj 
e AY f 
x 
5 10 15 20 
Y 
39 ay h 
x 
4 > 








2 The following tabled values show the height above the ground of a point on a bicycle wheel as the 
bicycle is wheeled along a flat surface. 





| Distance travelled (cm) | 0 100 | 120 | 140 | 160 | 180 | 200 


| Height above ground (cm) | 0 poca 


| Distance travelled (cm) | 220 | 240 | 260 | 280 | 300 | 320 | 340 | 360 | 380 | 400 
| Height above ground (cm) | 5 | 27 | 40 | 55 | 63 | 60 | 44 | 24 | 9 3 


a Plot the graph of height against distance. 























b Is it reasonable to fit a curve to this data, or should we leave it as discrete points? 
€ Is the data periodic? If so, estimate: 
i the equation of the principal axis ii the maximum value 
iii the period iv the amplitude. 


3 Draw a scatter diagram for each set of data below. Is there any evidence to suggest the data is 
Bor 


0o 2:122 4 5/6 17, 8|9 1 1| | 
Pep po papse pa n s p prp p] 


d | ^ |^ ||] 56] 7] 8 3 1391 
y Are ru ur ao e CUR Rio BE GRAPHICS 











CALCULATOR 
INSTRUCTIONS 
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THEORY OF KNOWLEDGE 


In mathematics we clearly define terms so there is no misunderstanding of their exact meaning. 


We can understand the need for specific definitions by considering integers and rational numbers: 


: : : ; 2 4 
e 2 is an integer, and is also a rational number since 2 = = 
An : > : ‘ 4 
9115/8 rational number, and is also an integer since 7 Pi 


Ae ; : T 
e 5 is a rational number, but is nof an integer. 


Symbols are frequently used in mathematics to take the place of phrases. For example: 


e = is read as “is equal to” e 5; is read as “the sum of all” 
e € is read as “is an element of” or “is in”. 


1 Is mathematics a language? 

2 Why is it important that mathematicians use the same notation? 

3 Does a mathematical argument need to read like a good piece of English? 
The word similar is used in mathematics to describe two figures which are in proportion. This is 
different from how similar is used in everyday speech. 


Likewise the words function, domain, range, period, and wave all have different or more specific 
mathematical meanings. 


A What is the difference between equal, equivalent, and the same? 


5 Are there any words which we use only in mathematics? What does this tell us about the 
nature of mathematics and the world around us? 


In previous studies of trigonometry we have only considered static situations where an angle is fixed. 
However, when an object moves around a circle, the situation is dynamic. The angle 0 between the 
radius [OP] and the positive x-axis continually changes with time. 





Consider again the Opening Problem in which a Ferris wheel of radius 
10 m revolves at constant speed. We let P represent the green light 
on the wheel. 


The height of P relative to the x-axis can be determined using right 
angled triangle trigonometry. 


sing =”, so h=10sin0. 
10 





As time goes by, 0 changes and so does h. 


So, we can write h as a function of 0, or alternatively we can write h as a function of time t. 
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Suppose the Ferris wheel observed by Andrew takes 100 seconds for a full revolution. The graph below 
shows the height of the light above or below the principal axis against the time in seconds. 


DEMO 


+ 


height (metres) 






10 


time (seconds) 
—10 


We observe that the amplitude is 10 metres and the period is 100 seconds. 


THE BASIC SINE CURVE 


Suppose point P moves around the unit circle so the angle [OP] makes 
with the positive horizontal axis is x. In this case P has coordinates 
(cos x, sin z). 


P (cos x, sin x) 


If we project the values of sin x from the unit circle to a set of axes 
alongside, we can obtain the graph of y — sin z. 


Note carefully that x on the unit circle diagram is an angle, and 
becomes the horizontal coordinate of the sine function. 


Unless indicated otherwise, you should assume that x is measured in radians. Degrees are only included 
on this graph for the sake of completeness. 






180° 270° 360° 
3m 


5 2T 














SINE 
FUNCTION 


You should observe that the sine function can be continued beyond 0 < x < 27 in either TNT 
direction. 


Click on the icon to generate the sine function for yourself. 





A iesetegtetceee clu eee EDU DIE LU i uec iue cede e conde i teri cne ei 
—1809  —90* 90° 180° 270% 3609 450° 540° 
< T T pa 5T > c 
—T m > T E 2m EE 3m 
j y=sinzx 





The unit circle repeats itself after one full revolution, so its period is 27. 
The maximum value is 1 and the minimum is —1, as —1 <y<1 on the unit circle. 


The amplitude is 1. 
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TRANSFORMATIONS OF THE SINE CURVE 


In the investigations that follow, we will consider applying transformations to the sine curve y = sin z. 
Using the transformations we learnt in Chapter 5, we can generate the curve for the general sine function 
y = asin(b(a — c)) +d. 


INVESTIGATION 1 


Click on the icon to explore the family y — asinz, a Z 0. DYNAMIC SINE 
FUNCTION 


Notice that x is measured in radians. A 
What to do: 


1 Use the slider to vary the value of a. Observe the changes to the graph of the function. 


2 Use the software to help complete the table: 









































a | Function Maximum | Minimum Period | Amplitude 








3 How does a affect the function y — asinz? 


A State the amplitude of: 
a y —3sinx b y— /7sinz € y— —2sinz 





INVESTIGATION 2 


Click on the icon to explore the family y = sinbz, b 0. DYNAMIC SINE 
FUNCTION 


rs to do: | UNT 


Use the slider to vary the value of b. Observe the changes to the graph of the 
function. 


2 Use the software to help uud: the table: 


CE Rocio | Mesman | Miniman [Perd arpa 





a y—sin3x b y=sin(31) € y=sin(1.2x) d y-—sinbz 


3 How does b affect the function y = sin ba? 
A State the period of: 
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From the previous Investigations you should have found: 


Family y —asinz, a0 |a| is the 
: , : modulus of a. 
e a affects the amplitude of the graph; amplitude — |a| TO ANC E 
e The graph is a vertical stretch of y = singz with scale factor |a]. a, and cannot 


: : : be negative. 
e If a «0, the graph of y —sinz is also reflected in the x-axis. EE 


Family y=sinbz, b ^0 





: ; A : 1 
e The graph is a horizontal stretch of y = sinx with scale factor a 


E 2 
e period = P On) 


Example 1 x5) $elf Tutor 


Without using technology, sketch the graphs of: 
a y—2sinz b y—-2sinz for 0x z x 2m. 





a This is a vertical stretch of y =sinx with scale factor 2. 
The amplitude is 2 and the period is 27. 














Example 2 






Without using technology, sketch the graph of y — sin2r for 0 € z € 2m. 











Since sin 2x has half the 
period of sin x, the first 


maximum is at v not en 





This is a horizontal stretch of y = sinx with scale factor i. 





The period is 2 — z, so the maximum values are 7 units apart. 
p D > 








PL 
~ 

PO EE 

¿e x, 
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EXERCISE 12B.1 


1 Without using technology, sketch the graphs of the following for 0 € x < 27: 


a y=3sing b y—-3sinz c y = $sinz d y = —sing 


2 Without using technology, sketch the graphs of the following for 0 € x € 37: 





a y-—sin3x b y=sin (8) ¢ y=sin(—2z) 
3 State the period of: 
a y-—sin4z b y-sin(—4z) € y—sin (2) d y=sin(0.6x) 
4 Find b given that the function y =sinbx, b>0 has period: 
a 5r b = c 127 d 4 e 100 
5 Use a graphics calculator or graphing package to help you graph for 0° < x < 720°: 
a y=2sinz+sin2z 6 y=sinz+sin2z + sin3z c y- — 
6 a Use a graphing package or graphics calculator to graph for —4r < x < 4r: GRAPHING 


sin3r , sinbr PACKAGE 


i x) =sinz + — + — 
sin 3x sin 5a sin 7x sin 9x 4 sin 11x 


il f(x)= sing + 


















































3 5 7 9 11 
: : sin 3x sin 5x sin 7x sin 1001x 
b Predict the graph of f(x) = singz + z ; ee aa 
INVESTIGATION 3 
Click on the icon to explore the families y — sin(z —c) and y — sinz 4- d. DYNAMIC SINE 
FUNCTION 
What to do: ee 
1 Use the slider to vary the value of c. Observe the changes to the graph of 
the function, and complete the table: 
c | Function Maximum | Minimum | Period | Amplitude 





2 What transformation moves y —sinz to y= sin(x — c)? 


3 Return the value of c to zero, and now vary the value of d. Observe the changes to the graph 
of the function, and complete the table: 





Function | Maximum | Minimum | Period | Amplitude 





y =sinz 1 -1 2m 1 
y —sinrz43 
—2 | y=sinz—2 











y — sinz 4-d 
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A What transformation moves y —sinz to y — sinc -- d? 


5 What transformation moves y —sinz to y —sin(z —c) - d? 


From Investigation 3 we observe that: 


e y-—sin(r—c) is a horizontal translation of y = sinx through c units. 
e y —sinz-d isa vertical translation of y — sinc through d units. 


e y-—sin(r—c)--d isa translation of y = sing through vector i 


Example 3 x) Self Tutor 















On the same set of axes graph for 0 < x < 4m: 


a y-—sinz and y sin(z — 1) b y-—sinz and y—sinz—1 


This is a horizontal translation of y — sinz to the right by 1 unit. 




















THE GENERAL SINE FUNCTION 


The general sine function is 


y —asin(b(x —c))--d where b 0. 


affects affects affects affects 
amplitude period horizontal translation vertical translation 


The principal axis of the general sine function is y — d. 
2m 
The period of the general sine function is E 


The amplitude of the general sine function is |al. 


=. elja 
Se 


For example, y= 2sin(3(a—4))+1 isa translation of y = 2sin3x with translation vector ( 
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Starting with y — sinz we would: 
e double the amplitude to produce y —2sinz, then 
e divide the period by 3 to produce y =2sin3xw, then 


T 


e translate by (1) to produce y — 2sin(3(z — $)) +1. 


EXERCISE 12B.2 
1 Sketch the graphs of the following for 0 € x € 4m: 


a y—sinz—2 b y-sin(x —2) c y-— sin(z +2) GRAPHING 
7 e y PACKAGE 
d y=sinz+2 e y=sin(= +1) Í y=sin(r—-¿)+1 
Check your answers using technology. f j 
2 State the period of: 
a y-—sinbt b y=sin (4) c y =sin(—2t) 
3 Findbin y — sinbz if b — 0 and the period is: 
a 37 b 5 c€ 1007 d 50 
4 State the transformations which map: 
a y=sinx onto y=sinx— 1 b y=sinz onto y=sin(x — 4) 
¢ y=sinz onto y=2sinz d y=sinz onto y=sin4z 
€ y-sinz onto y — $sinz f y=sinzx onto y= sin (2) 
g y=sinz onto y=-—sinz h y-—sinz onto y — —3 + sin(x + 2) 


i y=sinz onto y — 2sin3z 


y —sinz onto y —sin(r — $) 4-2 





When patterns of variation can be identified and quantified using a formula or equation, predictions may 
be made about behaviour in the future. Examples of this include tidal movement which can be predicted 
many months ahead, and the date of a future full moon. 


In this section we use sine functions to model periodic biological and physical phenomena. 


MEAN MONTHLY TEMPERATURE 


Consider again the mean monthly maximum temperature for Cape Town over a 12 month period: 














Aug | Sep | Oct 





The graph over a two year period is shown below: 








































































































40 
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20 +1 | ; “a i 
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We attempt to model this data using the general sine function y = asin(b(x — c)) + d, 
or in this case T — asin(b(t — c)) 4- d. 








s odiis 2 
The period is 12 months, so = —12 and .. b—Z$. 
: — mi 28—1 
The amplitude — m 3 mg e J 5 x 6.5, so a7 6.5. 
mE s E 28 + 15 
The principal axis is midway between the maximum and minimum, so d ~ n 21.5. 


So, the model is T ~ 6.5sin(%(t — c)) + 21.5 for some constant c. 
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On the original graph, point A lies on the principal axis, and is the first point shown at which we are 


starting a new period. Since A is at (10, 21.5), c — 10. 


The model is therefore T' z 6.5 sin(%(t — 10)) + 21.5, and we can superimpose it on the original data 


as follows. 
40 





T (°C) 








30 





20 

















10 
















































































o din 


Jan Mar May Jul Sep Nov Jan Mar May Jal Sep Nov 





TIDAL MODELS 


The tides at Juneau, Alaska were recorded over a two day Day 1 | high tide 1:18 pm 





iod. TI It I in the tabl ite: : 
perio he results are shown in the table opposite ds a pa 
Day 2 | high tide | 1:31 am, 2:09 pm 


7:30 am, 7:57 pm 





Suppose high tide corresponds to height 1 and low tide to height —1. 


Plotting these times with t being the time after midnight before the first low tide, we get: 


Tide height, H <— 12 hrs 13 min—<~ 12 hrs 38 min—> 


e ` e E Á x 
< k—1 —34 A —31 j—— — ;— id »- 
s \6am /12noon 6pm /midnight X6am , 12 noon 6pm A 
midnight X ^ ` / Y, / * i 


/ 
p, 


a 


O, e 
AN ^ 


A 
^ 


AN * e * P. A 
Ss. ^ e "e^ "Se 
=] -0 "e^ e e 


+ 12 hrs 27 min—><=—12 hrs 17 min-><— 12 hrs 27 min— 


We attempt to model this periodic data using H = asin(b(t — c)) + d. 
The principal axis is HH — 0, so d — 0. 


The amplitude is 1, so a — 1. 
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The graph shows that the ‘average’ period is about 12 hours 24 min = 12.4 hours. 
But the period is =, so 2 12.4 and -. b=— z 0.507. 
The model is now H ze sin(0.507(t — c)) for some constant c. 


We find point X which is midway between the first minimum 6:46 am and the following maximum 


1:18 pm. Its z-coordinate is mM ~ 10.0, so cz 10.0. 


So, the model is HA = sin(0.507(t — 10.0)). 


Below is our original graph of seven plotted points and our model which attempts to fit them. 


H H cz sin (0.507 (t — 10.0)) 








Use your graphics calculator to check this result. 
The times must be given in hours after midnight, so 
the low tide at 6:46 am is (6.77, —1), 
the high tide at 1:18 pm is (13.3, 1), and so on. 





= 
GRAPHICS 
CALCULATOR 
INSTRUCTIONS 
EXERCISE 12C 


1 Below is a table which shows the mean monthly maximum temperatures for a city in Greece. 


[Zen [Feb [Mar [Ave [oy [on [Jay [Ae [Sep 0% [Nov [De] 





a Usea sine function of the form T = asin(b(t—c))+d to model the data. Find good estimates 
of the constants a, b, c and d without using technology. Use Jan=1, Feb = 2, and so on. 


b Use technology to check your answer to a. How well does your model fit? 
2 The data in the table shows the mean monthly temperatures for Christchurch, New Zealand. 
| Month | Jan | Feb | Mar 
| Temperature (°C) | 
































a Find a sine model for this data in the form T & asin(b(t — c)) 4- d. Assume Jan = 1, 
Feb = 2, and so on. Do not use technology. 


b Use technology to check your answer to a. 


3 Some of the largest tides in the world are observed in Canada's Bay of Fundy. The difference 
between high and low tides is 14 metres, and the average time difference between high tides is 
about 12.4 hours. 


a Find a sine model for the height of the tide H in terms of the time t. 
b Sketch the graph of the model over one period. 
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4 At the Mawson base in Antarctica, the mean monthly temperatures for the last 30 years are: 
| Month | Jan | Feb | Mar | Apr | May | Jun 
| Temperature (°C) | 






























a Find a sine model for this data without using technology. 
Use Jan = 1, Feb = 2, and so on. 


b How appropriate is the model? 


5 Revisit the Opening Problem on page 326. 
The wheel takes 100 seconds to complete one 
revolution. Find the sine model which gives the height 
of the light above the ground at any point in time. 
Assume that at time t = 0, the light is at its lowest 
point. 





We return to the Ferris wheel and now view the movement of the green light from above. 
d 
Now cos = 15. 59 d = 10cos0 


The graph being generated over time is therefore a cosine function. 


DEMO 


horizontal displacement (m) 









d = 10cos0 


time (s) 


—10 





The cosine curve y = cosx, like the sine curve y = sing, has a period of 27, an amplitude of 1, 
and its range is —1 <y S< 1. 


Use your graphics calculator or graphing package to check these fu 


features. GRAPHING 


GRAPHICS Perens 


CALCULATOR 
INSTRUCTIONS 
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Now view the relationship between the sine and 
cosine functions. 


You should observe that y = cosx and 
y —sinz are identical in shape, but the cosine 
function is 7 units left of the sine function under 
a horizontal translation. 


This suggests that cosa = sin (a ae 2). 





Use your graphing package or graphics calculator to check this by graphing cupis 


y —cosz and y —sin E + z) on the same set of axes. PACKAGE 


+ 


The general cosine function is y — acos(b(x —c)) -- d where az 0, b » 0. 


THE GENERAL COSINE FUNCTION 


Since the cosine function is a horizontal translation of the sine function, the constants a, b, DYNAMIC 


c, and d have the same effects as for the general sine function. Click on the icon to check han 


this. he 


Example 4 =ù Self Tutor 

















Without using technology, sketch the graph of y = 3cos2x for 0 < x < 2r. 


Notice that a = 3, so the amplitude is 

[| S83. 

b — 2, so the period is erum 
b D 

To obtain this from y = cosx, we have a 

vertical stretch with scale factor 3 followed 

by a horizontal stretch with scale factor i. 





as the period has been halved. 








EXERCISE 12D 


1 Given the graph of y — cosz, 
sketch the graphs of: 
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< 
a y=cosc+2 b y-—cosz-1 c y — cos (z — F) 
d y = cos (x 4- £) e y = cosx f y = cosa 
g y=-—cosz y =cos (a— 2) +1 i y =cos(#+F)—-1 
] y-—cos2r k y= cos (2) | y=3c082x 


2 Without graphing them, state the periods of: 


a y=cos3w b y — cos (£) 


3 The general cosine function is 
State the geometrical significance of a, b, c, and d. 


4 Find the cosine function shown in the graph: 
a 





€ y — cos (5r) 


y = acos(b(x — c)) + d. 








We have seen that if P(cos@, sin@) is a point which 
is free to move around the unit circle, and if [OP] 
is extended to meet the tangent at A(1, 0), the 
intersection between these lines occurs at Q(1, tan 0). 


This enables us to define the tangent function 


sin 0 
tan = 





cos 0 
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For 0 in quadrant 2, sin 0 is positive and cos 0 is negative 
ind . : 
and so tan = © is negative. 
cos 0 


As before, [OP] is extended to meet the tangent at A at 
Q(1, tan 0). 


For 0 in quadrant 3, sin@ and cos@ are both negative 
and so tan 0 is positive. This is clearly demonstrated as 
Q is back above the x-axis. 





Ay For 0 in quadrant 4, sinf is negative and cosÓ is 
positive. tan @ is again negative. 





A(1,0) 








Q(1,tan0) 


DISCUSSION 
What happens to tan 0 when P is at (0, 1) and (0, —1)? 





THE GRAPH OF y = tanc 


; sin g : 
Since tana = ——, tanz will be undefined whenever cosx = 0. 
COS LT 


The zeros of the function y — cosx correspond to vertical asymptotes of the function y — tan x. 


The graph of y = tanx is 


¡y=tanz 


DEMO 
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We observe that y = tanx has: e period of 7 
e range yc R 
e vertical asymptotes x = 5 4 km forall k € Z. 


Click on the icon to explore how the tangent function is produced from the unit circle. TANGENT 
FUNCTION 


DISCUSSION 


e Discuss how to find the x-intercepts of y — tan. 
e What must tan(x — r) simplify to? 
e How many solutions does the equation tanz — 2 have? 


THE GENERAL TANGENT FUNCTION 


The general tangent function is y — atan(b(x —c))--d, a0, 60. 
e The principal axis is y — d. 


e The period of this function is = 


e The amplitude of this function is undefined. 
e There are infinitely many vertical asymptotes. 


Click on the icon to explore the properties of this function. DYNAMIC 
TANGENT 


FUNCTION 


+ 


Example 6 x) $elf Tutor 










Without using technology, sketch the graph of y = tan(x + 7) 





y = tan(x + T) is a horizontal 





y=tan(z+7) 
translation of y = tanx through —4 i 


y = tanx has vertical asymptotes 





= lus = 13m — 5m 
L=F, C=, and r— 
Its x-axis intercepts are 0, 7, 27, and 37. E E 


y = tan(x + 2 has vertical 


asymptotes z — 2, z — on 
9r : 
> and z-intercepts 


3m Tm lin 
a? 4) and =. 


T= 
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Without using technology, sketch the graph of y — tan2x for —7- € z € m. 





y = tan2x is a horizontal stretch of 
y —tanz with scale factor 3. 


Since b — 2, the period is. 7. 


The vertical asymptotes are 

37 

E 

and the x-axis intercepts are at 


T 
0, 2* Tr 











T 
f= 24, T51 




















EXERCISE 12E 


1 a Sketch the following functions for 0 € x € 3r: GRAPHING 


| y —tan(z — 2) ii y — —tanz ili y —tan3z PACKAGE 


b Use technology to check your answers to a. l " 


Look in particular for asymptotes and the x-intercepts. 
2 Describe the transformation(s) which moves the first curve to the second curve: 
a y-—tanz to y —tan(z — 1) 4-2 b y—tanz to y ——tanz 
€ y—tanz to y — 2tan (8) 
3 State the period of: 


a y=tanz b y=tan3w € y—tannrz, nf0 GRAPHING 
PACKAGE 


T 


I : FUNCTIONS 


In the previous sections we have explored properties of the sine, cosine, and tangent functions, and 
observed how they can be transformed into more general trigonometric functions. 





The following tables summarise our observations: 





FEATURES OF CIRCULAR FUNCTIONS 


. Sketch for ; : ‘ 
y 


1 


y —sinz 2n 1 TER | -1<y<l 
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s Sketch for T i ; 


a SS 


undefined 
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General function 























a ly (0) 
affects vertical affects 

stretch horizontal 
stretch 


: ; 2 
amplitude = |a| | period = a 


amplitude 
undefined 



















C d 
affects horizontal | affects vertical 
translation translation 




















e d^ moves 
the graph up 


e c» moves 
the graph right 


e d«0O moves 
the graph down 


e c«( moves 
the graph left 


e principal axis 








is y=d 











EXERCISE 12F 





1 State the amplitude, where appropriate, of: 


8 y-—sin4x 


2 State the period of. 
a y=-—tanz 
3 Find b given: 
a y=sinbw has period 27 
c y —tanbz has period > 
h 
a y= 3 cos £ 
d y-—3cos2r 
5 


a y=-—sindz 
d y=-—cos2x+3 


b y=2tan(3) 


b y-—cos(5) — 1 


Sketch the graphs of these functions for 0 < x « 27: 


b y=sinx+1 
e y=sin(r+%4)-1 


b y=3coszx 
e y=1+2sinz 


€ y —sin(2(z — 2)) 


=. : 27 
b y-cosbz has period = 


d y-sinbz has period 4 


€ y —tan(z 4 5) 
f y=tanz-2 


State the maximum and minimum values, where appropriate, of: 


€ y—2tanzc 


f y —sin(z—-5)—3 
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6 State the transformation(s) which map(s): 


a y=sinx onto y=>sinz b y=cosz onto y=cos($) 
¢ y=sinz onto y= -sing d y=cosx= onto y=cosx — 2 
e y=tanzx onto y= tan(x + f) f y=sinxw onto y =sin(—x) 


7 Find m and n given the following graph is of the function y = msing +n. 


y 





y = tan pt 4 q. 








ACTIVITY 


Click on the icon to run a card game for trigonometric functions. CARD GAME 


+ 


` FUNCTIONS 





We define the reciprocal trigonometric functions cosec x, secant xz, and cotangent x as: 


1 1 1 Cos £ 
seca — and cot t = = 


csc xz = E ; 
cosa tana sin x 














sin x’ 
Using these definitions we can derive the identities: 


tan? z + 1 = sec? x and 1+ cot? x = csc? x 


Proof: Using sin? z + cos? x = 1, 


E 2 
Site a COSA Tm il as 

= —— == {dividing each term by cos? x} 
COS” £ COS? qr COS* T 


tan? z +1 = sec? g 
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Also using sin? z + cos? x = 1, 
2 2 

T COSE TD il ee a 
-+t =S {dividing each term by sin? z) 
zx sin” & sin? r 


sin 








sin 
1+ cot? x = csc? x 


Example 8 x) $elf Tutor 












Using the graph of y = sinz, sketch the graph of y= d cscx for x € [-2m, 2n]. 


sing 
Check your answer using technology. 





Use the techniques for 
il 
graphing ——~ from 
f(x) 
Chapter 5. 








EXERCISE 12G 


1 Without using a calculator, find: 


2 5 
a csc (3) b cot (32) € sec (37) d cot(m) 
2 Without using a calculator, find cscx, secx, and cota given: 
a sinz=2, 0<x<% b cosr—2, 3 <g<2r 


3 Find the other five trigonometric ratios if: 


a cosz = 3 and St <a < Qn b sinz — —2 and m r3 
c sec x = 23 and 0<r< 5 d cscz —2 and $«z«m 
as. 3T _4 3m 
e tanG= 5 and rn<pb< E f cot@= 3 and r<O< 5 
4 Simplify: 
a tanzcotz b sinzcscx € cscxcot x 
eat ë cot x f 2 sin z cot x + 3 cosx 





csc & cot x 
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5 Using the graph of y= cosa, sketch the graph of y= NM secx for x € [-2m, 2r]. 
COS LT 


Check your answer using technology. 


6 Using the graph of y = tanx, sketch the graph of y= 





—cotz for zc |-27, 27]. 
tang 


7 Use technology to sketch y = secx and y = csc (x + 3) on the same set of axes for 


x € |-27, 27]. Explain your answer. 





In many problems we need to know what angle results in a particular trigonometric ratio. We have 
already seen this for right angled triangle problems and the cosine and sine rules. 


For example: tanó = OFE = 3 
ADJ 4 
3 ^ 0-—tan ! (2) 
0 = 36.97 
E 
4 


Rather than writing the inverse trigonometric functions as sin”*x, cos”*x, and tan”!x, which 


can be confused with reciprocals, mathematicians more formally refer to these functions as arcsine zx, 
arccosine x, and arctangent x. 


1 


Since sin z, cos x, and tan x are all many-to-one functions, their domains must be restricted in order for 
them to have inverse functions. The inverse functions are therefore defined as follows: 


Function | RCN 

















U = arcsin (E sio y ll 





< 
v= arccos a ICO Y LES 








y = arctan zx 





The graphs of these functions are illustrated below as the inverse functions of sin z, cos z, and tan z on 
restricted domains which are the ranges of arcsin x, arccos x, and arctan x respectively. 





y=tanzx 
y — arccos z A P y-cr 
t pm yes Gp T Tm Y 
E 4 y=xu al Peete ees 
X 
2 
E 
-1 1 i vex senec ape m 
Fe cos o SS i 2 
1 y=cos Tt 
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EXERCISE 12H 


1 Copy and complete the table below, giving the restricted domain and range for each trigonometric 
function so that its inverse function exists: 





Function Restricted Restricted Inverse function Domain Range 
domain range 


y = arcsin x 


y = arccos x 
y = arctan T 





2 Find, giving your answer in radians: 


a arccos(1) b arcsin (—1) c arctan (1) d arctan (—1) 
e arcsin ($) f arccos (=£) g arctan (v3) h arccos (-=) 
i arctan (7X) j sin-!(—0.767) ^k cos-!(0.327) | tan-! (—50) 


3 Find the invariant point for the inverse transformation from: 
a y=sing to y= arcsinx b y=tanx to y=arctanz 
€ Y=COST to Yy= Aarccosz. 

h a State the equations of the asymptotes of y = arctan zx. 


b Do the functions y=arcsinw and y=arccosz have vertical asymptotes? Explain your 





answer. 

5 Simplify: Remember to think about 
a arcsin(sin 3) b arccos(cos (- z) ) domain and range. 
c tan(arctan(0.3)) d cos(arccos(—3)) 
e arctan(tan 7) f arcsin(sin ££) 





INVESTIGATION 4 


Carl Friedrich Gauss used his Gaussian hypergeometric series to analyse the continued fraction: 
T 
(1x)? 
(2x)? 
(3x)? 
ods 
OE 


E 
Sar 
5+ 





What to do: 


1 Evaluate the fraction with x — 1 for as many levels as necessary for the answer to be accurate 
to 5 decimal places. You may wish to use a spreadsheet. 


2 Compare your result with arctan 1. 


Compare the continued fraction and arctan x for another value of x of your choosing. 
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REVIEW SET 12A TOR 
1 Which of the following graphs display periodic behaviour? 





2 Draw the graph of y=4sinxw for 0<x<2r. 


3 State the minimum and maximum values of: 
a l+sing b -—2cos3x 


A State the period of: 
a y=4sin(3) b y-— —2cos(Ax) € y—4cos(Z) -A. d y-— $tan(3z) 
5 Complete the table: 





y = —3sin(Z) +1 
yi — tan 27 
y =3C0STL 





6 Find the cosine function represented in each of the following graphs: 


a b 
y 








7 State the transformations which map: 


a y=sinz onto y= 3sin(2z) b y=cosz onto y =cos(x— %)-1 


8 Find the remaining five trigonometric ratios from sin, cos, tan, csc, sec, and cot, if: 


a cor—i and 0O<zx<r b tanz = 5 and T<zu<0r. 


9 Simplify: 


a arctan(tan(—0.5)) b arcsin(sin(—f)) € arccos(cos 27) 
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REVIEW SET 12B TOR 


1 For each set of data below, draw a scatter diagram and state if the data exhibits approximately 


wn F w N 


periodic behaviour. 
























































Draw the graph of y — sin3x for 0 € x € 2. 
State the period of: a y= 4sin(3) b y—-2tan4x 
Draw the graph of y — 0.6cos(2.3r) for 0 € z « 5. 


A robot on Mars records the temperature every Mars day. A summary series, showing every 


one hundredth Mars day, is shown in the table below. 

















2 ooo oa eee en 


a Find the maximum and minimum temperatures recorded by the robot. 


b Find a sine model for the temperature T in terms of the number of Mars days n. 
€ Use this information to estimate the length of a Mars year. 


State the minimum and maximum values of: 


a y —5sinz—3 b y=3cosc+1 


State the transformations which map: 


a y=tanz onto y=-—tan(2z) b y=sinz onto y =2sin($—4) +4 


a Sketch the graphs of y = secx and y = csca on the same set of axes for 
—2m & TS 27. 


b State a transformation which maps y=secx onto y=cscxw forall x €R. 


a Sketch the graphs of y=arcsinx and y=arccosz on the same set of axes. 
State the domain and range of each function. 
c€ State the transformations which map y = arcsinx onto y = arccos zz. 





2 


REVIEW SET 12C 


Find b given that the function y — sinbz, b> 0 has period: 


a 67 DIS € 9 


a Without using technology, draw the graph of f(x) — sin(r — $)--2 for 0 & x « 2r. 


b For what values of k will f(x) =k have solutions? 
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3 Consider the graph alongside. 
a Explain why this graph shows periodic 
behaviour. 
b State: 


i the period 





ii the maximum value 
iii the minimum value 





4 On the same set of axes, for the domain 0 < x < 27, sketch: 
a y=cosx and y=cosxr—3 b y-—cosz and y — cos(z — 2) 
¢ y=cosxz and y= 3cos2a d y-—cosrz and y — 2cos(zr — $) 4-3 


5 The table below gives the mean monthly maximum temperature for Perth Airport in Western 
Australia. 


Month Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov 
Temp. (°C) | 31.5 | 31.8 | 29.5 | 25.4 | 21.5 | 18.8 | 17.7 | 18.3 | 20.1 | 22.4 | 25.5 | 28.8 


a A sine function of the form  T' zz asin(b(t — c) is used to model the data. 








Find good estimates of the constants a, b, c, E x ee using technology. 
Use Jan=1, Feb = 2, and so on. 


b Check your answer to a using technology. How well does your model fit? 

6 State the transformations which map: 
a y=cosz onto y—cos(z — $) - 1 b y—tanz onto y — —2tanx 
¢ y=sinz onto y = sin(3x) 


7 Find the function represented in each of the following graphs: 





8 Simplify: 


tan x 
b 


a cscxrtanz € secx—tanzcsinzx 





seca 


9 a For what restricted domain of y — tanz, is y — arctanx the inverse function? 
b Sketch y= tanz for this domain, and y= arctanz, on the same set of axes. 





Trigonometric equations 
and identities 


Syllabus reference: 3.3, 3.6 


Contents: Trigonometric equations 
Using trigonometric models 
Trigonometric relationships 
Double angle formulae 
Compound angle formulae 
Trigonometric equations in 
quadratic form 


Trigonometric series and products 
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OPENING PROBLEM 


Andrew is watching a Ferris wheel rotate at constant speed. There are many lights around the Ferris 
wheel, and Andrew watches a green light closely. The height of the green light after t seconds is 
given by H(t) = 10sin(z5(t — 25)) +12 metres. 
Things to think about: 

a At what height will the green light be after 50 seconds? 

b How long does it take for the wheel to complete a full circle? 

€ At what times in the first three minutes will the green light be 16 metres above the ground? 


Linear equations such as. 2x 4-3 — 11 have exactly one solution. Quadratic equations of the form 





ar?--br--c-— 0, az 0 have at most two real solutions. 


Trigonometric equations generally have infinitely many solutions unless a restricted domain such as 
0 <a < 3m is given. 


For example, in the Opening Problem, the green light will be 16 metres above the ground when 
10 sin( 4 (t — 25)) + 12 = 16 metres. 


This is a trigonometric equation, and it has infinitely many solutions provided the wheel keeps rotating. 
For this reason we need to specify if we are interested in the first three minutes of its rotation, which is 
when 0 <t < 180. 


We will examine solving trigonometric equations using: 


e pre-prepared graphs e technology e algebra. 


GRAPHICAL SOLUTION OF TRIGONOMETRIC EQUATIONS 


Sometimes simple trigonometric graphs are available on grid paper. In such cases we can estimate 
solutions straight from the graph. 


Example 1 =ù Self Tutor 





Solve cosx=0.4 for 0<a< 10 radians using the graph of y = cos x. 


[1] Y +H HEH TE 
i; 
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Y O0 mects mS cosa at Ay Band e Hence a 2 onn Aa 
The solutions of cosz —0.4 for Ox xr& 10 radians are 1.2, 5.1, and 7.4. 








EXERCISE 13A.1 
1 





Use the graph of. y —sinx to find, correct to 1 decimal place, the solutions of: 
a sinz=0.3 for 0<2<15 b sinz=-—0.4 for 5<a2< 15. 





Use the graph of y=cosz to find, correct to 1 decimal place, the solutions of: 
a cosr—0.4 for 0<a2<10 6 cosx=—0.3 for 4<2< 12. 
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Use the graph of y = sin2x to find, correct to 1 decimal place, the solutions of: 
a sin2x=0.7 for 0<x<16 b sin2z = —0.3 for 0<x<16. 





The graph of y= tang is illustrated. 


a Use the graph to estimate: i tanl ii tan2.3 
Check your answers with a calculator. 


b Find, correct to 1 decimal place, the solutions of: 
i tanxz=2 for 0<x<8 li tanz = —1.4 for 2<x<?7. 


SOLVING TRIGONOMETRIC EQUATIONS USING TECHNOLOGY 


Trigonometric equations may be solved using either a graphing package or a graphics GRAPHING 
calculator. PACKAGE 


When using a graphics calculator make sure that the mode is set to radians. [ 
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Example 2 





x9) Self Tutor 










Solve 2sinr—cosr—4—7z for Oxz«x2m. 


We graph the functions Y, — 2sinX — cosX and Yo —4 — X on the same 


set of axes. ¡ÁS 
GRAPHICS 
CALCULATOR 
INSTRUCTIONS 





We need to use window settings just larger than the domain. 


In this case, Xmin — —;  Xmax — —— Xscale = $ 
Casio fx-CG20 TI-84 Plus TI-nspire 


El [EXE]:Show coordinates 
Y¥1=¥sin x-cos x 


Yag- ; 





-8| 
X=1.816721316 Y=2.183278684 . Y=.7 2491888 


Aa) NS E 


(5.81,-1.81) 





The solutions are  z 7 1.82, 3.28, and 5.81. 








EXERCISE 13A.2 


1 Solve for z on the domain 0 « x < 12: 


a sing = 0.431 b cosz — —0.814 € 3tanz—2-—0 Meio sime yon tna) 
all the solutions on 


2 Solve for z on the domain —5 € z € 5: the given domain. 
a 5cosr—4—0 b 2tanz4-13—0 c 8sinz+3=0 





3 Solve each of the following for 0 < x < 2r: 


a sin(x +2) = 0.0652 b sin?r+sinz—1=0 ES) 
: NA 


c ctan (5) 22? - 61 d 2sin(2x)cosx = Ina 


4 Solve for z: cos(r— 1) + sin(x +1) = 6x + 5z? — x?, -2<2<6. 


SOLVING TRIGONOMETRIC EQUATIONS USING ALGEBRA 


Using a calculator we get approximate decimal or numerical solutions to trigonometric equations. 


Sometimes exact solutions are needed in terms of 7, and these arise when the solutions are multiples of 


7 or 7. Exact solutions obtained using algebra are called analytical solutions. 
We use the periodicity of the trigonometric functions to give us all solutions in the required domain. 
Remember that sinx and cosa both have period 27, and tana has period r. 


For example, consider sinz = 1. We know from the unit circle that 


a solution is x = 5. However, since the period of sinz is 27, 


there are infinitely many solutions spaced 27 apart. 
In general, z — $--k2w isa solution for any k € Z. 


In this course we will be solving equations on a fixed domain. This 
means there will be a finite number of solutions. 
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Reminder: 








Example 3 


Solve for x: 2isinur l=0 OS 7 


2sinx-1=0 
mar e 
sinz — 5 


There are two points on the unit circle with sine à. 


They correspond to angles | and 5z, 


These are the only solutions in the domain 0 < x < 7, 


=í 5n 
so y—5$ Or |. 


Since the tangent function is periodic with period m we see that tan(x +r) = tanx for all values 
of x. This means that equal tan values are m units apart. 


Example 4 x5) $elf Tutor 













Solve tanz+V/3=0 for 0<2<Ar. 
Start at angle 0 and work 
around to 47, noting down 
the angle every time you 
reach points A and B. 


tanz + V3 =0 
tanz — —V3 AS 


There are two points on the unit 
circle with tangent — v3. 


They correspond to angles ES and 5r, 





For the domain 0 < x < 4r we have Y 
4 solutions: 


—2m om $ 117 
Sa o 








EXERCISE 134.3 
1 Solve for z on the domain 0 < x < 4r: 
a 2cosr-1=0 b y2sinx=1 c tanz—l 
2 Solve for z on the domain —27 < x < 27: 
a 2sinz— /3—0 b V2cosr4-1-—0 c tanz—-1 
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Solve exactly for 0 € z < 3m: 


a sinz = —$ b sin 2z = —$ 


Example 5 x) $elf Tutor 





The three equations all have the form sin@ = -i. 
There are two points on the unit circle with sine -i. 


They correspond to angles — and 2. 





a In this case 0 1s simply x, so 


we have the domain Start at 0 and work around 
(D < ae < Gum to 37, noting down the 
== es . i 
: : le every tim reach 
The only solutions for this as Ane 2 A d sm 
: — Tar lir . 
domain are x = “Er Ol Om. 


b In this case Ó is 2x. 


Ii 052 [3m then se 2m < 67: 


or = in lin Mm 2am SEN Or 


CRE MOR AG 
— in lim 197 25 Siz 
=p ro ro o o 


€ In this case O is x— $. 


If 02% <= 37 then === 












6 
s-p--h oir ; 
A Start at — = and work 
x=0, =, or 27 TA 


around to —; , noting 
down the angle every time 
you reach points A and B. 





3 If 0<zx<2r, what are the possible values of: 


x T T T 


4 If —7<zuxs<r, what are the possible values of: 


a 32 b € z—35 d 2zt 5 e —2x f r-r 


ALR 


5 Solve exactly for 0 < x < 3m: 


d =i zil 
a cosz—5 b cos2r— 5 € cos(rt- $)—5 
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Example 6 


Find exact solutions of /2cos(z — 2) +1=0 for 0<x< 6r. 











Rearranging v/2cos(z — 3t) +1=0, we find cos(x -— 3x) == 


We recognise -= as a special 
gnise Jz p 


Start at — — and work 


fraction for multiples of 7, and we A 1 
identify two points on the unit circle Broun” NOUNS 


with cosine —+ down the angle every time 











v2" you reach points A and B. 
Sie OR 7 < Or, 
3T 3n 217 
mu aL 
3m — on 3m. 5 ilr 13e 19r 21r 
porc pc a cu a a 
z — 0, 32, 2m, it An, i, or 67 








6 Find the exact solutions of: 


a cosg = —1, O<z<5r b 2sinz—1-0, —360? € x « 360? 

c 2cosr - /3—50, 0x &3z d cos(r—-22)— 1, -2n « v & 2r 

e 2sin(z--2)—1, -3n « z « 3r f V2sinz—2)-1-20, 0€ z «3n 

8 3cos2r74-3— 0, Oi xz & 3m h 4cos3r74-2—0, —7 rm 

i sin4z—2) 20, 0€«z«m | 2sin(2(z —$)) - -/3, 0« x « 2v 
7 Solve for x exactly where x € (0, 27]: 

a secxz =2 b cscz——V2 € y3sec2=-2 d csc (z - £) - 2-0 
Example 7 x) $elf Tutor 


Find exact solutions of tan(2x — El = Onn 7m DESIT 








There are two points on the unit Start at = and work 
circle which have tangent 1. ee aan 5r o 
Since —TE<TST, down the angle every time 
Dc ure K you reach points A and B. 
—2m < 2r < 27 
TE T 5r 
nl. 
TNR (hus Gl r ST rm 
So, 2x — og iori quos or T SÍ 
a es 177 5T Tr 197 
oie E Pp 12» or 7 > 
E A A ee eee qn 
— —Rmne —S9no Sg 24 





8 Find the exact solutions of tanz = /3 for 0 < a < 2m. Hence solve the following equations 
for 0<x<2r: 


a tan(r— £) — V3 b tan4z — V3 € jan re 
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9 Find the exact solutions of the following for 0 € x € 2m: 
a cotr+1=0 b cot (2x — F —/3=0 
10 Find exactly the zeros of: 
a y=sin2x for 0° <a < 180° b y=sin(x—4) for 0<x< 31 


Example 8 x) $elf Tutor 








{dividing both sides by v3 cos z} 


or DO? 











11 a Use your graphics calculator to sketch the graphs of y = sinx and y = cosx on the 
same set of axes on the domain 0 < x < 2r. 


b Find the x-coordinates of the points of intersection of the two graphs. 


12 Find the exact solutions to these equations for 0 < x < 27: 


a sing = -— cosg b sin(3x) = cos(3x) € sin(2z) — v3 cos(2x) 
Check your answers using a graphics calculator by finding the points of intersection of the appropriate 
graphs. 


Example 9 









x) $elf Tutor 
Find, where possible, the exact solutions of: 


a arctanz — $ b arccos(z — 1) — = c arcsing — 27 





a Therangeof y —arctany is —25 «gy« 5$. 3 is within the range. 
x = tan § = V3 


b Therange of y=arccos(1—1) is 0O<y<r. 2 is within the range. 


3 
a—1 — cos(22) 

E 

x-1=-2 


Pb 


2 


c The range of y=arcsinx is —5<ys<%5, and 2r is outside this range. 


no solution exists, even though we can find sin(2£ ). 








13 Find, where possible, the exact solutions of: 


€ arccosa = 32 


f arctan(x — y3) = — 


a arctanx= 3 b arcsing = — 


aja OA 


d arcsin(x +1) = E e@ arccosx = — 
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Having discussed the solution of trigonometric equations, we can now put into use the trigonometric 
model from Chapter 12. 





|ETRIC MODELS 


Example 10 =ù Self Tutor 


The height of the tide above mean sea level on January 24th at Cape Town is modelled 
approximately by h(t) =3 sin(F) metres where t is the number of hours after midnight. 


IMG PAR LO UA 


b When is high tide and what is the maximum height? 
c What is the height of the tide at 2 pm? 
d 


A ship can cross the harbour provided the tide is at least 2 m above mean sea level. When is 
crossing possible on January 24th? 








b High tide is at 3 am and 3 pm. The maximum height is 3 m above the mean as seen at points 
A and B. 

c At2 pm, t — 14 and h(14) = 3sin(4*) © 2.60 m. 
So, the tide is 2.6 m above the mean. 





(14, 2.60) 








We need to solve A(t)=2, so 3sin(%) = 2. 

Using a graphics calculator with Y; —3sin(ZÉ) and Y2=2 

we obtain t¡ = 1.39, t2 +461, t3 + 13.39, t, + 16.61 

Now 1.39 hours — 1 hour 23 minutes, and so on. 

So, the ship can cross between 1:23 am and 4:37 am or 1:23 pm and 4:37 pm. 
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EXERCISE 13B 
1 Answer the Opening Problem on page 354. 
2 The population of grasshoppers after t weeks where 0 x t < 12 is estimated by 
P(t) = 7500 + 3000 sin(%). 
a Find: i the initial estimate ii the estimate after 5 weeks. 
b What is the greatest population size over this interval and when does it occur? 
c€ When is the population: i 9000 ii 6000? 


d During what time interval(s) does the population size exceed 10 000? 


3 The model for the height of a light on a certain Ferris wheel is H(t) = 20 — 19sin(?3+), where 
H is the height in metres above the ground, and t is in minutes. 
a Where is the light at time t = 0? 
b At what time is the light at its lowest in the first revolution of the wheel? 
€ How long does the wheel take to complete one revolution? 


d Sketch the graph of the function H(t) over one revolution. 


4 The population of water buffalo is given by 

P(t) = 400+ 250sin(=) where t is the number of years since 
the first estimate was made. 

a What was the initial estimate? 

b What was the population size after: 

i 6 months il two years? 
c Find P(1). What is the significance of this value? 
Find the smallest population size and when it first occurred. 


e Find the first time when the herd exceeded 500. 





5 A paint spot X lies on the outer rim of the wheel 
of a paddle-steamer. 
The wheel has radius 3 m. It rotates anticlockwise pe 
at a constant rate, and X is seen entering the water | 
every 4 seconds. 
H is the distance of X above the bottom of the CEA AU water level 
boat. At time t=0, X is at its highest point. 





a Find a cosine model for H in the form 
H(t) — acos(b(t -- c)) + d. 


b At what time t does X first enter the water? 


bottom of the boat 


6 Overa 28 day period, the cost per litre of petrol was modelled by 
C(t) — 9.2sin(Z(t — 4)) -- 107.8 cents L+. 

a True or false? 
i “The cost per litre oscillates about 107.8 cents with maximum price $1.17 per litre." 
ii “Every 14 days, the cycle repeats itself.” 

b What was the cost of petrol on day 7, to the nearest tenth of a cent per litre? 

c€ On which days was the petrol priced at $1.10 per litre? 

d What was the minimum cost per litre and when did it occur? 
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There are a vast number of trigonometric relationships. However, we only need to remember a few 
because we can obtain the rest by rearrangement or substitution. 


LATIONSHIPS 





SIMPLIFYING TRIGONOMETRIC EXPRESSIONS 


For any given angle 0, sin@ and cos@ are real numbers. tan@ is also real whenever it is defined. 
The algebra of trigonometry is therefore identical to the algebra of real numbers. 


An expression like 2sin@+3sin@ compares with 2x2 + 3a when we wish to do simplification, and 
so 2sin@+ 3sin@ = 5sin0. 


To simplify complicated trigonometric expressions, we often use the identities: 


sin? 0 + cos? 9 = 1 


sin 0 
tano = 





cos 0 
tan? 0 + 1 = sec? 0 
1 + cot? 0 = csc? 0 


We can also use rearrangements of these formulae, such as: 


sin? 0 = 1 — cos? 0 tan? 6 = sec? 0 — 1 
cos? 0 = 1 — sin? 0 cot? 0 = csc? 0 — 1 


Example 11 =ò Self Tutor 


Simplify: a 3cos0 + 4cos0 tana — 3tana 





a 3cos0 + 4cos0 = 7cos0 tana — 3tana = —2tana 
{compare with 32+ 42 = 7x} {compare with «— 3x2 = —2z) 





EXERCISE 13C.1 


1 Simplify: 
a sin0+sin0 b 2cos@+cosé c 3sin0—sin0 
d 3sin0 — 2sin0 e tanÓ — 3tan0 f 2cos?0 — 5cos? 0 





Example 12 =ù Self Tutor 


Simplify: a 2-2sin?g 


De einai 


= 2(1 = sin? 8) 
= 2 cos? 0 
{as cos? @ + sin? 6 = 1} 


cos? O sin 9 + sin? O 


cos? 0 sin 0 + sin? 0 
= sin (cos? O + sin? 8) 
—sinüx1 
= sind 
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Example 13 =) Self Tutor 


Expand and simplify: ^ (cos0 — sin 0)? 





(cos 0 — sin 0)? 


= cos? 0 — 2 cos sin 0 -- sin? 0 fusing (a—b)? =a* —2ab+ 67} 
— cos? 0 + sin? 0 — 2 cos sin 0 
=1-—2c0s0 sind 

















2 Simplify: 
a 3sin?09 + 3c0s? 9 b —2sin? 6 — 2 cos? 0 € —cos?0 — sin? 0 
d 3-—3sin?0 e 4— 4cos?0 f. cos? 0 4- cos0 sin? 0 
g cos?0—1 h sin?0—1 i 2cos?20—2 
1— 3 0 k 1 = cos? 0 l cos? $ —1 
cos? 0 sin O — sin 
3 Simplify: 
a 3tanz— pd b EET € tanzcosc 
COS T COS”? x 
d == e 3sinx+2cosxtanzx f — 
4 Expand and simplify if possible: 
a (1+sin0)? b (sina — 2)? € (tana — 1)? 
d (sina + cosa)? e (sing — cos)? f —(2— cosa)? 
5 Simplify: 
2 2 
a 1—sec?8 y AA Leoi — D 
€ cos? a(sec? a — 1) d (sinz --tanz)(sinz — tanz) 
e (2sin0 --3cos0)? - (3sin0 — 2cos0)? f (1-4 cscO)(sin 0 — sin? 0) 


g secA—sinÁAtan A — cos A 


FACTORISING TRIGONOMETRIC EXPRESSIONS 


Example 14 x) $elf Tutor 


Factorise: 
a cosa — sin? a b tan?0 —3tan0 -- 2 


cos? a — sin? a 


= (cosa +sina)(cosa — sina) fa? — 9? — (a -- b)(a — b)Y 


tan? 0 —3tan--9 
= (tan — 2) (tan — 1) íz? — 3x -2 — (x —2)( — 1)) 
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Simplify: 
2 — 2cos? 0 
1+c0s0 


2 — 2cos? 0 





cos 0 — sin 0 


cos? 0 — sin? 0 


cos Ó — sin Ó 











b auro e GEL cq 
1 + cos0 cos? 0 — sin? 0 
.. .2(1— cos?0) ae (cos.0 —sin 0) 
^ — 14 cosÓ (cos 0 4- sin 0) (cos.9—sin 8) 
|. 2(1+ees6)(1 — cos 0) u i 
i (1.2—eos0) /. cosÓ 4 sinÓ 
— 2(1— cos0) 
EXERCISE 13C.2 
1 Factorise: 
a 1— sin?0 b sin? a — cos? a ¢ tan?a—1 
d 2sin? B — sin B e 2cosó--3cos? ó f 3sin?0 — 6sin0 
g tan?0+5tan9+6 h 2cos?0 -7cos0 4-3 i 6cos? a—cosa—1 
j 3tan?a—2tana k sec? 6 — csc? 8 | 2cot?x—3cotxr+1 
m 2sin?z 4 7sinzcosz 4-3cos?zr 
2 Simplify: 
‘i 1—sin2 a tan? 8—1 é cos? ¢ — sin? ¢ 
1—sina tanB +1 cos¢ + sing 
cos? ¢ — sin? $ sina + cosa f 3 — 3sin? 9 
cos @ — sing sin? a — cos? a 6 cos 0 
g 1- cos2 0 h 1+ coté B sec 0 i tan? 6 
1+sin@ csc 6 tan 0 + cot 0 secó — 1 


3 Show that: 


a (cos + sinf)? + (cos 9 — sin 0)? = 2 


b (2siné + 3cos6)? 


3 (3sin 0 — 2cos0)? — 13 


1 i 1 ; : 
€ (1— cos0) (1+ 5) = tan ĝ sin d (1+ x) (sin 0 — sin? 0) — cos? 8 
cos O sin 0 
: cos 0 
e secA—cosA=tanAsinA — ———À = sec 4- tan Ü 
1 — sinó 
cos Q sina aa sin 0 ey cogis 
1— tano 1 — coto 1+ cos sin 0 
in 0 in0 à 1 1 
ED a = ote ——— +—— =2sec? 6 
1—cosé 1 + cos 1— sin 1+sin@ 
Use a graphing package to check these simplifications by graphing each function on GRAPHING 
the same set of axes. PACKAGE 


+ 
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INVESTIGATION 1 
What to do: 








1 Copy and complete, using angles of your choice as well: 


es UN 


57. LIS 
E A 








2 Write down any discoveries from your table of values. 
3 In the diagram alongside, the semi-circle has radius 
1 unit, and PAB = 0. 
APO = 0 {AAOP is isosceles} 
PON = 20 {exterior angle of a triangle} 
a Find in terms of 0, the lengths of: 








i [OM] ii [AM] 
iii [ON] iv [PN] 
b Use AANP and the lengths in a to show that: 
ine om sin 20 ll, ose = 1+ cos 20 
2sin0 2 cos 0 
€ Hence deduce that: 
i sin20 — 2sin 0 cos 0 ii cos20 = 2 cos? 0 — 1 


From the Investigation you should have deduced two of the double angle formulae: 
sin 20 = 2sinf cos and cos20 = 2 cos? 0 — 1. 


These formulae are in fact true for all angles 0. 
Using cos?0 —1— sin?0, we find cos20 = cos? 0 — sin? 0 
and cos20 — 1 — 2sin? 0. 


sin 20 
cos 20 


Now  tan20 = 





2 sin 0 cos 0 
cos2 0 — sin? 0 


2 sin 0 cos 0 
cos^ Q 


cos? 0 E sin? 0 

cos? 0 cos? Y 
2tan0 

1— tan? 0 
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So, the double angle formulae are: 


Example 16 


Given that sina = 


a sin2a 
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sin 20 = 2 sin 0 cos 0 
cos 20 = cos? 0 — sin? 0 
= 1 — 2sin? 0 
= 2cos? 8 — 1 
2tan0 


tan 20 — — Á— 
1 — tan? 6 


™) Self Tutor 


and cosa = EL find: 


b cos2a 





sin 20 
= 2sina cosa 
-:)-9 


24 
25 


b cos 2a 
= cos? a — sin? a 
=(-4) - ($)? 


25 


GRAPHING 
PACKAGE 


+ 

















Example 17 x) $elf Tutor 
If sino — A where $ «a «7, find the exact value of: a sin2a b tan2o. 
a is in quadrant 2, so cosa is negative. 7 
Now cos?a+sin?a=1 S A 

cos? a + = =1 
Da MA 
COS" Y — 185 T C 
cosa = +4 
cosa = -4 
; . sina 
a sin 2a = 2sinacosa@ b tana = =-3 
COS Q 
sin 2a = ee Drama 
Gs 13) tan 2a = 
AO 1— tan?« 
169 











2 
e) 
Lö 
_ 6 
d 
ELLO 
EXERCISE 13D 
1 If sin9=¿ and cos@= 2 find the exact values of: 
a sin 20 b cos20 € tan20 
2 a If cos A = 3, find cos2A. b If sing = —3, find cos 2¢. 
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3 If sina= -2 where c « o « 2, find the exact value of: 
a cosa b sin2a 
4 If cosB=% where 270% < 8 < 360°, find the exact value of: 
a sing b sin20 
Example 18 
If a is acute and cos2a = 3 find the exact values of: a cosa b sina. 


a cos 2a = 2cos? a — 1 b sina = y 1 — cos? o 





3 = 2cos?a—1 {as a is acute, sina > 0} 
om. 
GU = sina=4/1-2 
cosa = + i 
zo sina = Ji 
cosa = YE : 1 
24/2 Mn sin Y = 2/8 
{as a is acute, cosa > 0) 








5 Ifa is acute and cos2a = -i find without a calculator: a cosa b sino. 
6 Find the exact value of tan A if: 
a tan2A— A and A is obtuse. b tan2A= 2 and A is acute. 


7 Find the exact value of tan (3). 


Example 19 x) Self Tutor 


Use an appropriate ‘double angle formula’ to simplify: 


a 3sin@cos@ b 4cos22B-—2 


3 sin 0 cos 0 4cos? 2B — 9 
3(2sin 0 cos 6) = "a pr =i) 
— 2cos 

= 2cos4B 


3 sin 20 





8 Find the exact value of [cos(-E) + sin(S)| e 


9 Use an appropriate “double angle’ formula to simplify: 


a 2sinacosa b 4cosasino € sinacosa 

d 2cos? 8-1 e 1—2cos?ó f 1—2sin? NV 

g 2sin?M-—1 h cos? a — sin? a i sin? a—cos?a 

j 2sin2Acos2A k 2cos3asin3a I 2cos? 46 — 1 
m 1-2cos? 38 n 1-—2sin?5o o 2sin?3D-1 

p cos? 24 — sin? 24 q cos?($) — sin?() r 2sin?3P — 2cos? 3P 


10 Show that: 
a (sin@ + cos@)? =1+sin20 b cos‘ @ — sin* 6 = cos 20 
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11 Solve exactly for z where 0 € x € 2m: GRAPHING 
PACKAGE 


a sin2x+sinz =0 

b sin2x —2cosx = 0 € sin2r+3sinx=0 
12 Use the double angle formula to show that: 

a sin?@ = 4— $ cos 20 b cos?0 — $ + 4 cos 20 


13 Find the exact value of cos A in the diagram: 











a b 
2A 
5cm Seni 
A 
T cm 
2 cm 
14 Prove the identities: 
sin 20 = cot sin Ó + sin 20 = sn 
1 — cos 20 1 + cos 0 4- cos 20 
15 Prove: 
in 20 in 20 20 
A L tanb = 0 b csc20 = tan 0 4- cot 20 c E — EA Z sech 
1 + cos 20 sin 0 cos 0 


INVESTIGATION 2 
What to do: 





1 Copy and complete for angles A and B in radians or degrees. Include some angles of your own 
choosing. 








2 Write down any discoveries from your table of values. 


3 Copy and complete for four pairs of angles A and B of your own choosing: 





4 Write down any discoveries from your table of values. 
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If A and B are any two angles then: cos(A + B) — cos Acos B T sin Asin B 
sin( A + B) = sin A cos B + cos A sin B 


tan A + tan B 


tanla == B) T 1 ẸF7 tan A tan B 


These are known as the compound angle formulae. There are many ways of establishing them, but 
many are unsatisfactory as the arguments limit the angles A and B to being acute. 


Proof: 


Consider P(cos A, sin A) and Q(cos B, sin B) AU 
as any two points on the unit circle, as shown. P(cosA,sinA) 1 


$ T 
PQ = y (cos A — cos B)? + (sin A — sin B)? 


(PQ)? = cos? A — 2 cos A cos B + cos? B + sin? A — 2sin Asin B + sin? B 
= (cos? A + sin? A) + (cos? B + sin? B) — 2(cos Acos B + sin Asin B) 
= 2 — 2(cos Á cos B + sin A sin B) xe (10) 





Using the distance formula: 








But, by the cosine rule in APOQ, 


(PQ)? = 1? + 1? — 2(1)(1)cos(A — B) 
= 2—2cos(A — B) aa 
cos(A — B) = cos Acos B + sin Asin B {comparing (1) and (2)} 
From this formula the other formulae can be established: 
cos(A + B) = cos(A — (—B)) 
= cos Acos(—B) + sin Asin(—B) 
— cos A cos B + sin A(— sin B) [cos(-0) =cos@ and sin(—0) = —sin@} 
= cos Á cos B — sin Asin B 





Also sin(A — B) sin(A 4- B) 
Eucss( S = (A= 5)) = sin(A — (—B)) 
= cos(( — A) + B) — sin Acos(— B) — cos Asin(— B) 
2 > E 
— cos(4 — A) cos B — sin($ — A) sinB m m d E nM d 
— sin Acos B — cos Asin B gl cM 
tan(A — B 
tan(A +B) EC m) 
|. sin(A 4- B) = tan(A + (-B)) 
a cos(A + B) S tan A + tan(— B) 
_ sin Acos B + cos Asin B 1 — tan A tan(— B) 
~ cos Acos B — sin Asin B ime tan A — tan B 
sin Acos B cos Asin B 1+tanAtanB 
z A ES [tan(—B) — — tan B} 
cosAcosB cos Acos B 
tan A + tan B 


1 — tan Atan B 
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Example 20 =ù Self Tutor 
Expand and simplify sin(270° + qa). 


sin(270° + a) 


= sin 270° cosa + cos 270° sina (compound angle formula] 
COSO m O sina 
= — cosa 





EXERCISE 13E 
1 Expand and simplify: 


a sin(90? + 6) b cos(90? 4- 0) € sin(180? — 0) 
d cos(7 +a) e sin(27— A) f cos (32 — 0) 
g tan (5 + 9) h tan ( — 37) i tan(r +9) 


2 Expand, then simplify and write your answer in the form Asin 0 + Bcos0: 


a sin (0 4- £) b cos (22 — ) c cos (0 + 2) d sin (£ — 0) 





Example 21 x) Self Tutor 


Simplify | cos30 cos 0 — sin 30 sin 0. 


cos 30 cos 6 — sin 30 sin 0 


— cos(30 -- 0) {compound angle formula in reverse} 
= cos 40 








3 Simplify using the compound angle formulae in reverse: 


a cos20cosÓ 4- sin 20 sin Ó b sin2Acos A 4- cos2A sin A 
€ cosÁAsin B — sinAcos B d sinasin 8 + cosa cos 8 
€ sinósin0 — cos $ cos0 f 2sinacos f — 2cos asin P 
tan 20 — tan 0 tan 2A + tan A 
1 + tan 20 tan 0 1 — tan 2A tan A 


4 Use the compound angle formulae to prove the double angle formulae: 


2tanó 


a sin20 — 2sinÜ cos0 b cos20 — cos? 0 — sin? 0 c tan20 — — —7— 
1— tan*0 


5 Simplify using the compound angle formulae: 
a cos(a + B) cos(a — B) — sin(a + 8) sin(a — B) 
b sin(0 — 29) cos(0 -- 9) — cos(0 — 29) sin(0 4- $) 


€ cosacos(B — o) — sinasin(f — o) 


10 


13 


14 


15 


16 


17 
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Example 22 =ò Self Tutor 


Without using your calculator, show that sin 75° = ve ya 





sin 75° = sin(45° + 30°) 
= sin 45° cos 30° + cos 45° sin 30° 


(CD A IG) 





- Gist) ve 
227 a 
— V6+y2 








Without using your calculator, show that: 


a cos75 = YA b sin 105° = Yo+v2 € cos(122) = == 


a oe E 4 


4 


Find the exact value of: a tan(35) b tan 105° 


If tanA= 5 and tan B = -i, find the exact value of tan(A + B). 


If tanA— 2, find tan (A+ 4). 


Simplify: 
tan(A + B) + tan(A — B) 


a tan (A + 7) tan (A — 4) 1 — tan(A 4- B)tan(A — B) 


If sin A = —3, TSESAS and cos B = Tp, 0<B<3, find: 


a tan(A+ B) b tan24. 


tan 80° — tan 20° 


Simplify, giving your answer exactly: ———————— 
pr» 8 By y 1 + tan 80° tan 20° 


If tan(A-- B) 2 2. and tanB —$, find the exact value of tan A. 
Find tan A if tan(A-— B)tan(A 4- B) — 1. 
Find the exact value of tana: C 


5cm 


3cm 
A 10cm B 


Find the exact value of the tangent of the acute angle between two lines if their gradients are i 


2 
and 8. 


Express tan(A+B+C) interms of tan A, tan B, and tanC. 
Hence show that if A, B, and C are the angles of a triangle, then 
tan A + tan B + tan C = tan A tan B tan C. 
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18 Show that: 
a 2cos (9 + €) — cos — sin b 2cos (0 — €) — cos 0 4- /3sin0 
€ cos(a-4- f) — cos(a — B) — —2sinosinB d cos(a + B) cos(a — 8) — cos? a — sin? B. 


19 Prove that, in the given figure, a+ @= 4. E 













x) $elf Tutor 
Suppose sinz— V3cosz — kcos(r--b) for k>0 and O0 «b «2m. Find k and b. 


Example 23 









sinz — V3cosz — kcos(z -- b) 
— k|[cos x cos b — sin z sin b 
— kcoszcosb — ksinzsinb 


Equating coefficients of cos x and sin x, 
kcosb=—V3 ...(1) and —ksinb=1 ... (2) 
k? cos? b — 3 and — A?sin?b — 1 {squaring both sides} 
k?(cos?b--sin?b) — 4 {adding the two equations} 
p cd 
k=2 {since b> 0} 
E . . . 3 
Substituting k = 2 into (1) gives cosb = En 
and into (2) gives sinb = —4 
= IR 
a 








20 Suppose wV3sinz--cosr — ksin(r--b) for k>0 and 0<b<2r. Find k and b. 
21 a Provethat cos30 —4cos?0 —3cos0 by replacing 30 by. (20 4- 0). 


Hence, solve the equation 8cos? 0 — 6cos0 --1—0 for O € [-7, 7]. 


22 a Write sin30 in the form asin?0-rbsinÓ where a, b € Z. 
b Hence, solve the equation sin3@=sin@ for 0 € [0, 37]. 
23 Use the basic definition of periodicity to show algebraically that the period of f(x) = sin(nx) 


is zm for all n » 0. 
TL 


25 a Write 2cosr—5sinz inthe form kcos(x+b) for k»0,0«b«2. 








Hence solve the equation 2cosr—5sinr— —2 for O<a<z. 
_ 42 
c Given that t= tan (3), prove that sing = and cosg = rw à 
14:2 14:2 
d Hence solve 2cosr— 5sinz — —2 for 0O<x<T using €. 
tanÓ — tan ó 2 or 
25 Use tan(0—4$)— to show that arctan(5) — arctan (3) = f. 


1+tandtand 
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26 Without using technology, show that: 


a arctan (2 ) + arctan (2 ) =F 6 arctan (5) = 2arctan (3) 


27 Find the exact value of 4arctan (i) — arctan (5). 


28 a Show that sin(A+ B)+ sin(A-— B) = 2sin Acos B. 
b Hence show that sin Acos B = 4 sin(A + B) + 3sin(A — B). 


c Hence write the following as sums: 
i sin30cos0 ii sin6Ga cosa iii 2sin50 cos 8 
iv 4cosO sin 40 Vv 6cos4asin 3a vi 3 cos 5A sin 34 


29 a Show that cos(A + B)+cos(A — B) = 2cos Acos B. 
b Hence show that cos Acos B = 4 cos(A + B) + å cos( A — B). 


«€ Hence write the following as a sum of cosines: 
i cos 40 cos 0 ii cos7acosa@ iii 2cos30 cos 8 
iv 6cosxcos 7x v 3cosPcos4P vi + cos 4x cos 2x 


30 a Show that cos(A — B) — cos(A 4- B) — 2sin Asin B. 
b Hence show that. sin Asin B — $cos(A — B) — $ cos(A 4 B). 


c€ Hence write the following as a difference of cosines: 


i sin30sind ii sin6asina iii 2sin50 sin 8 
iv. 4sinO sin 40 v 10sin2Asin8A vi i sin3M sin 7M 
31 The products to sums formulae are: 
sin Acos B = $sin(A+ B)+4sin(A-B) _.... (1) 
cos Acos B = $cos(A +B) +4cos(A—B) _.... (2) 
sin Asin B = $ cos(A— B) — $.cos(A+ B) _.... (3) 


a What formulae result if we replace B by A in each of these formulae? 
b Suppose A+B=S and A— B— D. 








i Show that Aa and pa > 
ii Using the substitutions A--B — S and A-— B = D, show that equation (1) becomes 
sin S + sin D =2sin (2) cos (52)  ... (4) 


iii By replacing D by (—D) in (4), show that sin S — sin D = 2cos (24?) sin (852). 


c€ What formula results when the substitution A = 258 and B= 2 is made into (2)? 


d What formula results when the substitution A = — and B= is made into (3)? 
32 The factor formulae are: 
sin S + sin D = 2sin (2) cos ($52) cos § + cos D — 2cos (2) cos (5 - 2) 
sin S — sin D — 2cos (2) sin ($52) cos $ — cos D — —2sin (£j) sin (5 352) 
Use these formulae to convert the following to products: 
a sin5x+sinz 6 cos8A+cos2A ¢ cos3a— cosa 
d sin50 — sin 30 e€ cosa — cosa f sin3a 4 sin 7a 
g cos2B — cosAB h sin(z--h)—sinz i cos(z 4- h) — cosz 
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Sometimes we may be given trigonometric equations in quadratic form. 


For example, 


2sin?x+sinx=0 and 2cos?x+cosx—1= 0 are clearly quadratic equations 


where the variables are sinx and cosx respectively. 


These equations can be factorised by quadratic factorisation and then solved for z. 





Example 24 


a 2sinz-sinz —0 


a 2sin? x + sinz = 0 
sinx(2sinxz +1) =0 
sinz — 0 or -i 


4 
sinx=0 when 
_ 0 2=0, 0 Or Dar 
Y 
4 
== 
=-—3 when 
Tr llc 
= Wo cor 








The solutions are: 


y — 0, m, T£, EE, or 2m. 





EXERCISE 13F 


Solve for x on 0 < x < 27, giving your answers as exact values: 


b 2cos?r--cosz—1-20 


b 2cos?z-Fcosr—1-—0 
(2cosz — 1)(cosz -- 1) 2 0 


cosx = 3 Or —1 








cosa = 4 when 
ae om 
$ — $ 0r 
A 
cosrz = —1 when 
TET 
Ti 
Y 


The solutions are: 


rz — £,m,or 37. 





1 Solve for 0 <a < 27 giving your answers as exact values: 


a 2sin?a2+sinz =0 
2 





d 2sin?2+3sinez+1=0 e sin 


b 2cos? xz =cosz 


x£ = 2 — cos £ 


¢ 2cos?x+cosx —1=0 


f 3tanz =cotx 


2 Solve for 0 <a < 27 giving your answers as exact values: 


a cos2zx—cosz =0 
d sin4z — sin2x 

3 Solve for z € [-7, 1], giving exact answers: 
a 2sinz+cscx = 3 


c taníz—2tan?)y —3— 0 


b cos2x+3cosx=1 
e sing +coszt = 2 


¢ cos2x+sinz = 0 


f 2cos?z = 3sinz 


b sin2x+cosz—2sinz—-1=0 
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4 Solve for x € [0, 27]: 


a 2cos*z =sinz b cos2x+5sinz =0 c€ 2tan? 2+ 3sec? 2 = 7 


For example, sing +sin3x+sin5¢%+sin7z is a trigonometric series. 





A trigonometric series is the addition of a sequence of trigonometric expressions. 


A trigonometric product is the product of a sequence of trigonometric expressions. 


For example, cosx x cos2x x cos3x x cos4x is a trigonometric product. 


If the trigonometric expressions follow a pattern, we may be able to simplify the series or product. We 
can use the principle of mathematical induction to prove the result. 


=ù Self Tutor 





Example 25 






Use the principle of mathematical induction to prove that: 


sin[(2n + 1)x] 


sin x 


2.cos 27 + 2cos4z + 2cos6z + .... + 2cos2nz = —1 fell meg, 







sin[(2n + 1)x] 


P, is 2cos2x +2cos4z + 2cos6x+.... + 2cos2nz = =i org mez, 





sin x 
(Dit d LHS 2cas2, and) RUS = oe 
sın £ 
_sin(23 +2) | 1 
n sing 


sin 2z cos x + cos 2g sin x 
A o 
E (2simrcosz)cosz--cos2rsimr - 1 
Sina 
— 2cos? z 4- cos2r — 1 
— (2cos? z — 1) J- cos2x 
= 2 COS 2T EZ Se: 
sin[(2k + 1)x] 


sin x 


(2) If P, is true, then 2cos2x+2co0s4x +2c0s6x +.... + 2cos2kx = =1 


2cos 2x + 2cos4x + 2cos6x + .... + 2c082kx + 2 cos[2(k + 1)z] 


= (Perm = 1) + 2cos[2(k + 1)a] 


e sin[(2k + 1)2] + 2sin x cos[2(k + 1)2] _ 1 
sin[(2k + 1)2] + sin[x + 2(k + 1)a] + sin[x — 2(k + 1)a] 








_ A HU 


sin x 


(2sin A cos B = sin(A 4- B) - sin(A — B)) 


. sin[(2k 4- 1)z] + sin[(2(k + 1) + 1)2] + sin[—(2k + 1)2] 1 


sin x 
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AA --sin[(2( +1) + Da] — sin | 


E. sin[(2(k + 1) + 1)a] 


sin x 


ll 


Since P; is true, and P41 is true whenever Py, is true, P, is true for all n € Z*. 


{Principle of mathematical induction} 





EXERCISE 13G 


1 a Simplify 1-r-sinz + sin? g + sin? g + sinf g +... + sin”! z. 


b Find the sum of the infinite series 1 + sing + sin? s + sin? z + .... 


c Find the value of x € [0, 27] such that the series in b has sum 3. 


2 We know that 2sinzcosz — sin2z. 
a Show that: 
i 2sinaz(cosz + cos3z) = sin 4x il 2sinz(cosz 4- cos3z + cos 5x) = sin 6x 
b Predict what the following would simplify to: 
i 2sina(cos x + cos 3x + cos 5a + cos 7x) 
ii cosa +cos3xz 4+ cos5a +.... + cos 19x (10 terms) 











iii cosz 4- cos3x 4 cos 5x 4 .... 


- cos|(2n — 1)x] (n terms) 
€ Use the principle of mathematical induction to prove that: 


pana for all ne Zt. 


cos 0 + cos 30 + cos 50 + .... + cos(2n — 1)0 — 
2sin0 





sin2r  sin(21z) 


3 From sin2x = 2sinxcosx we observe that sinzcosz — p T 





a Prove that: 


in(2? fe cm in(23 
MM il sin g cos z cos 2g cos 4x = ne z) 


b Assuming the pattern in a continues, simplify: 


Ì sinz cos zg cos 2z = 





Ì sin z cos z cos 2z cos 4x cos 8x ii sin z cos z cos 2z.... cos 32x 


c Generalise the results from a and b. Prove your generalisation using the principle of 
mathematical induction. 


4 a Usethe principle of mathematical induction to prove that: 





e : : á I= 2n0 DON 
sin 0 + sin 30 + sin 50 + .... - sin(2n — 1)0 — SS for all positive integers n. 
sin 
b Hence, find the value of sin + + sin 3r + sin 5r + sin TT + sin “= + sin — + sin im. 
5 Use the principle of mathematical induction to prove that: 
inon 
cosz x cos2z x cosdz x cos8z x .... x cos(2^ 1g) — sinere) for all n € ZY. 

2n X singt 


6 Use the principle of mathematical induction to prove that: 
cos[(n + 1)0] sin n6 
sin O 


cos? 0 -- cos? 20 -- cos? 30 -- cos? 40 -....-- cos? (n8) = 5 In + | forall n € Z*. 
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THEORY OF KNOWLEDGE 


Trigonometry appears to be one of the most useful disciplines 
of mathematics, having great importance in building and 
engineering. Its study has been driven by the need to solve 
real world problems throughout history. 





The study of trigonometry began when Greek, Babylonian, 
and Arabic astronomers needed to calculate the positions of 
stars and planets. These early mathematicians considered the 
trigonometry of spherical triangles, which are triangles on the 
surface of a sphere. 





Trigonometric functions were developed by Hipparchus around 140 BC, and then by Ptolemy and 
Menelaus around 100 AD. 


Around 500 AD, Hindu mathematicians published a table A 
called the Aryabhata. It was a table of lengths of half chords, 
which are the lengths AM — rsinz in the diagram. This is 
trigonometry of triangles in a plane, as we study in schools 
today. 


1 How do society and culture affect mathematical knowledge? 


2 Should congruence and similarity, or the work of Pythagoras, be considered part of modern 
trigonometry? 


3 Is the angle sum of a triangle always equal to 180?? 
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1 
y 
= COS T 
1 y 
0.5 
T 
100? 200° 300° 400% N 500° 6007 700° 8008. 
-0:5 | 
mg 
Use the graph of y= cosx to find the solutions of: 
a cosx = —0.4, 0< x< 800° b cosz —0.9, Ox zx < 600° 


2 Solve in terms of r: 
a 2sinz=-—1 for Oxzxd4m b y2sinz-1=0 for -—27<x<2r 
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3 Find the x-intercepts of: 
a y=2sin3x+vy3 for 0<x<2r b y = V2sin (z + F) for 0<x<3r 
4 Solve algebraically in terms of 7: 
a cotz— V3 for x € (0, 27] b sec?x=tanz+1 for xé (0, 27] 
5 Simplify: a cos e — ) b sin (0 + z) 
: 1 — cos? 0 sina — cosa Asin? a — 4 
DE : 1 + cos0 sin? a — cos? a £ 8 cosa 
7 If sina — —2, <a < 3, find the exact value of: 
a cosa b sin 2a € cos2a d tan2a 
ESSA <= eee simplifies to tana. 
cos 2a — cosa + 1 
9 Find the exact value of: a cos(165?) b tan(i5) 
10 Solve forz in [0, 27]: a 2cos21+1=0 b sin2x =—y3cos 2x 
11 Prove that: a sin20= ee 
C 
E 
a D 9 
b cos20— 2 7 P 
c 
LI 
b 
12 Find the exact solutions of: 
a V2cos(x+%)-1=0, xe (0, 4x] b tan2x—y3=0, xe (0, 2z] 
13 A a Show that cosa = 2. 
oem b Show that z is a solution of 3z? — 25r + 48 = 0. 
Om C € Find x by solving the equation in b. 
5cm 
B 
REVIEW SET 13B -ATOR 
1 Solve for O< 4 <8: a sinz = 0.382 b tan($) — —0.458 
2 Solve: 
a cosx = 0.4379 for 0<2< 10 b cos(x -— 2.4) = —0.6014 for 0<x<6 
3 If sinA— = and cos A = E, find: a sin2A b cos2A ¢ tan2A 
4 a Solve for 0< a2 € 10: 


i tang =4 ii tan(2) —4 ili tan(x — 1.5) = 4 
b Find exact solutions for x given —7 X x S T: 

i tan(z-- £) 2 —V3 ii tan2r — —3 ili tan?r —3—0 
€ Solve 3tan(r—1.2)=-2 for Oxz «10. 


10 
11 


12 


13 
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Show that: 
a 2cos (9 + 7) = cos — sin 0 
b cosocos(B — o) — sinosin(B — a) — cos B 
E COSE -$ andes ee — find the exact value of sin (3). 


Solve for 0 € z € 2m: 

a cosz — 0.3 b 2sin(32) — /2 ce 43+8sinx = 50.1 
An ecologist studying a species of water beetle estimates 
the population of a colony over an eight week period. 
If t is the number of weeks after the initial estimate is 
made, then the population in thousands can be modelled by 
P(t) =5+2sin(%) where 0<t<8. 


What was the initial population? 





a 
b What were the smallest and largest populations? 
€ 


During what time interval(s) did the population 
exceed 6000? 


Solve for x: 3cosx+sin2x=1 for 0<2< 10. 
Write 3sinx+4cosx inthe form kcos({x +b), where k>0 and 0<b<2r. 


From ground level, a shooter is aiming at targets on a vertical brick wall. At the current angle 
of elevation of his rifle, he will hit a target 20 m above ground level. If he doubles the angle 
of elevation of the rifle, he will hit a target 45 m above ground level. How far is the shooter 
from the wall? 


Find exactly the length of BC: D 


A SUB 


3 me 


In an industrial city, the amount of pollution in the 
air becomes greater during the working week when 
factories are operating, and lessens over the weekend. 
The number of milligrams of pollutants in a cubic 
metre of air is given by 


P(t) = 40 + 12sin 22 (t — 37) 
where ¢ is the number of days after midnight on 


Saturday night. 





a What is the minimum level of pollution? 


b At what time during the week does this minimum level occur? 


382 


TRIGONOMETRIC EQUATIONS AND IDENTITIES (Chapter 13) 


REVIEW SET 13C 


10 
11 
12 


13 











































































































































































































































































































Consider y — sin($) on the domain —7 < x < 7. Use the graph to solve, correct to 
1 decimal place: a sin($) = —0.9 b sin($) =F 
y 
y=sin (3) 
1 | 
0:5 
| > 
7 6 5 4 3 2 LA 1 2 3 4 5 6 PECET] 
—0:5 
Ti 
Solve algebraically for 0 < x < 27, giving answers in terms of 7: 
a sin^r—sinr—2-—0 b 4sin?x=1 
Find the exact solutions of: 
a tan(r — $) — 2s. 0xzc&d4m b cos(x + 27) = 1, —2m € z « 2n 
Simplify: 
DIO 
a cos?0 4 sin? 0 cos 0 b corte € 5—5sin?0 
sin 0 
oD yy 
sinf 0 — 1 2 tan 60 + cot 0 f cos? A(tan9 + 1)2 1 
cos 0 sec 
If tan2a = i for a €]0, $[, find the exact value of sina without using a calculator. 
Simplify: a (2sina— 1)? b (cosa — sina)? 
Show that: 
cos 0 1+sinó 1 » DNE o 
mom rum = 2sec0 b (+5) (cos cos 0) = sin 0 
Solve exactly: a arcsinx = $ b arctan(r-2)— $ 


Show that sin (z) = iv 2—y2 using a suitable double angle formula. 
If a and 8 are the other angles of a right angled triangle, show that sin 2a = sin 20. 
Prove that: a (sin@ +cos@)? = 1+ sin 20 b csc 2x + cot 2x = cot x 


Use the principle of mathematical induction to prove that: 
cos|(n + 1)0] sin nð 
sin 0 


sin? 0 + sin? 29 + sin? 30 + .... + sin? (n0) = 4 |n — for all n € Z*. 


a Show that cos(a -— 8) -— cos(a + 8) = 2sin asin 6. 
b Hence show that sinasin f = $ (cos(a — 8) — cos(a + B)). 


c Hence show that sin[(k + 1)0] sin £ + sin Y sin RI — sin I sin uM 


a 


Use the principle of mathematical induction to prove that: 
sin [$n ls 1)6] sin (3n0) 


+ 
sin (16) forall n € Z*. 


sin 0 + sin 20 + sin 30 + .... + sin(n@) = 





Vectors 


Syllabus reference: 4.1, 4.2, 4.5 


Vectors and scalars 

Geometric operations with vectors 
Vectors in the plane 

The magnitude of a vector 
Operations with plane vectors 
The vector between two points 
Vectors in space 

Operations with vectors in space 
Parallelism 

The scalar product of two vectors 
The vector product of two vectors 


Contents: 


ATT"ZTOAIMmOADDSD 
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OPENING PROBLEM 


An aeroplane in calm conditions is flying at 800 kmh”* 
due east. A cold wind suddenly blows from the south-west 





at 35 kmh7!, pushing the aeroplane slightly off course. 


Things to think about: a el t 
a How can we illustrate the plane's movement and the , 
wind using a scale diagram? 


b What operation do we need to perform to find the effect of the wind on the aeroplane? 
Can you use a scale diagram to determine the resulting speed and direction of the aeroplane? 


In the Opening Problem, the effect of the wind on the aeroplane is determined by both its speed and its 
direction. The effect would be different 1f the wind was blowing against the aeroplane rather than from 
behind it. 





Quantities which have only magnitude are called scalars. 


Quantities which have both magnitude and direction are called vectors. 


The speed of the plane is a scalar. It describes its size or strength. 
The velocity of the plane is a vector. It includes both its speed and also its direction. 
Other examples of vector quantities are: 

e acceleration e force e displacement e momentum 
For example, farmer Giles needs to remove a fence post. He 
starts by pushing on the post sideways to loosen the ground. 


Giles has a choice of how hard to push the post and in which 
direction. The force he applies is therefore a vector. 





DIRECTED LINE SEGMENT REPRESENTATION 


We can represent a vector quantity using a directed line segment or arrow. 


The length of the arrow represents the size or magnitude of the quantity, and the arrowhead shows its 
direction. 


For example, if farmer Giles pushes the post with a force of 
50 Newtons (N) to the north-east, we can draw a scale diagram 
of the force relative to the north line. 45? 


N 50N 


Scale: 1 cm represents 25 N 
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Example 1 ™) Self Tutor 


Draw a scale diagram to represent Scale: 
a force of 40 Newtons in a 1 cm = 10 N 
north-easterly direction. 








EXERCISE 14A.1 


1 Using a scale of 1 cm represents 10 units, sketch a vector to represent: 
a 30 Newtons in a south-easterly direction 
b 25 ms”! in a northerly direction 
c an excavator digging a tunnel at a rate of 30 cm min ! at an angle of 30? to the ground 
d 


an aeroplane taking off at an angle of 10? to the runway with a speed of 50 ms !. 


2 ]f —————— — — represents a velocity of 50 ms"! due east, draw a directed line segment 
representing a velocity of: 


a 100 ms~! due west b 75 ms? north-east. 
3 Draw a scale diagram to represent the following vectors: 
a a force of 30 Newtons in the NW direction 
b a velocity of 36 ms! vertically downwards 
c a displacement of 4 units at an angle of 15° to the positive x-axis 
d 


an aeroplane taking off at an angle of 8° to the runway at a speed of 150 kmh7?. 


VECTOR NOTATION 


Consider the vector from the origin O to the point A. We call this the position vector of point A. 


K e This position vector could be represented by 


=> 
OA or a or à or d 
bold used in text books used by students 
e The magnitude or length could be represented by 


| OA | or OA or |a| or |@| or | | 


For 
— 
B we say that AB is the vector which originates at A and 


ee terminates at B, 
A 


and that AB is the position vector of B relative to A. 
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GEOMETRIC VECTOR EQUALITY 


Two vectors are equal if they have the same magnitude and direction. 


Equal vectors are parallel and in the same direction, and 
are equal in length. The arrows that represent them are 


translations of one another. 
7 . x . : a 
We can draw a vector with given magnitude and direction a 
from any point, so we consider vectors to be free. They are a 
sometimes referred to as free vectors. 


GEOMETRIC NEGATIVE VECTORS 


— — 
AB and BA have the same length, but they 
have opposite directions. 


— P . TR 
We say that BA is the negative of AB and 
. — — 
write BA = —AB. 


a and —a are parallel and equal in length, i 
but opposite in direction. a 5 





Example 2 x) $elf Tutor 
b 
Q R PQRS is a parallelogram in which PO same and 
ae, 
E QR = b. 
Find vector expressions for: 
P — — — — 
S a QP b RQ c S d S 





— A — 
QP = —a {the negative vector of PQ} 
Q= -b _ {the negative vector of QR} 
— —> 
c SR—a {parallel to and the same length as PQ} 
— 


= 
d SP=-—b {parallel to and the same length as RQ} 








EXERCISE 14A.2 


1 State the vectors which are: 
a equal in magnitude b parallel "P 2d 
c in the same direction d equal p q Jr s t 


€ negatives of one another. 
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2 The figure alongside consists of two equilateral triangles. A, B, and C lie on a straight line. 
— — — 
AB=p, AE=q, and DC=r. E D 


Which of the following statements are true? 


— == q r 
a EB=r b |p|=lql c BC=r 
= — 
d DB=q e ED=p f p=q A p B C 
3 A B ABCDEF is a regular hexagon. 


a Write down the vector which: 
i originates at B and terminates at C 


ii is equal to AB. 
b Write down all vectors which: 
Ì are the negative of EÈ 
ii have the same length as ED. 


¢ Write down a vector which is parallel to AB and twice 
its length. 


DISCUSSION I 


e Could we have a zero vector? 
e What would its length be? 
e What would its direction be? 





In previous years we have often used vectors for problems involving distances and directions. The vectors 
in this case are displacements. 


A typical problem could be: 2 
A runner runs east for 4 km and then south for 2 km. 


How far is she from her starting point and in what direction? 





In problems like these we use trigonometry and Pythagoras’ 
theorem to find the unknown lengths and angles. 


GEOMETRIC VECTOR ADDITION 


Suppose we have three towns P, Q, and R. 


A trip from P to Q followed by a trip from Q to R has 
the same origin and destination as a trip from P to R. 


This can be expressed in vector form as the sum Ó 
=> — 
PQ 4- QR — PR. 
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This triangular diagram could take Q R Q 
all sorts of shapes, but in each case P 
the sum will be true. For example: 


After considering diagrams like those above, we can now define vector addition geometrically: 


To construct a + b: DEMO 


Step 1: Draw a. 
Step 2: At the arrowhead end of a, draw b. 


Step 3: Join the beginning of a to the arrowhead end of b. 
This is vector a + b. 


Example 3 x) $elf Tutor 








Given a and b as 
shown, construct 
a 4 b. 








































































































THE ZERO VECTOR 


Having defined vector addition, we are now able to state that: 


The zero vector ( is a vector of length 0. 


For any vector a: aro Oaza 
a + (—-a) 2 (-a) + a = 0. 


a aM 
When we write the zero vector by hand, we usually write 0. 


Example 4 ™) Self Tutor 







Find a single vector which is equal to: E D 
—— = 
ABC ACA C 
— — — 
by BAS AES EC 
— — =— 
c€ AB +BC + CA 
A B 


— — — — 
3 ies Caen © DE aD) 


oa 


— — — 
BC + CA = BA (as shown) 


a 
— — — — 

b BA + AÉ + EC = BĊ C 
— — — — 

CABE Be = CA = AA = 0 
— — — — — 

d AB + BC + CD + DE = AE 
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EXERCISE 14B.1 
1 Use the given vectors p and q to construct p + q: 
a b c 


puri 3 at 








































































































EMT AE Ji 
































































































































2 Find a single vector which is equal to: 
Z => — —> => = 
a AB+BC b BC+CD c AB+BA 
Za => — => => — > —> 
d AB+BC+CD e AC+CB+BD f BC+CA+AB 


3 a Given p and q use vector diagrams to find: 
i p+q ii q+p. 


b For any two vectors p and q, is p+q=q+p? 
























































= 
One way of finding PS is: 


Q b 
R = — — 
PS = PR+RS 
a =(a+b)+e. 
c 
Use the diagram to show that 
i (a 4- b) -e— a c (b«c). 
S 


5 Answer the Opening Problem on page 384. 


4 Consider: 


GEOMETRIC VECTOR SUBTRACTION 
To subtract one vector from another, we simply add its negative. a — b = a + (—b) 


For example, 











given and then 


w 
a T b “r. b 
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For r, s, and t shown, find geometrically: 
















AA ES r s t 
b s-t-r 
















































































































































































Example 6 =) Self Tutor 
For points A, B, C, and D, simplify the following vector expressions: 


=> = — — =>» 
a AB-CB b AC— BC- DB 











EXERCISE 14B.2 
1 For the following vectors p and q, show how to construct p — q: 
a b c d 


AM CH EE 
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2 For the vectors illustrated, | 
show how to construct: p | q or 
a p+q-r b p-q-r c r-q-p 
3 For points A, B, C, and D, simplify the following vector expressions: 
> => => —  —— 
a AC+CB b AD—BD € AC-4 CA 
—  —  —— > => —  — => 
d AB+BC+CD e BA—CA+CB f AB-CB-DC 





VECTOR EQUATIONS 


Whenever we have vectors which form a closed polygon, we can write a vector equation which relates 
the variables. 


The vector equation can usually be written in several ways, but they are all equivalent. 





x) $elf Tutor 


Construct vector equations for: 













We select any vector 
for the LHS and then 
take another path 
from its starting point 
to its finishing point. 





a t=r+ws 
b r=-p+4 
¢ f——¢-—d--e 








EXERCISE 14B.3 
1 Construct vector equations for: 
a b 
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Example 8 











Find, in terms of r, s, and t: R S 
-— — -— 
a RS b SR € ST E 
O T 
— — == 
a RS b SR c ST 
— => => > — => 
= RO + OS = SO + OR =SO + OT 
=> => => == => 
= —OR + OS = 0f 4E On —OS + OT 
=-r+s ~ sIr = HL 
=s-r —r-s =t—s 
2 a Find, in terms of r, s, and t: b Find, in terms of p, q, and r: 
= — — — — — 
i OB ii CA ii OC i AD ii BC iii AC 
` B p B 
2 A 
r t 
O 
C 
D 
r C 


GEOMETRIC SCALAR MULTIPLICATION 


A scalar is a non-vector quantity. It has a size but no direction. 


We can multiply vectors by scalars such as 2 and —3, or in fact any k € R. 


If a is a vector, we define 2a=a+a and 3a=a+a+a 


so —3a = 3(—a) = (—a) + (—a) + (—a). 
If a is ae then 








So, 2a isin the same direction as a but is twice as long as a 
3a is in the same direction as a but is three times longer than a 
—3a has the opposite direction to a and is three times longer than a. 
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If a is a vector and k is a scalar, then ka is also a vector and we are VECTOR SCALAR 
performing scalar multiplication. MULTIPLICATION 


If k >0, ka and a have the same direction. l 


If k <0, ka and a have opposite directions. 
Ee Oka ANS Zero vector 







































































Example 9 € Self Tutor 
Given vectors and ; 
ZH 
construct geometrically: a 2r+s b r-3s 
a b 






































































































































Example 10 


|X) Self Tutor 







Sketch vectors p and q if: 


Suppose q is: 







































































zd 
EXERCISE 14B.4 
1 Given vectors / and BENE , construct geometrically: 
a —r b 2s c ir d —3s 
e 2r-s f 2r+3s g 5r+2s h $(r + 3s) 


2 Sketch vectors p and q if: 
a p=q b p=-q ¢ p=2q d p=q e p=—3q 
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3 a Copy this diagram and on it mark the 

















points: P 
i == => == 
i X such that MX = MN + MP 
x == — == N 
ii Y such that MY = MN — MP 
oss I => 
ill Z such that PZ = 2PM M 





b What type of figure is MNYZ? 





















































4 A P B ABCD is a square. Its diagonals [AC] and [BD] intersect at 
M. If AB — p and BC = q, find in terms of p and q: 
= — —: — 
q a CD b AC € AM d BM 
D C 


PQRSTU is a regular hexagon. 
— — 
If PQ =a and QR = b, find in terms of a and b: 
— — c — 
a PX b PS c€ QX d RS 












For example, to plot the point P(2, 5), we start at the 
origin, move 2 units in the x-direction, and then 5 units 
in the y-direction. 





















































In transformation geometry, translating a point a units in the x-direction and b units in the y-direction 


i and j are examples of unit 
vectors because they have 
length 1. 


can be achieved using the translation vector ( : ) ] 


"EE => 2 
So, the vector from O to Pis OP — E ) 


Suppose that i= ( D is a translation 1 unit in the positive x-direction 


and that j= ( 1 ) is a translation 1 unit in the positive y-direction. 
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We can see that moving from O to P is equivalent to Ay 


(2) P(2, 5) 





two lots of i plus 5 lots of j. 








3 
OP — 2i 4- 5j 


(5) =?(0) +9(4) 















































The point P(x, y) has position vector OP = = xi + yj 


7 B 


component form unit vector form 


I (à) is the base unit vector in the x-direction. 
MN e is the base unit vector in the y-direction. 


The set of vectors {i, j} = { @ : i \ is the standard basis for the 2-dimensional (2, y) 


coordinate system. 


All vectors in the plane can be described in terms of the base unit vectors i and j. 
























































































































































For example: a=3i-j 
b — —4i 4- 3j ilili j 
: : b 
-J J 
j 
—i|-i|-i|-i 
Two vectors are equal if their components are equal. 
Example 11 ™) Self Tutor 
y "E. ER T A 
a Write OA and CB in component form and in unit 
vector form. 
B 6 Comment on your answers in a. 
C 
A 
T 
4 » 
aia 3 ee a 3 E 
a ok- (1) -3 1 (C -(i)zs 


— — 
b The vectors OA and CB are equal. 
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EXERCISE 14€ 


1 Write the illustrated vectors in component form and in unit vector form: 


a b c 





































































































































































































2 Write each vector in unit vector form, and illustrate it using an arrow diagram: 


e (i) > (5) (2) (3) 























3 Find in component form and in unit vector form: 
A °B =P — => 
e a BA b BC c DC 
—> > —> 
d AC e CA f DB 
"(e 



































4 Write in component form and illustrate using a directed line segment: 
a i+ 2j b -i+ 3j c —5j d 4i — 2j 


5 Wirite the zero vector 0 in component form. 


Consider vector v — & = 2i + 3j. 





The magnitude or length of v is represented by |v]. 


By Pythagoras, |v|? —2? 4-3? — 44-9 — 13 
z. |v| 2 v13 units {since |v| » 0] 








P y i ) = vi + voj, the magnitude or length of vis |v| — \/v)2 + v5”. 
2 
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Example 12 ™) Self Tutor 


If p= (5) and q = 2i — 5j find: a |p| b |q| 


p=( 5) b as a-s-( 5). 
a pl = y3 +5} lal = 2? + (-5)? 


= 4/34 units = V 29 units. 





UNIT VECTORS 


A unit vector is any vector which has a length of one unit. 


M ( 2 and j= o are the base unit vectors in the positive 
x and y-directions respectively. 


Example 13 ») $elf Tutor 


ml 
Find k given that ( " ) is a unit vector. 


1 
Since ( " ) is a unit vector, 


5o ge zl 
" $-k^-—1 {squaring both sides} 

D 

9 


V8 
rug 








EXERCISE 14D 


1 Find the magnitude of: 


2 Find the length of: 
a i+j b 5i — 12j € —i+ 4j d 3i e kj 


3 Which of the following are unit vectors? 


OR O 0 
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4 Find k for the unit vectors: 
0 k k k i 
«(0 (0) (0  *0) 


5 Given v — G) and |v| = v73 units, find the possible values of p. 


ALGEBRAIC VECTOR ADDITION 


Consider adding vectors a = (2 ) and b — le ) 
2 





Notice that: 








e the horizontal step for a+b is aı + bı 





e the vertical step for a+b is as + ba. 


fai o EN MO SI 
If »-(2) and »- (2) then (212). 


Example 14 x) $elf Tutor 


























a+b= ( E ) E D Graphical check: 
























































ALGEBRAIC NEGATIVE VECTORS 











In the diagram we see the vector a — ( i) 





—3 


MaS (2) then —a = El 
a2 —02 





























E 
and its negative —a = I 
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ALGEBRAIC VECTOR SUBTRACTION 


To subtract one vector from another, we simply add its negative. 


s 
So, if »-(2) and »-(&) “ 
2 ba e 


then a—-b—a-(-b) E n 


x9) Self Tutor 








ALGEBRAIC SCALAR MULTIPLICATION 


We have already seen a geometric approach for integer scalar multiplication: 


Xl) mee) Q)-)- 3 
enn (2) 0) (-()-Q22) 


If k is any scalar and v = B ) then kv = a ) 
2 





kv» 


Notice that: 


a (E) + or (9) (3) <> 
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Example 16 


4 
SE 
















a 3q b p+ 2q c ip —3q 
2 4 2 ifa 2 
-(3) SUME DUE 
er m (34-32) 
- = \1+2(-3) a d 


Example 17 ™) Self Tutor 











If p=3i— 5j and q—-i- 2j, find |p — 2q|. 





VECTOR RACE 
GAME 


+ 


p — 2q = 3i — 5j — 2(—i — 2j) 
= 3i — 5j + 2i + 4j 
= 5i-j 

n Ip- 24 = V8 C3? 
= V 26 units 





EXERCISE 14E 


—3 1 —2 
1 If a= ( 2 i »- (1). and e= (75) find: 


a a+b b b+a c bcc d c+b 

e a+c f c+a g a+a h b+a+e 
2 Given »- (7) «- (3). and r=( 5) find: 

a p-q b q-r ¢ p+q-r 

d p-q-r e q-r-p f r+q-p 


3 Consider a = o ) 


ag 
a Use vector addition to show that a+ 0= a. 
b Use vector subtraction to show that a — a — Q. 


4 For p= B! q= (7). and r= (5 find: 


a —3p b iq c 2p q d p - 2q 


e p- ir f 2p 3r g 2q-— 3r h 2p—- qc ir 
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Consider p — ( : ) and q= ( = ) Find geometrically and then comment on the results: 


a p+p+q+q>w+q0q b p+q+p+q+q c q+p+q+p+q 
For r= (5) and :- (1) find: 

a |r| b |s| € |r+s| d |r-s| e |s—2r| 
If p— (5) and q= (7) find: 

a |p| b |2p| c |-2p| d |3p| e |-3p| 

f |q| g |4q| h |—4q| i |àq| i |-3a| 


Suppose x = (3 ) and a= (2 ) Show by equating components, that if kx =a then 
2 2 


X — ra. 


aR 


|kv| — ||| v] The modulus 
' [of k is its size. 


From your answers in 7, you should have noticed that 
So, (the length of kv) = (the modulus of k) x (the length of v). 





By letting r= (2), prove that | kv| 2 | k||v |. 
2 


SA 





k i s = 01 
In the diagram, point A has position vector OA = (; ) , 
2 


: ils = bi 
and point B has position vector OB — E 
2 


— TZ => 
'... AB = AO + OB 
> => 
= —OA + OB 
> > 
— OB— OA 


"e 
med 


a 4 n — — > by — a, 
The position vector of B relative to A is AB = OB — OA = pete 
ae LD) 
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We can also observe this in terms of transformations. 


In translating point A to point B in the diagram, the 














: E by =d 
translation vector is : 
ba =:09 





In general, for two points A and B with position vectors 
a and b respectively, we observe 





— — 
AB = —a +b and BA = -b +a 
=b-a =a-—b 
_fbi-a _fa-b 
E bə — a2 E a2 — b2 
Example 18 ™) Self Tutor 


Given points A(—1, 2), B(3, 4), and C(4, —5), find the position vector of: 
a B from O b B from A € A from C 


d : E 3=0 3 

a The position vector of B relative to O is OB = = ; 
x : "WESS 3—-1 4 

b The position vector of B relative to A is AB = 5. Js 


od 3 ae EM =1-4 —5 
€ The position vector of A relative to Cis CA= = : 








Example 19 ™) Self Tutor 





[AB] is the diameter of a circle with centre 
C(—1, 2). If B is (3, 1), find: 


— 


a BC b the coordinates of A. 
B(3, 1) 





Dc 


b If A has coordinates (a, b), then CA= (° 2 ) = (ae) 
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A mE GELD NN EE 
But CA = BC, e E. 
a+1=—4 and b-2=1 


OO ES 
Ais (—5, 3). 





EXERCISE 14F 


y 
1 Find AB given: 


a A(2,3) and B(4,7) b A(3,—1) and B(1, 4) c A(-2,7) and B(1, 4) 
d B(3,0) and A(2,5) e B(6,—1) and A(0, 4) f B(0,0) and A(—1, —3) 
2 Consider the point A(1, 4). Find the coordinates of: 
i = 3 => -1 
a B given æ= (i) b C given ck- (3). 


3 [PQ]is the diameter of a circle with centre C. 


<= 
a Find PC. Q 
b Hence find the coordinates of Q. 


P(—1, 1) 


4 A(1, 4) B(6, 5) ABCD is a parallelogram. 
— 
a Find AB. 


Em 
b Find CD. 
€ Hence find the coordinates of D. 


D C(4, —1) 









5 A(—1,3) and B(3, k) are two points which are 5 units apart. 
— — 
a Find AB and | ABI. 


b Hence, find the two possible values of k. 


m B 
| AB | is the 
— 
magnitude of AB. 


€ Show, by illustration, why k should have two possible values. 


B(3, 5) x 4 
6 a Find AB and AC. 
—= ZT i 
b Explain why BC = —AB + AC. 
A(1, 2) € Hence find BC. 
d Check your answer to ¢ by direct evaluation. 


C(4, -1) 
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Rh 


— —3 — 

( ) and BC = ( ) find AC. 

. —> == — 2 — 

b Given AB — ( 3 ) and CA — e find CB. 


— 2 — —3 = 
, RQ= 5) and RS — ( 2 ) find SP. 


8 A(3,6) a Find the coordinates of M. 
. — — — 
b Find vectors CA, CM, and CB. 
M c Verify that CM = LCA + 1CB. 
B(-1,2) 
art 





To specify points in 3-dimensional space we need a 
point of reference O, called the origin. 


Through O we draw 3 mutually perpendicular lines 
and call them the X, Y, and Z-axes. We often think of 
the Y Z-plane as the plane of the page, with the X-axis 
coming directly out of the page. However, we cannot 
of course draw this. 


In the diagram alongside the coordinate planes divide 
space into 8 regions, with each pair of planes intersecting 
on the axes. 





The positive direction of each axis is a solid line 
whereas the negative direction is ‘dashed’. 


Any point P in space can be specified by an ordered 
triple of numbers (x, y, z) where x, y, and z are the 
steps in the X, Y, and Z directions from the origin 
OF tolP: 

The position vector of P is 





En zr 
OP= | y | =xi+ yj + zk 
& 
i 0 0 
whee i= | O |, T= 1), 5d ke || O 
0 0 1 


are the base unit vectors in the X, Y, and Z 
directions respectively. 
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1 0 0 
The set of vectors {i, j, k} = O (a 
0 1 


is the standard basis for the 3-dimensional (x, y, z) coordinate system. 


To help us visualise the 3-D position of a point on our 
2-D paper, it is useful to complete a rectangular prism 
or box with the origin O as one vertex, the axes as sides 
adjacent to it, and P being the vertex opposite O. 


3-D POINT PLOTTER 





Example 20 x5) $elf Tutor 





Illustrate the points: 
a A(O, 2, 0) b B(3, 0, 2) € C(-1,2, 3) 





N 
E 
ES 











THE MAGNITUDE OF A VECTOR 


Triangle OAB is right angled at A 
z. OB? =a?+0b? .... (1) {Pythagoras} 
Triangle OBP is right angled at B 
OP? = OB? + e? {Pythagoras} 
OP? = a? + b* + c? {using (1)} 


OP = Va? + +e 





The magnitude or length of the vector v= | v2 | is |v| = yv? +v? +v. 
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THE VECTOR BETWEEN TWO POINTS 


If A(x1, y1, 21) and B(x, ye, z2) are two points in space then: 
£2 — 21 \ ~+— x-step 
= > 
AB = OB—OA= | yo2—yi |<«— y-step 
23 = Z] <M z-step 


AB is called the “vector AB’ or the “position vector of B relative to A”. 


The magnitude of ABis AB= (29 — 21)? + (ya — y1)? + (22 — 21)? which is the 
distance between the points A and B. 





Example 21 x) $elf Tutor 


If P is (—3, 1, 2) and Q is (1, —1, 3), find: 


| = /4? + (-2)?+ 17 


eT tts 





VECTOR EQUALITY 


Two vectors are equal if they have the same magnitude and direction. 


ay by 
If a= a2 and b — b3 |. then a=b e aT 102151025 a3 = b3. 
03 bs 


Pd p If a and b do not coincide, then they are opposite sides of 
A x a parallelogram, and lie in the same plane. 


Example 22 ™) Self Tutor 
















ABCD is a parallelogram. A is (—1, 2,1), B is (2, 0, —1), and D is (3, 1, 4). 
Find the coordinates of C. 
Len © We (G, a &) 


[AB] is parallel to [DC], and they have the same 
length, so De = AB 





A nq 


a—3 3 C(a, b, c) 
OB ENTE D(3,1,4) 


c—4 —2 
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a-=3=3, b-1=-2, and c-4=-2 
IO: b=-1, and c=2 


So, C is (6, —1, 2). 





Check. Midpoint of [DB] is (=, =) which is (8, 4, 3). 








Midpoint of [AC] is: (22, 22122) whichis (3, 4, 3). 


The midpoints are the same, so the diagonals of the parallelogram bisect. Y 








EXERCISE 14G 
1 Consider the point T(3, —1, 4). 
a Draw a diagram to locate the position of T in space. b Find OT. 


€ How far is it from O to T? 


2 Illustrate P and find its distance from the origin O: 


a P(0, 0, —3) b P(0,—1,2) c P(3, 1, 4) d P(-1, —2, 3) 
3 Given A(—3, 1, 2) and B(1,0, —1) find: 
— — — — 
a AB and BA b the lengths | AB| and | BA]. 


4 Given A(3,1,0) and B(—1,1,2) find OA, OB, and AB. 
5 Given M(4, —2, —1) and N(-1,2, 0) find: 
a the position vector of M relative to N b the position vector of N relative to M 
€ the distance between M and N. 
6 Consider A(—1, 2, 5), B(2, 0, 3), and C(-3, 1, 0). 
a Find the position vector OA and its length OA. 
b Find the position vector AB and its length AB. 
€ Find the position vector AC and its length AC. 
d Find the position vector CB and its length CB. 
Hence classify triangle ABC. 
7 Find the shortest distance from Q(3, 1, —2) to: 
a the Y-axis b the origin c the YOZ plane. 
Show that P(0, 4, 4), Q(2, 6,5), and R(1, 4, 3) are vertices of an isosceles triangle. 
9 Use side lengths to classify triangle ABC given the coordinates: 
a A(0, 0,3), B(2, 8,1), and C(—9, 6,18) 5b A(1,0, —3), B(2, 2, 0, and C(4, 6, 6). 
10 The vertices of triangle ABC are A(5, 6, —2), B(6, 12, 9), and C(2, 4, 2). 
à Use distances to show that the triangle is right angled. 
b Hence find the area of the triangle. 


11 A sphere has centre C(—1, 2, 4) and diameter [AB] where A is (—2, 1, 3). 
Find the coordinates of B and the radius of the sphere. 
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12 a State the coordinates of any general point A on the 
Y-axis. 
b Use a and the diagram opposite to find the coordinates 


of two points on the Y -axis which are y14 units from 
B(-1, —1, 2). 





13 Find a, b, and c if: 


a—4 1 a—5 3—a 
a b-3 | = 3 b b-2 | =| 2-b 
c+2 —4 c+3 5—c 


15 Find k given the unit vector: 
1 


2 


A unit vector 
has length 1. 


who > 





k 
1 l 
4 3 


15 A(—1, 3, 4), B(2, 5, —1), C(-1, 2, -2), and D(r, s, t) 
are four points in space. 


Z > — => 
Find r, s, and t if: a AC=BD b AB=DC 
16 A quadrilateral has vertices A(1, 2, 3), B(3, —3, 2), C(7, —4, 5), and D(5, 1, 6). 
— — 
a Find AB and DC. 
b What can be deduced about the quadrilateral ABCD? 


17 PQRS is a parallelogram. Pis (—1,2,3), Qis (1, —2, 5), and Ris (0, 4, —1). 
a Use vectors to find the coordinates of S. 
b Use midpoints of diagonals to check your answer. 


The rules for algebra with vectors readily extend from 2-D to 3-D: 





ay bi a, +b} aı — bı 
Hr ge || Gp and b= | ba then a+ b= | a2+ba |, a—b= | ag—bo |, 
a3 bs a3 + bg a3 — bg 
kay 
and ka= | kag for any scalar k. 


kas 
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INVESTIGATION 


There are several properties or rules which are valid for the addition of real numbers. For example, 
we know that a+b=b+a. 


Our task is to identify some similar properties of vectors. 


What to do: 


Q1 bi C1 
1 Use general vectors a= | asa |, b= | ba |, and c= | ca to find: 
a3 b3 C3 
a a+b and b+a b a+0 
¢ a+(—a) and (—a+a) d (a+b)+c and a+ (b+c) 
2 Summarise your observations from 1. Do they match the rules for real numbers? 
ay, by 
3 Prove that for scalar k and vectors a= | ag and b= | 5» 
a3 b3 
a |ka| — |k| |a| b k(a+b)=ka+ kb 


From the Investigation you should have found that for vectors a, b,c and k € R: 


e at+b=b+a {commutative property} 
e (a+b)+c=a+(b+c) {associative property} 
e a+0=0+a=a {additive identity} 


e a+(—a)=(-a)+a=0 {additive inverse} 


e |ka|= |k| |a| where ka is parallel to a 
E ES 


eee Ne 
length of ka | length of a 
modulus of k 


e k(a 4 b) — ka 4- kb {distributive property} 


The rules for solving vector equations are similar to those for solving real number equations. However, 
there is no such thing as dividing a vector by a scalar. Instead, we multiply by the reciprocal scalar. 


For example, if 2x =a then x= ia and not 5 


a . : 
3 has no meaning in vector algebra. 


Two useful rules are: e if x+a=b then x=b-a 
e if kx — a then x — za (0) 
Proof: e If x+a=b O liè kx=a 
then x+a+(-a) =b+(-a) then  ¿(kx)= ¿a 
x+0=b-—a - Ix=la 
x=b-a 1 
x—;a2 
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Example 23 
Solve for x: a àx—r—s b c-2x=d 
a 3x-—r=s b c—2x—d 
2 3X = Solr 2 © —d=2x 
x= 3(s+r) ^A 3(e—d) =x 
Example 24 
| 2a| = 2|a| 
If p find |2a| pue e 
a= „fin al. 
2 =2V1+9+4 
=2V14 units 
Example 25 


™) Self Tutor 
Find the coordinates of C and D: 





Cis Oo ded 








Dis (1,4, 0) 
EXERCISE 14H 
1 Solve the following vector equations for x: 
a 2x —q b ix-n c —3x=p 
d q+2x=r e 4s— 5x—t f 4m — ix—-n 
—1 2 
2 Suppose a= 2 and b= | —2 |. Find x i£ 
3 1 
a 2a+x=b b 3x —a=2b c 2b-2x=-—a 
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-2 —— 1 — 
3 If OA= | -1 and OB = 3 |, find AB and hence the distance from A to B. 
1 —1 


5 For A(—1, 3, 2) and B(3, —2, 1) find: 


—. ] — 
a AB in terms ofi, j, and k b the magnitude of AB 
1 —2 
5 If a=|{0 and b= 1 |, find: 
3 1 
a jal b |b c 2la] d |2a| 
e —3|b| f |-3b| g |a+b| h |a—b| 


—> —> —> 
6 If AB=i-—j+k and BC = —2i +j-— 3k find AC in terms of i, j, and k. 


7 Consider the points A(2, 1, —2), B(0, 3, —4), C(1, —2, 1), and D(-2, —3, 2). 
— — 
Deduce that BD = 2AC. 


8 Find the coordinates of C, D, and E. B(2, 3, —3) 
A(—1, 5,2) D 
O E 


9 Use vectors to determine whether ABCD is a parallelogram: 
a A(3,-1), B(4, 2) C(-1, 4), and D(-2, 1) 
b A(5, 0,3), B(—1, 2, 4), C(4, —3, 6), and D(10, —5, 5) 
€ A(2, -3, 2), B(L4, —1), C(-2, 6, -2), and D(-1, —1, 2). 


10 Use vector methods to find the remaining vertex of: 


a b c 
A(3, 0) B(3,—1) P(-1,4,3)  Q(-2,5,2) W(-1, 5, 8) X 
E Z(0, 4, 6) Y(3, 39) -2) 
D C(8, —2) S(4,0,7) R 
11 D In the given figure [BD] is parallel to [OA] and half its length. 
A B Find, in terms of a and b, vector expressions for: 
—> —— — 
a BD b AB c BA 
a b — — — 
d OD e AD f DA 
O 
—1 2 0 
—> E — 
12 If AB= 3 |, AC= | —1 |, and BD = 2 |, find: 
2 4 —3 
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2 1 0 
13 For a= | -1 |, b= 2 |, and c= 1 |, find: 
1 —3 —3 
a a+b b a-b c b+2e 
d c— ja e a—b-c f 2b-c+a 
—1 1 —2 
15 If a— 1 |, b= | —3 |, and c= 2 |, find: 
3 2 4 
a jal b |b| c |b+e| 
d ja-c| e |alb É 


15 Find scalars a, b, and c: 


1 b 1 2 0 —1 
a 2| 0 =| c-1 b a| 1 | +b 0 +c| 1] = 3 
3a 2 0 —1 1 3 
2 Í 7 
e aj —3 |} +0] 7] =] -19 
1 2 2 





a ve a : are parallel vectors of different length. 


Two non-zero vectors are parallel if and only if one is a scalar multiple of the other. 


Given any non-zero vector v and non-zero scalar k, the vector kv is parallel to v. 
e Ifa is parallel to b, then there exists 
pn a scalar k such that a = kb. 
e If a= kb for some scalar k, then 
a > ais parallel to b, and 
> jJa|- [k[]b]. 








| k| is the modulus of 





k, whereas |a| is the 





length of vector a. 
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Example 26 x) $elf Tutor 
2 s 
Find r and s given that a= | —1 is parallel to b= D 
T E) 





Since a and b are parallel, a = kb for some scalar k. 


2—ks, —1-2k and r — —3k 


Consequently, k ——i and .. 2=-—js and r=-—3(-]) 








UNIT VECTORS 


Given a non-zero vector v, its magnitude | v| is a scalar quantity. 


If we multiply v by the scalar EE we obtain the parallel vector = v. 


[v] [v] 


The length of this vector is + 


1 2 F : : i 
i |v] = In. 1, so — v isa unit vector in the direction of v. 
y 


M lv 





: a EO i il 
e A unit vector in the direction of v is — v. 





M 
k 
e A vector b of length k in the same direction as a is b = Tai a. 
a 
k 
e A vector b of length k which is parallel to a could be b = al a. 
Example 27 ™) Self Tutor 


If a = 3i — j find: 
a a unit vector in the direction of a b a vector of length 4 units in the direction of a 


€ vectors of length 4 units which are parallel to a. 


a |a| = 3 4 (-1? z. the unit vector is mli —j) 
Seen e eue 
/10 vio 


= V10 units 


b A vector of length 4 units in the direction of a is Jui —j) 


EI qm A a 
vio’ viol 
€ The vectors of length 4 units which are parallel to a are 


12 s 12 


ds . i a 
yo ad N ae 
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Example 28 


Find a vector b of length 7 in the opposite direction to the vector a= | —1 





™) Self Tutor 














i 1 
The unit vector in the direction of ais ——a = ———___ | -1 ] = +] -1 
la] NS v6 1 


We multiply this unit vector by —7. The negative 
reverses the direction and the 7 gives the required 
length. 





Check that |b| = 7. 







ete eoe 
Mos pD = vm 1 









COLLINEAR POINTS 


Three or more points are said to be collinear if they lie on the same straight line. 





E 


5 o E SA B 
A, B, and C are collinear if AB — kKBC for some scalar k. Eo ee 


Example 29 x) $elf Tutor 





Prove that A(—1, 2, 3), B(4, 0, —1), and C(14, —4, —9) are collinear. 





5 10 5 
— — 
AB= | —2 and BC= | —4 | =2]{ -2 
—4 —8 —4 
— — 
BC = 2AB 


[BC] is parallel to [AB]. 





Since B is common to both, A, B, and C are collinear. 





EXERCISE 141 


2 —6 
1 a= | -1 and b= y are parallel. Find r and s. 
3 E 
3 a 
2 Find scalars a and b given that -1 and 2 are parallel. 
2 b 


3 What can be deduced from the following? 
— — — — — — 
a AB=3CD b RS=-—¿KL c AB=2BC 


10 
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3 1 2 —1 
The position vectors of P, Q, R, and S are 2 |, 4 |, —1 |, and —2 
; -1 —3 2 3 
respectively. 
a Deduce that [PR] and [QS] are parallel. 
b What is the relationship between the lengths of [PR] and [QS]? 
2 a 
If a= "M write down the vector: 
a in the same direction as a and twice its length 
b in the opposite direction to a and half its length. 
Find the unit vector in the direction of: 
a i+ 2j b 2i — 3k € 2i- 2j k 


Find a vector v which has: 


a the same direction as ( E ) and length 3 units 


b the opposite direction to ( jj and length 2 units. 


A is (3, 2) and point B is 4 units from A in the direction (2, ) 
— 
a Find AB. 
> — > —> 
Find OB using OB = OA + AB. 
«€ Hence deduce the coordinates of B. 


2 
a Find vectors of length 1 unit which are parallel to a= | —1 
—2 
—2 
b Find vectors of length 2 units which are parallel to b= | —1 
2 
Find a vector b in: 
—1 
a the same direction as 4 and with length 6 units 
1 
—1 
b the opposite direction to —2 and with length 5 units. 
-2 


Prove that A(—2, 1, 4), B(4, 3, 0), and C(19, 8, —10) are collinear. 
Prove that P(2, 1, 1), Q(5, —5, —2), and R(—1,7, 4) are collinear. 
A(2, —3, 4), B(11, —9, 7), and C(—13, a, b) are collinear. Find a and b. 
K(1, —1, 0), L(4, —3, 7), and M(a, 2, b) are collinear. Find a and b. 


f.^ea G wv 
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12 The triangle inequality states that: 
“In any triangle, the sum of any two sides must always be greater a b 
than the third side.” 
Prove that |a +b] <|a|+]|b| using a geometrical argument. € 
Hint: Consider: e ais not parallel to b and use the triangle inequality 


EN VECTORS 


For ordinary numbers a and b we can write the product of a and b as ab or a x b. There is only one 
2 


e aand b parallel e any other cases. 





interpretation for this product, so we can use power notation. a? — axa, a?-—axaxa, and soon 


as shorthand. 


However, there are two different types of product involving two vectors. These are: 


» The scalar product of 2 vectors, which results in a scalar answer and has the notation v e w 
(read “v dot w”). 


» The vector product of 2 vectors, which results in a vector answer and has the notation v x w 
(read “v cross w”). 


Consequently, for vector v, v? or (v)? has no meaning and is not used, as it is not clear which of the 


vector products it would refer to. 


SCALAR PRODUCT 


The scalar product of two vectors is also known as the dot product or inner product. 


Vi wi 
MEV REVS and w= | w2 |, the scalar product of v and w is defined as 
U3 w3 


V € W — 0101 + UWa + U3ü3. 


ANGLE BETWEEN VECTORS 


Ui Wi 

š y w 
Consider the vectors a v= | v2 and a w= | w 
U3 wa 


We translate one of the vectors so that they both originate from the same point. 


v E è 
4———————— This vectoris -v+w=Ww-v 
and has length |w — v]. 
WwW 
Using the cosine rule, Iw — v|? =]|v]?+|w]?—2|v||w|cos8 
Wi UL Wi = Ui 
But w—v= | we | — | vo |] = | v2—v2 


w3 U3 W3 — U3 
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(w1—v1)? + (we—ve)? + (w3—03)? = v2 +e +e tw? + we + we — 2|v||w|cosé 
vy wy + vew2 + v3w3 = | v||w| cos 
vew=|v||w|cosé 
The angle 0 between two vectors v and w can be found using 
vew 


oig) em ——— — 
|v||w| 


ALGEBRAIC PROPERTIES OF THE SCALAR PRODUCT 


The scalar product has the following algebraic properties for both 2-D and 3-D vectors: 


> vew=wev 
>» vev=|v| 
> ve(w+x)=vew+vex 
> (v+we(x+y)=vex+vey+wex-+we y 
‘ Ui wi 
e A A us 
3 3 


Be careful not to confuse the scalar product, which is the product of two vectors to give a scalar answer, 
with scalar multiplication, which is the product of a scalar and a vector to give a parallel vector. They 
are quite different. 


GEOMETRIC PROPERTIES OF THE SCALAR PRODUCT 


> For non-zero vectors v and w: 
vew=0 4 vandw are perpendicular or orthogonal. 


> |vew|—-|v||w| < vand w are non-zero parallel vectors. 

» IfÓisthe angle between vectors v and w then: ve w= |v||w|cosé 
If O is acute, cos@>O andso vew>0 
If 0 is obtuse, cosð <0 andso vew<0. v 


The angle between two vectors is always taken 
as the angle 0 such that 0° < 0 < 180°, rather ge w 
than reflex angle a. 


The first two of these results can be demonstrated as follows: 





If v is perpendicular to w then 0 — 90°. If v is parallel to w then 0 — 0° or 180°. 
vew-|vl||w|cos6 So vew-l|v|[Iw|cosó 
— |v|| w| cos 90? =|v||w|cos0° or |v||w|cos180? 
=0 =+|v||w| 
-. |vew|=|v||w] 


To formally prove these results we must also show that their converses are true. 
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DISCUSSION 
a Elaine has drawn a vector v on a plane which is a sheet of paper. 
It is therefore a 2-dimensional vector. 
i How many vectors can she draw which are perpendicular 
Y to v? 
ii Are all of these vectors parallel? 
b Edward is thinking about vectors in space. These are 


3-dimensional vectors. He is holding his pen vertically 
on his desk to represent a vector w. 





i How many vectors are there which are 
perpendicular to w? 





ii If Edward was to draw a vector (in pencil) on his 
desk, would it be perpendicular to w? 





iii Are all of the vectors which are perpendicular to 
w, parallel to one another? 





Example 30 


™) Self Tutor 







Li” 








—1 
lt me | 3 and q— | O |. find: Since peq < 0 
-1 2 the angle is obtuse. 
a peq b the angle between p and q. 
a peq b  peq=|p||q|cosð 
2 2 COS ped 
-[3]e[0 Ipllq| 
—1 D " —4 
V44+94+1V714+044 
= 2(—1) + 3(0) + (-1)2 net 
=-2+0-2 o vo 
= i —ranccos (+) = 119 











EXERCISE 14J 


1 For p= (3): q= (3). and r — fal find: 


a qep b qor c qe (p+r) d 3req 
e 2p e2p f iep S qej h iei 
2 -1 0 
2 Fora={1], b= 1 |, and c= | —1 |, find: 
3 1 1 
a aeb b bea c jal? 


d aea e ae (b+c) f aeb+aec 
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3 —2 


3 If p= | —1 | and q= 1 |, find: a peq b the angle between p and q. 
3 


2 


4 Find the angle between m and n if: 


2 —i 
a m=| -l and n= 3 6 m=2j—k and n=i-+ 2k 
—i 2 
5 Find: a (i+j—k) e (2j +k) b iei c iej 
6 Find peq if: 
a |p|=2, |q|=5, 0=60° b |p| =6, |q|=3, 06 — 120? 
7 a Suppose |v|=3 and |w|=4. State the possible values of v e w if v and w are: 
i parallel ii at 60° to each other. 
b Suppose aeb-— —12 and b is a unit vector. 
i Explain why a and b are not perpendicular. 
ii Find |a| if a and b are parallel. 
c Suppose |e|—|d|-— V5. What can be deduced about c and d if: 


8 In the given figure: 


i ced=5 ii ced — —5? 





a State the coordinates of P. 
— — 
b Find BP and AP. 
Z => 
c Find APeBP using b. 
d What property of a semi-circle has been 
deduced in c? 
ay bi Ci 
9 Use a= | œa: |, b= | b |, and c= | cz 
a3 b3 C3 








Since a and b are perpendicular, a e b = 0 














If two vectors are 
perpendicular 
then their scalar 
product is zero. 


HOJ 


(-1)2) + 5t =0 


—2+5t=0 
Brea 
t=? NS 
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10 Find ¢ if the given pair of vectors are: 


i perpendicular ii parallel. 


(ue) ral) 


1 2 
11 a Show that : and E are perpendicular. EUROS 
perpendicular if each one is 
3 =1 1 perpendicular to all the 
b Show that a= | 1 |, b= 1 |, and c= 5 oiher. 
2 1 —4 


are mutually perpendicular. 
c Find £ if the following vectors are perpendicular: 


3 2t 3 
i a= | —1 and b= | —3 ii t and 
t —4 —2 








We do not need to check 

E f Z —> => —> 
Consider the points A(2, 1), B(6, —1), and C(5, —3). Use AB e AC and BC e AC 
a scalar product to check if triangle ABC is right angled. If it is, because a triangle cannot 
state the right angle. have more than one right 


angle. 
— 4 — =] — 3 
Des ey BC = (E) ace E 


AB e BÓ — 4(-1) 4 (-2) (-2) 2 -4 4-4 - 0. 








LE ——À . . . 
AB LBC and so triangle ABC is right angled at B. ON 








12 Use a scalar product to check if triangle ABC is right angled. If it is, state the right angle. 
a A(-2, 1), B(-2, 5), and C(3, 1) b A(4 7) B(1, 2) and C(-1, 6) 
c A(2, -2), B(5, 7), and C(-1, —1) d A(10, 1), B(5, 2), and C(7, 4) 
13 Consider triangle ABC in which A is (5, 1, 2), B is (6, —1, 0), and C is (3, 2, 0). Using scalar 
product only, show that the triangle is right angled. 
1^ A(2,4,2), B(-1, 2, 3), C(—3,3, 6), and D(0, 5, 5) are vertices of a quadrilateral. 
a Prove that ABCD is a parallelogram. 
b Find | AB | and | BC |. What can be said about ABCD? 
c Find AC e BD. Describe what property of ABCD you have shown. 
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Example 33 x) $elf Tutor 


Find the form of all vectors which are perpendicular to (1) . Are all of the vectors parallel? 





EREET 


( 2 Is a vector perpendicular to ( ; ) : 


—4 


The required vectors have the form k ( 3 


| k £0. All of these vectors are parallel. 








15 Find the form of all vectors which are perpendicular to: 
5 —1 3 —4 
E) *(E) G) (GJ 


16 Find any two vectors which are not parallel, but which are both perpendicular to 


O N 


) 


6 
NR An 


—1 
17 Find the angle ABC of triangle ABC for A(3, 0, 1), x 
B(-4 132) and C(—2, 1, —1). 
—— — 
Hint: To find the angle at B, use BA and BC. B 0 
— — 
What angle is found if BA and CB are used? C 
Example 34 x) $elf Tutor 


Use vector methods to 
determine the measure of 
ABC. 


The vectors used must 
both be away from B 
(or both towards B). If 


this is not done you will 
be finding the exterior 
angle at B. 








Placing the coordinate axes as illustrated, 
Ais (2 00 13i (0 a a CASIO) 





BA e BC 
|BA| | BC] 
— 21) + (90) + (=3)(=3) 
PSI ON MEE 


cos (ABC) = 














422 


19 


20 


23 
24 


25 


26 
27 
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The cube alongside has sides of length 2 cm. 
Find, using vector methods, the measure of: 


a ABS b RBP c PBS 


[KL], [LM], and [LX] are 8, 5, and 3 units long 
respectively. P is the midpoint of [KL]. Find, using vector 
methods, the measure of: 





a YÑX b YNP 
Consider tetrahedron ABCD. D(3, 2,0) 
a Find the coordinates öf M. C(2,2,2) 
b Find the measure of DMA. 
M 
A(2,1,1) 
B(1,3,1) 
a Findtif 2i -- tj -- (t—2)k and ti--3j 4 tk are perpendicular. 
1 2 E 
b Findr,sjandtif a=| 2 |, b=|2 |, and c=| €t are mutually perpendicular. 
3 r 1 
1 -1 
Find the angle made by: a i and | 2 b j and 1 
3 3 
Find three vectors a, b, and c such that a Z0 and aeb—aec but bzc. 


Show, using |x|? =x ex, that: 
a ja+b|?+|a—b|? =2|a|?+2|b/? b ja+b/?—-|a—b|?=4aeb 
a and b are the position vectors of two distinct points A and B, neither of which is the origin. Show 
that if |a+b|=|a—b|_ then a is perpendicular to b, using: 
a a vector algebraic method b a geometric argument. 
If |a] 23 and |b|—4, find (a b)e(a — b). 


Explain why aebec is meaningless. 





We have seen how the scalar product of two vectors results in a scalar. 


The second form of product between two vectors is the vector product or vector cross product, and 
this results in a vector. 


The vector product arises when we attempt to find a vector which is perpendicular to two other known 
vectors. 
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x ay by 
Suppose x= | y is perpendicular to both a= | a» and b= | b2 
zZ a3 b3 


a,x + azy + a3z = 0 
{ 1 2Y T03 {as dot products are zero} 


bix + bzy + b3z = 0 
aiz + azy = —a3z .... (1) 
bix + bay = —b3z cee (2) 





We will now try to solve these two equations to get expressions for x and y in terms of z. 
To eliminate x, we multiply (1) by —b, and (2) by ay. 
—a1b,x = a2biy = a3biz {—bı x (1)} 
a1b1x + a boy = —a1b32 [ai x (2)} 

Adding these gives (a1b9 — a3b31)y — (asby — a103)z 

y = (agb1 — ayb3)t and z = (aıb2 — a2bı)t for any non-zero t. 
Substituting into (1), aıt + az (agb; =; a1b3)t = —ag(a; ba = à3b4)t 

ait = (—a1a3bo + a243b1 = a2a3bı + a1a2b3)t 


ait = aj (a2b3 = azba)t 
t= (agb3 = azba)t 


The simplest vector perpendicular to both a and b is obtained by letting t = 1. In this case we find 


azb3 — a3b2 


x = | azb;—ajb3 |, which we call the vector cross product of a and b. 
a bz — agby 
ay by a2b3 — azba 
The vector cross product of vectors a= | az and b= | bo is a x b = | a3bı — aıb3 
az bg a1b3 — azby 


Rather than remembering this formula, mathematicians commonly write the vector cross product as: 


The signs alternate +, —, +. 





Be careful to get the sign of 























i j k the middle term correct! 
ax b = | a1 a2 a3) = a2 a3 I= ai a3 i + ar a2 k 
b2 b3 bı b3 bı b2 
bi bz bs| 4 n 
| —— d 


From this form: Cover up the Coverup the Cover up the 
top row and top row and top row and 
i column. j column. k column. 


a2 a3 


bo” bg 


where | e 2 | — (agb3 — a305) is the product of the main (red) 
2 03 








diagonal minus the product of the other diagonal (green). 


We find that ax b= (a2b3 == agba)i = (a1b3 = a3b1 )j + (a1 ba = a2b1)k 
= (a2b3 mE agzba)i + (agby = a1b3)j + (a1 ba — à3b1)k 
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ALGEBRAIC PROPERTIES OF THE VECTOR CROSS PRODUCT 


The vector cross product has the following algebraic properties for non-zero 3-dimensional vectors a, b, 
c, and d: 


v 


a x b isa vector which is perpendicular to both a and b. 

axa=0 for alla. 

»axb--bxa for alla and b. 

This means that a x b and b x a have the same length but opposite direction. 


v 


v 


ae (b x c) is called the scalar triple product. 
a x (b 4 c) 2 (a x b) 4 (a x c) 
> (a+b) x (ec +d) =(a x e) t (a x d) - (b x e) - (b x d). 


v 


You will prove or verify these results in the next Exercise. 


Example 35 





x) Self Tutor 



















2 zi After finding a x b, 
lias 3 and b= 2 |, fid ax b. check that your answer 
j 4 is perpendicular to 
both a and b. 
i k 
axb= |2 3 = 
-1 2 4 
3 —1|, 2. —1|, DES 
zi M NUES fat | 2, JE 
= (3 x 4 — (—1) x 2)i — (2 x 4 — (—1) x (—1))j + (2 x 2 — 3 x (—1))k 
14 
=| -7 


f 





Example 36 x) Self Tutor 
2 1 2 
Forat I |, DW= | 2 em cel. find: 
—1 3 4 
a bxc b ae(bxc) 
ijk 2 8 
a bealli 2 2 b ae(bxc)j—-| 1 Je| 2 
2 -1 E 
EIS MEC EE Sigel 
3 4 ic | ila TL = 
8 
= 2 
—4 
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EXERCISE 14K.1 


1 Calculate: 


2 1 -1 3 
a 3 |x| 4 b 0 |x[|-1 c (i4 j — 2k) x (i — k) 
1 -2 2 -2 d (2i— k) x (j + 3k) 
1 =] 
2 Suppose a= | 2 and b= 3 
3 -1 
a Find a x b. b Hence determine ae(a x b) and b e (a x b). 


€ Explain your results. 


3 i,j, and k are the unit vectors parallel to the coordinate axes. 
a Find ixi, j x j, and k x k. Comment on your results. 
b Find: i ix j and j xi ii jx k and k x j ill ix k and k x i. 
Comment on your results. 


ay by 
4 Using a= | az and b= | ba |, prove that: 
a3 bs 


a axa=0 for all 3-dimensional vectors a 





b axb--(bxa) for all 3-dimensional vectors a and b. 
1 2 0 
5 Suppose a=| 3 |, b=| -—1 |, and c= 1 |. Find: 
2 1 —2 
a bxc b ae(bxc) 
6 Suppose a=i+2k, b= —j +k, and c=2i-—k. Find: Check that 
a axb b axc aX (b+c) = 
¢ (ax b)+(ax c) d ax (b+c) (a x b) + (a x c) 
: for other vectors a, 
7 Prove that ax (b+c)=axb+axc_ using ms 
01 by C1 choosing. 
a= a2 : b= ba A and c— Ca 
3 bs C3 
8 Use ax (b b) + (a x c) to prove that 


+0)= (ax b)+ 
(a + b) x (c + d) = (a x e) - (a x d) + (b x e) + (b x d). 
Note that since x x y = —(y x x), the order of the vectors must be maintained. 


9 Use the properties of vector cross product to simplify: 
a ax (a+b) b (ad b) x (a 4 b) 
€ (a- b) x (a — b) d 2a e (a x b) 
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Example 37 






















i 1 
Find all vectors perpendicular to both a = 
ij k 
2 —1 1 -1 IN 
axb=|1 2 -—1 =| i- | o | | 
10 3 0 —3 1 -3 O) 
= —6i + 2j — 2k 
— —2(8i — j 4- k) 
3 
The vectors have the form k | —1 where k 1s any non-zero real number. 
1 
10 Find all vectors perpendicular to both: 
2 1 -1 5 
a -1 and 1 b 3 and 0 
3 1 4 2 
¢ i+j and i-j-—k d i-j-—k and 2i- 2j — 3k. 
2 1 
11 Find all vectors perpendicular to both a= 3 and b= | —2 
—1 2 


Hence find two vectors of length 5 units which are perpendicular to both a and b. 


Example 38 


Find a vector which is perpendicular to the plane passing through the points 
A(1, —1, 2), B(3, 1, 0), and C(-1, 2, —3). 














— 


feet 
AB — D and AC= 3 
—2 —5 


The vector v must be perpendicular to both AB 








duel 
and AC. 
i j kK 
2 -2 2  -2 2 3 
wel z 2 -2|=| i- | s | | 
Dp 3 —5 =2 —5 —2 3 
= —4i + 14j + 10k 
= —2(2i — 7j — 5k) 
2 
Any non-zero multiple of | —7 will be perpendicular to the plane. 


D 
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12 Find a vector which is perpendicular to the plane passing through the points: 
a A(1, 3, 2), B(0, 2, —5), and C(3, 1, —4) 
b P(2,0, -1) Q(0, 1, 3), and R(1, —1, 1). 


DIRECTION OF ax b 


We have already observed that a x b = —(b x a), 
so a x b and b x a are in opposite directions. 


However, what is the direction of each? 


In the last Exercise, we saw that ix j= k 
and jxi=-—k. 





In general, the direction of x x y is determined by the right hand rule: 






If the fingers on your right hand turn from 
AK x to y, then your thumb points in the 


direction of x x y. 
DE P 


THE LENGTH OF ax b 


az2b3 = a3b 
Using a x b = a3bı = 01b3 3 
0105 — à3b1 





| ax b| = y (a2b3 = azba)? + (abi = a1b3)? + (a1 ba = ab; )? 


However, another very useful form of the length of a x b exists. This is: 


|ax b|=|a||b|sin@ where 0 is the angle between a and b. 


Proof: |a|?|b|? sin? 6 = |a|?|b|? (1 — cos? 9) 

- [al Ibl — Jal [b] cos? 

= |a|? |b]? — (a e b)? 

— (a2 -- a -- aZ)(b? -- b2 +b) (arb1 + azba + azb3)? 
which on expanding and then factorising gives 

— (aaba — a3b3)? -- (agb — a1b3)? -- (a1069 — a3b1)? 

- ax bp? 

|axb|=|a||b|sin@ {as sinð > 0} 


The immediate consequences of this result are: 


e [fu isa unit vector in the direction of a x b then a x b — [a||b|sinOu. 
In some texts this is the geometric definition of a x b. 
e Ifa and b are non-zero vectors, then a x b — 0 < ais parallel to b. 
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EXERCISE 14K.2 


1 a Find ix k and k x i using the original definition of a x b. 


Check that the right hand rule correctly gives the direction of 
ixk and kxi. 

€ Check that a x b=J|a||b|sin@u, where u is the unit vector 
in the direction of a x b, is true for i x k and k x i. 





2 1 
2 Consider a= | —1 and b= 0 
3 —1 
a Find ae b and a x b. b Find cosÓ using a eb — |a| |b |cos8. 
c Findsin0 using sin? @ -- cos? 0 — 1. d Find sin@ using |axb|=|al||b|sinó. 


3 Prove the property: 
“If a and b are non-zero vectors then ax b —0 < ais parallel to b.” 
^4 Consider the points A(2, 3, —1) and B(-1, 1, 2). A(2,3,—1) 
a Find: 
— —  —> > => 
i OAanddOB li OAxOB iii | OA x OB | 





. . B 1 = =>: > 
b Explain why the area of triangle OAB is 5 | OA x OB |. B(-1,1,2) 
5 A, B, and C are 3 distinct points with non-zero position vectors a, b, and c respectively. 


c —— 

a If ax c=b xc, what can be deduced about OC and AB? 

6 If a+b+e=0, what relationship exists between a x b and b x c? 
c If ec #0 and bx c=c x a, prove that a+ b=ke for some scalar k. 


REVIEW SET 14A 


1 Using a scale of 1 cm represents 10 units, sketch a vector to represent: 





a an aeroplane taking off at an angle of 8? to a runway with a speed of 60 ms”! 


b a displacement of 45 m in a north-easterly direction. 





TZ => Za = 
2 Simplify: a AB-CB b AB+BC-DC. 
3 Construct vector a b 
equations for: T 
p 
q 

— Z/N — = ||! — 2 — 
4 If PQ= ( 1 jJ: RQ= ( 2 ) and RS = e find SP. 
5 O p A [BC] is parallel to [OA] and is twice its length. 

Find, in terms of p and q, vector expressions for: 
q M 


— — 
a AC b OM. 





10 
11 


12 


13 


14 


16 


17 
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3 —12 
Find m and n if | m and —20 are parallel vectors. 
n 2 
2 —6 
— — — 
If AB= | =7 | and AC= 1 |, find CB. 
4 =3 
3 =1 =3 
F p= De a= 5 , and r= 4 , find: a peq b qe (p-r) 


Consider points X(—2, 5), Y(3, 4), W(—3, —1), and Z(4, 10). Use vectors to show that 
WYZX is a parallelogram. 


Consider points A(2, 3), B(—1, 4), and C(3, k). Find k if BAC is a right angle. 
Explain why: 


a aebec is meaningless b the expression a e b x c does not need brackets. 
Find all vectors which are perpendicular to the vector ( S ) 


In this question you may not assume any diagonal 


properties of parallelograms. 5 p 
OABC is a parallelogram with OA = p and 
OP q. M is the midpoint of [AC]. E 
a Find in terms of p and q: 
— — 
i OB ii OM O Ü C 
b Hence show that O, M, and B are collinear, and 
that M is the midpoint of [OB]. 
4 
Find the values of & such that the following are unit vectors: a | 1 b ( 3 
k 
Suppose |a| 2 2, |b| — 4, and |c| — 5. a 
Find: a aeb c 
b bec 60? 
b 
c aec 


Find a and b if J(—4, 1, 3), K(2, —2, 0), and L(a, b, 2) are collinear. 


il 
Given |u| =3, |v|=5, and u x v = | —3 |, find the possible values of u è v. 
—4 


[AB] and [CD] are diameters of a circle with centre O. 
— — 
a If OC=q and OB=r, find: 


= —À 
i DB in terms of q and r ii AC in terms of q and r. 
b What can be deduced about [DB] and [AC]? 


430 


19 
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2=t t 
a Find £ given that 3 and 4 are perpendicular. 
t Gpl 
b Show that K(4, 3, —1), L(—3, 4, 2), and M(2, 1, —2) are vertices of a right angled 


triangle. 


REVIEW SET 14B TOR 


10 


12 


13 





Copy the given vectors and find geometrically: 





a x+y b y- 2x 





LAA 
Show that A(—2, —1, 3), B(4, 0, —1), and C(-2, 1, —4) are vertices of an isosceles triangle. 


If :- (1) and :- (7) find: a |s| b |r+s| € |2s — r| 


r —2 3 13 
Find scalars r and s such that r ( 1 ) +s E = E 


Given P(2, 3, —1) and Q(—4, 4, 2), find: 
a PO b the distance between P and Q ¢ the midpoint of [PQ]. 


If A(4, 2, —1), B(—1, 5, 2), C(3, —3, c) are vertices of triangle ABC which is right angled 
at B, find the value of c. 

D —1 
Suppose a = | —3 | and b = 2 |. Find x given a — 3x — b. 

il 3 









































Find the angle between the vectors a= 3i+j-—2k and b= 2i+ 5j+k. 


Find two points on the Z-axis which are 6 units from P(—4, 2, 5). 
E t? +t j 
Determine all possible values of t if 3 and E are perpendicular. 


Prove that P(—6, 8, 2), Q(4, 6, 8), and R(19, 3, 17) are collinear. 


—4 —1 
AU 2 and v= SN ELO: a uey b the angle between u and v. 
1 —2 


[AP] and [BQ] are altitudes of triangle ABC. 
— —> —> 
Let OA =p, OB=q, and OC=r. 
— — 
a Find vector expressions for AC and BC in terms of p, 
q, and r. 
b Using the property a e (b — c) =a è b — a eè c, 
deduce that qer=peq=per. 





€ Hence prove that [OC] is perpendicular to [AB]. 
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14 Find two vectors of length 4 units which are parallel to 3i — 2j + k. 


15 Find the measure of DMC. 





DORES) 
CD) 
ES) 
M BOES 
2 i 
16 Find all vectors perpendicular to both. | —1 and 1 
—2 2 
k 
17 a Find k given that 7 is a unit vector. 
—k 
3 
b Find the vector which is 5 units long and has the opposite direction to 2 
—1 
2 —1 
18 Find the angle between | —4 and Jl 
3 3 
19 Determine the measure of QDM given that M is the 
midpoint of [PS]. 
B ^ lem € 
REVIEW SET 14C 
1 Find a single vector which is equal to: a PR+RQ b PS+SQ+QR 
6 2 —1 
2 For m=| -3 |, n= 3 ||, ad p= 3 |, find: 
1 —4 6 
a m—-n-cp b 2n — 3p c |m +p] 
3 What geometrical facts can be deduced from the equations: 
— — — — 
a AB — CD b AB —2AC? 
A4 Given P(2, —5, 6) and Q(—1, 7, 9), find: 
a the position vector of Q relative to P b the distance from P to Q 


€ the distance from P to the X-axis. 
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— — 
5 P Q In the figure alongside, OP = p, OR =r, and 
RO — q. M and N are the midpoints of [PO] and 
p [QR] respectively. 
q Find, in terms of p, q, and r: 
— —> => —> 
O a OQ b PQ € ON d MN 
r 
R 
—3 2 3 
6 Suppose p = 1 |; q= | —4 j|, and r=| 2]. Findxif a p- 3x=0 
2 1 0 b 2q- x=r 


7 Suppose |v|=3 and |w|=2. If v is parallel to w, what values might v e w take? 
Find a unit vector which is parallel to i+ rj + 2k and perpendicular to 2i 4- 2j — k. 


—4 t 
9 Findtif | t+2 and 1+¢t are perpendicular vectors. 
ü —3 


10 Find all angles of the triangle with vertices K(3, 1, 4), L(—2, 1,3), and M(4, 1, 3). 


5 k 
11 Find k if the following are unit vectors: a ( " ) b k 
k 


12 Use vector methods to find the measure of GAC 
in the rectangular box alongside. 





A 8 cm B 


13 Using p — (Es q = Ea and r= e verify that: 


e (q-r)=p°q-per. 


14 a 1,2, 3) and Q(4, 0, —1) are two points in space. Find: 
a PO b the angle that PO makes with the X-axis. 
— =? — 5 Z > — — 
15 Suppose OM = ( A | MP = Gay MPePT —0, and | MP| 2 | PT . 


Write down the two possible position vectors OT. 
16 Given p= 2i— j+ 4k and q= —i-— 4j + 2k, find the angle between p and q. 


17 Suppose u = 2i + j, v = 3j, and 1s the acute angle between u and v. 
Find the exact value of sin 8. 


18 Find two vectors of length 3 units which are perpendicular to both —i + 3k and 2i -— j + k. 





Vector applications 


Syllabus reference: 4.3, 4.4, 4.5, 4.6, 4.7 


Contents: Problems involving vector operations 


Area 

Lines in 2-D and 3-D 

The angle between two lines 

Constant velocity problems 

The shortest distance from a line to a point 
Intersecting lines 

Relationships between lines 

Planes 

Angles in space 

Intersecting planes 





Í 
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OPENING PROBLEM 


A yacht club is situated at (0, 0) and at 12:00 noon ky 
a yacht is at point A(2, 20). The yacht is moving 20 AD 
with constant speed in the straight path shown in the 7 
diagram. The grid intervals are kilometres. 


























At 1:00 pm the yacht is at (6, 17). e 2:00 pm 
At 2:00 pm it is at (10, 14). Bo-+ 


What to do: 10 B3 EN 
a Find the position vectors of: 


¡A ii By ili B» 


. a. . . 
b Find AB¡. Explain what it means. 









































sea 








€ i How far does the yacht travel in one hour? | m 
ii What is its speed? 


i — — — > , 
d Find AB», AB3, and AB,;. Hence write 
á. —> 
AB; in terms of AB}. 


- E 
e What is represented by the vector OB2? 


When we apply vectors to problems in the real world, we 
often consider the combined effect when vectors are added 
together. This sum is called the resultant vector. 





































































































We have an example of vector addition when two tug boats 
are used to pull a ship into port. If the tugs tow with forces 
F; and F» then the resultant force is F4 + Fə. 





Example 1 =ù Self Tutor 


In still water, Jacques can swim at 1.5 ms”?. i 
Jacques is at point A on the edge of a canal, and 


considers point B directly opposite. A current E 
is flowing from the left at a constant speed of Ones 
Obese 
a If Jacques dives in straight towards B, and — — v [Lá 9 


swims without allowing for the current, what 
will his actual speed and direction be? 
b Jacques wants to swim directly across the canal to point B. 


i At what angle should Jacques aim to swim in order that the current will correct his 
direction? 
ii What will Jacques” actual speed be? 








VECTOR APPLICATIONS (Chapter 15) 435 


Suppose c is the current's velocity vector, 
s is the velocity vector Jacques would have if the water was still, and 
f=c+s_ is Jacques’ resultant velocity vector. 


a Jacques aims directly across the river, but the current takes him downstream to the right. 









B eE ER iunge oS 
SS ee — 0.52 4 1.52 T5 
: m ORBA 
— A 25 
current 
0.5 ms!  |f|= 158 


Jacques has an actual speed of approximately 1.58 ms~! and his direction of motion is 
approximately 18.4° to the right of his intended line. 


b Jacques needs to aim to the left of B so the current will correct his direction. 


O 
i sing = E 
p ~ 19.5? 





Jacques needs to aim approximately 19.5° 
to the left of B. 





ï |f|? +]|e]? = |s]? 

z. |£]? +0.52 = 1.5? 
= |f? =2 

c |f| =~ 1.41 


In these conditions, Jacques” actual speed towards B is approximately 1.41 ms  !. 








Another example of vector addition is when an aircraft is 
affected by wind. A pilot needs to know how to compensate 
for the wind, especially during take-off and landing. 


SIMULATION 





EXERCISE 15A 


1 An athlete can normally run with constant speed 6 ms~!. Using a vector diagram to illustrate each 
situation, find the athlete’s speed if: 


a_he is assisted by a wind of 1 ms~! from directly behind him 


b he runs into a head wind of 1 ms~!. 


2 Instill water, Mary can swim at 1.2 ms—?. She is standing P 

at point P on the edge of a canal, directly opposite point a 

Q. The water is flowing to the right at a constant speed of — 
0.6 ms”!. Curen! 
0.6 ms} 


a If Mary tries to swim directly from P to Q without 


allowing for the current, what will her actual velocity A 
be? Q 


b Mary wants to swim directly across the canal to point Q. 


i At what angle should she aim to swim in order that the current corrects her direction? 
ii What will Mary's actual speed be? 
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3 A boat needs to travel south at a speed of 20 kmh~!. However a constant current of 6 kmh! is 
flowing from the south-east. Use vectors to find: 


a the equivalent speed in still water for the boat to achieve the actual speed of 20 kmh”* 


b the direction in which the boat must head to compensate for the current. 





4 As part of an endurance race, Stephanie needs to swim 20m 
. . e 
from X to Y across a wide river. ^ 5 
Stephanie swims at 1.8 ms”! in still water. FYE i A 
1 80m : current 


The river flows with a consistent current of 0.3 ms^ 


izxz03ms! 
as shown. j 


a Find the distance from X to Y. X 
b In which direction should Stephanie aim so that the current will push her onto a path directly 
towards Y? 


¢ Find the time Stephanie will take to cross the river. 


5 An aeroplane needs to fly due east from one city to another at a speed of 400 kmh~!. However, a 
50 kmh! wind blows constantly from the north-east. 


a How does the wind affect the speed of the aeroplane? 
b In what direction must the aeroplane head to compensate for the wind? 


ca 


The vector cross product can be used to find the areas of triangles and parallelograms defined by two 


vectors. 
If a triangle has defining vectors a and b a 
then its area is 2 |a x b | units”. 


TRIANGLES 
b 


Proof: Area — i x product of two sides x sine of included angle 
i |a|| b | sine 


=3faxb| 
Example 2 =ò Self Tutor 


Find the area of AABC given 

aod Bod 

and C(0, 5, —1). IEEE 
-4|^- | 1 =4 


=i+13j+10k 


v 14-169 4- 100 


270 units? 


aS eS 
area — 5 | AB x AC | 


i 
2 
i 
2 








VECTOR APPLICATIONS (Chapter 15) 437 


PARALLELOGRAMS 


If a parallelogram has defining vectors 
a and b then its area is. |a x b | units?. 


b 


The proof follows directly from that of a triangle, as the parallelogram consists of two congruent triangles 
with defining vectors a and b. 


EXERCISE 15B 


1 Calculate the area of triangle ABC given: 
a A(2,1, 1), B(4 3, 0), and C(1, 3, —2) b A(0,0,0), B(—1, 2, 3), and C(1, 2, 6) 
€ A(1,3, 2), B(2, —1, 0), and C(I1, 10, 6) 


2 Calculate the area of parallelogram ABCD given A(—1, 2, 2), B(2, —1, 4), and C(0, 1, 0). 


3 ABCD is a parallelogram with vertices A(—1, 3, 2), B(2, 0, 4), and C(—1, —2, 5). Find: 


a the coordinates of D b the area of the parallelogram. 


^ A(—1,1,2), B(2, 0, 1), and C(k, 2, —1) are three points in space. Find k if the area of triangle 
ABC is \/88 units?. 


5 A, B, and C are three points with position vectors a, b, and c respectively. Find a formula for S, 
the total surface area of the tetrahedron OABC. 


In both 2-D and 3-D geometry we can determine the equation of a line using its direction and any fixed 
point on the line. 





Suppose a line passes through a fixed point A with position DEMO 
vector a, and that the line is parallel to the vector b. 







: : ] = A (fixed point) 
Consider a point R on the line so that OR =r. 


"e — — — 
By vector addition, OR = OA + AR 


reay AR. R (any point) 
Since AR is parallel to b, O (origin) line 


c 
AR=Ab for some scalar AER 
r= a+ àb 


So, r=a+Ab, A€R isthe vector equation of the line. 
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LINES IN 2-D 


e In 2-D we are dealing with a line in a plane. 


“\a(%)4. bi is the vector equation of the line b= bi 
y a2 ba 


where R(z, y) is any point on the line, 





A(a4, a3) is a known fixed point on the line, 


and b= ( : ) is the direction vector of the line. 
2 





b 
e The gradient of the line is m= Ti 
1 
" zx iT Abı 4 š " E 
e Since = , we can write the parametric equations of the line as 
y 02 + Aba 
= Ab 
Mec where AER is the parameter. 
y = 02 + Aba 


Each point on the line corresponds to exactly one value of A. 


e We can convert these equations into Cartesian form by equating A values. 
‘ a —a i 
Using A= 5 iat 5 2? we obtain box — byy = bea, — by ag 
1 2 


which is the Cartesian equation of the line. 












Example 3 CO $elf Tutor 










A line passes through the point A(1, 5) and has direction vector ( : ) : 


Describe the line using: 


a a vector equation b parametric equations c€ a Cartesian equation. 








a The vector equation is r =a + Ab where 


O 
ROME 


b r—1-43A and y—5-c2A4, AER 


c€ Now 1= 212 


DS Y — 18 
2 == =118 
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LINES IN 3-D 


e In 3-D we are dealing with a line in space. 


by 
E 1 bi b=| ba 
e y | = {| a2 | t+Aq be is the vector equation ba 
z a3 b3 of the line R(z, y, 2) 
where R(z, y, z) is any point on the line, 


A(a1, a2, a3) is the known or fixed point on the line, A(a1, a2, a3) 


bi : à : : We do not talk about the 
and b= | by | is the direction vector of the line. gradient of a line in 3-D. 
b3 


We describe its direction 
e The parametric equations of the line are: only by its direction vector. 


t= air Abı 





y = a2 + àb2 where A€ R is called the parameter. 





z= a3 + Aba 


Each point on the line corresponds to exactly one value of A. i 
CO 


e By equating A values, we obtain the Cartesian equations of 
R T= 1 y — a2 zZ— a3 
the line A= = = . 
bi ba b3 














x9) Self Tutor 


Find a vector equation and the corresponding parametric equations of the line 
through (1, —2, 3) in the direction 4i 4- 5j — 6k. 










The vector equation is r = a + Ab 


T ili 4 
y|2|[-2]-—*-A| 5 |, AER 
Z 3 —6 


The parametric equations are: 


%2=1+4), y=-2+54 2=3-6A4, AER. 








NON-UNIQUENESS OF THE VECTOR EQUATION OF A LINE 


Consider the line passing through (5, 4) and (7, 3). When 
writing the equation of the line, we could use either point to (5, 4) 


give the position vector a. (7,3) 


Similarly, we could use the direction vector ( a Ji but we ( 2 ) 


could also use ( ^ ) or indeed any non-zero scalar multiple 


of these vectors. 
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We could thus write the equation of the line as 


s= (i)li) AER or :- (i) (1). „ER and so on. 


Notice how we use different parameters A and y when we write these equations. This is because the 
parameters are clearly not the same: when A=0, we have the point (5, 4) 
when pp = 0, we have the point (7, 3). 


In fact, the parameters are related by 44 — 1 — A. 


Example 5 x) $elf Tutor 
Find parametric equations of the line through A(2, —1, 4) and B(-—1, 0, 2). 





. . . . . TM => 
We require a direction vector for the line, either AB or BA. 


=]l = 2 —3 
— 
ANS e || OH =i || = 1 
2—4 =? 


Using point A, the equations are: =2=—3A, y=-1+A, 2=4-2A4, AER 
or using the point B, the equations are: gx = -—1-— 34, y=pu 2=2-—2p per. 








EXERCISE 15C 


1 Describe each of the following lines using: 


i a vector equation ii parametric equations iii a Cartesian equation 


a a line with direction (1) which passes through (3, —4) 


b aline passing through (5, 2) which is perpendicular to n 


c a line parallel to 3i+ 7j which cuts the x-axis at —6 
d a line passing through (—1, 11) and (—3, 12). 


2 A line passes through (—1, 4) with direction vector ( = ) . 


a Write parametric equations for the line using the parameter A. 
b Find the points on the line for which = 0, 1, 3, —1, and —4. 


3 a Does (3, —2) lie on the line with vector equation r — (1) +A ( 2 ) ? 


b (k, 4) lies on the line with parametric equations x= 1—2, y=1+A. Find k. 


^ Line L has vector equation r= (3) +A ( = ) $ 


a Locate the point on the line corresponding to A = 1. 


b Explain why the direction of the line could also be described by ( L ) 


€ Use your answers to a and b to write an alternative vector equation for line L. 


5 


10 
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Describe each of the following lines using: 


i a vector equation ii parametric equations iii a Cartesian equation. 
2 
a aline parallel to | 1 | which passes through (1, 3, —7) 
3 


a line which passes through (0, 1, 2) with direction vector i+ j — 2k 
a line parallel to the X-axis which passes through (—2, 2, 1) 
a line parallel to 2i — j + 3k which passes through (0, 2, —1) 


O Aaa se 


a line perpendicular to the XOY plane which passes through (3, 2, —1). 


Find the vector equation of the line which passes through: 
a A(1,2,1) and B(-1, 3, 2) b C(0,1, 3) and D(3, 1, —1) 
c E(1, 2,5) and F(1, —1, 5) d G(0,1,—1) and H(5, —1, 3) 


Find the direction vector of the line: 











4 —2 
a | =1lza[ o b r=5-t, y=1l+t, z=2-3t 
1 3 
z—2 Ytl 3 d 122_Yy_2-3 
3 2 2 4 3 


Find the coordinates of the point where the line with parametric equations. 2 —1—AÀ, y —34-A, 
and z —3—2A meets: 


a the XOY plane b the YOZ plane € the XOZ plane. 


The parametric equations of a line are x = zo + Al, y=yotAm, z=2%+4+An for AER. 
a Find the coordinates of the point on the line corresponding to A = 0. 
b Find the direction vector of the line. 
c€ Write the Cartesian equation for the line. 


Find points on the line with parametric equations x = 2— àA, y = 3+2, and z=1+A 
which are 54/3 units from the point. (1, 0, —2). 


The perpendicular from a point to a line minimises the distance from the point to that line. 
Use quadratic theory to find the coordinates of the foot of the perpendicular: 


a from (1, 1, 2) to the line with equations =1+A, y=2-A, 2=3+A 
x 1 1 


b from (2,1, 3) to the line with vector equation vil=|2|+u4]| -1 
2 0 2 
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In Chapter 14 we saw that the angle between two vectors is 





measured in the range 0° < 0 < 180°. We used the formula 
0 bi e bo b> <> bi 
cos ü — —————. 
| bi | | bo | 


In the case of lines which continue infinitely in both directions, 
we agree to talk about the acute angle between them. For an 
acute angle, cos@ > 0, so we use the formula 


| bi e b» | 


cos = 
| bı | | b2 | 





where b; and b» are the direction vectors of the given lines. L4 
and Ls» respectively. 


Example 6 


Find the angle between the lines Lı: x=2-—3t, y=-—1+t and 





Jig ae SES, RUE Kg. 





xS 
v10V13 
'. cos & 0.2631 
9 ez 747 (1.30 radians) 


COS UE 











Consider two lines. r; — a; 4- Ab, and r5 — a+ bs. 


e r andr are parallel if b; = kb for some scalar k. We write rı || rə. 


e r; and r2 are perpendicular if b; e b; — 0. We write rı L rə. 


Find the angle between the lines: 




















2 =$ 
pvp ess and — La: y 
4 2 
E ES 
bi = 1 and bo = 1 
25 -2 


Since b; — bs, the lines are parallel and the angle between them is 0°. 
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EXERCISE 15D 
1 Find the angle between the lines Li: x=-—4+4+12t, y=3+5t 
and Lo: x= 3s, y — —6-—4s 
2 Consider the lines Li: x=2+5p, y=19-—2p 
Lo: 2=3+4r, y=7+10r 


Show that the lines are perpendicular. 





3 The line Z4 passes through (—6, 3) and is parallel to ( = ) 


The line La has direction 5i + 4j and cuts the y-axis at (0, 8). 
Find the acute angle between the lines. 


4 a Find the angle between the lines: 








8 9 10 t : 
bye Ae ad Lo: ra=|290|+tl 8 
3 16 7 
5 —5 
0 
b A third line L3 is perpendicular to Lı and has direction vector | —3 
£ 


Find the value of x. 


Example 8 ™) Self Tutor 


Find the measure of the acute angle between the lines 2x+y=5 and 3x—2y—8. 





2x -+y=5_ has gradient -i and .. direction vector ( 2) which we call a. 


3x — 2y =8 has gradient 3 and .. direction vector E) which we call b. 


If the angle between the lines is 0, then 


codo Rem 

|a||b| 

|(1 x 2) + (—2 x 3)| 
V1+4/44+9 


_ 4 
15413 


0 — arccos (4) = 60.37 





If a line has 


. b . 
gradient 7, it has 


direction vector m : 












5 Find the measure of the angle between the lines: 
a r—y=3 and 324+2y=11 b y=x+2 and y=1-3x 
c€ y+r=7 and -3y42=0 d y=2-xw and rz—2y—7 
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Consider again the yacht in the Opening Problem. y A(2, 20) 





The initial position of the yacht is given by the position vector 


2 b 
(2) R(z, y) 


In the hour from 1:00 pm until 2:00 pm, the yacht travels ( i ) s 


the velocity vector of the yacht is b = ( ) ; r 


Suppose that £ hours after leaving A, the yacht is at. R(z, y). 





— > —> 
OR = OA + AR 





r= 2 +t bl for t>0 
20 —3 : 
In velocity problems 
ay (2 4 ; : a the parameter 

( ;) = t3 +t ( E J is the vector equation of the yacht’s path. correspond: to Ume: 
If an object has initial position vector a and A <b 
moves with constant velocity b, its position at R 
time t is given by 

a 
r=a+tb for t>0. r 

The speed of the object is |b]. o P 

Example 9 x) $elf Tutor 


y 


The time t is in seconds, t > 0. The distance units are metres. 


( x ) = ( : ) +t ( ? a is the vector equation of the path of an object. 


a Find the object's initial position. 
Plot the path of the object for t= 0, 1, 2, 3. 


b 
€ Find the velocity vector of the object. d Find the object’s speed. 
e 


If the object continues in the same direction but increases its speed to 30 ms”? 


velocity vector. 


, State its new 


















































a 1 : 
Pea B) (5) b «di 
the object is at (1, 9). x | 1-1 
5 (4,5) 
5| o 
DEMO w t—2 
o 
< ` >| 
4 t—3# 
x (10, =3) 
o 
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€ The velocity vector is ( > 4 ) 


d The speed is (2) = \/3? + (—4)? 


MIS 


Velocity is a vector. 
Speed is a scalar. 






e Previously, the speed was 5 ms”! and the velocity vector was (2 4 ; 


. f 3 18 
the new velocity vector is 6 ( EN) = ( _94 | 











x) $elf Tutor 


An object is initially at (5, 10) and moves with velocity vector 3i — j metres per minute. Find: 


Example 10 











a the position of the object at time ¢ minutes 

b the speed of the object 

€ the position of the object at ¢ = 3 minutes 

d the time when the object is due east of (0, 0). 












()-(5) (3). e 
J- 


After t minutes, the object is at (5+ 3t, 10— t). 





av 





b The speed of the object is |b| = y 32 + (=1)2 = y 10 metres per minute. 
c At ¢t=3 minutes, 5+3t=14 and 10—t=7. The object is at (14, 7). 
d When the object is due east of (0, 0), y must be zero. 
10 —5 
ES 
The object is due east of (0, 0) after 10 minutes. 








EXERCISE 15E 


1 A particle at P(z(t), y(t)) moves such that z(t) 2 1--2t and y(t) =2—5t, t 20. 
The distances are in centimetres and t is in seconds. 


a Find the initial position of P. 

b Illustrate the initial part of the motion of P where t = 0, 1, 2, 3. 
c€ Find the velocity vector of P. 

d Find the speed of P. 
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a Find the vector equation of a boat initially at (2, 3), which travels with velocity vector ( E ) : 
The grid units are kilometres and the time is in hours. 

b Locate the boat's position after 90 minutes. 
How long will it take for the boat to reach the point (5, —0.75)? 


A remote controlled toy car is initially at the point 
(—3, —2). It moves with constant velocity 2i 4- 4j. The 
distance units are centimetres, and the time is in seconds. 
a Write an expression for the position vector of the car 
at any time £ 2 0. 
b Hence find the position vector of the car at time 
i25. 
c€ Find when the caris i due north ii due west of the observation point (0, 0). 


d Plot the car's positions at times t = 0, i |. 13, 2, 25, ne 





Each of the following vector equations represents the path of a moving object. t is measured in 
seconds and t > 0. Distances are measured in metres. In each case, find: 


i the initial position ii the velocity vector iii the speed of the object. 


T —4 12 
a PRPO b r=3+2t, y=-—t, z=4-2t 


Find the velocity vector of a speed boat moving parallel to: 


a E with a speed of 150 km h^! b 2i- j with a speed of 50 kmh- !. 


Find the velocity vector of a swooping eagle moving in the direction —2i 4- 5j — 14k witha 
speed of 90 kmh~?. 
Yacht A moves according to  x(t) =4+t, y(t) 2 5—2t where the distance units are kilometres 
and the time units are hours. Yacht B moves according to x(t) =1>+2t, y(t) =-8+t, t>0. 
a Find the initial position of each yacht. 
b Find the velocity vector of each yacht. 
€ Show that the speed of each yacht is constant, and state these speeds. 
d Verify algebraically that the paths of the yachts are at right angles to each other. 


Submarine P is at (—5, 4) and fires a torpedo with velocity vector ( 5 ) at 1:34 pm. 


Submarine Q is at (15, 7) and a minutes later fires a torpedo with velocity vector ( E ) 


Distances are measured in kilometres and time is in minutes. 

a Show that the position of P’s torpedo can be written as P(x,(t), y,(t)) where 
x1(t) =-5+3t and yi(t) =4—t. 

b What is the speed of P’s torpedo? 
Show that the position of Q’s torpedo can be written as Q(za(t) ya(t)) where 
xa(t) =15—4(t-a) and ya(t) =7— 3(t—a). 

d Q's torpedo is successful in knocking out P's torpedo. At what time did Q fire its torpedo and 
at what time did the explosion occur? 
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9 A helicopter at A(6, 9, 3) moves with constant velocity in a straight line. 10 minutes later it is at 
B(3, 10, 2.5). Distances are in kilometres. 
a Find AB. b Find the helicopter’s speed. 
¢ Determine the equation of the straight line path of the helicopter. 


d The helicopter is travelling directly towards its helipad, which has z-coordinate 0. Find the 
total time taken for the helicopter to land. 





A ship R sails through point A in the direction b and continues 
past a port P. At what time will the ship be closest to the port? 


The ship is closest when [PR] is perpendicular to [AR]. 
PReb=0 





In this situation, point R is called the foot of the perpendicular from P to the line. 


Example 11 x) $elf Tutor 


A line has vector equation a = (1) +t ( i t € R. Let P be the point (5, —1). 


Find exactly the shortest distance from P to the line. 


Let N be the point on the line closest to P. 


N has coordinates (1 + 3t, 2 — t) for some t, and PN is Ge e = RD 


Now PNe ( de ) = {as ( E ) is the direction vector of the line} 


eae 3 )-0 
Enc zt N(1+3t, 2—t) 


am a pon O 


i — 
Oo 0) | a 
10t = 15 ; 7 
i-i | 
P(5, —1) 
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EXERCISE 15F 
1 Find the shortest distance from: 
a P(3,2) to the line with parametric equations «=2+t, y=3+2t, tER 
b Q(-1, 1) to the line with parametric equations z —t, y—1-—1, tcR 


c R(-3, —1) to the line (5) (8) « (À.). seR 
] x 2 3 
d S(5, —2) to the line (3)- G)«( &). tcm. 


Example 12 x) $elf Tutor 


On the map shown, distances are measured in kilometres. 
Ship R is moving in the direction a) at 10 kmh”!. 


a Write an expression for the position of the ship in 
terms of t, the number of hours after leaving port A. 


b Find the time when the ship is closest to port 
P(10, 2). 








cere 


Since the speed is 10 kmh”*, the ship’s velocity vector must be 2 (7) = ien 
— — — 
Now OR=OA+AR 
a zd 6 
()-G)#G) 
the position of ship R is (—8 + 6t, 3 + 8t). 


c TT 3 
b The ship is closest to P when PR L ( ) 


4 
ef PR» (4) -0 
—8 + 6t — 10 : 3 8E 
3+8t-2 a 


3(6t — 18) + 4(1 + 8t) =0 
18t — 54+ 4+ 32% =0 
50t — 50 = 0 
PE C 
So, the ship is closest to port P one hour after leaving A. 
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2 An ocean liner is at (6, —6), cruising at 10 kmh ! in the direction a ) 


A fishing boat is anchored at (0, 0). Distances are in kilometres. 
a Find, in terms of i and j, the initial position vector of the liner from the fishing boat. 
b Write an expression for the position vector of the liner at any time t hours after it has sailed 
from (6, —6). 
€ When will the liner be due east of the fishing boat? 


d Find the time and position of the liner when it is nearest to the fishing boat. 


3 Let i represent a displacement 1 km due east y 
and j represent a displacement 1 km due north. 100 
The control tower of an airport is at (0, 0). Aircraft 
within 100 km of (0, 0) are visible on the radar screen 
at the control tower. 

At 12:00 noon an aircraft is 200 km east and 100 km 
north of the control tower. It is flying parallel to the 
vector b — —3i — j with a speed of 404/10 km h-!. 


a Write down the velocity vector of the aircraft. 





m 
—100 100 


—100 


b Write a vector equation for the path of the aircraft using t to represent the time in hours that 
have elapsed since 12:00 noon. 


€ Find the position of the aircraft at 1:00 pm. 
Show that the aircraft first becomes visible on the radar screen at 1:00 pm. 


e Find the time when the aircraft is closest to the control tower, and find the distance between 
the aircraft and the control tower at this time. 


f At what time will the aircraft disappear from the radar screen? 


4 The diagram shows a railway track that has equation 
2x 4- 3y — 36. 
The axes represent two long country roads. 
All distances are in kilometres. 
a Find the coordinates of A and B. 
b R(z, y) is a point on the railway track. 
Express the coordinates of point R in terms of x 
only. 





SY 





€ Some railway workers have set up a base camp at P(4, 0). Find PR and AB. 


d Find the coordinates of the point on the railway track that is closest to P. Hence, find the 
shortest distance from the base camp to the railway track. 


5 Boat A’s position is given by x(t) =3—t, y(t) =2t— 4, i ee 
and boat B's position is given by z(t) = 4 — 3t, M 
y(t) — 3— 2t. The distance units are kilometres, and the 
time units are hours. 


a Find the initial position of each boat. 


Find the velocity vector of each boat. 





b 
€ What is the acute angle between the paths of the boats? 
d At what time are the boats closest to each other? 
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Consider the point P(—1, 2, 3) and the line with parametric equations a =1+42t, y= —4+3t, 
2=3 + 


a Find the coordinates of the foot of the perpendicular from P to the line. 
b Find the shortest distance from the point to the line. 











2 
a The line has direction vector b = | 3 
1 
Let A(1-4- 2t, —4 4- 3t, 3-- t) be any point on the given line. 
ep EE 2+2 
ES 
PA=| -4+3t-2 | =| -6+3t b 
3+t-3 t 


AE A a) 


If A is the closest point on the line to P, then PA and b 
are perpendicular. 


Aeh 0 P(-1,2,3) 
2+ 2t 2 
—6+3t Je] 3] =0 
t 1 


2(2 + 2t) + 3(-6 + 38) + 1(t) =0 
ae O 


14t = 14 
ll 
Substituting t = 1 into the parametric equations, we obtain the foot of the perpendicular 
(3, —1, 4). 
2+2 4 
= 
b When t=1, PA = 93] e s 
il 1 


PA = \/4? + (—3)? + 12 = 26 units 


the shortest distance from P to the line is 4/26 units. 








6 a Findthe coordinates of the foot of the perpendicular from (3, 0, —1) to the line with parametric 
equations 2: —24-3t, y — —1--2t, z 2 4-t. 


b Find the shortest distance from the line to the point. 


7 a Find the coordinates of the foot of the perpendicular from (1, 1, 3) to the line with vector 


x i 2 
equation y= ]—-1)] +2] 3 
z 2 1 


b Find the shortest distance from the point to the line. 
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EK TING LINES 


Vector equations of two intersecting lines can be solved simultaneously to find the point where the lines 
meet. 








Example 14 ™) Self Tutor 


Line 1 has vector equation (5) = (3) FPE (5) and 


line 2 has vector equation i5 = ( a na e ) where s and t are scalars. 


Use vector methods to find where the two lines meet. 


: —2 3 iS —4 
The lines meet where (3) (3)- GS) «(1 
—2 + 3s = 15 — 4t and 1+2s=5+t 


3s+4t=17 .... (1) and 2s—t=4 .... (2) 


3s+4t=17 ((D) 
8s—4t—16 {(2)x 4} 





EXERCISE 15G 
1 Triangle ABC is formed by three lines: 


a : x —1 3 : j y (0 1 
Line 1 (AB) is (7) =( 6 J+r( 3). line 2 (AC) is (3) - (3) 1) 
and line 3 (BC) is (5) -(S)«(3) where r, s, and t are scalars. 


Draw the three lines accurately on a grid. 
Hence, find the coordinates of A, B and C. 
Prove that AABC is isosceles. 

Use vector methods to check your answers to b. 


line 3 


QQ n SC v 
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A parallelogram is defined by four lines as follows: 


Line (AB) is G)- Ce) (1). Line (AD) is G)- Ce) (3) 
Line (CD) is G)-(G) «(3 Line (CB) is G)-G) (3) 


r, s, t, and u are scalars. 
a Draw an accurate sketch of the four lines and the parallelogram formed by them. Label the 
vertices. 
b From your diagram find the coordinates of A, B, C, and D. 


Use vector methods to confirm your answers to b. 


An isosceles triangle ABC is formed by these lines: 


; t 0 2 : T 8 —1 
(AB) is (3)- (0) (BC) is (3) (5) +. (3) 
and (AC) is (5) = (2) Ti [5 where r, s and ¢ are scalars. 


a Use vector methods to find the coordinates of A, B, and C. 
b Which two sides of the triangle are equal in length? Find all side lengths. 


(QP) is [SS en) (QR) is (3)- CA) (5). and 


] x 0 5 
(PR) is (5) = (y) +t E where r, s, and t are scalars. 


a Use vector methods to find the coordinates of P, Q, and R. 
. —> — — — 
b Find vectors PQ and PR and evaluate PQe PR. 


c Hence, find the size of QPR. 
d Find the area of APQR. 


Quadrilateral ABCD is formed by these lines: 
ew» ())- G) eo CG) e) 

14 — . — 
(CD) is G)- G5) «3. and (AD) is G) 7G) G1) 


where r, s, t, and u are scalars. 
a Use vector methods to find the coordinates of A, B, C, and D. 
b Write down vectors AC and DB and hence find: 
” A = LI m" aW I 
i | AC| ii | DB| iii AC e DB 
c What do the answers to b tell you about quadrilateral ABCD? 
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THEORY OF KNOWLEDGE 


In his 1827 book entitled The Barycentric Calculus, German mathematician August Mobius 
demonstrated the use of directed line segments in projective geometry. He discussed the addition 
and scalar multiplication of directed line segments, but he did not name them vectors. 





Gauss, Hamilton, Grassmann, Laplace, and Lagrange all helped in 
the evolution of vectors and vector analysis as we know them today. 
In particular, in 1843 Sir William Hamilton defined a quaternion as 
the quotient of two directed line segments. 


The American mathematician Josaiah Willard Gibbs (1839 - 1903) 
began teaching a course on vector analysis at Yale University in 1879. 
He published Elements of Vector Analysis in two halves, and in 1901 
his work was summarised by his student Edwin Wilson in the book 
Vector Analysis. 














Oliver Heaviside (1850 - 1925) developed vector analysis separately 
from Gibbs, receiving a copy of Gibbs’ work later, in 1888. 
Heaviside wrote: 


Sir William Hamilton 


“*... the invention of quaternions must be regarded as a most remarkable feat of human ingenuity. 
Vector analysis, without quaternions, could have been found by any mathematician by carefully 
examining the mechanics of the Cartesian mathematics; but to find out quaternions required a 
genius.” 


1 Are geometry and algebra two separate domains of knowledge? 


2 When Gibbs and Heaviside developed vector analysis independently, who can claim to 
be the founder of this field? 


3 Does mathematics evolve? 





We have just seen how the intersection of two lines can be found by vector methods. We have also seen 
how to determine whether two lines are parallel. 


We can now summarise the possible relationships between lines in 2 and 3 dimensions. 


LINE CLASSIFICATION IN 2 DIMENSIONS 


intersecting parallel coincident 
LIES KE gere 
one point of intersection lines do not meet the same line 


unique solution no solutions infinitely many solutions 
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In order to classify lines in 2 dimensions, we can solve the equations of the lines simultaneously. We 
will do this with row operations, since we will also use this technique later for dealing with planes. 


2r +y=-1 is called a 2 x 2 system, because there are 


The gyatom f eguations { x — 3y=17 2 equations in 2 unknowns. 


In the method of ‘elimination’ used to solve these equations, we observe that the following operations 
produce equations with the same solutions as the original pair. 


e The equations can be interchanged without affecting the solutions. 


21+y=- 
x—3y=17 


qg—9y-1T 


has the same solutions as : 
22+y=-1 


For example, í 


e An equation can be replaced by a non-zero multiple of itself. 


For example, 2r-4-y — —1 could be replaced by —6x —3y — 3 
[multiplying each term by —3]. 


e Any equation can be replaced by a multiple of itself plus (or minus) a multiple of another 
equation. 


For example, suppose we replace the second equation by "twice the second equation minus the 
first equation". 


In this case we have: 2x — 6y — 34 
—(22 + y =-1) 
—Ty = 35 
22+y=-1 b 22+y=-—-1 
m . 
iSpy ARES —Ty — 35 


AUGMENTED MATRICES 


21+y=-= 


Instead of writing í 3 17 we detach the coefficients and write the system as the augmented 
z—3y= 


mts 10 2 A 
1 -3|17|' 

In this form we can use elementary row operations equivalent to the three legitimate operations with 
equations. We can hence: 

e interchange rows 

e replace any row by a non-zero multiple of itself 

e replace any row by itself plus (or minus) a multiple of another row. 
This process of solving a system using elementary row operations is known as row reduction. Our aim 


is to perform row operations until there are all zeros in the bottom left hand corner. At this time the 
system is said to be in echelon form. 


In practice, we can combine several elementary row operations in one step. You will see this in the 
Example which follows. 
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Example 15 x) $elf Tutor 


Use row operations to solve: { 


27 + 3y =4 
oz + 4y = 17 




















In augmented matrix form the system is: ~ is read as 
“which has the 
2 EA: same solution as” 
5 4|17 
2 3| 4 
o ga | o = R = al 
=10 -8 -—34 
0 7 —14 
From row 2, Ty — —14 oA 
ek 
Back substituting into the first equation, we have 2x + 3(—2) = 4 
21=6=4 Don't forget to 
2 =10 check your 
solution. 
qr 
So, the solution is z—5, y--2. 
EXERCISE 15H.1 
1 Solve by row reduction: 
a r—2y-—8 b 474+ 5y=21 c 3z +y = —10 
4r+y=5 5x — 3y = —20 2x + 5y = —24 
By inspection, classify the following pairs of equations as either intersecting, parallel, or coincident 
lines: 
a 2-3y=2 b r+y=7 € 4r-—y=8 
3a +y=8 3a + 38y = 1 y=2 
d z—2y-—4 e 5x—-—l1ly=2 f 3x — 4y =5 
2r — 4y = 8 6r+y=8 —3x +4y = 2 


w 


Consider the equation pair { 9 


L+2y=3 
r+4y=6 ` 


Explain why there are infinitely many solutions, giving geometric evidence. 





Explain why the second equation can be ignored when finding all solutions. 


Give all solutions in the form: l qd Wm ii y=s, v=... 
. 2z4-3y-5 2 
Use row reduction on the system { se : 5 2d to reduce the system to | 0 ] | J I 
What does the second row indicate? c Explain this result geometrically. 
2x + 3y=5 
Use row reduction on the system { n : 5; m" to reduce the system to la E | ] I 


Explain this result geometrically. 
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| Example 16 | 16 |) Self Tutor | 
r+3y=5 


4r +12y =k where k is a constant. 


Use row operations to solve { 
Give a geometric interpretation of the solutions. 


In augmented matrix form, the system is: 





bs 
m "T E. 
Ee 2128 90 

is 
~o O TS U 


The second equation actually reads Ox + Oy = k — 20 

If k% 20 we have 0 =a non-zero number, which is absurd. So there are no solutions. 
In this case the equations represent parallel lines. 

If k= 20 wehave 0=0, which is true for all x and y. 

This means that all solutions come from z4-3y —5 alone. 

Letting y=t, =5-—3t forall values of t. 


there are infinitely many solutions of the form 2 25—3t, y—t, tc€R. 





In this case the lines are coincident. 





3 =2 "—— . 
6 a Byusing augmented matrices, show that { 6 : E 4 has infinitely many solutions of the 
C= = 
fom ==t, y=3t-2. 7 
3r—9y —2 


6x — 2y = k where k can take any real value. 


‘| 


b Discuss the solutions to { 


3r—y-8 


where k is any real number. 
—2y=k 


7 Consid 
onsider ls 


3 -1 


a Use row operations to reduce the system to: E 0 





b i For what value of Kk is there infinitely many solutions? 
ii What form do the infinite number of solutions have? 


c i When does the system have no solutions? 
ii Explain this result geometrically. 


8 Consider the system . 
2x ay 11 


a Use row operations to reduce the system to: E 





El 


b For what values of a does the system have a unique solution? 


z E 88 —21 
€ Show that the unique solution is x= = y= for these values of a. 
4a +16 2a +8 





d What is the solution in all other cases? 
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9 a Use row operations to find the values of m when the system 


{ maz + 2y =6 : 
has a unique 


: 2x + my = 6 
solution. 


b Find the unique solution. 
Discuss the solutions in the other two cases. 


LINE CLASSIFICATION IN 3 DIMENSIONS 


Lines are coplanar if they lie in the same plane. 
If the lines are not coplanar then they are skew. 


e Ifthe lines are coplanar, they may be intersecting, parallel, or coincident. 
e Ifthe lines are parallel, the angle between them is 0°. 


e Ifthe lines are intersecting, the angle between 
them is 0, as shown. 0 


| 


point of intersection 


e If the lines are skew, we suppose one line line 1 
is translated to intersect with the other. The A line 1 
angle between the original lines is defined as translated 


the angle between the intersecting lines, which aree e 
is the angle 0. 





lines 1 and 2 are skew 


Example 17 x) $elf Tutor 
Line 1 has equations z=—1+2s, y=1—2s, and z=1-+4s. 3D GRAPHING 
Line 2 has equations «=1-—t, y=t, and z=3-—2t. 


Show that the lines are parallel but not coincident. 






—1 2 2 
Line 1 is UNIS 1 +s | -2 with direction vector =2 
E iL 4 4 
D il =1 —1 
Line 2 is UE O eee with direction vector il 
& 3 7? —2 
2 1 If a — kb for some 
i calar k, th b. 
Since =2 | ==2| 1 ], the lines are parallel. rinm Eee 
4 —2 


When s=0, the point on line 1 is (—1, 1, 1). 


For line 2, y=t, so the unique point on line 2 with y-coordinate 1 is 
the point where t = 1. This point is (0, 1, 1). 


Since (0, 1, 1) Z(—1, 1, 1), the lines are not coincident. 
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Example 18 


Line 1 has equations z — —1-4-2s, y-—1-—2s, and z=1+4s. 
Line 2 has equations z=1—t, y=t, and z=3-— 2t. 3D GRAPHING 


Line 3 has equations z=1+2u, y=—-l—wu, and z=4+ 3u. 





a Show that line 2 and line 3 intersect and find the angle between them. 


b Show that line 1 and line 3 are skew. 





a Equating z, y, and z values in lines 2 and 3 gives 


1-t=1+2% t=-1-u and 3— 2t =4+3u 
BN LLL S $2 -l—u and 3u+2=-1 ... (1) 
———————À 
Solving these we get  —2u=-—1-—u 
mE LII 


u=1 andso t(— —2 


Checking in (1): 3u+2t= 3(1) +2(-2) =3-4=-1 y 


u=1, t=-—2 satisfies all three equations, a common solution. 
Using u= 1, lines 2 and 3 meet at (1+2(1), —1— (1), 4+3(1)) which is (3, —2, 7). 
—1 2 
Direction vectors for lines 2 and 3 are a = il and b= | -1 respectively. 
—2 3 
If 0 is the acute angle between a and b, then 
EI ES _ o 
Jal|b| yTFIF444+1+9  y84 
0 zz 10.89? 


the angle between lines 2 and 3 is about 10.9°. 


b Equating x, y, and z values in lines 1 and 3 gives 
—1+4+2s=1+2u 1-2s=-1-u and 1 + 4s = 4 + 3u 
2s — 2u = 2 z. —2s +u = —2 and 4s—3u=3 .... (2) 
€) 
Solving these we get 25—2u —2 


S —28-u-2-2 
—u=0 {adding them} 
AGS gui e 
Checking in (2, 4s—3u —4(1)—3(0) 2423 
So, there is no simultaneous solution to all 3 equations. 
the lines do not intersect. 


2 2 2 
The direction vector for line 1 is —2 and =2 | 4k| -1 forany k cR. 
4 4 3 


lines 1 and 3 are not parallel. 
Since they do not intersect and are not parallel, they are skew. 
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EXERCISE 15H.2 


1 Classify the following line pairs as either parallel, intersecting, coincident, or skew. In each case 
find the measure of the acute angle between them. 
a vc=14+2t, y=2-t, z=3+4+t and x=-24+3s8s, y=3-s, z=1+2s 
a=-14+21 y=2-12% 2=4+121 and x=4u4-3, y=34+2 2z=-p-1 





c x=6t, y=3+8t, z=-14+2t and x=2+3s, y=4s, z=1+s 
d 1=2-y=2+2 add =1+3s, y=-2-2s, z—2s4i 
€ x=14+A, y=2-A, 2=34+2A and 2=2+83u4, y=3-2u, z=p-—5 
f —1—2t, y=8+t, z=5 and x=2+4s, y=-1-2, 2=3 
g 21=1+2)» y=-A z—1-3AÀ and z—3-44, y=-1+4+2u, z=4-6p 
2 Discuss the relationship between: 
3 2) 
Line 1: ry = | —1 ] +A] -2 
2 —1 
Line 2: x =1— 2u, y=4u, z=-—1+2pu 
y—1 


Line 3: x =z-1 


INVESTIGATION 


In this investigation we consider the motion of two particles in space, and whether they will collide. 


What to do: 


1 Consider the two lines: 


5 —2 1 0 
L: 4 | +t —3 and Lo: —4 | +uļ| -2 
4 4 14 2 


Show that these lines intersect, and give the coordinates of the point of intersection. 


2 Suppose we have two particles moving in space. 
Particle A’s position after t seconds is given by 
x(t) = 5 — 2t, y(t) 24—3t, 2(t)=4+44¢. 
Particle B's position after £ seconds is given by 
x(t)=1,  y(t) =-4-2t, z(t) = 14 + 2£. 
All distance units are metres. 
a Find the initial position of each particle. 
b Find the velocity vector of each particle. 
c Will the particles collide? Explain why or why not. 


3 Suppose D is the distance between particles A and B at time t. 
a Write an equation connecting D and f. 
b Hence find the minimum distance between the particles, and the time when this occurs. 
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ants 


A plane is a flat surface that extends forever, and which has zero thickness. 


It fits into a scheme which starts with a point and which builds to three dimensional space. 


point line plane space 


0 dimensions 1 dimension 2 dimensions 3 dimensions 





To find the equation of a plane, we need to know a point on the plane and also its orientation in space. 


A vector is parallel to a plane if, by travelling along the vector, we remain on the plane. 


For example, if A and B both lie on a plane then a= AB is parallel 
to the plane. a B 
—_ 


The orientation of a plane cannot be given by a single vector parallel to the plane because infinitely 
many planes of different orientation are parallel to a single direction vector. 


To define the orientation of a plane uniquely, we require either: 


e two non-parallel vectors which are both parallel to the plane, or 
e one vector perpendicular or normal to the plane. 


Suppose the point R(x, y, z) lies on the plane containing a known point A(ai, ao, a3) and two 


bi C1 
non-parallel vectors b= | ba and c= | c 
b3 C3 


— 

AR = àb + uc for some scalars \ and y 
> > 
OR — OA = Ab + pie 

—> + 

OR = OA + Ab + pe 





r=a-+ àb + uec is the vector equation of a plane 

where r is the position vector of any point on the plane, 
a is the position vector of a known point A(a1, a2, a3) on the plane 
b and c are any two non-parallel vectors that are parallel to the plane 
A, HER are two independent parameters. 


Alternatively, if the two non-parallel vectors b and c are parallel to the plane, then the normal vector 
n=bxe is perpendicular to any vector or line in or parallel to the plane. 


VECTOR APPLICATIONS (Chapter 15) 461 


Suppose R(x, y, z) lies on the plane containing a known point A(x, y1, 21), and which has normal 


a 
vector n= | b 
v a 
e Ed 
Now AR is perpendicular to n c 
R 
ne AR —0 (x,y, 2) 

a T= gi 

bjely- |=0 A(z1, Y1, 21) 

C z= 1 


aw — 21) + By — m1) + e(z — 24) =0 
ax + by + cz = ax, + by; + cz, where the RHS is a constant. 


ne AR=0_ is another form of the vector equation of the plane. 


It could also be written as ne(r—a)=0 


or ren=aen. 
a 
If a plane has normal vector n= | 5 and passes through (21, yi, 21) then it has 
C 


equation ax 4- by 4- cz — az, + by, + cz, =d, where d is a constant. 


This 1s the Cartesian equation of the plane. 


Example 19 ™) Self Tutor 


Find the equation of the plane with normal vector and which contains 


the point (—1, 2, 4). 





, and the point (—1, 2, 4) lies on the plane. 


the equation is x + 2y + 3z = (—1) + 2(2) + 3(4) 
whichis «2+ 2y +3z = 15 








EXERCISE 151 
1 Find the equation of the plane: 


2 
a with normal vector | —1 and which passes through (—1, 2, 4) 

3 
b perpendicular to the line connecting A(2, 3, 1) and B(5, 7, 2), and which passes through A 
€ containing A(3, 2,1) and the line z—1-4t, y—-2-—t, z —3-4 2t. 
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2 State the normal vector to the plane with equation: 
a 2x1+3y-2=8 b 32-y=11 € z—2 d «=0 


3 Find the equation of the: 
a XOZ-plane b plane perpendicular to the Z-axis, which passes through (2, —1, 4). 





Example 20 


Find the equation of the plane through A(—1, 2,0), B(3, 1, 1), and C(1, 0, 3): 











a in vector form b in Cartesian form. 
4 2 
— — 
a AB=| -—1 andes DE 1 are two non-parallel vectors in the plane. 
1 —2 
Using C as the known (fixed) point on the plane, 
x 1 4 2 
r=ly|=(0|+A[| -=1[|+u4f 1 |, ApcR. 
2 3 1 —2 
4 2 
> —> 
b Ifnis the normal vector, then n = AB x AC= | —1 |x| -2 
1 3 
ij k 
n=|4 -1 1 
2 —2 3 Check that all 3 points 
SRI 4 1 SET satisfy this equation. 
= i— j+ k 
—2 3 a 8 2 —2 
= —1li— 10j — 6k 
=1 1 
= || =10 or — | 10 
m 6 





Thus the plane has equation 
x + 10y + 6z = (—1) + 10(2) + 6(0) {using point A} 
ae dp MO qe Ge = 19) 














4 Find the equation of the plane containing the following points, in: 
i vector form ii Cartesian form. 
a A(0, 2,6), B(1, 3, 2), and C(-1, 2, 4) b A(3, 1,2), B(0, 4,0), and C(0, 0, 1) 
€ A(2,0, 3), B(0, —1, 2), and C(4, —3, 0). 
5 Find the equations of the /ine: 


a passing through (1, —2, 0) and normal to the plane <æ -— 3y + 4z = 8 
b passing through (3, 4, —1) and normal to the plane xz — y — 2z — 11. 
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Example 21 x) $elf Tutor 


Find the parametric equations of the line through A(—1, 2, 3) and B(2, 0, —3). 
Hence find where this line meets the plane with equation z — 2y 4- 3z — 26. 


IZ so (AB) has parametric equations 
—6 m= TESA y= 2 2A SA E) 


This line meets the plane x —2y+3z=26 where 
—1 + 3A — 2(2 — 2A) + 3(3 — 6A) = 26 


"^ 4— 11A — 26 
—11A - 22 
A ==2 


Substituting A = —2 into *, the line meets the plane at. (—7, 6, 15). 








6 Find the parametric equations of the line through A(2, —1, 3) and B(1, 2, 0). 
Hence find where this line meets the plane with equation z 4- 2y — z — 5. 


7 a Find the parametric equations of the line through P(1, —2, 4) and Q(2, 0, —1). 
b Hence find where this line meets: 
i the Y OZ-plane ii the plane with equation y+ z = 2 


ase : : . a = 2 = 
iii the line with Cartesian equation = = El =+ =. 








Suppose N is the foot of the normal from A(2, —1, 3) to the plane z—gy-4-2z — 27. Find the 
coordinates of N, and hence find the shortest distance from A to the plane. 















x—y+2z= 27 has normal vector 


the parametric equations of (AN) are 


n =2+t, y=-1-t 2=3+2. 


This line meets the plane z — y 4-2z — 27. where 
2+t- (-1-t) +2(3 +2) = 27 
DS A Ed us 2T 


6¢ + 9) = 27 
6t — 18 
> t=3 


Nis (5, —4, 9). 


The shortest distance, AN = y (5 — 2)? + (—4 — -1)? + (9 — 3)? 
= y 54 units. 
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In each of the following cases, find the foot of the normal from A to the given plane, and hence 
find the shortest distance from A to the plane: 


a A(1, 0,2), 2e+y—2z+11=0 b A(2,-1,3), c-y+3z=—-10 

c A(1, —4, —3), 4x—9y —22—8 
Find the coordinates of the mirror image of A(3, 1, 2) when reflected in the plane z+2y+z = 1. 
Does the line passing through (3, 4, —1) and which is normal to «+ 4y — z = —2, intersect 
any of the coordinate axes? 
Find the equation of the plane through A(1, 2,3) and B(0, —1, 2) which is parallel to: 


a the X-axis b the Y-axis € the Z-axis. 
Show that the lines 2 —1— = =z+3 and 2+1=y-3=22+5 are coplanar, and 
find the equation of the plane which contains them. 
A(1,2, k) lies on the plane. z4-2y—2z —8. Find: 

a the value of k 

b the coordinates of B such that (AB) is normal to the plane, and B is 6 units from it. 











Suppose N is the foot of the normal from A(2, —1, 3) to the plane with equation 
r =i + 3k + A(4i — j + k) + (2i + j — 2k), AER. 
Find the coordinates of N. 
The normal to the plane has direction vector given by 
i j k 
(4i-—j+k) x Qi+j-—2k)=/4 -1 1 
2 1 =2 
1 
ep od 1 P 
=| s i E 1 |k- a 
6 
ae 2 1 
The equation of the normal through A is UE eet TUO 
z 3 6 
so N must have coordinates of the form (2 4- t, —1 4- 10t, 3 + 6t). 
2+¢ 1 4 D 
But N lies in the plane, so OE OA AS EN IA 
3 -F 6t 3 1 —2 
A AN EDT 4A-c-2u—t-1 
—1--10t— —A-u which simplifies to =A+p=10t =-1 
AZ A — 24 — 6t =0 
Solving simultaneously with technology gives A= —. m= =. ü-— v 
N is the point. (2:27, — $5, 32%) 
Check by substituting for A and y in the equation of the plane. 








14 


15 


16 


17 


19 


VECTOR APPLICATIONS (Chapter 15) 465 


In each of the following cases, find the foot of the normal from A to the given plane, and hence 
find the shortest distance from A to the plane: 

a A(3, 2, 1), r = 3i + j + 2k + A(2i + j + k) + u(4i + 2j — 2k) 

b A(1,0,-2) r=i-— j+ k+ A(3i-— j+ 2k) + a(—i + j- k) 


Suppose b and ¢ are non-parallel vectors which lie in the same plane. The normal vector to the 
plane is n =b x e. Prove that n L (Ab + ue) forall À, u ER except when à= u = 0. 


Suppose Q is any point in the plane 
Az + By + Cz + D=0. P(x1,Y1, 21) 
d is the distance from P(x1, y1, 21) 


to the given plane. — © 


a Explainwhy d= M. b N 
n 
q = Avi + By + C71 + D| 


A? + B2 + 02 


b Hence, show that 


€ Check your answers to question 8 using the formula in b. 


d Find the distance from: 
i (0,0,0) to «+2y—z=10 ii (1, 3,2) to z+y-z=2. 


Find the distance between the parallel planes: 

a c+y+2z=4 and 2r +2y+4z+11=0 

b ar+by+cz+d¡=0 and ag + by + cz+d=0. 
Show that the line x=2+t, y=-—1+2t, z=-—3t is parallel to the plane 
lliz — 4y +z =0, and find its distance from the plane. 


Find the equations of the two planes which are parallel to 2x — y 4-22 — 5 and 2 units from it. 





THE ANGLE BETWEEN A LINE AND A PLANE 


Suppose a line has direction vector d and a plane has normal vector n. We allow n to intersect the line, 
making an angle of 0 with it. The required acute angle is ¢ and 


a 


[no 
|n] | 


line ] 
sind = cos 0 — 





e 


. f |n e d| 
6 = aresn 
mp d| 
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Find the angle between the plane «+2y—z=8 and the line with equations 
=i, Qal=uy 2=342. 








il 1 
n= 2 and d— | -1 
—1 2 


The angle between the plane and the line is 
eee ee E 
7 J1+4+1V1+1+4 


. 3 
= arcsin | >Z > 
( 6v6 ) 


= arcsin (3) EIE 








THE ANGLE BETWEEN TWO PLANES 








view here — 7 


plane 2 


: . nen 
The cosine of the acute angle between the two normals is cos = Lm 
1| | Me 


If two planes have normal vectors n; and ng, and 0 is the acute angle between them, 
nien 
then 60 — arccos ( uu) 


|n; | n2] 


Find the angle between the planes with equations. z4-y—2 —8 and 2x-—y+3z=-—l. 











1 
x+y—z=8 has normal vector nı = 1 and 
—1 


22 —y+3z=-—1 has normal vector no = | —1 





The acute angle between the planes is 0 = arccos 





AENA O 
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EXERCISE 15J 


1 Find the angle between: 


the plane «—y+z=5 and the line Tf li 
b theplane 2r7—y--z —8 andtheline x=t+1, y=-—1+3t, z=t 
€ theplane 3r--4y—z — —4 and the line z—4—3-— y —2(z 4- 1) 
d the plane r, = 2i-j+k+ A(3i— 4j-—k) + u(i+j-—2k) and 


the line r; = 3i + 2j — k - t(1— j +k). 


2 Find the acute angle between the planes with equations: 
a 27—9y T 2—3 b r-y+3z=2 c 3x—-y+2z=-11 
z+ 3y+2z=8 3a +y-z=-5 27+ 4y—-—z=2 
d ri; 23i -2j —- k — A(1— j - K) - u(2i — 4j + 3k) 
rg =i+j—k—AQi+j+k)+uit+j+k) 


2 3 2 
€ 3r—4y--z——2 and r=| -1|+A| -1 | +p4l 1 
1 0 1 


2 PLANES 





e Two planes in space could have any of the following three arrangements: 


(1) intersecting (2) parallel (3) coincident 


E MJ 


e Three planes in space could have any of the following eight arrangements: 





(1) all coincident (2) two coincident and (3) two coincident and 
one intersecting one parallel 


(4) two parallel and (5) all three parallel (6) all meet at the one 
one intersecting point 
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(7) all meet in a (8) the line of intersection of any two 
common line is parallel to the third plane. <A 
Pé 
Click on the icon to explore these cases in three dimensions. DEMO 


To find how planes intersect, we need to solve a system of linear equations. 
We can do this using technology or using row operations. 


USING ROW OPERATIONS TO SOLVE A 3x3 SYSTEM 


aiz + biy + c12 = di 
A general 3 x 3 system in variables x, y, and z has the form agx + boy + c2z — d» 





a3x + bsy + c3z = dg 
where the coefficients of x, y, and z are constants. 


ar by cy | dh is the system’s augmented a b cd übing 
az be cz | da matrix form which we need 0 e f g row operstions. 
a3 b3 c3 | d3 to reduce to echelon form: 0 0 hji 


Notice the creation of a triangle of zeros in the bottom left hand corner. 


In this form we can easily solve the system because the last row is really hz = i. 


e If h Z 0 we can determine z uniquely using z = = and likewise y and x from the other two 


rows. Thus we arrive at a unique solution. 


e If h=0 and i Z 0, the last row reads 0 x z =i where i #0 which is absurd. Hence, there 
is no solution and we say that the system is inconsistent. 


e If h —0 and 2 — O0, the last row is all zeros. Consequently, there are infinitely many solutions 
of the form x==p+kt, y=q+lt, and z=t where teR. 


Note that the parametric representation of infinite solutions in terms of the parameter ¢ is not unique. 


This particular form assumes you are eliminating x and y to get z from Row 3. It may be easier to 
eliminate, for example, x and z to get y. 


Example 26 x9) $elf Tutor 


e+3y—z2=15 
Solve the system: 2r+y+z=7 
R= y= 25 =) 


Interpret the result geometrically. 








VECTOR APPLICATIONS (Chapter 15) 469 


In augmented matrix form, the system is: 


IL TES 


O VE Ra => Ra — 2R1 sel a 
i =l =| 0 —2 -6 2 —30 
T 35 0-9 3 —29 

~|0 —-5 3 | —23 
E NE iE A a 1 -1 -2 0 

= gb sum 
i & l| i5 OE 

~|0 -5 3 | 23 

Oo T INT R3 — 5R4 — 4R; 0 —20 -—5 —75 


0 A H9 92 


The last row gives —17z — 17 


2=—1 
Using the final row 2. —5y + 3z = —23 Using the finalrow 1. 2 4-3y—z — 15 
we get —5y-— 3 = —23 WO ALS 
—5y = —20 ea 
ae 
Thus we have a unique solution z —2, y —4, z — —1. 


The system represents three planes that meet at the single point (2, 4, —1). {case (6)} 





Example 27 





=ò Self Tutor 







21=Y+2=5 
Solve the system: T+y=z=2. Interpret the result geometrically. 
SO US 





In augmented matrix form, the system is: 


1 4 TE 2 —l 1 5 
23 =i L ES J Notice the swapping nci NC. 
3 —3 3 8 Ri = Roa ES 1 
1 1 -1[2 SECONDS 
~|0 -3 3 1 |+— Ro R2 — 2Rı =3 -3 3 -6 
0 -6 6 | 2}<«— R3— R3-3R, 0 =6 6 2 


0 —6 G 2B 


0 On Om 
0 0 0 0 «—— R3 => R3 — 2 Ro  Á A A MI 


The row of zeros indicates infinitely many solutions. 


If we let 2=%f inrow 2, then —3y+3t=1 
=3y =1-—3t 


BEN 1 
E s det 
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Thus in row 1, +(=3+t)-t=2 
r—-%=2 andso z=% 


the solutions have the form: x= us US -i Ft 2=t where’ © IR 


The system represents three planes that intersect in a line. {case (7)} 





EXERCISE 15K 


1 Solve the following systems using row reduction: 

















x—2y+5z=1 xa+4y+1lz=7 
a 2a —4y+8z=2 b x+6y+17z=9 
—3z 4 6y t 7z ——3 xz +4y+8z=4 
2g — y +3z = 17 21 + 3y +42 =1 
c 2x — 2y — 5z = 4 d 5r +6y +7z=2 
3x + 2y + 2z = 10 8x + 9y + 10z = 4 
biy + =d 
2 a How many scenarios are possible when solving simultaneously: ME rele RU 
agx + boy + coz = da 
b Under what conditions will the planes in a be: i parallel ii coincident? 
Solve the following using elementary row operations, and interpret each system of equations 
geometrically: 
r—3y+22=8 ii 21+y+2=5 iii x+2y—3z=6 
3x — 9y + 2z = 4 T=Y+2Z=3 3x + 6y — 9z = 18 








3 Discuss the possible solutions of the following systems where k is a real number, and interpret the 
solutions geometrically. 


u+2y-z=6 b z—y+3z=8 
2x + 4y + kz = 12 2x — 2y + 6z = k 





4 For each of the eight possible geometric scenarios of three planes in space, comment on the solutions 
to the corresponding system of linear equations. 


For example, has infinitely many solutions where x, y, and z are 
expressed in terms of two parameters s and t. 


5 Solve the following systems using row operations. In each case state the geometric meaning of your 





solution: 
TFY2= 5 a—y+2z=1 xr+2y-—z=8 
a —y+2:=11 b 21+y-2=8 c 2r—y-z=5 
4x +y -— 5z = —18 5r — 2y +5z= 11 3z — 4y- z2 =2 
r—-y+z=8 ery 22> 1 Z-y-z=5 
d 2x — 2y + 2z = 11 e z-ytz2=4 f r+y+z=1 


zr +3y- z= -2 3x + 3y — 6z = 3 ox —y+2z=17 
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Example 28 x) $elf Tutor 
(py mg 
Consider the system 2x +y +32 = 13 
x+8y+9z=a_ where a takes all real values. 
a Use row operations to reduce the system to echelon form. 
When does the system have no solutions? Interpret the result geometrically. 
€ When does the system have infinitely many solutions? Find the solutions in this case, and 
interpret them geometrically. 





a In augmented matrix form, the system is: 





O LE AS 
1.8 9]|au MINE 
qoc ESA 18.8 a 
0) 5 95 15 |4— R5; R5; -2R, EIS a 1 
EA =i OO IU vss] 
2 05 5 15 0 si) 0 
0 0 0 à —29 | 4— R3 — R3 —2R» AGO ERE 


b If az 29, we have an inconsistent system as zero = non-zero, and therefore no solutions. 
In this case we have three planes with no common point of intersection. 
€ If a — 29, the last row is all zeros, indicating infinitely many solutions. 


Letting z =t in row 2 gives 5y + 5t = 15 
y=3-t 
Using row 1, z—2y—z=-1 


x—2(3-t)-t=-1 
O ll 
qum 
We have infinitely many solutions, in the form: 
y—5-—t, y—3-—t, z-—l, where £c R. 
In this case we have three planes which meet in a line. 








z-yt+3z=1 


6 Solve the system of equations 2r — 3y- z =3 
3x — 5y — 5z = k where k is a real number. 


State the geometrical meaning of the different solutions. 


x+3y+3z=a-1 
7 A system of equations is 22 —-yrz=7 
3x — 5y -- az — 16 
a Reduce the system to echelon form using row operations. 
Show that if a — —1 the system has infinitely many solutions, and find their form. Interpret 
this result geometrically. 
c If aZ —1, find the unique solution in terms of a. Interpret this result geometrically. 
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21+y-2=3 
8 Reduce the system of equations: mz—-2y+z=1 to a form in which the solutions may 
xr + 2y + mz — —1 
be determined for all real values of m. 
a Show that the system has no solutions for one value of m. Interpret this result geometrically. 


b Show that there are infinitely many solutions for another value of m. Interpret this result 


geometrically. 
c i For what values of m does the system have a unique solution? Interpret this result 
geometrically. 
ii Show that the unique solution is x= a y= Bum») E 
m+5 m+5 m+5 


9 Find if and where the following planes meet: 
Pi: ri=2i—j+A(31 + k)+u(1+j-K) Po: Yr2=3i—j+3k+ r(2i — k) + s(i + j) 


2 1 0 
Ps: Y3 — E +t —1 — "uu —1 
2 0 2 


REVIEW SET 15A | 


1 For the line that passes through (—6, 3) with direction ( i. ) write down the corresponding: 


a vector equation b parametric equations € Cartesian equation. 


2 (—3, m) lies on the line with vector equation o = ( 5 ) Go) Find m. 


—2 
3 A 3 2 
3 Line L has equation -($)e(1). 


a Locate the point on the line corresponding to t = 1. 

b Explain why the direction of the line could also be described by ( ) 5 

€ Use your answers to a and b to write an alternative vector equation for line L. 
A4 P(2,0, 1), Q(3, 4, —2), and R(—1, 3, 2) are three points in space. 

a Find parametric equations of line (PQ). 


b Show that if 0 — POR, then cos@ = A 


2633 





5 Triangle ABC is formed by three lines: 


L ABIE (e) (BO (A) 
Line (AC) is n = e +u B s, t, and u are scalars. 


a Use vector methods to find the coordinates of A, B, and C. 
—> — — 

b Find | AB], | BC|, and | AC]. 

c Classify triangle ABC. 


10 


12 


13 


14 
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a Consider two unit vectors a and b. Prove that the vector a + b bisects the angle between 
vector a and vector b. 


b Consider the points H(9, 5, —5), J(7, 3, —4), and K(1, 0, 2). 
Find the equation of the line L that passes through J and bisects HIK. 
¢ Find the coordinates of the point where L meets (HK). 


Suppose A is (3, 2, —1) and Bis (—1, 2, 4). 
a Write down a vector equation of the line through A and B. 
b Find the equation of the plane through B with normal AB. 
€ Find two points on (AB) which are 24/41 units from A. 


For C(—3, 2, —1) and D(0, 1, —4), find the coordinates of the point where the line passing 
through C and D meets the plane with equation. 2r — y 4- z — 3. 


— — i 
Suppose OA =a, OB=b, |a|=3, |b|=V7, and ax b=i+ 2] —3k. Find: 
a aeb b the area of triangle OAB. 


a Howfaris X(—1, 1, 3) from the plane 2 —2y —22 — 8? 
Find the coordinates of the foot of the perpendicular from  Q(—1, 2, 3) to the line 
2-z-2y-3--iz 


a Find if possible the point where the line through L(1, 0, 1) and M(—1, 2, —1) meets 
the plane with equation z — 2y — 3z — 14. 


b Find the shortest distance from L to the plane. 


The equations of two lines are: Li: x=3t-—4, y=t+2, z=2t-1 
i uio C tae E 
D 2 


a Find the point of intersection of L4 and the plane 2r 4- y — z — 2. 





b Find the point of intersection of Lı and L». 
€ Find the equation of the plane that contains Lı and Lə. 


Ue 2 


Show that the line x — 1 = 7 z is parallel to the plane 6x -- 7y — 5z — 8 and 


find the distance between them. 


z?--y?--z? — 26 is the equation of a sphere with centre (0, 0, 0) and radius \/26 units. 
Find the point(s) where the line through (3, —1, —2) and (5, 3, —4) meets the sphere. 


When an archer fires an arrow, he is suddenly aware of a breeze which pushes his shot off-target. 
The speed of the shot |v | is not affected by the wind, but the arrow's flight is 2? off-line. 


a Draw a vector diagram to represent the situation. 
b Hence explain why: 


i the breeze must be 91? to the intended direction of the arrow 
ii the speed of the breeze must be 2| v |sin1?. 
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16 In the figure ABCD is a parallelogram. X is 
the midpoint of BC, and Y is on [AX] such 


that AY = 2YX. 
a Find the coordinates of X and D. 
b Find the coordinates of Y. 
€ Show that B, Y, and D are collinear. 


B(4,4,—2) x C(10, 2,0) 


A(1,3,-4) D 


DUO 
17 Solve the system Dl 
T+2y+kz=-=—k for any real number k 
using row operations. 
Give geometric interpretations of your results. 


REVIEW SET 15B TOR 
1 Find the vector equation of the line which cuts the y-axis at (0, 8) and has direction 5i + 4j. 
2 A yacht is sailing with constant speed 5/10 kmh~? in the direction —i — 3j. Initially it is at 

point (—6, 10). A beacon is at (0, 0) at the centre of a tiny atoll. Distances are in kilometres. 
a Find in terms of i and j: 
i the initial position vector of the yacht 
ii the direction vector of the yacht 
iii the position vector of the yacht at any time t hours, t > 0. 
b Find the time when the yacht is closest to the beacon. 
€ If there is a reef of radius 8 km around the atoll, will the yacht hit the reef? 


3 Write down i a vector equation ii parametric equations for the line passing through: 
a (2, —3) with direction ‘ey b (-1,6,3) and (5, —2, 0). 


4 A small plane can fly at 350 kmh”! in still conditions. 
Its pilot needs to fly due north, but needs to deal with 
a 70 kmh~! wind from the east. 





a In what direction should the pilot face the plane 
in order that his resultant velocity is due north? 


- 
b What will the speed of the plane be? Pom atte 


5 Find the angle between line L4 passing through (0, 3) and (5, —2), and line Lz passing through 
(—2, 4) and (—6, 7). 


6 Submarine X23 is at (2, 4). It fires a torpedo with velocity vector ( T 


a at exactly 2:17 pm. 


Submarine Y18 is at (11, 3). It fires a torpedo with velocity vector (7) at 2:19 pm to 


intercept the torpedo from X23. Distance units are kilometres. t is in minutes. 
a Find z,(f) and yi(t) for the torpedo fired from submarine X23. 
b Find xa(t) and ya(t) for the torpedo fired from submarine Y 18. 


10 


11 
12 


13 


14 


16 
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€ At what time does the interception occur? 


d What was the direction and speed of the interception torpedo? 


Suppose P, is the plane 2r —y —22 — 9 and Ps is the plane x 4- y 4-22 — 1. 
L is the line with parametric equations. z—í, y—2t—1, z—3-t. 

Find the acute angle between: a Land Pi b P and Py. 
OO O 


Consider the lines Ly: 
3 —16 T 


z=5-5t. 
a Show that the lines are skew. b Find the acute angle between them. 


and Lə: x= 15+3t, y = 29+ 8, 








¢ Line Lz is a translation of L; which intersects D2. Find the equation of the plane containing 
L» and La. 
Find the shortest distance between them. 


o 


Find the equation of the plane through A(—1, 2, 3), B(1, 0, —1), and C(0, —1, 5). 
If X is (3, 2, 4), find the angle that (AX) makes with this plane. 


Cr vo 


Find all vectors of length 3 units which are normal to the plane z — y 4- z — 6. 


g 


Find a unit vector parallel to i 4- rj 4- 3k and perpendicular to 2i — j + 2k. 
The distance from A(—1, 2, 3) to the plane with equation 2x —y--2z — k is 3 units. 
Find k. 
Find the angle between the lines with equations 4x —5y — 11 and 2r +3y=7. 
Consider A(2, —1, 3) and B(0, 1, —1). 

a Find the vector equation of the line through A and B. 

b Hence find the coordinates of C on (AB) which is 2 units from A. 
Find the angle between the plane 2r --2y —2 —3 and the line 
e=t-1, y= —-2t4+4, z=-t+3. 
Let r= 2i -— 2j-—k, s=2i+j+ 2k, t=i-+ 2j —k, be the position vectors of the 
points R, S, and T, respectively. Find the area of the triangle RST. 
Classify the following line pairs as either parallel, intersecting, or skew. In each case find the 
measure of the acute angle between them. 

a 1=2+t y=-1+2%, z=3-t and =-8+4s y=s, 2=7-2s 

b 1=3+t y—5-—2t, z—-—1--3t and x=2-s, y=1+3s, z=4+8 





1 2 
[pe | d and q— | 3 
2 —1 
Find p xq. 1 2 
b Find mif p x q is perpendicular to the line L with equation r= | —2 | +A] 1 
3 m 


c Hence find the equation of the plane P containing L which is perpendicular to p x q. 
Find t if the point A(4, t, 2) lies on the plane P. 


For the value of t found in d, if B is the point (6, —3, 5), find the exact value of the sine 
of the angle between (AB) and the plane P. 
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17 a Show that the plane 2x+y+z=5 contains the line 
Li: 2=-2t+2 y=t, 2=3+1, teR. 


b For what values of k does the plane z--ky--z —3 contain Lı? 


c Hence find the values of p and q for which the following system of equations has an infinite 
number of solutions. Clearly explain your reasoning. 


SU E Ry 
Cea 
Soe Dy ee — 
gz — 3y + 2z = —5 
18 Consider the system 3z +y + (2— k)z = 10 
—2x + 6y +kz =5 where k can take any real value. 
a Reduce the system to echelon form. 
b For what value of k does the system have no solutions? Interpret this result geometrically. 
€ i For what value(s) of k does the system have a unique solution? 
ii Find the unique solution in terms of k, and interpret the result geometrically. 
iii Find the unique solution when k = 1. 


REVIEW SET 15C 


1 Find the velocity vector of an object moving in the direction 3i — j with speed 20 kmh  !. 
2 A moving particle has coordinates P(x(t), y(t)) where x(t) = —4--8t and y(t) — 3 6t. 
The distance units are metres, and t > 0 is the time in seconds. Find the: 
a initial position of the particle b position of the particle after 4 seconds 


€ particle's velocity vector d speed of the particle. 


3 Trapezium KLMN is formed by the following lines: 


wos (2)=(B)er() oe (5)=(2) eC) 
ula oem (2-5) (2) 


p, q, r, and s are scalars. 
a Which two lines are parallel? Explain your answer. 
b Which lines are perpendicular? Explain your answer. 
¢ Use vector methods to find the coordinates of K, L, M, and N. 
d Calculate the area of trapezium KLMN. 
4 Find the angle between the lines: 
ing gH YH ou and MILI SY O Ds 
5 Consider A(3, —1, 1) and B(0, 2, —2). 
—=> 
a Find | AB |. 
Show that the line passing through A and B can be described by 
r = 2j — 2k + A(—i +j — k) where A is a scalar. 
¢ Find the angle between (AB) and the line with vector equation t(i + j + k). 


10 


12 


13 
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Let i represent a displacement 1 km due east 
and j represent a displacement 1 km due north. 
Road A passes through (—9, 2) and (15, —16). 
Road B passes through (6, —18) and (21, 18). 
a Find a vector equation for each of the roads. 
b An injured hiker is at (4, 11), and needs to travel 
the shortest possible distance to a road. 


Towards which road should he head, and how far 
will he need to walk to reach this road? 








Given the points A(4, 2, —1), B(2, 1, 5), and C(9, 4, 1): 
— N — 
a Show that AB is perpendicular to AC. 
b Find the equation of the line through: i AandB ii A and C. 


The triangle with vertices P(—1, 2, 1), Q(0, 1, 4), and R(a, —1, —2) has area V/118 units?. 
Find a. 
Consider A(—1, 2, 3), B(2, 0, —1), and C(-3, 2, -4). 

a Find the equation of the plane defined by A, B, and C. 

b Find the measure of CAB. 

¢ D(r, 1, —r) is a point such that BDC is a right angle. Find r. 


Given A(—1, 2, 3), B(1, 0, —1), and C(1, 3,0), find: 
a the normal vector to the plane containing A, B, and C 
b D, the fourth vertex of parallelogram ACBD 
c the area of parallelogram ACBD 
d the coordinates of the foot of the perpendicular from C to the line AB. 


P(2, 0, 1), Q(3, 4, —2), and R(—1, 3, 2) are three points in space. Find: 


— — — A p 
a PQ, | PQ|, and QR b the parametric equations of (PQ) 
€ avector equation of the plane PQR. 


Given the point A(—1, 3, 2), the plane 2r — y 4-22 — 8, and the line defined by 
T=1=2t, y=-=6+t z=1+5t find: 
a the distance from A to the plane 
the coordinates of the point on the plane nearest to A 
the shortest distance from A to the line. 


a Find the equation of the plane through A(—1, 0, 2), B(0, —1, 1), and C(1, 2, —1). 


Find the equation of the line, in parametric form, which passes through the origin and is 
normal to the plane in a. 


€ Find the point where the line in b intersects the plane in a. 
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14 Consider the lines with equations LT =y-4= and 
=-=1+3 y=2+2% z=3-t. 
a Are the lines parallel, intersecting, or skew? Justify your answer. 


b Determine the acute angle between the lines. 


: : mS 9 = 10) 
15 Line 1 has equation — = Ë : 





SIG [i 

m 15 3 
Line 2 has vector equation y |= {29 | +A] 8 

2 5 =o 


a Show that lines 1 and 2 are skew. 


Line 3 is a translation of line 1 which intersects line 2. Find the equation of the plane 
containing lines 2 and 3. 


c Hence find the shortest distance between lines 1 and 2. 
d Find the coordinates of the points where the common perpendicular meets the lines 1 and 2. 


16 Lines Lı and Lə are defined by 


3 —1 3 —1 
L: r= | —2 |+s il emol Ias P= 0 +t| —1 
—2 2 —1 1 


Find the coordinates of A, the point of intersection of the lines. 
Show that the point B(0, —3, 2) lies on the line Lo. 
Find the equation of the line BC given that C(3, —2, —2) lies on Z4. 


Find the area of triangle ABC. 


a 

b 

€ 

d Find the equation of the plane containing A, B, and C. 

e 

f Show that the point D(9, —4, 2) lies on the normal to the plane passing through C. 


17 Three planes have the equations given below: 
Plane A: 2+3y+22=5 
ents IZ 
Plane C: x—y+6z=8 


Show that plane A and plane B intersect in a line Ly. 





Show that plane B and plane C intersect in a line Lz. 
Show that plane A and plane C intersect in a line Lg. 


Show that Lı, Lo, and Lg are parallel but not coincident. 


0 n GO v 


What does this mean geometrically? 








Complex numbers 


Syllabus reference: 1.6, 1.7 


Contents: A Complex numbers as 2-D vectors 
B Modulus 
C Argument and polar form 
— D Euler's form 
= ~~ E De Moivre's theorem 
=== "i S F Roots of complex numbers 
G 


Miscellaneous problems 
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HISTORICAL NOTE QUATION 


One of the most remarkable results in mathematics is known as Euler's beautiful equation 
eT =—1 named after Leonhard Euler. 





It is called beautiful because it links together three great constants of mathematics: Euler's 
constant e; the imaginary number i; and the ratio of a circle's circumference to its diameter, 7. 

The beautiful equation comes from Euler's more general result: e'? — cos0 --isin0, 0 € R. 

We will see in this chapter the importance and usefulness of this formula. However, the concept of 
a real number raised to an imaginary power is completely abstract. 

Harvard lecturer Benjamin Pierce said of e’” = —1, 


“Gentlemen, that is surely true, it is absolutely paradoxical; we cannot understand it, and we 
don’t know what it means, but we have proved it, and therefore we know it must be the truth.” 


Having now studied both trigonometry and vectors, we can return to study complex numbers in greater 
detail. 


D VECTORS 


In Chapter 6 we saw that a complex number can be written in Cartesian form as z=a-+bi where 
à — $te(z) and b -— Jm(z) are both real numbers. 





There is a one-to-one relationship between any complex number a+ bi and the point (a, b) in the 
Cartesian plane. 


We can therefore plot any complex number on a plane as a unique ordered number pair. We refer to the 
plane as the complex plane or the Argand plane. 


On the complex plane, the x-axis is called the real axis and the y-axis is called the imaginary axis. 


e All real numbers with b= 0 lie on the real axis. Imaginary numbers 


* lie on the imaginary 
Lot axis. 


R 










e All purely imaginary numbers with a=0 lie on the 
imaginary axis. 

e The origin (0,0) lies on both axes and it corresponds 
to z=0, a real number. 

e Complex numbers that are neither real nor purely 
imaginary (a and b are not both 0) lie in one of the 
four quadrants. 


Real numbers lie 
on the real axis. 


We saw in Chapter 14 that any point P on the Cartesian plane can be represented by a vector. The 


=$ 
position vector for the point P is OP. In the same way we can illustrate complex numbers using vectors 
on the Argand plane. We call this an Argand diagram. 


> 
P 


= ( 7 ) represents «+ yt 





COMPLEX NUMBERS (Chapter 16) 481 


2! 


For example: 





= ( J represents 2+ 3i 





&l 
Il 
ge 


&l 
I 
LO ff 


) represents. 4 — 4 





-1 
0 











) represents —31 
















































































—3 
= —3 ; 
OS = 21 ) represents —3.— i 
Example 1 x) $elf Tutor 
Illustrate the positions of the sit 
following complex numbers on an s 
Argand diagram: > 2 
4 
IO 29 =4+35, 
23 — Di, | z4— —4-4 2i, z4 R 
> cc el zı 4 
25 
26 
3 
Y 















































We can apply the vector operations of addition, subtraction, and scalar multiplication to give the correct 
answers for these operations with complex numbers. 









































Example 2 x) $elf Tutor 
Suppose zı =3+i and z2=1-—d4. Find using both algebra and vectors: 
a atz b 41-2 
a 21 +2% JA 
=3 4141-44 i A 
1— 22 y 
=a 3) Pasir? 
b 21 — Za ae R 
e z ie 
—3-Fi— (1— 4i) Axe 
—3-Fi—1- 4i zig [| 
= 2/5 01 Y 
































































Suppose z=1+22 and w=3-—2. Find using both algebra and vectors: 
a 2z+w b z—2w 



















22+w d b gm, 
— 2(1-4- 2i) -3— i == 28 1) 
=24+ 4143-14 =14+2:-6+2 
=5+ 31 22+ w =—-5+ 41 
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REPRESENTING CONJUGATES 


If z=x+iy, then 2*=x-—iy. 
; a £ A x 
This means that if OP = (5) represents z, then OP’ = ( ,) represents z*. 


For example: 
















































































gh 

OP represents 2+ 42 and P(2,4) 

— Q3) 

OP' represents 2 — 4i. R(-3,2) 

LT . 

OQ represents —32 and 

= . R 

OQ’ represents 3i. R’(—3,—2) 

EU 

OR represents —3-- 2i and Q'(0,—3) ; 

23 —4 

OR' represents —3 — 2i. Y 

. pe . . . . ds . S 
If z is OP, its conjugate z* is a reflection of OP in the real axis. 
EXERCISE 16A 

1 Onan Argand diagram, illustrate the complex numbers: 

a y= b z2 = —l] + 2i € 23— —6— 2d 

d z4 = — ôi e 25 =2-1 f Zg — 4i 
2 Suppose z— 1 3-20 and w —3-— à. Find using both algebra and vectors: 

a zw b z—w € 22—w d w-3z 
3 Suppose z; —4— i and z94 —2--3i. Find using both algebra and vectors: 

a z2+1 b 2 +2 c 22 + $21 d AA 


4 Suppose z is a complex number. Explain, with illustration, how to find geometrically: 
a 3z b —2z €. z^ d 3i—z 
z+2 h z—A 


e 2-z f +: g 3 





5 Show on an Argand diagram: 
a 2=3+2 and its conjugate z* — 3 — 2i 
b z=-—2+5i and its conjugate z* — —2 — 5i 




















6 Suppose z=2-—7. From the diagram we can see that j E 
z+2z* =4, which is real. Ei 
Explain, with illustration, why z--2z* is always real for rt. 
any complex number z. e 

7 Explain, with illustration, why z — z* is always purely 





























imaginary or zero. What distinguishes these two cases? 
8 Explain using an Argand diagram why for all complex numbers z and w: 


a (z+w)* =2*+u"* b (z—w)'-z*—w* 
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DISCUSSION 


We have seen that for two vectors a and b, there are two types of vector product: 


e the scalar dot product a e b e the vector cross product a x b. 


Are either of these products useful when considering the product of two complex numbers? 
Are there any other tools we have seen that can help with the product of two complex numbers? 





We know that vectors have magnitude and direction, so we can also attribute a magnitude and direction 
to complex numbers. The magnitude of a complex number is called its modulus, and its direction is 
called its argument. 


The modulus of the complex number z —a--bi is the length of the vector (^ ) which is the 
real number |z| — Va? 4- 6?. 
Notice that if z =a+bi then |z| gives the distance of the point (a, b) from the origin. This 


is consistent with the definition in Chapter 2 of |x| for x € R. We stated there that |x| is the 
distance of real number x from the origin O. 





For example, consider the complex number z= 3 + 22. AJ 








The distance from O to P is its modulus, |z |. 


|z| = v3? +22 {Pythagoras} 






































Example 4 ™) Self Tutor 
Find |z| for z equal to: 
C) aap 





PROPERTIES OF MODULUS 


SEE 
e |z|? = zz 


= (El provided z2 #0 


| 22 


claims. 2|l= alle] |o: | tor me 


21 


22 


|2122|=|z21||22| and 
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EXERCISE 16B.1 


1 Find |z| for z equal to: 



















a 3-4 b 5+12 c —84- 2i d 3i e —4 
2 If 2=2+3 and w=-—1+3i find: 
a |z] b |z*] e |]? Use your answers 
d zz e |zw| t |z|[w| to check the 
properties of 

gl h l i | yi | modulus. 

w | w| 
i fz? k |2| l |z]? 

EEL 5 TTS 

Prove that |z122| — |z1||22| for all complex numbers z4 and 22. 


Let z3=a+bi and z=c+di wherea, b, c, and d are real. 
2122 = (a + bi)(c + di) = [ac — bd] + ¿[ad + be] 
Thus | 2122| = y (ac— bd)? + (ad + bc)? 
- Ve x ya gj 


= |z1||22| 











3 Prove that for all complex numbers z: 
a |z*|—|z| b |z|? = z2* 


4 Find |z| given: 





a z= cos +isinð b z=r(cos0+isin0), reR 
5 Prove that | = | = a for all complex numbers z and w, w #0. 
w w 
6 a Usethe result |z1z2|= |z1||z2| to show that: 
i |z1z2z3| = | z1 || 22|] z3 ii |21222324 | = | z1 | | 22 || 23 || 24| 
b Generalise your results from a. 
€ Use the principle of mathematical induction to prove your conjecture in b. 
d Hence provethat |z"|—]|z|* forall ne Zr. 
e Hence find | g20 | for z = 1-— iv3. 
7 Given |z|=3, use the rules |zw|=|z||w| and |= = E to find: 
w w 
a |2z| b |-32| c |(1+2)z| 
1 21 
. 1 ¢ | 2% 
d lizl * |- 2 














COMPLEX NUMBERS (Chapter 16) 485 


8 Suppose w= 5 where z=a+bi abel. 
gz 


a Write w in the form X +Yi where X and Y involve a and b. 
b If |z|=1, find Re(w). 





Example 6 =ù Self Tutor 


Find |z| given that 5|z-—1|=|z-—25| where z isa complex number. 


5|z—1|2]|z-—25| 
25 ie) = |e = 25|- 
25(z — 1)(z — 1)* = (z — 25)(z — 25)* {as zz* =|z|?} 


25(z — 1)(z* — 1) 2 (z — 25)(z* — 25) (as (z— w)' 2z* —w*] 
2522 — 25z — 25z* 4-25 — zz* — 25z — 25z* + 625 
24zz* — 600 
O 
ofa? = 25 
RM EXE {as |z|> 0} 








9 Suppose z is a complex number. Find |z| if: 








a |2+9|=3|]2+1| =|-2 
z+1 
10 Suppose z and wv are non-zero complex numbers, and. |z -w| — |z— w|. 
Show that  — ——. 
z* w* 


DISTANCE IN THE NUMBER PLANE 


Suppose P, and P» are two points in the complex plane which Polo, Ya) 
correspond to the complex numbers z; and 22. - M 
Now |a —22|-|(zi yii) — (22  yai)| 
= | (z1 — 22) + (ya — ya)f | 
= y (11 — 22)? + (y — ya)? 
which we recognise as the distance 





between P, and P5. 


P2 


: _——  — 
Alternatively, PoP; = P20 + OP, 


21 — Bq 
= —Za + 21 P, 
= 21 — 72 22 
z1 — 22| = | PaP; | ^ 
— distance between P4 and P». O 


E ==> . . . 
If z¡=0OP¡ and z2=0OP then |z1 — z2| is the distance between the points Py and Pa. 
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CONNECTION TO COORDINATE GEOMETRY 


There is a clear connection between complex numbers, vector geometry, and coordinate geometry. 


For example, the parallelogram shown is formed by 
complex numbers w and z on the Argand plane. 



















































] — — w : 
The diagonals of the parallelogram are OR and PQ. OPRQ isa 
z : : =~ parallelogram 
Since these diagonals bisect each other, and OR = w +z, 
OM Z w+z 
2 
Example 7 =ò Self Tutor 
P(2, 3) and Q(6, 1) are two points on the Cartesian plane. Use complex numbers to find: 
a distance PQ b the midpoint of [PQ]. 
a If z=2+3i ad w=6+i 
then z-w=2+3i-6-—i tJ 
=—4+2i P(2,3) 
Ae TEV aE E V20 
"PQ = v20 units y Q(6, 1) 
b gue e Ot aa a R 
2 D 
the midpoint of [PQ] is (4, 2). 
Example 8 x) $elf Tutor 


What transformation moves z to iz? 








If z=a+iy, then iz =i(x + iy) 
= wi + y 








= yr 
If zzP(z,y) then izzP'(—y,z) 


We notice that  |z|= yx? + y? 



































and jiz| = y (-y)? + 2? 
=4/q?2 + y? 
ORT OR 


So, z moves to iz under an anti-clockwise rotation of 5 about O. 








EXERCISE 16B.2 


1 Use complex numbers to find i distance AB ii the midpoint of [AB] for: 
a A(3,6) and B(-1, 2) b A(—4, 7) and B(1, —3). 
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2 OPQR is a parallelogram. OP represents z and OR represents 
w, where z and w are complex numbers. 


a Find, in terms of z and w: 
— — 
i OO ii PR 
b Explain from triangle OPQ, why |z+w|<|z|/+|wl. 
Discuss the case of equality. 





c Explain from triangle OPR, why |z—w|2|w|- |z]. 
Discuss the case of equality. 


— — . — 
3 If z; OP, and z2=0OP, explain why zı — z2 = P2P;. 


4 Find the transformation which moves: 
a ztoz* b zto-z ¢ zto —2* d zto —iz. 


5 Find the complex number z that satisfies the equation Le 2--9i given |z|— 2410. 
2 zZ 





Suppose the complex number z =a+bi is represented 


by the vector OP, and that OP makes an angle of 0 with the 
positive real axis. 


The angle 0 between OP and the positive real axis is 
called the argument of z, or simply arg z. 





To avoid confusion with infinitely many possibilities for 0 which are 27 apart, we choose the domain of 
argz to be 0 € ]—r, m]. This guarantees that z+ argz=0 isa function. 


Real numbers have argument of 0 or 7. 


m 


Purely imaginary numbers have argument of 5 or —5 


POLAR FORM 


We have seen that the Cartesian form of a complex number is z = a + bi. However, we can also 
use a polar form which is based on the modulus and argument of z. 


Any point P which lies on a circle with centre O(0, 0) and 
radius r, has Cartesian coordinates (rcos6, rsin@). 


on the Argand plane, the complex number represented by 
OP is z= rcosð + irsinð = r(cos 9 + isin 0). 
But r=|z| andif we define  cisó = cos0 -- isin0 


then z= |z| cis 0. 
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Any complex number z has Cartesian form z = x 4- yi or polar form z — |z| cis 0 
where |z | is the modulus of z, 0 is the argument of z, and cis 0 — cos0 -- isin 0. 


We will soon see that polar form is extremely powerful for dealing with multiplication and division of 
complex numbers, as well as quickly finding powers and roots of numbers. 


The conjugate of z has the same length as z, and its argument 
is (—0). 


Jot m beret s au E CIS O)" 





Example 9 x) $elf Tutor 
Write in polar form: a 2i b -3 c 1—i 
a b c 
J 





[PEA [-3|23 |1=4|=v1+1=v2 
arg(2i) — 5 arg(—3) = 7 arg(1—i) =-—% 
a (3) A esn e EAR (—4) 
Example 10 x) $elf Tutor 


Convert 4/3 cis (=) to Cartesian form. 


= V3 [cos (82) + ¿sin (32)] 
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EXERCISE 16C.1 
1 Write in polar form: 
a 4 b 4i c —6 d —3i 
e 1+: f 2-2 g -V3+i h 2/3 +2i 


2 What complex number cannot be written in polar form? Explain your answer. 


3 Convert k+ ki to polar form. 
Hint: You must consider k>0, k=0, and k <0 separately. 
4 Convert to Cartesian form without using a calculator: 
a 2cis (3) 6 8cis (3) c 4cis (3) 
d 2 cis (—4) e V3 cis (27) f 5cisa 


5 a Find the value of cis 0. 
b Find |cis 6]. 
Show that cis a cis B — cis (a + 6). 


PROPERTIES OF cis 0 


Three useful properties of cis 6 are: 


e cis @ x cis ó — cis (9+ ¢) 
cis 0 ; 
e cis Y — CIS (0 = Q) 
e cis (0+ k2r) = cisð forall k €Z. 


The first two of these are similiar to the exponent laws: — a£a? — a?*? — and 


Proof: 
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Example 11 


Use the properties of cis to simplify: 








So E 
I3 


= 
— 
> 
I 
l 
> 





Example 12 x) $elf Tutor 


Simplify cis (4%). 


Lorm S oee T 


cis (+05) = cis (187 = z) 


{cis (0 + k2r) = cis 0} 





EXERCISE 16C.2 


1 Use the properties of cis to simplify: 





a cis 6 cis 20 d € [cis 0]? 

d cis (&) cis (3) e 2cis (5) cis (2) f 2 cis (=) x 4 cis (=) 
4 cis (45) V32 cis (F) i AN TA 
2 cis (13) V8 cis (- 1E) l [v2 cis (4)] 


2 Use the property cis (0 + k2r) = cis O to evaluate: 
a cis 17r b cis (-377) 







3 If z=2 cis 0: 

What is |z| and argz? 
Write z* in polar form. 
Write —z in polar form. 


Write —z* in polar form. 






—2 cis @ is not in polar 
form since the modulus of a 
complex number is a length 
and therefore positive. 







fa OG wv 


COMPLEX NUMBERS (Chapter 16) 491 


Example 13 ™) Self Tutor 


Compare this solution with 
Example 8. 


Use the properties of cis 0 to find the transformation which moves 
zZ to iz. 





Let z=rcis@ and use i=1cis(4). 


es r eis O < Cis (5) 
CIS (9 + 7) 





z has been rotated anti-clockwise by 5 about O. 





4 a Write i in polar form. 
Suppose z= r cis is any complex number. Write iz in polar form. 


€ What transformation maps z onto —iz? 


5 a Write in polar form: Ì cos — isin ii sinÓ — icos0 


Copy and complete: “If zg=rcis@ then z*=...... in polar form.” 


MULTIPLICATION OF COMPLEX NUMBERS 


Now zw-—|z| cisÓ x |w| cis ó 
=|z||w| cis (6+ ¢) {property of cis} 
KH’ 
non-negative 
e d2w|2|z]||w| {the non-negative number multiplied by cis (....)} 


and arg(zw) =0+¢=argz+argw. 


If a complex number z is multiplied by r cis 0. then its modulus is multiplied by r 
and its argument is increased by 0. 


Example 14 x) $elf Tutor 








Write z—1-- 3i in polar form. 
Hence multiply z by 2 cis (4). 
Illustrate what has happened on an Argand diagram. 


QQ n GO wv 


What transformations have taken place when multiplying z by 2 cis (2)? 





If z=1+¥/3i, then |z| =4/12+(v3)? =2 
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b (1 + V3i) x 2 cis (Z) = 2 cis s(Z) x 2 cis (4) c 7 
— A cis(& 4 £) 
= úl cis (£) (0,4) 
= 4(0+ 12) 


LIU 
d When z was multiplied by 2 cis e y 1ts modulus has 





been doubled, and it has been rotated anti-clockwise 
through $. 








EXERCISE 16C.3 


1 a Write z—2-—2i in polar form. b Hence multiply z by + cis (3). 


Illustrate what has happened on an Argand diagram. 


d What transformations have taken place when multiplying z by i cis (4)? 


2 a Write 2=-—vV3+1i in polar form. b Hence multiply z by i cis (-3). 
Illustrate what has happened on an Argand diagram. 


d What transformations have taken place when multiplying z by i cis (-3)? 


Example 15 ™) Self Tutor 















Use complex numbers to write cos (3) and sin (4) in simplest surd form. 











cos (4) + isin (3) 
= cis (4) 
= cis (33 + 4) 
= cis (7) x cis (3) (cis (0 -- 9) — cis 0 x cis $1 
a a 
= V3 V3 
= (aa BA) +1 (Rat a) 
Equating real parts: cos (3) = (£) x E T ae 


Equating imaginary parts: sin 














3 Use complex number methods to find, in simplest surd form: 


a cos (3) and sin (4) b cos (+11) and sin (445) 


A Use the principle of mathematical induction to prove that arg(2") =nargz forall ne Zt. 


5 Use polar form to establish: 


z 


w 


kl 








and arg (=) =argz—argw, provided w Æ 0. 


[w| 
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Example 16 x) $elf Tutor 
Suppose z = V2 cis 0 where @ is obtuse. Find the modulus and argument of: 
a 2z b — c (1— i)z 


a 22 =212 cis 6 
|2z|=2/2 and arg(2z) =0 


oe The domain of arg is JA, 

] — Es al = i) = 

b UES (3) =) 
. V2 cis 0 


= 7 





i cis (5) 
2 cis (0 — 2) 
=0-% [since 0 is obtuse, (8 — Ze =r, T|} 
c liz V2 cis (—4) 
(1— i)z = V2 cis (-3) x V2 cis 0 
— 2 cis (- $ -- 6) 
(ial =2 and) cars (OL eg 





6 Suppose z-—3cis0 where @ is acute. Determine the modulus and argument of: 
a —z b z* € iz d (1-4 i)z e 5 f — 


i 1-2 














|z|=1, so z ends on the unit circle. 
H ==> 
z+1 is the vector OB shown. 
OABC is a rhombus. 
arg(z +1) = 35 


{diagonals bisect the angles of the rhombus} 





re 1 e Also cos ($) = = 
OM = cos ($) 
E SEO BE icos ($) 
| z+1| = 2cos ($) 
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7 a If z=cis@ where ó is acute, determine the modulus and argument of z — 1. 
b Hence write z— 1 in polar form. 


c Hence write (z — 1)* in polar form. 


8 ABC is an equilateral triangle. Suppose z; represents OA, z2 represents OB, and z3 represents OC. 


a Explain what vectors represent z2 — zı and 


3 B 








23 — 22. 
. 22 2 
b Find |2]. 
23 — 22 
s 22 =-% 
c Determine arg (2-3) 
23 — 22 





3 
d Hence find the value of (2) ] 


23 — 22 


9 Suppose z—a-—i where ais real, and argz — E. Find the exact value of a. 


FURTHER CONVERSION BETWEEN CARTESIAN AND POLAR FORMS 


Mt emu eus ngu 
hr AS 

















P(z, y) Cartesian Polar 
form form 
r l 
X e r—4/z? 4 y? e tang = 4% 
z 
* i x E e cos$ó—- — t e sing = —— 
y 12 + y? ye 
POLAR TO CARTESIAN ETA 
Lr ALLI . 
z — 2 cis(£) 1.24 r6+. 765371 
= 2 (cos (Z) + isin ($)) 


= 1.85 + 0.7651 


CARTESIAN TO POLAR 
2=-3+i has r=y(-32+1? = y10 


cosó= 3 and sind = 7 
0 = 7 — arcsin e) {quadrant 2} 
—3 -F i 110 cis (2.82) 
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EXERCISE 16C.4 


1 Use your calculator to convert to Cartesian form: 





a v3 cis (2.5187) b VII cis (—3£) ¢ 2.83649 cis (—2.684 32) 
2 Use your calculator to convert to polar form: 
a 3-4 b -5-12 € —11.6814 4 13.2697i 
3 Add the following using a 4- bi surd form and convert your answer to polar form: 
a 3cis (4) + cis (=) b 2 cis (2) +5 cis (7) 
4 Use the sum and product of roots to find the real quadratic equations with roots of: 
a 2cis (%), 2cis (4) b V2cis (4), v2 cis (3) 
Leonhard Euler proved that the complex number z = |z| cis © can also be written in the form 
z=|z| e. 


To achieve this he proved that e? = cos + ising 

For example, consider the complex number z — 1-4 i. 

lal=y2 and 0= a 3 (1,1) 
1+i= v2 cis (4) = 


So, V2 cis (3) is the polar form of. 1- i. 





and v2e'* isthe Euler form of. 1 i. 





We cannot formally prove the identity e’? =cos@+isin@ until we have studied calculus. However, 
in the following investigation we put together our knowledge of exponentials and complex numbers to 


justify why it is reasonable. 


INVESTIGATION 


In this investigation we consider what happens when a complex number z is multiplied by a complex 
number in Euler’s form. The aim is to explore the relation e? 
insight into its meaning. 


What to do: 


= cos + isin and provide 


1 On the Cartesian plane, the equation of the unit circle is 2? +y? =1. 
a State the equation of the unit circle on the Argand plane. 


b Write, inthe form 2+ yi, the complex number on the unit circle whose corresponding 
vector makes an angle of @ with the positive x-axis. 
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In Chapter 3 we studied continuous compound interest. We saw that for 100% compound growth 


with interest calculated in n subintervals, the value after each subinterval is generated using the 
n 


2 n 
sequence 1, (1 + 3! (1 + 2) eres (1 + -) . We saw thatas n —> oo, (1 + 2) EI 
n n n n 


a SNAM ¿NN 
Now consider the sequence 1, (1 + 2), (1 + 2) "M (1 + 2) which has n+1 terms. 
n n n 


We now have imaginary compound growth with interest calculated in n subintervals. 


a For each of the following cases, find the terms of the sequence, then plot them on an 
Argand diagram and connect them with straight line segments. 
Ü qi M n= ili n=3 iv n=4 von=5 
b Click on the icon and use the software to plot the terms of the sequence DEMO 
for values of n up to 500. 
i What do you notice about the curve being generated as n gets very 
large? 
ii Find cos1% and sinl*. 
rr aos 
ili Locate (1 F =) : 


iv Copy and complete: As n oo, (1 + 2) ee 3pm i-e {Euler} 
TL 


In Chapter 3 we also saw that if interest is paid continuously, then the compounded amount 
after 1 year is the initial amount multiplied by e*, where R is the interest rate. 


é . 2 . n 
Now consider the sequence 1, (1 + 2. (1 + z) ES (1 + 2) which has n+1 terms. 
n n n 


Click on the icon to run the software. 
a Set 0 —2. Plot the terms of the sequence for values of n up to 500. DEMO 


i What do you notice about the curve being generated as m gets very 
large? 
ii Find cos2* and _ sin2°. 
ili Copy and complete: As n oo, (1 4 z) — ues er i =e”, {Euler} 
n 
b Set 0 — 5. Plot the terms of the sequence for values of n up to 500. 


i= 
i Copy and complete: As m — oo, h: + =) E Les. t=e >. {Euler} 
n 


ii Comment on your answer with respect to the result in Examples 8 and 13. 


4 Copy and complete: 


a The effect of real compound growth is to increase the size or modulus of a quantity. So, 
when we multiply a complex number z by e", the vector representing z is ...... with scale 
factor ...... . This means the ...... of z is multiplied by e”. 

b The effect of imaginary compound growth is to rotate the quantity in the complex plane. 
So, when we multiply a complex number z by cis 0 =e", z is n... anti-clockwise 
through angle ...... about the origin O. This means the ...... of z is increased by 0. 


5 Consider z=|z|e and w=|wle’?. 


Explain the result when z is multiplied by w. 


Example 18 
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=) Self Tutor 





Now 2=0+ li 


cos (3) + ¿sin (3) 














== s 
d wm n 
= a 
mE 
EXERCISE 16D 
1 Use e =cos0+isin0 to find the value of: 
a e b e3 ce? 
2 Use cis =e" to prove that: 
a cis @ cis ¢ = cis(6 + ¢) b Te. cis (0 — 9) 
3 Suppose z = cis 0, find the argument of: 
a yz b iz € —iz d : 
4 Evaluate: 
a e b 3 i a (Gy) 





Polar form enables us to easily calculate powers of complex numbers. 


For example, if z — |z| cis 0 


then 2? = |z| cis 0 x |z| cis 0 and E ats 
= |z|? cis (0 + 8) = |z|? cis 28 x |z| cis 0 
= |z|? cis 20 = |z|? cis (20 +8) 
= |z|? cis 30 


The generalisation of this process is De Moivre’s Theorem: 


(|z| cis 0)” = | z |” cis n0 forall rational n. 
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Proof for n € Zt: {By the principle of mathematical induction} 














We also observe that cis (—n0) = cis 2 — n) — E [as <= = cis (6 — ¢)} 
". eis (-n0) — zs — [as cis0— 1l 
2. 1 + 
7 quam (for ne Z^) 


— [cis 0| "^ so the theorem is true for all n € Z 


Also, [cis (£)]" = cis (n (n)) — cis 0 


so the theorem is true for all n € Q. 


tm 
[el 
p 
[^2] 
D> 
xe 
3 
| 
y 
=> 
o 
E 
un 
DS 
— 
sle 
UA 
3 
Il 
ma 
[e] 
E 
[^2] 
Co 
ajo 
aget, 
isset 
| 
o 
mA 
un 
~ 
D> 
b E 





Example 19 


Find the exact value of (v3 + i) using De Moivre's theorem. 
Check your answer by calculator. 


J3-ri has modulus (vay +12=y4=2 
n vV3+i=2(% + 4i) 


TIIS (3) 


Ce Pi cis (2))? 





Pe 
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EXERCISE 16E 


1 Prove De Moivre’s theorem using Euler’s form and the laws of exponents. 


2 Use De Moivre’s theorem to simplify: 


a (v2cis (2))" b (cis (5))% « (V2eis (3))” 

d 4/5 cis (2) e ¿/8 cis (3) t (8eis (2))* 
3 Use De Moivre's theorem to find the exact value of: 

a (1+) b (1-iv3)" e (Va-iv2) ^ 

d (-14i) * e (V8- i5 f (24213) * 


Check your answers using technology. 
4 Suppose z=|z|cis@ where —r <0 <r. 
a Use De Moivre’s theorem to find J/z in terms of | z | and 0. 
b What restrictions apply to ¢ = arg (yz)? 


c True or false? “\/z has a non-negative real part.” 
5 Show that cos@—isin@ = cis (—0). Hence, simplify (cos0 — isin0) ?. 


6 a Write z=1+i in polar form and hence write z^ in polar form. 
b Find all values of n for which: 
Ì z” is real ii z” is purely imaginary. 
7 Suppose |z|=2 and argz=0. Determine the modulus and argument of: 


4 1 a 
a 2 b iz? c = d = 
2 22 


2_ 
8 If z=cis0, prove that 2— =itanó. 
24+1 


Example 20 x) $elf Tutor 


By considering cos20 --isin20, deduce the double angle formulae for cos20 and sin20. 


cos 29 + isin 20 = cis 26 

= [cis 6]? {De Moivre’s theorem} 

= [cos 6 + ¡sin 0]? 

— [cos? 0 — sin? 0] 4- i [2 sin 0 cos 6] 
Equating imaginary parts, — sin 20 — 2sin 0 cos0 
Equating real parts, cos 20 — cos? 0 — sin? 0 








9 a Usecomplex number methods to deduce that: 
i cos30 = 4cos? 0 — 3cos0 il sin30 — 3sin0 — Asin? 0 
b Hence find tan30 in terms of tan only. 
c€ Hence solve the equations: 


i da? — 32 =-3 ii x3 — 3/32? —- 37+ V3 =0 
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10 Points A, B, and C form an isosceles triangle with a right angle at B. C 
Suppose A, B, and C are represented by the complex numbers zi, 2», 
and z3 respectively. 


a Show that (21 = 23)? = — (23 = 292). 
b If ABCD forms a square, what complex number represents the B 
point D? Give your answer in terms of 21, za, and z3. A 
11 Find a formula for: 
a cos4@ in terms of cos0 b sin40 in terms of cosÓ and sin 0. 


12 a i| If z-—cisÓ, provethat z"4- = = 2cosné. 
ii Hence explain why z+ Z — 2cos 0. 
iii Use the binomial theorem to expand (: + =) i and simplify your result. 
iv Hence show that. cos? 0 — 1 cos30 4- 2 cos. 


v Hence show that the exact value of cos? (Ex) is 5V2, Hint: — = 


aly 
+ 
cola 


b Show thatif z—=cis@ then 2” — a = 2isinné. 
2 


Hence show that sin? 0 = i sin 0 — i sin 30. 


c Hence show that sin? 0 cos? 0 — 3; (3sin 20 — sin 60). 


With De Moivre's theorem to help us, we can now find roots of complex numbers. 





SOLVING 2” —c 


Consider an equation of the form z" — c where n is a positive integer and c is a complex number. 
q 


The nth roots of the complex number c are the n solutions of 2” = c. 


e There are exactly n nth roots of c. 
e If cc IR, the complex roots must occur in conjugate pairs. 


e If c£ RR, the complex roots do not all occur in conjugate pairs. 
at 
e The roots of z^ will all have the same modulus which is |c|". 
ert 
e Onan Argand diagram, the roots all lie on a circle with radius |c|”. 


e The roots on the circle r=|c | will be equally spaced around the circle. 
If you join all the points you will get a geometric shape that is a regular polygon. 
For example, n=3 (equilateral A), m=4 (square) 
n=5 (regular pentagon) 
^» -—6 (regular hexagon) etc. 


For example, the 4th roots of 2i are the four solutions of z* — 2i. 
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The roots of a complex number may be found by factorisation, but this is usually very difficult. It is 


therefore desirable to have an alternative method such as the nth roots method presented in the following 
example. 


Example 21 x) Self Tutor 
Find the four 4th roots of 1 by: 


a factorisation b the ‘nth roots method’. 





The 4th roots of 1 are the 4 solutions of 2*= 1. 
a By factorisation, PE! 
La E 
(22--1)G7 — 1) «0 
(z+i)(z-i)(2+1)(2-1) =0 











P= ae) or El 


b By the ‘nth roots method’, J R 
34-1 il 


z* = 1 cis (0+ k2r) where ke Z {polar form} 





T 
a= les (nF 
aes ( I ) {De Moivre} The substitution of k = 0, 
1, 2,3 to find the 4 roots 
could be done using any 4 
z=cis0, cis(Z), cis 7, cis (34) consecutive integers for k. 

{leaning =O, i, 2, a} 
2=1,1, —1, -2 


A IS (55) 











EXERCISE 16F.1 
1 Find the three cube roots of 1 using: a factorisation b the ‘nth roots method’. 
2 Solve for z: a 2° =—-8i b 22 =-27i 
3 Find the three cube roots of —1, and display them on an Argand diagram. 
4 Solve for z: a 2*=16 b ;*—-—16 
5 Find the four fourth roots of —i, and display them on an Argand diagram. 


6 Solve the following and display the roots on an Argand diagram: 
a 3=242i b 2 =-24 2% c2=l14%; 
d 2=vV3+1 e 2 =-4-4i f 2=-2V3-2i 
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a Find the fourth roots of —4 in the form a + bi. 


b Hence write 2^ 4-4 as a product of real quadratic factors. 









a The fourth roots of —4 are the solutions of 
4 
¿== 


2^ = 4 cis (m +k2r) where ke Z 
Jl 
z = [4 cis (x 4- k21)]* 
1 
ZAI CS (=) {De Moivre} 
2 2 T 
2 PEIS (1). DENIS (22), 22 
= ao E AU CES 
2 V3 (A. Aui). V2(- 5 
ccu sp M Ee 


b Theroots 1-7 have sum — 2 and b h s 
product = (1 n Da É i) 2 Observe the connection 
between polynomial 








they come from the quadratic factor 
z? — 2z +2. 
The roots —1 +i have sum — —2 and 
product = (—1 +1)(=1 =4) =2 
they come from the quadratic factor 
2 +22+2. 
Thus 24+4= (2? — 22+2)(2? + 22 + 2) FP 


methods and complex 


number theory. 














7 a Find the four solutions of z4+1—=0 inthe form a+ bi, and display them on an Argand 
diagram. 


b Hence write z++1 as the product of two real quadratic factors. 


(8-9) 
; 2 2 
8 Consider z — ——— — — ————;——— — — — 5 
cos( 15) — isin(5)) (cos(%) + isin(%)) 
a Using polar form and De Moivre’s theorem, find the modulus and argument of z. 


Hence show that z is a cube root of 1. 
Without using a calculator, show that (1 —2z)(2z?—1) isa real number. 


9 a Write —16% in polar form. 


Let z be the fourth root of —162 which lies in the second quadrant. 
Express z exactly in: 


i polar form ii Cartesian form. 


THE nTH ROOTS OF UNITY 


The nth roots of unity are the solutions of z^ — 1. 
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Example 23 x) $elf Tutor 


Find the three cube roots of unity and display them on an Argand diagram. If w is the root with 
smallest positive argument, show that the roots are 1, w, and 1? and that 1+ w+ w? = 0. 





The cube roots of unity are the solutions of 2% = 1. 


But 1 = cis 0 = cis (0+ k27) forall keZ 
2% =cis (427) 


wl = 


z = [cis (k2m)] {De Moivre’s theorem} 


ICs (Ex) 
2=cis 0, cis(%), cis (4) {letting k — 0, 1, 2) 
EL 





w = cis (=) and w? = [cis (oie = cis (= 
the roots are 1, w, and w2 where w = cis ( 


and Lkw ut -1 (232380 e (-2 - Li) =0 








EXERCISE 16F.2 


1 In Example 23 we showed that the cube roots of 1, w, w? where w = cis (32). 


a Use this fact to solve the following equations, giving your answers in terms of w: 
i (243)? = ï (2-1)? = iii (22- 1)? =-1 
b Show by vector addition that 1+ w+w?=0. 


2 In Example 21 we showed that the four fourth roots of unity were 1, i, —1, —3. 


3 where 


a Show that the four fourth roots of unity can be written in the form 1, w, w?, w 
w = cis (3). 

b Hence show that 1+w+w?+w? =0. 

Check the result in b by vector addition. 


Find the 5 fifth roots of unity and display them on an Argand diagram. 
If w is the root with smallest positive argument, show that the roots are 1, w, w?, w3, and wt. 
Simplify (1+w+w?+w?+w*)(1—w) and hence show that 1+w+w?+w?+w* =0. 


a a CS wv 


Show by vector addition that 1+ w+w? + w? + wt =0. 


4 a Show that w = cis (2) is the nth root of unity with the smallest positive argument. 


cs 


Hence show that: 
i then rootsof z^" —1 are 1,w,w?, w?, ...., wT! 


ii lt+wtw?tuw?t+...+w™!=0 


5 Show that for any complex number a, the sum of the n zeros of z” =œ is 0. 
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PROBLEMS 





The following questions combine complex number theory with topics covered in previous chapters. 


EXERCISE 16G 


Solve for z:  22-(2+1)2+(3+1)=0 


2 Find the Cartesian equation for the locus of points P(x, y) if z=u+iy and: 


a 2*=-iz b arg(z—i)—-£ ¢ |z+3|+|z—-3/=8 


6 


3 Use the binomial expansion of. (1-- i)?" to prove that: 


2)- 


n 
By considering 1+ cis 0+ cis 20 + cis 30+....4 cisn@ as a geometric series, find > cosré. 


(2) + (71^ (2:5) = 2" cos (2), ne Zt. 


(2) + (2) - 


r=0 


Prove that 1 + cis 0 = 2 cos (2) cis (£). Hence determine the sum of the series 7 (2) cos(r@). 


r=0 


REVIEW SET 16A | 


10 


11 
12 
13 


14 


Find the real and imaginary parts of (i = A. 
Find the Cartesian equation for the locus of points P(x, y) if z —z--iy and: 
a |z—7|/=|/z+1+47| b 2*-iz=0 
Find |z| if z is a complex number and |z+16|=4|z+1). 
Find a single transformation which maps z onto: a z* b -z G 0z 


z and w are non-real complex numbers such that both z+w and zw are real. 
Prove that z* — w. 


If (r--iy) 2 X - Yi where nis a positive integer, show that X?+ Y? = (2? + y?)”. 
Prove that |z—w|?+|z+w|? — 2 (Iz 4- |w [?). 
z? —1 hasroots 1, a,a?,a%,anda* where a =cis (2). 


a Prove that 1+a+a?+a%+a‘*=0. 














5 
b Solve (: ae z) = 1, giving your answer in terms of a. 
o ad es Aa 1, prove that z 1s purely imaginary. 
a p 
MEA mu w= Laz , show that w = cisó also. 
1+ 2* 


Find the cube roots of —642, giving your answers in the form a -- bi where a, b € R. 
If z= cis 6, find the modulus and argument of: 2 (22)-! b 1-z 


Write —1+i/3 in polar form. Hence find the values of m for which (-1 + iv3)" is 
real. 


5 
Prove that cis 6 + cis ¢ = 2cos (252) cis (222). Hence show that (: 3 =) has 
Z 





solutions of the form z = i cot (22) IA ande 
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REVIEW SET 16B OR 


10 


12 


13 


14 


Let 2 =cos(Z)+isin(Z) and 2, =cos (4) +isin (4). 
Express (=) : inthe form z — a 4- bi. 
2 


MAZA E and) w= 2— 37, “find: 








a 2w* —iz b |w-—z*| e 2 d arg(w-— z) 
Find rational numbers a and b such that is 2i — 3-2. 
2a + bi 
Find the Cartesian equation for the locus of points P(x, y) if z=a+iy and: 
DT CRUS 
a ar 0) == 2-2 





Write 2—243i in polar form. Hence find all values of n for which (2 — 24/31)" is real. 
Determine the cube roots of —27. 


If z=4cis 6, find the modulus and argument of: 


T i 
a 2 b= € iz* 
2 


Prove: a arg(z")— nargz for all complex numbers z and rational n 


w 


ZN ge 
b (2) = — forall z and for all w £0. 
w 
Points A and B are the representations in the complex plane of the numbers 2=2-—2% and 
w=-1- 3i respectively. 
a Given the origin O, find AOB in terms of r. 


b Calculate the argument of zw in terms of 7. 


Tllusirate-the region defined by (2: 2s || «5 and. —7 « argz S 7) 
Show clearly all included boundary points. 


|= for z #0 and arg (2) — — arg z. 
zZ z 


Use polar form to deduce that izi 
zZ 





If z= cisa, write 1--z in polar form. Hence determine the modulus and argument of 
E 
Hint: sin0 — 2sin (2) cos (2) 
AP;P2P3 is an equilateral triangle. Pa 

. . . A ere 
O is an origin such that OP, — z1, OP2 = zs, 

—> 

and OP3 = 23. 


Suppose arg(zo — 21) =a. 


a Show that arg(z3 — 22) 2 a — 2. E 
b Find the modulus and argument of Pura. 
23 — 22 


Ps 
State the five fifth roots of unity, and hence solve: 
a (22 — 1) 239 b 25--5z*--102? 1022 -5z 20 € (z-ETD9-(z—1)9 
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REVIEW SET 16C 





1 
2 
3 


10 
11 


12 


13 
14 


Write in polar form: a —5i b 2-2/3 € k—ki where k <0 


Suppose z= (1+ i)? where b is real and positive. Find the exact value of b if argz — $. 


a Prove that cis @ x cis ó — cis (0 4- 9). 
b If z—2JV2ciso, write (1— i)z in polar form. Hence find. arg (1 — i)z]. 


e E F 3 
2; 2 OA and z2=0B. represent two sides of a right B 


angled isosceles triangle OAB. 
2 
a Determine the modulus and argument of zm Zo 
Zo A 
b Hence, deduce that z,? + 2,7 = 0. > 


Let z= Wa(cos(%)+isin(Z)) and w= Wb (cos (4) — isin (F)). 


4 
Find, in terms of a and b, the real and imaginary parts of (2) A 
w 


2 


a List the five fifth roots of 1 in terms of w, where w = cis (2 


an Argand diagram. 


y Display these roots on 


b By considering the factorisation of 2? — 1 in two different ways, show that: 
zt +23 +22? 1 = (2 900) — 2) (2 — wz — wt). 
c Hence, find the value of. (2 — w)(2 — w?)(2 — w3)(2 — w^). 
Find the cube roots of —82, giving your answers in the form a+ bi where a and b do not 
involve trigonometric ratios. 


Write each of the following in the form (cis 0)”: 
il 


AA € cosÓÜ — isinO 
cos 20 + isin 20 


a cos36 +7sin 30 


Determine the fifth roots of 2+ 2%. 
If z+= is real, prove that either |z| — 1 or z is real. 
zZ 


If z=cis 0, prove that: 

AES b r=- c sin 0 = (cos 40 — 4 cos 20 + 3) 
Suppose w is the root of. z? — 1 with the smallest positive argument. Find real quadratic 
equations with roots: a w and wt b (w+w*) and (w? + w°). 

If |z+w|=|z—w|, prove that argz and argw differ by 5. 
The complex number z is a root of the equation. |z| — |z 4-4]. 
a Show that the real part of z is —2. 
b Let v and w be two possible values of z such that |z| — 4. v is in the 2nd quadrant. 
i Sketch the points that represent v and w on an Argand diagram. 
ii Show that argv = zz. iii Find argw where —7 <argw <7. 


iv Find arg (—) in terms of m and 7. 
l 


A qmm 2 
v Hence find a value of m for which ——^ isa real number. 
2 
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OPENING PROBLEM 


In a BASE jumping competition from the Petronas Towers in Kuala Lumpur, the altitude of a 
professional jumper in the first 3 seconds is given by (t) — 452 — 4.8t? metres, where 
0<t<3 seconds. 
Things to think about: 
a What will a graph of the altitude of the jumper in the 
first 3 seconds look like? 


b Does the jumper travel with constant speed? 





¢ Can you find the speed of the jumper when: 
i £= 0 seconds ii t= 1 second 
iii ¢ = 2 seconds iv ¢ =3 seconds? 





Calculus is a major branch of mathematics which builds on algebra, trigonometry, and analytic geometry. 
It has widespread applications in science, engineering, and financial mathematics. 


The study of calculus is divided into two fields, differential calculus and integral calculus. These fields 
are linked by the Fundamental Theorem of Calculus which we will study later in the course. 


HISTORICAL NOTE i 


Calculus is a Latin word meaning ‘pebble’. 


Ancient Romans used stones for counting. irl po pst eae eM a 
A Pas k La e Ada TII oer A 
The history of calculus begins with the Egyptian Wii. " PM 


win 4. s Iz uot 


Moscow papyrus from about 1850 BC. E Li fo AREAL mias 


E : afal MIE kandi 
The Greek mathematicians Democritus, Zeno t4- es a eas 
of Elea, Antiphon, and Eudoxes studied serv = 
A Mes JEU : E : E iwiz Za Rast ja MI 
infinitesimals, dividing objects into an infinite e aie e d s mS 

E B - s 

number of pieces in order to calculate the area toe" f. mesa? 
of regions, and volume of solids. AUR ie Stans 





Wal Su el 

a SURE dies W 
DIT MT temm 

An ut lisa a Ad s 


| UE Ma 
ASA SG 


Archimedes of Syracuse was the first to find the 
tangent to a curve other than a circle. His methods 
were the foundation of modern calculus developed 
almost 2000 years later. 





ust 





[gend 








Archimedes 
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ins 


The concept of a limit is essential to differential calculus. We will see that calculating limits is necessary 
for finding the gradient of a tangent to a curve at any point on the curve. 


Consider the following table of values for f(x) =x? where z is less than 2 but increasing and getting 


closer and closer to 2: 





To 


We say that as x approaches 2 from the left, f(x) approaches 4 from below. 


We can construct a similar table of values where x is greater than 2 but decreasing and getting closer 


and closer to 2: 








In this case we say that as x approaches 2 from the right, f(x) approaches 4 from above. 


In summary, we can now say that as z approaches 2 from either direction, f(x) approaches a limit of 
4, and write 
lim g? = 4. 


12 


INFORMAL DEFINITION OF A LIMIT 


The following definition of a limit is informal but adequate for the purposes of this course: 


If f(x) can be made as close as we like to some real number A by making «x sufficiently close to 
(but not equal to) a, then we say that f(x) has a limit of A as x approaches a, and we write 
lim f(x) = A. 


zu 


In this case, f(x) is said to converge to A as x approaches a. 


It is important to note that in defining the limit of f as x approaches a, x does not reach a. The limit 
is defined for x close to but not equal to a. Whether the function f is defined or not at x =a is not 
important to the definition of the limit of f as x approaches a. What is important is the behaviour of the 
function as x gets very close to a. 


ol 5a + z? 
E x 


For example, if f(x) and we wish to find the limit as x — 0, it is tempting for us to 


simply substitute z — 0 into f(z). 
Not only do we get the meaningless value of 5, but also we destroy the basic limit method. 


_ 5a + a? _ «(5+2) 


Observe that if f(x) 


zT z 


5+a if c#0 
is undefined if x = 0. 


then f(x) = { 
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The graph of y = f(x) is shown alongside. It is the straight 
line y —z-45 with the point (0, 5) missing, called a point 
of discontinuity of the function. 


However, even though this point is missing, the /imit of f(x) 
as x approaches 0 does exist. In particular, as x— 0 from 
either direction, y= f(x) — 5. 


5a + 


2 
We write lim. 27 —5 which reads: 
co x 





2 
“the limit as z approaches 0, of f(a) = a is 5". 
x 


A function f is said to be continuous at x =a if and only if three conditions are all satisfied: 


1 f(a) is defined 2 lim f(x) exists 3 f(a) = lim f(x) 


za 


In practice we do not need to graph functions each time to determine limits, and most can be found 
algebraically. 








Example 1 ™) Self Tutor 
2 2 
Evaluate: a lim z? b lim Kram c lin 2 2 
2 z—0 T r—3 r—3 





2 


a z^ can be made as close as we like to 4 by making z sufficiently close to 2. 
md 
2 2 
b lim sane c lim 2a 
z—0 £ 1>3 —3 

E rx) EC EE) NE 

= lim ID == (0) = lim t ee A 

= lim (x + 3) = lim (x + 3) 


=3 =6 








RULES FOR LIMITS 


If f(x) and g(a) are functions such that lim f(x) and lim g(x) exist, and c is a constant: 


eximie 


e lin cf(x) =c lim f(z) 








o ia Co E) E lim f(a) + lim g(a) 


© lim [f(2) 9(v)] = lim f(x) x lim g(x) 
e lim 2 = lim f(x) + lim g(x) provided lim g(x) z: 0 


ra g 35 za 
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Example 2 ») $elf Tutor 


Use the rules to evaluate the following limits. Explain what the results mean. 


a lim (z t 2)(z - 1) 


a As 21>3, 2+2>5 and x—12 
lim (x + 2)(x — 1) = 5 x 2 = 10 
So, as x — 3, (x+2)(x—1) converges to 10. 
2 AS w—d, g^29—3 anal 





EXERCISE 17A 




















1 Evaluate: 
a lim (a +4) b lim (5-2x) c lim (3x—1) 
r3 z—-—1 14 
d lim (5z? — 3x +2) e lim A?(1— h) f lim (a? +5) 
12 h—0 0 
2 Evaluate: 
a lim 5 b lim 7 c lim c, ca constant 
z—0 h=>2 z—0 
3 Evaluate: 
2. 2 = 
a lim = = b lim mm c lim 2— d lim = 
1 T h=>2 h >0 x+1 r0 r 
4 At what values of x are the following functions not continuous? 
Explain your answer in each case. 
1 z?—m 
a f(x)=- b f(x) = 
T HH 
5 Evaluate the following limits: 
2 - 2 2 2 
a lim = m b lim 7+ 2d em ==» 
z—0 x z—0 x z—>0 z 
. 2h? +6h . 3h2—4h 0 h3 — 8h 
d lim SEE e lim MEAM f lim B 
h—0 h h—0 h h—0 h 
2. 2_ De 
g lim = h lim = zu i lim Erg 








r—1 r—1l :r—2 r—2 213 1r—3 
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B T INFINITY 


We can use the idea of limits to discuss the behaviour of functions for extreme values of x. 





We write | x — oo to mean when x becomes as large as we like and positive, 
and  r-— —oo to mean when x becomes as large as we like and negative. 


€ 


We read x — oo as “gr tends to plus infinity" and. z — —oo as “gx tends to minus infinity". 


: 1 
Notice that as z —^oo, 1«z«z?«a? «... andas z gets very large, the value of. — gets very 
T 


small. In fact, we can make a as close to O as we like by making x large enough. This means that 
BH 


lim == 0 even though l never actually reaches 0. 
zx 


























T>00 T 
A. d : y T 
Similarly, lim Z = lim 2x2 
T>00 T T>00 T x 
: 1 a 
= lim = {since x £0} 
T—>00 x 
=0 
=) Self Tutor 
2 a= 2 
Evaluate: a ] xui b lim = Edo 
zoo rz—4 Z—00 =x 
a 1 21 +3 
z—ocoo r—4 
3 
= Shhen — {dividing each term in both numerator and denominator by x} 
XS) 
2 3 4 
= (as r—0o0, ——0 and ——0} 
1 XL T 
= 
22—3x+2 
b li 
00 1-2? 
3m 
M 
= lim —*~— {dividing each term by a? 
z—0oo Fb 1 
1 3 2 il 
cS [as x — oo, aa m and a O 
=-1 
EXERCISE 17B.1 
1 Examine lim = 
T>00 LT 
2 Evaluate: 
a lim 3-2 b uc c lim 
r—oo r-c-1 rz—0oo 3r 4-2 r—ool-z 
: 2? : 2 — 2x 4 
d lim = au e lim 2 a 





z—oo z2—1 100 a2+x-1 
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INVESTIGATION 1 


The sequence 0.3, 0.33, 0.333, ... can be defined by the general term  z,, — 0.333....3 where 
there are n 3s after the decimal point, n € Z+. 


What to do: 

1 Copy and complete the table alongside: 

2 Consider 210) Which contains 100 3s. In the number 
(1—32100), how many 0s are there between the decimal 
point and the 1? 

3 In the limit as n tends to infinity, 2, contains an 


increasingly large number of 3s. In the number 
(1— 32), how many Os will there be before the 1? 








A4 Using your answer to 3, state lim 1 —3z,. 
n—>00 


5 Hence state lim zx,, which is the exact value of 0.3. 
n—>00 


ASYMPTOTES 


In Chapter 2 we studied rational functions, and saw how they are characterised by the presence of 
Consider the function f(x) 


asymptotes. 
o=4; f(a) = 22 
[2]|144, reR). i z=4 


From the graph of y = f(x), we can see the function has 4]! a 
a vertical asymptote « = 4, and a horizontal asymptote 
y= 2. 


= 20 +8 which has domain 











Both of these asymptotes can be described in terms of limits: 


As i>4, f(x) > =œ x — 4 reads 

As zr — 4*, f(z) — +00 “q tends to 4 from the left”. 
As r— —oo,  f(z)—2- f(z)-— 2^ reads 
As r— Foo,  f(z)—2* “ f(a) tends to 2 from 


below". 





Since f(x) converges to a finite value as z — —oo, 
we see lim f(x) =2. 
T—=00 


Since f(x) converges to a finite value as 1 — +00, 
we see lim f(x) =2. 
T—>00 


This matches what we see algebraically, since 














` 2x 4-3 : 22+ 3 
lim and lim 
r—o0oo r—4 r—-—oo y—4 
o E a 
= lim = lim 
T T 


=2 = 
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™) Self Tutor 
= 


a Discuss the behaviour of f(x) = e near its asymptotes, and hence deduce their 
zx 


equations. 


b State the values of lim f(x) and lim f(a) if they exist. 
DO! LOS 





a Asi>-1, a 





f) 08 all 
As z— —1*, f(x) =00 
As r— —oo,  f(z)— —1^ 
As rz oo, f(z)  -1* 4 
Ts wells mel in e 


The horizontal asymptote is y = —1. 





b lim f(x)=-1 and lim f(x) =-1. 


COO) 





Example 5 =ù Self Tutor 
Find, if possible, lim (3—e *) and lim (3-— e77). 
DOS zoo 

As r— —oo, 3—e * — —oo. 

Since 3—e * does not approach a finite 

value, lim (3— e7”) does not exist. 

E" 00 
As t—oo, 3-e 7-37 


lim (3—e *) 23 


LOS 








= 


y=3-e 








EXERCISE 17B.2 


1 For each of the following functions: 


i discuss the behaviour near the asymptotes and hence deduce their equations 
il state the values of lim f(x) and lim f(x). 
z— —0o qx—0o0 

















_1 _ 3-2 _ 1-22 

a f(x) =+ b f(a) = == e f) - 2 
x 2?—1 x 
d Fe) = e T= aF f T5 -——.—1 
2 a Sketch the graph of. y — e* — 6. 
b Hence discuss the value and geometric interpretation of: 
i lim (e*—6) ii lim (e? —6) 
xZ——0o T>00 


3 Find, if possible, lim (2e * —3) and lim (2e * — 3). 


T—>—00 T—00 
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^ Determine the asymptotes of the graphs of the following functions, and discuss the behaviour of the 
graphs near these asymptotes: 


1 
a f(z)=lnz b f(r)=e = 
5 Ifa graph approaches a straight line which is neither vertical nor horizontal, we call it an oblique 
asymptote. 


Determine the asymptotes of the graphs of the following functions, and discuss the behaviour of the 
graphs near these asymptotes: 


a f(r)—-z-lnz b f(z)-—e*-mx € fíx)= d f(x) =(ax@-2)e* 








INVESTIGATION 2 


secs "uvm a sin : Ls. : 
This investigation examines Pu when ô is close to 0 and 0 is in radians. 


We consider this ratio graphically, numerically, and geometrically. 


What to do: 


sin 0 


1 Showthat f(0) = B is an even function. What does this mean graphically? 





" sind . : sin 0 oe 
2 Since — 1s even we need only examine EN for positive 0. 


sin 0 








aS (o continuous at 0 — 0? GRAPHING 
PACKAGE 
sin 0 T m : : 
b Graph y— a for —5<0<23 using a graphics calculator TNT 


or graphing package. 


sin 0 


— 





€ Explain using your graph why im 


3 a Copy and complete the given table, using your calculator. 
Construct a table for negative values of 0 which approach 0. 


- r ind 
€ Use your tables to discuss oe — : 





4 a Explain why the area of the shaded segment is 
A — ir?(0 — sin). 





sin 0 


b Use the given figure to show that for 0 in radians, as 0 — 0^, 





sin 0 





5 Repeat the investigation to find lim 


— 


for 0 in degrees rather than radians. 
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er 2 a in 
If @ is in radians, then jm mel, 


Suppose P(cos@, sin@) lies on the unit circle in the 
first quadrant. 


Proof: 
[PQ] is drawn perpendicular to the x-axis, and arc QR 
with centre O is drawn. Now, 


area of sector OQR < area AOQP < 
3(OQ)? x 0 € $(OQ)(PO) € $(OT? x 9 





area sector OTP 





To establish the value of 




















10cos?0 « Lcos0sin0 « 10 e TE 
inĝ 1 
cosÓ < aus eS sp 
0 cos consider a both as 
. . . 1 . . 
{dividing throughout by 30 cos 0, which is > 0} DD M 
Now as 0 — 0, both cos0 — 1 and ul 0 — 07. 
COS 
as 0— 0*, sind => 1. 
sino : _ sind 
But Is an even function, so as 0 — 0^, — 1 also. 
OA 


sinó | L 





Thus lim 
0—0 


Example 6 ») $elf Tutor 


IU RT EUR 
00 60 


SiO 
lim 
050 0 
: in 30 
mm pug XO 
amo 30 


=3x jim, == {as 0 —5 0, 309 — 0 also] 


= 3) 5< Il 
Z3 





EXERCISE 17C 











1 Find: 

: in 20 ‘ . tan 

a lim 2 b lim — c lim 22 
0—0 0 0—0 sin 0 0—0 

(Rh 

. in 0 sin 40 . Sin(Z)cosh ] ] 

d lim nY e lim Hals jan f lim nsin (22) 
0—0 9? h—0 h n—oo n 
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2 A circle of radius r contains n congruent isosceles triangles, all 
with apex O and with base vertices on the circle as shown. 
a Explain why the sum of the areas of the triangles is 
Sn = ¿nr? sin (22). 
b Find lim $, i geometrically 
mrs ii algebraically. 
c What can be deduced from b? 





3 a Showthat cos(A 4- B) — cos(A — B) — —2sin Asin B. 
Suppose A+B=S and A— B-— D. 
Show that cos S — cos D = —2sin (2) sin (852). 


a h) — 
c€ Hence find lim SP 00 M. 
h—0 


THEORY OF KNOWLEDGE 


The Greek philosopher Zeno of Elea lived in what is now southern Italy, in the 5th century BC. He 
is most famous for his paradoxes, which were recorded in Aristotle's work Physics. 





The arrow paradox 


“Tf everything when it occupies an equal space is at rest, and if that which is in locomotion is 
always occupying such a space at any moment, the flying arrow is therefore motionless.” 


This argument says that if we fix an instant in time, an arrow appears motionless. Consequently, how 
is it that the arrow actually moves? 


The dichotomy paradox 
“That which is in locomotion must arrive at the half-way stage before it arrives at the goal.” 


If an object is to move a fixed distance then it must travel half that distance. Before it can travel a 
half the distance, it must travel a half that distance. With this process continuing indefinitely, motion 
is impossible. 


Achilles and the tortoise 


“In a race, the quickest runner can never overtake the slowest, since the pursuer must first reach 
the point whence the pursued started, so that the slower must always hold a lead.” 


According to this principle, the athlete Achilles will never be able to catch the slow tortoise! 


1 A paradox is a logical argument that leads to a contradiction or a situation which defies 
logic or reason. Can a paradox be the truth? 


2 Are Zeno’s paradoxes really paradoxes? 
Are the three paradoxes essentially the same? 


A We know from experience that things do move, and that Achilles would catch the tortoise. 
Does that mean that logic has failed? 


5 What do Zeno’s paradoxes have to do with limits? 
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We often judge performances by using rates. For example: 





A rate is a comparison between two quantities with different units. 


e Sir Donald Bradman's average batting rate at Test cricket level was 99.94 runs per innings. 
e Michael Jordan's average basketball scoring rate was 20.0 points per game. 
e Rangi’s average typing rate is 63 words per minute with an error rate of 2.3 errors per page. 


Speed is a commonly used rate. It is the rate of change in distance per unit of time. We are familiar 
with the formula 


distance travelled 


average speed — 
ED time taken 


However, if a car has an average speed of 60 kmh ! for distance travelled 
a journey, it does not mean that the car travels at exactly 
60 kmh! for the whole time. 


In fact, the speed will probably vary continuously throughout 
the journey. 


So, how can we calculate the car’s speed at any particular time? 








Suppose we are given a graph of the car’s distance travelled distance travelled 
against time taken. If this graph is a straight line, then we know 


the speed is constant and is given by the gradient of the line. 


distance 


If the graph is a curve, then the car’s instantaneous speed is 
given by the gradient of the tangent to the curve at that time. 





: > 
time 





The instantaneous rate of change of a dependent variable with respect to the independent variable at 
a particular instant, is given by the gradient of the tangent to the graph at that point. 


HISTORICAL NOTE l 


The modern study of differential 
calculus originated in the 17th century 
with the work of Sir Isaac Newton 
and Gottfried Wilhelm Leibniz. They 
developed the necessary theory while 
attempting to find algebraic methods 
for solving problems dealing with the 
gradients of tangents to curves, and 
finding the rate of change in one 
variable with respect to another. 








Isaac Newton 1642 — 1727 Gottfried Leibniz 1646 — 1716 
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INVESTIGATION 3 


A ball bearing is dropped from the top of a tall building. 
The distance it has fallen after t seconds is recorded, and the N \ D E T | it | 
n 5 i E 





following graph of distance against time obtained. 


We choose a fixed point F on the curve when t = 2 seconds. 
We then choose another point M on the curve, and draw in the 
line segment or chord [FM] between the two points. To start 
with, we let M be the point when t = 4 seconds. 








80 





The average speed in the time interval 2<t<4 is 
__ distance travelled 








60 














time taken 
40 curve _ (80 — 20) m 
(4-2) s 
A = 9 ms! 
= 5o ms 



































2 4 6 


However, this does not tell us the instantaneous speed at any particular time. 


In this investigation we will try to measure the speed of the ball at the instant when t = 2 seconds. 


What to do: 
; : a DEMO 
1 Click on the icon to start the demonstration. 
F is the point where t= 2 seconds, and M is another point on the curve. 0 
To start with, M is at t = 4 seconds. 


The number in the box marked gradient is the gradient of the chord [FM]. This is the average 


speed of the ball bearing in the interval from F to M. For M at t = 4 seconds, you should see 


the average speed is 30 ms" !. 


2 Click on M and drag it slowly towards F. Copy and complete 
the table alongside with the gradient of the chord [FM] for M 
being the point on the curve at the given varying times t. E 


3 Observe what happens as M reaches F. Explain why this is so. 


h For t — 2 seconds, what do you suspect will be the 
instantaneous speed of the ball bearing? 


5 Move M to the origin, and then slide it towards F from the 
left. Copy and complete the table with the gradient of the chord 


[FM] for various times t. 


6 Do your results agree with those in 4? 


1.99 
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THE TANGENT TO A CURVE 


A chord of a curve is a straight line segment which joins any two 
points on the curve. 


The gradient of the chord [AB] measures the average rate of change 
of the function values for the given change in x-values. 


A tangent is a straight line which touches a curve at a single point. 


The gradient of the tangent at point A measures the instantaneous rate 
of change of the function at point A. 


As B approaches A, the limit of the gradient of the chord [AB] will 
be the gradient of the tangent at A. 





EN 


tangent 


The gradient of the tangent to y= f(x) at r —a is the instantaneous rate of change in. f(x) 


with respect to x at that point. 


INVESTIGATION 4 








BY 


What to do: 


1 Suppose B lies on f(x) = z? and B has 
coordinates (z, z?). 
a Show that the chord [AB] has gradient 
"toe een 


or 
r—1 r—1 


b Copy and complete the table alongside: 


€ Comment on the gradient of [AB] as x gets 
closer to 1. 


2 Repeat the process letting z get closer to 1, but from 
the left of A. Use the points where x = 0, 0.8, 0.9, 
0.99, and 0.999. 


3 Click on the icon to view a demonstration of the 
process. 


4 What do you suspect is the gradient of the tangent 
at A? 


5 


(5, 25) 





Given a curve f(a), we wish to find the gradient of the 
tangent at the point (a, f (a)). 


For example, the point A(1, 1) lies on the curve 
f(x) = x?. What is the gradient of the tangent at A? 


DEMO 





gradient of [AB] 
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Fortunately we do not have to use a graph and table of values each time we wish to find the gradient of 
a tangent. Instead we can use an algebraic and geometric approach which involves limits. 


iut 
From Investigation 4, the gradient of [AB] — E =. 
au 





As B approaches A, xz — 1 and 
the gradient of [AB] — the gradient of the tangent at A. 











B, 
B So, the gradient of the tangent at the point A is 
2 
: z?—1 
Np = lim zc As B approaches A, 
the gradient of [AB] 
— lim PE 1)(z — 1) approaches or 
z—1 z—1 converges to 2. 
— lim (r--1) since 4 1 
r—> 


S tangent at A 


EXERCISE 17D 
1 Use the method in Investigation 3 to answer the Opening Problem on page 508. 


2 a Use the method in Investigation 4 to find the gradient of the tangent to y = x? 


(2, 4). 


at the point 


2 
b Evaluate lim = 


For a non-linear function with equation y = f(x), the gradients 
of the tangents at various points are different. 





—4 i P : : 
ji and provide a geometric interpretation of this result. 


12 €= 





Our task is to determine a gradient function which gives the 
gradient of the tangent to y = f(x) at x =a, for any point a 
in the domain of f. 








The gradient function of y = f(x) is called its derivative function and is labelled f'(x). 
We read the derivative function as “eff dashed x”. 


The value of f'(a) is the gradient of the tangent to y = f(x) at the point where x = a. 
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For the given graph, find f’(4) and f (4). The graph shows the tangent to the curve 
y — f(x) at the point where x — 4. 


The tangent passes through (2, 0) and (6, 4), 











so its gradient is f (4) — — =i 
The equation of the tangent is — ; SI 
jJ] m gp 


When zx —4, y — 2, so the point of contact 
between the tangent and the curve is (4, 2). 











f(4)-2 
EXERCISE 17E 
1 Using the graph below, find: 2 Using the graph below, find: 
a f(2) b FA) a f(0) b j'(0) 






y= f(x) 








SY 


3 Consider the graph alongside. 
Find f(2) and f’(2). 


INVESTIGATION 5 


The software on the CD can be used to find the gradient of the function f(x) at any GRADIENT 
point. By sliding the point along the graph we can observe the changing gradient of | FUNCTIONS 
the tangent. We can hence generate the gradient function f'(x). 


What to do: 


1 Consider the functions. f(r) =0, f(x) =2, and f(x) =4. 
a For each of these functions, what is the gradient? 





b Is the gradient constant for all values of x? 
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2 Consider the function. f(x) — mz + c. 
a State the gradient of the function. 
b Is the gradient constant for all values of x? 
€ Use the CD software to graph the following functions and observe the gradient function 
f'(x). Hence verify that your answer in D is correct. 
i f(r-2z-1 ii f(r)—3z-2 iii f(x) =-20+1 
3 a Observe the function f(x) = x? using the CD software. What type of function is the 
gradient function f'(x)? 
b Observe the following quadratic functions using the CD software: 
i f(z)=x?+r-—2 li f(x) = 2x7 -—3 
ïi f(z) =—-a2?+2r-1 iv f(x) = —3x? — 32 +6 
€ What type of function is each of the gradient functions f'(x) in b? 
4 a Observe the function f(r)—]lnz using the CD software. 


b What type of function is the gradient function. f(x)? 
What is the domain of the gradient function. f(x)? 


5 a Observe the function f(x) =e? using the CD software. 
b What is the gradient function f’(x)? 


T PRINCIPLES 


Consider a general function y= f(x) where A is the point (x, f(r)) and B is the point 
(z 4- h, f(x 4- h)). 





y= f(z) The chord [AB] has gradient = feth) — fe) 


ath—-«x 
= fa th) fle) 
h 














If we let B approach A, then the gradient of [AB] 
approaches the gradient of the tangent at A. 








So, the gradient of the tangent at the variable point (x, f(x)) is the limiting value of detn- 
lim Et») =F) 

h=0 h 

This formula gives the gradient of the tangent to the curve y = f(x) at the point (x, f(x)), for any 
value of the variable x for which this limit exists. Since there is at most one value of the gradient for 
each value of x, the formula is actually a function. 


as h approaches 0, or 


The derivative function or simply derivative of y = f(x) is defined as 


f( +h) - f(z) 


, — . 
a h 
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When we evaluate this limit to find a derivative function, we say we are differentiating from first 
principles. 


Example 8 ™) Self Tutor 
Use the definition of f'(x) to find the gradient function of f(x) — z?. 


/ RA Cei 2 m A22) 
i c ATUS 
EJ. E D 

h—0 
E a + Qha +h? — 2 
h—0 h 
EDS K(2x +h) 
h—0 K 


= jim (2x + h) {as h #0} 
= 2% 








ALTERNATIVE NOTATION 


If we are given a function f(x) then f'(x) represents the derivative function. 


: i d x. gis 
If we are given y in terms of x then y” or T are commonly used to represent the derivative. 
a 


d "n ; 

= reads “dee y by dee x” or “the derivative of y with respect to x”. 
X 

dy . : ] dy . 

X is not a fraction. However, the notation = is a y 
X X 


result of taking the limit of a fraction. If we replace h by 
ôx and f(x+h)— f(x) by ôy, then 





f'(x) = lim fle+h) =F) becomes 
h=>0 h 
"TERES 
Tee oo ôx 
_ dy 
=, 





THE DERIVATIVE WHEN zx = a 


The gradient of the tangent to y — f(x) atthe point where z — a is denoted f'(a), where 


f(a t h) — f(a) 


Mu. 
EE h 
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Example 9 x) $elf Tutor 


Use the first principles formula f'(a) = jim 


instantaneous rate of change in f(x) — z?--2x at the point where x =5. 


f(a+h) — fla) to find the 
h 


FOS 5 + 25) = 85 











h—0 h 
un e h)?-E92(5--h) — 35 
h—0 h 
— lim 2% 10h + h? +10 + 2h — 35 
h—0 h 
ET h2 + 12h 
h—0 h 
. K(h+12 
= jim —— {as h £0} 
EJ 


the instantaneous rate of change in f(x) at x —5 is 12. 








using your graphics calculator. Instructions for doing this can be found on your 
CD. 


GRAPHICS 
CALCULATOR 


You can also find the gradient of the tangent at a given point on a function 2 
INSTRUCTIONS 





EXERCISE 17F 


1 a Find, from first principles, the gradient Rebel 
function of f(x) where f(x) is: expansions. 
icr ii 5 


ii x? iv zt 





b Hence predict a formula for f'(x) 
where f(x) =x”, nEN. 





2 Find f'(x) from first principles, given that f(x) is: 
a 2r+5 b z?—3x ¢ —2?+52-—3 
3 Find a from first principles given: 
x 


a y—4-z b y=27?+27-1 ¢ y=2? — 227 +3 


4 Use the first principles formula f'(a) = jim 


a f'(2) for f(x) =2° b /'(3) for f(x) — x*. 


f(a +h) — f(a) to find: 
h 
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5 Use the first principles formula to find the gradient of the tangent to: 
a f(1)=32+5 at x=-2 b f(1)=5-2 at z-3 
€ f(z)=27+3r-4 at r=3 d f(x)=5-— 2z- 3r? at x=-2 


6 a Given y — z? — 3a, find a from first principles. 
HH 
b Hence find the points on the graph at which the tangent has zero gradient. 


7 Find m from first principles given: 
X 





_ 4xr+1 


b 
x—2 


8 Use the first principles formula to find the gradient of the tangent to: 











a f(a) = 5 at x=3 b f()- X at x=-4 
¢ f(x)=/e at r=4 d f(a) = 5 at x=1 
1 Evaluate: 
a in Gr —7) jn E Cm y 


2 Find, from first principles, the derivative of: 
a f(@)=27 +22 b y=4- 32? 


3 Determine the asymptotes of the graphs of the following functions, and discuss the behaviour 
of the graphs near these asymptotes: 





a f@)—e -—3 b f(x) =In(z? +3) ¢ f(1) =In(-x) +2 
4 Find: 
.  sin40 : : s 
a lim b lim —— € lim nsin (z) 
0—0 0 0—0 sin 30 noo 2 


5 Given f(z)-— 5x —z?, find f'(1) from first principles. 


6 In the Opening Problem, the altitude of the jumper is given by f(t) = 452 — 4.8¢? metres, 
where 0 <t < 3 seconds. 


a Find f'(¢) = lim RN 


b Hence find the speed of the jumper when t = 2 seconds. 


REVIEW SET 17B t 


near its asymptotes. Hence deduce their equations. 





1 a Discuss the behaviour of y = —— l 
3r t2 


b State the values of lim ad i EL, 
z—-—oo 3r --2 roo 3x --2 








6 
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a Sketch the graph of. y —2— e**!, 


b Hence find, if possible, lim (2—e*"*!) and im (2— e**!). 
L—-— CoO T—>00 


€ State the equation of the asymptote of. y — 2 — e**t. 


At what values of x are the following functions not continuous? Explain your answer in each 
case. 
a f(x) =1n(2*) b f(x)= 


z2—1 
1-2 





2 cos (a + 2) sin (5) 
h 
Consider f(x) = 227. 


Find jim State any assumptions made in finding your answer. 


a Show that as =4r+2h provided h#0. 


b Hence evaluate when: 


f(3-- h) — f(3) 
h 
i =O. ii h = 0.01 iii in the limit as h approaches zero. 
€ Give a geometric interpretation of your result from b. 


2x 4-3 


PE ls y — —2. 





The horizontal asymptote of the function y — 


Justify this statement using a limit argument. 


REVIEW SET 17C 


ws 


Evaluate the limits: 














2 E t = : DOTEM 
a lim 3 b lin dic € lim See 
h=>0 h r—1 x-—1 r2 2-2 
2 
a Sketch the graph of y= 2: = 
m 
b Discuss the behaviour of the graph near its asymptotes, and hence deduce their equations. 
A 2 " 2 
€ State the values of lim ze and lim a a 
T=>00 L— zoo r—4 


Given f(x) =x*—2x, find f'(1) from first principles. 
a Show that sin(A+ B) —sin(A — B) = 2cos Asin B. 
Suppose A+B=S and A-B=D 


Show that sin S — sin D = 2 cos (2) sin (32). 


; D 
€ Hence, find jim S 


d Explain the significance of this result. 
a Given y—2z?— 1, find a from first principles. 
X 


b Hence state the gradient of the tangent to y — 27? — 1 atthe point where x — 4. 


For what value of x is the gradient of the tangent to y — 27? — 1 equal to —12? 
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6 a Prove that for @ in radians: 
O E W If 6-0 then lim 27% 
0—0 0 0—0 








ei s». 


Show that the area of the shaded segment of a circle of 


radius r, is given by. $r?(0 — sin 0), where 6 is in radians. 





¢ Hence give geometric evidence that a i is true. 








Rules of differentiation 


Syllabus reference: 6.1, 6.2 


Contents: 


—'cronmnmonuypm 


Simple rules of differentiation 

The chain rule 

The product rule 

The quotient rule 

Implicit differentiation 

Derivatives of exponential functions 
Derivatives of logarithmic functions 
Derivatives of trigonometric functions 
Derivatives of inverse trigonometric 
functions 

Second and higher derivatives 
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OPENING PROBLEM 


Consider the curve y — z?. 


In the previous chapter we found that the gradient function 


7 d 
of this curve is “4% = 2z. 
dx 





Things to think about: 


a Consider the transformation of y = x? 


onto y= 2743. 
i What transformation has taken place? 
ii For a given value of x, has the gradient of the tangent to the function changed? 
iii What is the gradient function of y = x? + 3? 
D 


DEMO 


b Consider the transformation of y = x? onto y — (x — 2)?. 

i What transformation has taken place? 

ii How does the gradient function of. y — (x — 2)? relate to the gradient 
function of y = x?? 


iii Can you write down the gradient function of y = (a — 2)?? 


Differentiation is the process of finding a derivative or gradient function. 





Given a function f(x), we obtain f'(x) by differentiating with respect to the variable x. 


There are a number of rules associated with differentiation. These rules can be used to differentiate more 
complicated functions without having to resort to the sometimes lengthy method of first principles. 


INVESTIGATION 1 


In this investigation we attempt to differentiate functions of the form x", cx" where c is a constant, 
and functions which are a sum or difference of polynomial terms of the form cx”. 


What to do: 
1 Differentiate from first principles: a 2? b z? cr 


2 Consider the binomial expansion: 
(2€ 9" - (3) * & (2) 8 (2) 7 +. (E) 


— g^ pna" At (2) T a NN UT 


f(x -- h) — f(x) 


h to find the derivative of 


Use the first principles formula f'(x) = jim 
f(a) =a" for ren. 


3 Find, from first principles, the derivatives of: a 42? b 22° 
By comparison with 1, copy and complete: be Ge) = ea, tinea (n) = coco 
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4 Use first principles to find f'(x) for: 
a f(r) =272 +32 b f(x) = 2° — 22? 
5 Copy and complete: “If f(2)=u(z)+v(c) then Ple)...” 


The rules you found in the Investigation are much more general than the cases you just considered. 


1 


For example, if f(x) =x" then f'(x) =nx""? is true not just for all n € N, but actually for all 


nER. 


We can summarise the following rules: 








f(z) f' (a) Name of rule 
c (a constant) 0 differentiating a constant 
g^ T1» power rule 
cu(z) CA) scalar multiplication rule 
u(z)-4-v(r) | w(x)-w'(x) addition rule 








The last two rules can be proved using the first principles definition of f" (a). 


e If f(x) =cu(x) where cis a constant then f'(x) — cu'(z). 


Proof: f(e) = lim LS 


UA cu(z 4- h) — cu(x) 
h=>0 h 
u(a + h) — 2 
h 
m u(x + h) — u(x) 
h—0 h 


— lim c | 
h—0 


= cu' (x) 


e If f(x) =u(x)+v(x) then f'(x) =u (x) +v (x) 








Proof: MOE jim I 
M CGU BEGIN 
f h 
ED. UU ae XC o) 
d 7 ) 
e u(x + h) — u(x) A v(x + h) — v(x) 
h—0 h h—0 h 


=u (2) + v (2) 


Using the rules we have now developed we can differentiate sums of powers of zx. 
For example, if f(x) =3a4+2a3—52?+72+6 then 
f' (x) = 3(4a3) + 2(3x?) — 5(2a) + 7(1) +0 
= 12x? + 6x? — 10x +7 
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If y — 32? — Az, find = and interpret its meaning. 
a 








A g= g dg, SU L6 - 4. 


Bu is: e the gradient function or derivative of y — 3z? — 4r from which the gradient of 


gr the tangent at any point can be found 
e the instantaneous rate of change of y with respect to x. 











Find f'(x) for f(x) equal to: a 523 +62? — 3242 b 7z— z 4p 







f(x) = 52° + 6x? — 3x +2 
-~ f (e) = 5(3x7) + 6(27) — 3(1) 
157? + 127 — 3 


AS SS 
=7+4r 07 * 


a 9 
2 q 


=7+ 











Example 3 x) $elf Tutor 


Find the gradient function of y = x? — E and hence find the gradient of the tangent to the 
z 


function at the point where x — 2. 





y= r? — É = dy = Dip = Al) 
Tz dx m oe 
=r — 4r ! = 2x + da? When P +1=5, 
= 21 + = So, the tangent has gradient 5. 
x 








to a function at a given point. GRAPHICS 


CALCULATOR 


You can also use your graphics calculator to evaluate the gradient of the tangent 2 
INSTRUCTIONS 


RULES OF DIFFERENTIATION (Chapter 18) 553 




















Example 4 x) $elf Tutor 
Find the gradient function for each of the following: 
E 2 a9. & 
a f(a) = 3Va + — [D gam) =a 7 
199 0 0550 b a e 
z Vi 
m 
—3z? 2g! muc zs 
1 3 
F'(@) = 327?) +2117?) g' (2) = 20 — 4(— $27?) 
1 
=3r 7-22? LS 
3 2 7 2 
Eo pa 
EXERCISE 18A 
1 Find f'(x) given that f(x) is: 
a a? b 27? c 72? d 6/z 
e 34x f x? +r g 4- 2r? h z? +3r-5 
i 2 . 32-6 2: — 3 z?-5 
i La? — 6x ] x k m l > 
x? +x-3 1 2 3 
Toae E - 2 
m - n Ti o (2r— 1) p (x42) 
2 Find zu for: 
da: 
1 
a y 2.52? — 1.4z? — 1.3 b yz? c ye 
d y=100% e y=10(2+1) f y —4n2? 
3 Differentiate with respect to x: 
2. 944 
a 6742 b yz c (5-02)? d HA 
e («+1)(«—2) th +6/z g 4x — i h z(r4-1)(2x— 5) 
x 
4 Find the gradient of the tangent to: 
a y—z? at 2—2 b y= at the point (9, =) 
2 22? —5 . 3 
€ y—2xz^—3xz--T at y——1 d jer-— at the point. (2, 5) 
2 3 
q^ ; 3 | £"—4r—8 _ 
E == at the point (4, 3) f y= —az at r—-1 


Check your answers using technology. 


5 Suppose f(z)—z?-F(b--1)z 2c, f(2)—4, and f'(-1)=2. 
Find the constants b and c. 


534 RULES OF DIFFERENTIATION (Chapter 18) 


6 Find the gradient function of f(x) where f(x) is: 





a 4/e+e b Vr E d 2r — xz 
E 
4 2 5 2 3 


7 a If y—4r— 2, find a and interpret its meaning. 
T X 
b The position of a car moving along a straight road is given by .S — 21? -- 4t. metres where 
t is the time in seconds. Find E and interpret its meaning. 


c€ The cost of producing x toasters each week is given by C = 1785+ 32+ 0.0022? dollars. 


Find E and interpret its meaning. 
X 





In Chapter 2 we defined the composite of two functions g and f as (go f)(x) or g(f(x)). 


We can often write complicated functions as the composite of two or more simpler functions. 


For example y — (z?--3z)* could be rewritten as y — u^ where u— z?--3z, oras 


y-—9(f(r) where g(1)=x* and f(r) =2? + 3c. 





Example 5 x5) $elf Tutor 


Find: There are several possible 
answers for b. 





EXERCISE 18B.1 
1 Find g(f(x)) if: 


a g(r)—z? and f(x)=2r+7 b g(z)-2r-' and f(x) = z? 
c glx)=yzx and f(x) =3-— 4r d g(1)=3-—4x and f(x) = yz 
e g(x) == and f(r) =27+3 f g(r)— z?--3 and f(z) == 
2 Find g(x) and f(x) such that g(f(x)) is: 
a (3x +10)? b — c€ vr? -— 3r d GI um 


DERIVATIVES OF COMPOSITE FUNCTIONS 


The reason we are interested in writing complicated functions as composite functions is to make finding 
derivatives easier. 
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INVESTIGATION 2 | 

The purpose of this investigation is to gain insight into how we can differentiate composite functions. 

Based on the rule “if y = x” then a ==? 
a 


a — 2(2x 4- 1)!. But is this so? 
HH 


What to do: 


, we might suspect that if y = (2x +1)? then 


1 Expand y — (2r --1)? and hence find 7 How does this compare with 2(2x + 1)!? 
a 

2 Expand y = (3x +1)? and hence find zm How does this compare with 2(3x + 1)*? 
XT 


3 Expand y — (ar --1)? where a is a constant, and hence find zn How does this compare 
X 
with 2(az 4- 1)!? 


A4 Suppose y — u?. 
s dy 
a Find um 


b Now suppose u — az--1l, so y — (az 4- 1)?. 
i Find ae ii Write dy from a in terms of x. 
dx du 


Tr d d 1 d 
ili Hence find = x = iv Compare your answer to the result in 3. 
a L 


c If y=u? where u is a function of x, what do you suspect a will be equal to? 
T 


5 Expand y= (x? + 3r)? and hence find 7 
Does your answer agree with the rule you suggested in A c? 
6 Consider y = (2x + 1)°. 
a Expand the brackets and then find 2 


b Ifwelet u=2x+1, then y=u?. 
s : d T 1 d "Am 
i Find L. li Find ui and write it in terms of x. 
dx du 
aaa dy du : * 
iii Hence find m x a iv Compare your answer to the result in a. 
AL X 


7 Copy and complete: "If y is a function of u, and u is a function of z, then dy = A 


THE CHAIN RULE 


dy dy du 
If =g(u) where u= f(z) then — = — —. 
y — g(u) f(x) P ae 
This rule is extremely important and enables us to differentiate complicated functions much faster. 


For example, for any function f(x): 


f y= [fa] hen Z = nfl) x f). 
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Proof: Consider y=g(u) where u= f(z). 


For a small change of ôx in x, there is a small change of f(x--ór)— f(x)—óu inu 
and a small change of ôy in y. 





u+óx 


Now = =— x — {fraction multiplication} 
zx 


As ór —D0, óu — O also. 


p ôy : ôy du 2T 
lima == Il = hime — limit rule 
6x—0 6x 6u—0 6u $10 Óx 1 j 
dy — dy du 
dr du dz 


We can compare this proof with the limit definition of the derivative function f'(x) = lim e 


If welet h=06x and f(1+h)- f(x) =6y, then fie) = Y = lim Y 


dz 6r-+0 6a 


Example 6 x) $elf Tutor 





Find 5r 
da 








4 
a y = (z? — 22)* b wm 
a y — (z? — 24)! b == 
ED 
y=u* where u=2? — 22 Ti 
ey were — 1-95 
dy dy du . y 
Now —=—— chain rule 
dx du dx í } Now M = dy an [chain rule} 
3 dx du dx 
= du" (21 — 2) 3 
The brackets ee (tu ?) x (-2) 
around 27—2 | —4(a? -— 2x) (2r — 2) d 2 
are essential. m TE 
3 
=4(1 — 2 
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EXERCISE 18B.2 


1 Write in the form au”, clearly stating what u is: 





al 3 2 
Gs iy RU = 
4 10 
3/73 — x2 
d Yau e G a f = 
2 Find the gradient function a for: 
X 
a y —(4x— 5)? b y- TZ € y— v3rz— r? 
— acr 
d y= (1-— 3r) e y=6(5- 7r)’ f y= 223 — r? 
| 6 _ 4 << 1237 
s Y= a — 4)2 h V7 35-2 ! y=2(a =) 
3 Find the gradient of the tangent to: 
a y=vV1-*%* at x=] b y=(324+2) at z=-1 
© y=——— at r=1 d y-6x Y1—2 at z —0 
(2x — 1)* 
e y= * at x=4 f =A +4)" at r—l 
Y= F/T = ¿dl = 


Check your answers using technology. 


4 The gradient function of f(x) 2 (2x — b)^ is f'(x) =24x? — 24x +6. 
Find the constants a and b. 


5 Supppose y — JE where a and b are constants. 
Find a and b given that when z —3, y —1 and a = -i. 
X 
a 
6 If y — 2? then x=y?. 
a Find dy and da and hence show that dy x qe 1. 
dx dy dx dy 


b Explain why 2 x T = 1 whenever these derivatives exist for any general function y = f(x). 
L y 





We have seen the addition rule: 
If f(x)-— u(rz)- v(x) then f(x) =u (2) +v(2). 


We now consider the case f(x) = u(x)v(x). Is f'(x)= u(x)v (x)? 


In other words, does the derivative of a product of two functions equal the product of the derivatives of 
the two functions? 
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INVESTIGATION 3 


Suppose u(x) and v(x) are two functions of x, and that f(x) = u(x)v(x) is the product of 
these functions. 


The purpose of this investigation is to find a rule for determining f'(x). 
What to do: 
1 Suppose u(x)=x and v(x)=x, so f(£)= 2?. 
a Find f'(x) by direct differentiation. b Find u'(x) and v'(x). 
€ Does f (x)= u(x)v (z)? 
2 Suppose u(x)=x and ua) S Na o a) SS 
a Find f'(x) by direct differentiation. b Find u'(x) and v'(x). 
€ Does f (x)= u(x)v (z)? 


3 Copy and complete the following table, finding f'(x) by direct differentiation. 


u' (x) v(x) + u(x) v'(z) 




















4 Copy and complete: 
“If u(x) and v(x) are two functions of x and f(x) = u(x) v(x), then f'(x)=......” 


THE PRODUCT RULE 


If u(x) and v(x) are two functions of and f(x) = u(x) v(x), then 


f'(z) — w (e) v(z) -- u() v'(z). 


. ' dy du dv 
Alternatively if y = uwv then — = — v + u —. 
dx dæ dx 
Proof: Let y = u(x)w(x). Suppose there is a small change of ór in z which causes 


corresponding changes of ôu in u, ôv in v, and dy in y. 


Since y — uv, y+ ôy = (u+ ĝu)(v + ôv) 
` Y +ôy = uv + (6u)v + u(dv) + dudv 
< by = (du)u + u(dv) + dudv 


= (=) otu (=) + (=) v {dividing each term by 6x} 
x 


ôx ôx ôx 
ôy 2 óu ; ôv 
. lim — —( lim —Jv- uf lin —]--0 {as óz — 0, 6v — 0 also] 
ór—0 ôx $10 Óx $10 Óx 


dy d d 
Sl du 


dz dx dx 
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Example 7 CO Tutor 


Find if a y=yz(Qr+1)3 b y=x*(1?-—27) 
XL 





1 
2 


a y=yz(Q1 +1)? is the product of u — z? and v — (2z 4- 1)? 
1 
3 


and v/— 3(2rz-- 1)? x 2 [chain rule] 
=6(27 + 1)? 


uv {product rule} 


1 
m 


al 
x 7(2n+1)3 +a? x 6(2z +1)? 


1 
x 2(22+1)% + 627 (22 + 1) 


i 
2 
i 
D 


b y—2?(z?—2z)* isthe product of u —2? and v — (z? — 2z)* 
u'—2xr and v'—4(z? —2z)*(2z —2) ^ (chain rule] 


d 
Now = =uv+uv' {product rule} 
X 


—O2x(z?—2x)!-z?xA4(z?-—2z)(2zx-— 2) 
— 2z(z? — 2x)* -- Az? (z? — 2x)? (2x — 2) 








EXERCISE 18C 


1 Use the product rule to differentiate: 


a f(x) —zx(r—1) b f(x) = 2x(x +1) c f(1)=x3Yyx+1 

2 Find Rd using the product rule: 
x 

a y —z?(2x — 1) b y= 4zr(2r + 1)’ c y—-az?/3- zx 

d y=yz(x- 3) e y=5x*(37? — 1)? f y=yz(1 — q?) 
3 Find the gradient of the tangent to: 

a y—z*(1—2z)? at  — —1 b y—yz(zi?—r41) at z—4 

€ y—zV/l—2x at z——4 d y—-zaz?/5—2? at z—1 


Check your answers using technology. 
4 Consider y = z(3— z)?. 
dy _ (3—2)(3 — 52) 
da 2T 


b Find the z-coordinates of all points on y = /z(3 — x)? where the tangent is horizontal. 


a Show that : 
€ For what values of x is m undefined? 
X 
d Are there any values of x for which y is defined but a is not? 
XT 


€ What is the graphical significance of your answer in d? 


5 Suppose y — —2z?(r-4-4). For what values of x does xd — 10? 


£ 
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Expressions like 





22+1 VI d x 








and —— 
27 —5' 1—3x' (x — 22)4 
division of one function by another. 


Quotient functions have the form Q(z) = ue] 


ula) 
Notice that u(x) — Q(x) v(x) 
(x) v(x) + Q(z) v’ (x) 
'(x) v(x) 


/ 


and by the product rule wu! (zx) 
u'(z) — Q(z) v'(a) 
Q'() v(z) = vla) - 12 v (a) 
x) — u(x) v' (x) 
v(x) 
ina UE OU) ios 


[v(z)]* 


Q 
Q 


Q'(z) v(x) = LO 


THE QUOTIENT RULE 


u(x) u’ (x) v(x) — u(x) v’ (x) 
v 


If Q(z) ===> then Q' (x)= IONE 


a) 

Y u ; dy uv — uv! 
orif y — — where u and v are functions of x then — — ——— —. 
v dx v2 

























Example 8 x) $elf Tutor 
Use the quotient rule to find n if: a Ne b ME 
a 
a y— is a quotient with u=1+3x and v=2°+1 
2241 , 7 
US ande om 
Now Hes UE (quotient rule] 
dz v2 q 
.. 3(42+1) — (1+3x)2% 
a (x2 E 1)2 
_ 3x? +3 -— 2r — 6x? 
(x? +1)? 
| 8- 2x — 32? 
d (x? + 1)? 
ee oe T ee ee 
b y= 1-2: is a quotient with u = x i and v= (1-— 2z) 
. u=lx ? and v’ = 2(1—2z)' x (—2) {chain rule} 
= —A(1 — 22) 
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JE) 
Now m = LIU [quotient rule] 
XL v 
= i 
Iz ?(1—-22)? 22 x (-4(1— 22)) 
ES (1— 22)4 
M 1 
ic 2 (1— 22)? -- Az2 (1 — 2x) 
n (1— 22)4 
020 [57 +45 (5%)] 
y AE PEE e {look for common factors} 
(1— 22)43 
me 22 + 8x 
— 2/a(1— 2z)3 
E ozer 
aeo. 








Note: 


Simplification of as in the above example is often time consuming and unnecessary, 


especially if you simply want to find the gradient of a tangent at a given point. In such cases 
you can substitute a value for x without simplifying the derivative function first. 


EXERCISE 18D 

















1 Use the quotient rule to find 2% if: 
X 
a _ 14+32 b u r2 e = zx 
97 3-z y 7 2241 y— 3-3 
2. 
1 — 2x 3a — a2 V1 -— 32 
2 Find the gradient of the tangent to: 
3 
zx £ 
a = at =1 b = at =-1 
y 1- 2x * y z?-F1 = 
VI x 
& d at x=4 d y= —=— at r=-2 
y 2x +1 y x 2 +5 
Check your answers using technology. 
3 a lf y=2”, showthat %— _*+t! — 
l-g x a(l- r) 
. d i a 
b For what values of x is T i zero ii undefined? 
X 
2- 1 d 24 da — 
h a If = oe show that Y = pc 
z+2 dx (£ + 2)? 
. d i E 
b For what values of x is = i zero ii undefined? 
X 


c What is the graphical significance of your answers in 5? 
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For relations such as y? + 3xy? — zy +11 = 0 it is often difficult or impossible to write y as a 
function of x. Such relationships between x and y are called implicit relations. 





ITIATION 


Although we cannot write y = f(x) and find a derivative function f'(x), we can still find a the 
MH 


rate of change in y with respect to x. 
Consider the circle with centre (0, 0) and radius 2. 


The equation of the circle is. z? -- y? — 4. 


Method 1: 


Suppose A(x, y) lies on the circle. 





The radius [OA] has gradient = #52 — 22 UNE: 
x-step x—0 T 
the tangent at A has gradient — eS [the negative reciprocal] 
y 
Thus for all points (x, y) on the circle, zz =-Ž, 
T y 





a ; d : ] 
So, in this case we have found = by using a circle property. 
X 


Method 2: 


: d ; ; : ; 
Another way of finding E for a circle is to split the relation 
a 


into two parts. 


If 274? —4, then y*? =4-2? 


andso y—-cV4- z?. 








For the (yellow) top half: For the (green) bottom half: 
1 
y-— VA4-a? — (4—-a?)? ye cgi eec (degit 
1 
v3 (4-27)? x (—2x) a d i (4-22) > x (—2z) 
E I 
y 4— x? y 4 — x? 
A == 
Y -y 


3 d 
So, in both cases d pesos. 
dx 
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IMPLICIT DIFFERENTIATION 
A more formal method for solving this type of problem is implicit differentiation. 


If we are given an implicit relation between y and x and we want =, we can differentiate both sides of 
X 
the equation with respect to z, applying the chain, product, quotient, and any other rules as appropriate. 


This will generate terms containing a, which we then proceed to make the subject of the equation. 
L 


: 2 2a d _ A 
For example, if z^--y^-4, then T 2 (2 +y?) =e (4) 
22 + 2y 5 w = 

P € 

dx y 
1 dy 
A useful property using the chain rule is that — (y”) = ny” ER 
m 


x5) $elf Tutor 






Example 9 






If y is a function of z, find: 


a m) 





=1xy?+ax2y a {product rule} 
L 














Top cy = y? + Qay Y 
de dx 
cd 
z y? da 
Example 10 x) $elf Tutor 
Find Y if. a 22+y=8 b x+x2%y+y?* = 100 
a r? +y =8 b z4-z?y +y? = 100 
d (42) 4 S (yo d 4 44 (ey) 44 (y= 4 
ge ae es) gg A n oe) = 2, 100) 
2a + 3y? Y = 14 [20y +0? 7 | cmo 
KE 
a = — [product rule) 
T y 
d 
(a? + 3y”) = Y 
e) 1209 
de  224+3y2 
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Find the gradient of the tangent to. z? -- y? — 5 atthe point where x = 2. 
$ dy 2 dy OE E 
First we find T 20-1 oY 2m 0 {implicit differentiation} 
X a 
2dy  —— 
3y mz 2x 
dy | —2x 
dz 3y2 
When 1=2, 4+y°=5 
dy _ —2(2) 4 
IÓ == 
So, when zx dm 30)? $ 
the gradient of the tangent at x = 2 is —4. 
EXERCISE 18E 
1 Ify is a function of x, find: 
d d Pg d f1 ü a 
E E e d —[- e — 
à Sy — b (Cw) ¢ i65 z) 4 (yi) 
d d (1 d yess po rog 
Em sa) niew igen 1 
2 Find Y if: 
dx 
a z?-y?—25 b 1?+3y?=9 € y?—22-8 
d z?—-4? —10 e r +ry=4 f x3 —2ry=5 


3 Find the gradient of the tangent to: 
a 2+y =4y at y=1 b r4y-—8ry at z—i 


2 
In Chapter 3 we saw that the simplest exponential functions have the form f(x) — b^ where b is any 
positive constant, b Z 1. 





The graphs of all members of the For example: 
exponential family f(x) = b” have 
the following properties: 





e pass through the point (0, 1) 
e asymptotic to the x-axis at one 
end 


e lie above the x-axis for all x. 





SY 
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INVESTIGATION 4 


This investigation could be done by using a graphics calculator or by clicking on the icon. 


The purpose of this investigation is to observe the nature of the derivatives of f(a) = b" for various 
values of b. 


What to do: 


1 Use your graphics calculator or 
the software provided to help fill 
in the table for y = 2”: 


CALCULUS 
DEMO 


T 








2 Repeat 1 for the following functions: 
a y=3" bD y=5 CAOS) 


3 Use your observations from 1 and 2 to write a statement about the derivative of the general 
exponential y= 6” for b>0, db4 1. 


From the Investigation you should have discovered that: 


If f(x) =b6* then f’(x) =kb* where k is a constant equal to f’(0). 


Proof: 
lit j(@) =e, 
1 Ae pe JN F aW 
then ia) jim E (first principles definition of the derivative] 
De == 
h—0 





m 
EDU (im 2 a =) {as b” is independent of h} 





h—0 
But f'(0)— Em 2049-40) 4 
h—0 h y Et Da 
h 
ine == 
h—0 h 
f(x) — t^ f'(0) gradient is f (0) 





SY 


Given this result, if we can find a value of b such that f’(0) — 1, then we will have found a function 
which is its own derivative! 
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INVESTIGATION 5 


Click on the icon to graph f(x) = b* and its derivative function y = f'(x). HER 


Experiment with different values of b until the graphs of f(x) — b" and 
y = f'(x) appear the same. 


Estimate the corresponding value of b to 3 decimal places. 


You should have discovered that f(x) = f'(x) =b* when b~ 2.718. 


To find this value of b more accurately we return to the algebraic approach: 





h 
We have already shown that if f(z)-— b" then f’(x) =0* (im : j 





h=>0 h 
pF - . o b -1 
So if f'(x) =b*” then we require jim Eo 1. 
lim b^ — lim (1-- A) 
h—0 h=>0 


; 1 : 1 ; 
Letting h = =, we notice that = — 0 if n — oo 
n n 


1 1 
lin b7 = lim (1+5) 
n 


n—00 n—00 


> 
l 


= lim (1 + =) if this limit exists 
n 


n—00 


We have in fact already seen this limit in compound interest. 


e” is sometimes written as 
ZPE 


We found that as n— œ, 


(1 3 2) > 2.718 281828 459 045 235 .... For example, 
n Y 
exp Sc 





and this irrational number is the natural exponential e. 


We now have: eS A Eo) 5. 


PROPERTIES OF y = e” 


dy " 
— — € 
dx 


As r— 00, y-—oo very rapidly, 
and so m oo. 
da: 
This means that the gradient of the curve is very large 


for large values of z. The curve increases in steepness 
as x gets larger. 





As xy — —oo, y — 0 but never reaches 0, and so 


d 
2,0 also. 
dx 
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For large negative x, f(x) =e” approaches the asymptote y = 0. 
e” > 0) forall x, so the range of J(x) —e* ds KR”. 


THE DERIVATIVE OF ef‘) 


The functions e~*, e?*+3, and ea? are all of the form e/(?, Such functions are often used in 


problem solving. 
ef(*) > 0 forall z, no matter what the function f(x). 


Suppose y —e/(? — e" where u — f(a). 
dy _ dy du 


Now —— — — {chain rule} 
dx du dx 
u du 
= e — 
dx 
2 ef G2) x f' (a) ef (x) ef (x) x Hid Cah) 









Find the gradient function for y equal to: 


b z?e-* 






t 9g -2bg-9m 








a If y—2e*? ce ?* then = = 2e* + e **(-3) 
HH 


= Qe” — 3e-?7 


b If y—2?7e * then a =21e * +ate *(-1) {product rule} 
X 





Da 
E e2t dy _ e?* (2)a: = esa (dl) F 
G f y= S then a {quotient rule} 
| e (2g — 1) 
| x2 —— 
Example 13 x) $elf Tutor 
Find the gradient function for y equal to: a (e? — 1? bo 
Ve ae IL 
ae 
a y=(e-1) b y=(2e7 41)? 

E3 42 2. 

A See =u 7 wee w=? oil 
dy dy du : d dy d 
SS chamerule ete ee j 
a J qmi s {chain rule} 

= 3u? E E du 

d 2 dx 
= 3(e” — 1)? x e* A a 
e de rl 
= 30 (e? — 1 2 € al ) X 4e ( ) 
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THE DERIVATIVE OF a”, a 5 0 


Consider y =a” where a>0 
= Cal = en a)z 
dy = ena)z 
dx 
=a" lna 


x Ina 


¡Y crea Ot cn a = a” Ina. 
L 


EXERCISE 18F 
1 Find the gradient function for f(x) equal to: 


[VE 


a e* b e +3 és” de 
e 2e? f 1—2e-7 g 4e? — 3e? h T 
| e EN k 10(1 +2) I 20(1 — e~2*) 
m eH n oT o cl 27 p e-002z 
2 Find the derivative of: 
a re” b re? eE d — 
x e 
e re f Z g re h —- 
3 Find the gradient of the tangent to: 
as y=(e +2 at ==0 b y= >= a= 


c y— ve? -10 at z=103 


Check your answers using technology. 


^ Find the gradient function for f(x) equal to: 


a Bue c zV1—-3e77 
(1 — e32)2 ez 


5 Given f(x) =e""+x and f'(0)— —8, find k. 
6 a Bysubstituting e"? for2in y — 27, find = 
x 
b Show that if y — 0b" where b 50, bz 1, then a =b” x lnb. 
T 


7 The tangentto f(x) =2x?e~* at point P is horizontal. Find the possible coordinates of P. 


8 Find dy for: 
dx 


a y=2 b y=5* € y—z2* 
2 x 
— r36- Z = 
d y-36* E We P3 - 


9 Find zm if 23630 4 dey = 276-22, 
d 
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INVESTIGATION 6 


If y —Inz, what is the gradient function? CALCULUS 
DEMO 





UNCTIONS 


What to do De 
1 Click on the icon to see the graph of y — In x. Observe the gradient function 
being drawn as the point moves from left to right along the graph. 


2 What do you think the formula of the gradient function is? 








x) Find the eradientat t = 025 me, 1L s 23, s e3u—44 xm 
Do your results confirm your prediction in 2? 


From the Investigation you should have observed: 


dU 
Ihe gp ll th == 
y=lng then => 
Proof: Tc 
Using implicit differentiation with respect to x, Le zd {chain rule} 
T 
legi ase a 
dx 
du 
x dx 


THE DERIVATIVE OF 1n f(x) 


Suppose y ln f(x) 
y —lnnu where u — f(x). 


Now — chain rule 
dx ae de { j 
. dy ldu 


dx u dx 


d (z) 
_ ve In f(x) TG) 


The laws of logarithms can help us to differentiate some logarithmic functions more easily. 








For a>0, b>0, nER: ln(ab) = lna + lnb 
ln (2) = Ina — Inb 


ln(a”) = nlna 
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Example 14 


Find the gradient function of: 


a y-ln(kz), ka constant 





In(kx) = Ink + Ina 
= Ina + constant 
so In(kx) and lng 





1 
both have derivative —. 
T 


Example 15 
Differentiate with respect to x: 
a y—ln(xe *) b y= 
a ay = linge”) 
=Iinx+lne*  (In(ab) = Ina +10b) 
=Inz—u ned a 
dy 1 T 
dr cx 
2 
5 gen — 





= Inz? — In[(z + 2)(z — 3)] 

= 21n 2 — [ln(x + 2) + ln(z — 3)] 

= 21n x — In(x +2) — In(x-— 3) 
dy 2 il E 





EXERCISE 18G 
1 Find the gradient function of: 


a y-—ln(7x) b y-—In(2x 4- 1) 
d y=3-2lnz e y=2x?*Inzx 
g y=e"lnz h y= (Inz)? 
j y=e*lne k y = yzIn(2x) 


m y=3-4In(1-2) n y-—zln(z? 4-1) 





dy 


dx 


r2 


y —a?lnz 





™) Self Tutor 

















= 30 Inc + a? (=) 

x 
{product rule} 
2 





=30Inx+x 


= x*(3lnz+1) 


™) Self Tutor 


A derivative function will 
only be valid on at most the 


domain of the original 
function. 





y = ln(z — x?) 
_ Ine 
ET 2r 
y=vInz 
2 
y= E 
nrt 
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2 Find dy for: 
dx 








a y=alnd5 b y= ln(z’) € y —In(z* 4 z) 
d y=In(10- 5) e y— [In(2z 4 D? = ne) 
1 4 1 
g y=In(=) h y=In(Inz) i y= — 
x lng 
3 Use the logarithm laws to help differentiate with respect to x: 
a y—lnyl- 2z b y=In (53) ce y=1n(e*/x) 
x 
T=E3 x? 
d y-—In(z2-— x) e y=In( 2) f y=ln m 
Te = 





2 : x? + Qe 
g f(z) =In((3z — 4)3) h f(x) = In (a2(a* + 1)) i f(«)=In ( : ) 
4 Find the gradient of the tangent to y — zlInx at the point where x = e. 


5 Suppose f(x) =aln(2x+b) where f(e)=3 and f'(e) = E, Find the constants a and b. 


6 Find a for: a y=log,u b y=logiy c y=xlogzu 
x 
7 Find = if e Int? — a3b 4- In(ab) — 21. 





In Chapter 12 we saw that sine and cosine curves arise naturally from motion in a circle. 


Click on the icon to observe the motion of point P around the unit circle. Observe the DEMO 
graphs of P's height relative to the x-axis, and then P's horizontal displacement from the 
y-axis. The resulting graphs are those of y = sint and y = cost. 


Suppose P moves anticlockwise around the unit circle with constant linear speed of 1 unit 
per second. 
After 27 seconds, P will travel 27 units which is one full revolution, and thus through 27 radians. 


So, after t seconds P will travel through ¢ radians, and at time t, P is at (cost, sint). 


The angular velocity of P is the rate of change of AOP with respect to time. 


Angular velocity is only meaningful in motion along a circular or elliptical arc. 


For the example above, the angular velocity of P is T and 


do . 
ae 1 radian per second. 


If we let | be the arc length AP, the linear speed of P is = 


the rate of change of | with respect to time. 





For the example above, | — 0r —0x1-—0 and = = 1 unit 
per second. 
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INVESTIGATION 7 


Our aim is to use a computer demonstration to investigate the derivatives of sina and cosa. 


What to do: 


1 Click on the icon to observe the graph of y = sing. A tangent with x-step of DERIVATIVES 
length 1 unit moves across the curve, and its y-step is translated onto the gradient DEMO 


graph. Predict the derivative of the function y = sinz. UNA 


2 Repeat the process in 1 for the graph of y = cos x. Hence predict the derivative 
of the function y — cosz. 


From the Investigation you should have deduced that for t in radians, 


d ,. d : 
E (sint) — cost and ET (cost) — — sint. 


We will now show these derivatives using first principles. To do this we make use of two results from 
Chapter 17: 
sind _ 1 


e If 0 is in radians, then lim = 
00 0 
e sinS — sin D — 2cos ($2) sin (32) 





THE DERIVATIVE OF sin x 
Consider f(x) = sinz. 


Now  f'(x)= lim Feth) - F) 
h—0 h 
n sin(x + h) — sin x 

h—0 h 
Cou, em (E892) sin (Et ==) 

h—0 h 
— lim 2 cos (a + 2) sin (5) 
h=0 h 

2 h in (2 
im cos (x + #) y Sin (5) 

h—0 2 z 





{identity above} 





h »(3) 
cosg x 1 {as h>0, 3> 0, —— > 1} 
2 


= COS T 


If f(x) =sinx where z is in radians, then f'(x) — cosz. 


THE DERIVATIVE OF cos x 


: : d dy d ; 
Consider y — cosz — sin e — a) Now Z9 .— 29 77 [chain rule] 
dx du dx 
y=sinu where u=35-—x = cosu x (—1) 
= — cos (5 — a) 
— —sginz 


If f(x) =cosxw where x is in radians, then f'(x) — — sin. 


THE DERIVATIVE OF tanz 


sin x 





Consider y = tang = 
CoS T 


dy | cosccosz — sinz(— sin x) 


= AAA {quotient rule} 


dx (cos x)? 


E cos? x + sin? x 
B cos? z 
1 
cos? q: 


= sec? T 


Summary: For x in radians: 
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DERIVATIVE 
DEMO 


T 





THE DERIVATIVES OF sin[f(x)]| cos[f(z), AND tan[f(a)] 


Suppose y =sin[f(x)] 


Tf we let u= f(x), then y=sinu. 
dy _ dy du 
But ET {chain rule} 
Wy — cosu x Fix) 
dx 


= cos[f(x)] x f'(z) 


We can perform the same procedure for cos|f(x)] 
and tan[f(x)], giving the results shown: 


Example 16 


Differentiate with respect to x: 


a rsinz 


a Suppose y-—zsinzx 
Using the product rule, 


die (1) sin x + (2) cos x 
dx 


= sing + 1COSL 





cos|[f(2)] F(2) 





SEM 





cos[f(z)] | — sin[f(z)] f' (x) 
tan[f(z)] | sec?[f(z)] f' (x) 
x) Self Tutor 
b 4tan?(3z) 
b Suppose y —4tan?(3x) 

— 4[tan(3z)]? 

— 4u? where u — tan(3z) 
= = m T {chain rule} 
dy m du 
deum 8u x Em 

9 

Stam es ENG 

|. 24sin(3z) 


cos? (3a) 
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THE DERIVATIVES OF cscz, secz, AND cot x 





Suppose y = csca — — 
sın £ 
If u=sing then y—u ! and = = cosg 
d —9d : 
Saat E {chain rule} 
dx dx 
— 7l cosg 
— (sinz)? 
1 cosx 








sing sing 














= — csc qt cot xz 
: y a dy 
Likewise: e if y=secx, then 8 sec g tan £x 
X 
e if y=cote, then Y =-e0?g 
y > e 
Summary: For x in radians: 
CSC UCUL 
sec x tan x 
— csc? x 
Example 17 x) $elf Tutor 
q Y i ES = x 
Find m for: a y=csc(3x) b y=,/cot (3) 
2 
a y = csc(3x) b = (cot (8)) 2 
dy = d : dy 1 m DUE il 
eee — csc(3x) cot(3x) PES (32) reo (cot (8)) ? X — CSC (3) Ne 
= —3csc(3z) cot(3z) — csc? ($) 
4,/cot (3) 
EXERCISE 18H 
d 
1 Find = for: 
dx 
a y=sin(2x) y = sin x + cos g € y= cos(3x) — sing 
d y= sin(x + 1) e y= cos(3-— 2r) f y — tan(5z) 
g y-—sin($) —3cosz h y=3tan(rx) i y — 4sinz — cos(2x) 
2 Differentiate with respect to x: 
a 22+coszx tanx—3sinz c ercosx 
d e *sinz e ln(sinz) e? tang 
g sin(3x) h cos(3) i 3tan(2z) 
| xcoszx k 227 l xtanz 





z 


3 Prove that for x in radians: 


d 
S = t 
Sc (sec x) = sec g tan x 


4 Differentiate with respect to x: 


a sin(x?) b cos(yz) 
d sin?z e cos? zx 

g cos(cos x) h_ cos?(4z) 
j 2 

j sec(2x) k 220) 


5 Find the gradient of the tangent to: 


a f(r)-sin?z atthe point where z — 2z 


b f(x)=cosxsing atthe point where x = 4. 


6 Find u for: 


x 
a y=axsecer b y-—e*cotz 
d y=e™ cot (2) e y-—z?cscz 
g y -In(secz) h y —zcsc(z?) 





We have seen that f(x) = sing, x= €[-$, 5] is 
a one-one function and has the inverse function 


f(x) =arcsinx or sin”? z. 


Reminder: 


e sin !rz is not 





- or cscx 
sin Zz 


e sin !z is the inverse function of y = sin z. 
e cscx is the reciprocal function of y = sin x. 
Consider the following differentiation of y = arcsin z: 


If y=arcsing then x= siny 


d z 
Z — cosy — y1 — sin? y 
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e 2 (cot x) = — csc? x 
dx 


€ ycosz 
f cosrsin(2x) 


i csc(4a) 


| 8cot? £3 





Í y=xzycscu 
i | cotz 
SEP: 








dy 
dx 
—=vV1-2? 
dy 
From the chain rule, m m. uy 1, so dy and Hm are reciprocals. 
dx dy dy dx d 
dy 1 
= =, wE jll 
dx /1 2 q? 
dy il 


YAA ES ndn -—-— 


Comey ro 


x €]—1,1[ 
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f(z) = 


COS 2, 






y = arccos z: 
or i i 
y-—cos ri 





x € [0, 
function f !(x) - arccosz or cos !z. 


then 
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7] has inverse f(x) = tana, 


x€]-3,3|[ has inverse 


function f !(x) =arctanx or tan !z. 


yA y-tanz; 














laneo If y-arctanz, then 
dy =1 dy 1 
A SO e a , ER 
dy 41-2 | | de IF ~ 
EXERCISE 181 
—1 
1 If y-arccosz, show that oY — —R——, 1€|-1,1 
D m | 
dy 1 
2 If y-arctanz, show that — =—,, TER 
x 1+ a2 


3 Find dy for: 
dx 
a8 y — arctan(2x) 


d y= arccos (2) 


h Find Y 
d. 


X 


for: 


a y=xarcsinz 


For constant a € 


for x€]-a, al. 


b For constant a € 
fo rcR. 


€ Forconstant a € 


b y -— arccos(3z) 


e y —arctan(z?) 


b y-—e*arccosz 





R, a0, provethatif y = arcsin (2), 





R, a0, provethatif y= arctan (2), 











dx 


R, a>0, if y= arccos (2), find dy 


€ y — arcsin (4) 


f y — arccos(sin z) 


€ y—e *arctànz 


d 1 
then Y= 

dx AD 92 

dy a 
then — = 

dx al + z2 
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Given a function f(x), the derivative f'(x) is known as the first derivative. 





DERIVATIVES 


The second derivative of f(x) is the derivative of f'(x), or the derivative of the first derivative. 
n HH dy : ` 
We use f(x) or y" or dii to represent the second derivative. 
F"(x) reads “f double dashed x”. 


2 
dy a (2) reads “dee two y by dee x squared". 
a 


dz? — dx 


Find f”(x) given that f(x)—2?— =. 


Now f(z)—-a?—3z | 
i l= oe sce 
f" (x) 2 6x — 6x? 


6 
= 67 — — 
q3 








We can continue to differentiate to obtain higher derivatives. 


The nth derivative of y with respect to x is obtained by differentiating y = f(x) n times. 


d AS 
We use the notation. f(x) or = for the nth derivative. 
X 





x) Self Tutor 


Given f(x) =c0s2x, show that f()(%) =4yv2. 


(x) = cos 2x 
. f(z) = —2sin2z 
. f"(x) 2 —4cos2x 
f(x) = 8sin 2x 
e (5) — 8sin(2 x $) 
= 8 sin 3 
=8x A 


= 4/2 
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EXERCISE 18J 


10 


11 


13 


Find f”(x) given that: 








a f(x) = 32? —6r+2 b fl)=2-1 € f(x) = 223 — 327 -—2+5 
_ 2-32 u 2 3 _ £+2 
TO= e fía) =(1-2) t f()- 252 
2 
Find d given that: 
— uni o -2—2 
a y=t-2 b y=zx 7 € y—2 Vi 
d jt e y= (r? -— 3r)? f y=r -r+ 





Given f(x) =2°—22+5, find: 
a f(2) b /'(2) c j"(2) d j(9(2) 
Suppose y = Ae? where A and b are constants. 


; ; : d" 
Prove by mathematical induction that < =b"y, for ne Zt. 
X 


Find z when f”(x)=0 for: 
a f(x) = 22° —627+5¢+1 b f(z)-—— 


Consider the function f(x) — 2x? — z. 

Complete the following table by indicating whether f(x), f'(x), 
and f’’(x) are positive (+), negative (—), or zero (0) at the given 
values of x. 





Given f(r)-— $sin3z, show that JOC) =9. 


Suppose f(x) = 2sin? z — 3sinz. 


a Show that f'(x)= —3 cos zg cos?2zx. b Find f“(x). 
o dy. 
Find da? given: 
a y=-Inz b y-—zlnz € y — (Inz)? 


Given f(z) =a? - 5, find: 
a f(1) b f'(1) cf) d f®(1) 


2 
If y — 269 +54, show that $39 — 729 4 12y — 0, 
dx dx 


2 
If y =sin(2x +3), show that ae +4y=0. 
X 


If y=sinz, show that PP y. 
dat 


14 


15 


16 


17 
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2 


If y—2sinz--3cosz, show that y”+y=0 where y” represents T. 
2 
Find = for each of the following implicit relations: 
x 
a z?4t-y?—25 b z?—3?—10 € z? +2ry=4 
T Im: 2a 
Suppose 3V4 + 2q = 2Vq. Find: a En b a 
Consider the function f(x) — e"*(r--1), a € R. Show that: 
a f'(z)- e° (ajz +1] +1) 
b f"(x)= ae" (afz + 1] +2) 
ce if f(x) =a*-te** (ala +1) +k), kEZ, then 
FOF) (x) = ate" (afe + 1] + [k + 1). 


Consider the function f(x) — e *(x — 2). 
a Find: i f'(x) ii fx) ii f" (x) iv f(z). 
b Conjecture a formula for f™ (x), n € Z*. 


€ Use the principle of mathematical induction to prove your conjecture. 


REVIEW SET 18A TOR 


3 At what point on the curve f(x) = 


7 Find the gradient of the tangent to y = sin 


1 If f(z)-7- x —3z?, find: 





a /(3) b /'(3) c f"(3). 
2 Find E for: 
dx 
UELLE 
a y —32? — g* = 
x 


does the tangent have gradient 1? 


\/a2 +1 


ENDE. 
da 





a y=e +2 b y- (522) € In(2y 4-1) 2 ze" 
x 


dy 


T 


5 Given y —3e^ —e ?, show that an eiut 


42 


6 Differentiate with respect to x: 


a sin(5z) In(z) b sin(z)cos(2z) ce tans 


2 x at the point where x = E 


dy 2y 


8 Find — and ay given 2? +2ry+y? =4. 


dx da? 


9 Determine the derivative with respect to t of: 


a M=(t2+3)! b A=“ 
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10 Use the rules of differentiation to find i for: 
XL 
a ae bo yv 
VE 

11 Find f”(2) for: 

a f(z) = 327 - — b f(z)-vz 

T 

12 Gi n IUE 

iven y —(1— 3x)", show tha TI T 

Ld d'y — (-2)n! j 

13> For y= ease prove that aaa for all n € ZF. 


REVIEW SET 18B R 


1 Differentiate with respect to x: 

a 5r- 3r ! b (327 +2)4 c (z?4-1)(1— 22)? 
2 Find all points on the curve y = 22? 4-322 — 10x --3 where the gradient of the tangent is 2. 
3 If y—yb5-—4z, find: 


dy b d?y d3y 
dx da? das 


4 Considerthe curves y —e* 14-1 and y=3-— el *. 


a Sketch the curves on the same set of axes. 
b Find the point of intersection of the two curves. 
€ Show that the tangents to each curve at this point have the same gradient. 


d Comment on the significance of this result. 

5 Find Y if 
dx 

a y=In(2? — 32) b y=5 c e*** — In(g? 4- 1) 
6 Findzif jf"(z)—0 and f(x) = 227 — 42° — 927 + 4¢ +7. 
7 If fíx)=x—cosx, find: 

a f(z) b /'(3) E) 
8 Given that a and b are constants, differentiate y — 3sinbx —acos2x with respect to x. 


T a d?y 
Find a and b if y+ —>5 = 6cos2z. 
dx 


9 Differentiate with respect to x: 





a 10x — sin(10z) b In ( 2 ) € sin(5z)ln(2x) 
COS {T 
10 Differentiate with respect to x: 
3 
See b f(z) =atVa?+3 


Vu 


13 
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: d 
Find for: 
dx 
X 


y > X Seca 


The curve f(x) =2x2°+ Ar+B has a tangent with gradient 10 at the point (—2, 33). 
Find the values of A and B. 


a b y-—e*cot(2z) € y — arccos (3) 


Find m given z?— 3y? — 0. Explain your answer. 
X 


REVIEW SET 18C 


10 


Differentiate with respect to x: 





E QN 
zx 


1 d?y 
Find —= for: 
da 


4 2 3 
a y= b y= + 
USD UD T 


Find all points on the curve y = xe” where the gradient of the tangent is 2e. 
Differentiate with respect to x: 


a f(x) = In(e? +3) b f(x) =In (x + 2)3 


x 


cu EE 








4 
Given y — CES , find dy when x = 1. 
T dx 


a Find f'(x) and f”(x) for f(x) = yz cos(4x). 
b Hence find f’ (4) and f” (3). 
2 
Suppose y=3sin2x+2c0s2x. Show that 4y+ E = (00, 


6x 
3+ 22" 





Consider f(x) = Find the value(s) of x when: 
a f(z) =-4 b f"(x) =0 € f"(z) -0 


The function f is defined by f:z- —10sin2rcos2yz, Ox zr xz. 
a Write down an expression for f(x) in the form ksin4z. 


b Solve f’(x) =0, giving exact answers. 


Given the curve. e?*y — zy? — 1, find: 


dy 


a b the gradient of the curve at x = 0. 
XL 


Prove using the principle of mathematical induction that if y=x", n€Z*, then 
dy — 
dr 


n=l 


na You may assume the product rule of differentiation. 
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12 Use the product rule for differentiation to prove that: 


a If y=uv where u and v are functions of z, then 


d2y = du EN du dv do d?» 
drz? V dz? dx dx da? )" 
b If y=uvw where u, v, and v are functions of x, then 


dy m ur nr ee 
dr dz dx dz 


13 Consider the function f(x) = ve?*?, where a is a constant. 
a Find f(x) for n — 1, 2, 3, and 4. 
b Conjecture a formula for f™ (x), n € Z*. 
¢ Use the principle of mathematical induction to prove your conjecture. 





Properties of curves 


Syllabus reference: 6.1, 6.3 


Tangents and normals 

Increasing and decreasing functions 
Stationary points 

Inflections and shape 


Contents: 


onu» 
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OPENING PROBLEM 


The curve y = 2? — 4x is shown on the graph 
alongside. 
Things to think about: 


a At which points is the tangent to the curve 
horizontal? < 





b On which intervals is the curve: 
i increasing ii decreasing? 
€ At which point does the curve change its shape? 
How can we use calculus to find this point? 





In the previous chapter we saw how to differentiate many types of functions. In this chapter we will 
learn how to use derivatives to find: 

e tangents and normals to curves 

e intervals where a function is increasing or decreasing 

e turning points which are local minima and maxima 


e points where a function changes its shape. 





y= f) Consider a curve y = f(x). 







If A is the point with z-coordinate a, then the gradient of 
the tangent to the curve at this point is f'(a) = m,. 
tangent 


The equation of the tangent is 
L— gradient mr 


i y= f(a) — f 
Pe e c an vr cU 
normal as F (a)(x — a). 
y 


A normal to a curve is a line which is perpendicular to 
the tangent at the point of contact. 


The gradients of perpendicular lines are negative reciprocals of each other, so: 


aS 
f'(a)' 


The gradient of the normal to the curve at z —a is m, — — 


For example: 
If f(x) =x? then f(x) =2x. 


At s=2, m, = f'(2)=4 and m, = : 1 


7875 


So, at x=2 the tangent has gradient 4 and the normal has gradien —. 


Since /(2) —4, the tangent has equation y —4—4(r—2) or y —4x—4 


and the normal has equation. y -4— —1(z—-2) or y 2 - iz 8. 
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Reminder: If a line has gradient 2 say, and passes through (2, —3) say, another quick way to write 
down its equation is. 4r —5y — 4(2) — 5(-3) or 4x — 5y — 23. 


If the gradient was — 2, we would have: 
4x + 5y = 4(2)--5(—-3) or 4a +5y = —7. 


You can also find the equations of tangents at a given point using your == 


graphics calculator. ! 
GRAPHICS 


CALCULATOR 
INSTRUCTIONS 


x) $elf Tutor 





Find the equation of the tangent to. f(z) — z?-- 1 at the point where x — 1. 


f(z)=a241 Since f(1) =1+1= 2, the point of contact is (1, 2). 





A o Is 
the tangent has equation Y 
zx 


which is y=2=2x=2 








Or = e 
EXERCISE 19A 
1 Find the equation of the tangent to: 
a y=x-212+3 at z—2 6b y=Vrt+1 at r=4 
€ y—a?—5yr at c=1 d v=- at (1, 4) 
z 
e y=2-2 at (-1,-4) f y=3r2 -1 at s=-1. 
zx T BH 


Check your answers using technology. 





™) Self Tutor 


Find the equation of the normal to y = 2 at the point where x = 4. 







Ve 
ica 2=L = E 4. So, the point of contact is (4, 4). 
VA 2 
m d e 
INow as) 7/8202, Y =-4g ? 
dx 
tangent nommel 2 
8 gradient My .. when zr — 4, Mp = —4x% 45? =— 


gradient mr 


Bip NIP 


the normal at (4, 4) has gradient mp = 


the equation of the normal is 
2x — 1y = 2(4) — 1(4) 
ODE T j= 
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2 Find the equation of the normal to: 


a y=x? atthe point (3, 9) b y=13-51+2 at r=-2 
5 ] 1 
c y= Teva at the point (1, 4) d y — 8/ —— at r — l1. 
Example 3 x) $elf Tutor 


Find the equations of any horizontal tangents to y — z? — 12x + 2. 





Since y — 2? — 12r 4-2, = == Ta Casio fx-CG20 
d 


B] Select run position 
Yl=x"(3)-12x+2 23y 
2,190 


Horizontal tangents have gradient 0, 
so 312-12=0 





3(a7 — 4) =0 
3(a + 2)(a4 — 2) =0 
qu —2 or 2 


When =2, y=8-24+2=-14 
When =-2, y=-8+24+2= 18 


the points of contact are (2, —14) and (—2, 18) 
the tangents are y= —14 and y= 18. 








3 a Find the equations of the horizontal tangents to y = 2z? + 3z? — 12x + 1. 
1 
v 
c Find k ifthe tangent to y — 2z? 4- kz? — 3 at the point where x= 2 has gradient 4. 


b Find the points of contact where horizontal tangents meet the curve y — 2/z 4- 


d Find the equation of the other tangent to y — 1 — 3z 4- 127? — 8r? which is parallel to the 
tangent at (1, 2). 


A4 a Consider the curve y —z?--ar--b where a and b are constants. The tangent to this curve 
at the point where xz —1 is 2r4-y —6. Find the values of a and b. 


: b ; 
b Consider the curve. y — az 4- VE where a and b are constants. The normal to this curve 
x 


at the point where x=4 is 4x+y=22. Find the values of a and b. 
€ Show that the equation of the tangent to y = 2x? —1 at the point where x = a, is 
4az — y — 2a? 4 1. 
5 Find the equation of the tangent to: 














a y—y2x--l at r=4 b yes at x = -—1 
=g 
c f(z) = —— at (-1,-1) d f(z) = a (2, —4) 
1-32 oe lx ? : 
6 Find the equation of the normal to: 
2 1 1 2 mE 
a Y= Gay at (1, 3) b y= —— at y» — —3 
2. 
c f(z)- /z(l-z) atz-4 d fe) == at =-1 
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7 The curve y =ay1-—bx where a and b are constants, has a tangent with equation 3r 4- y — 5 
at the point where z — —1. Find a and b. 


8 Consider f:z WT 

a State the domain of f. b Show that  f'(x) = = 
2(2 — a)? 

€ Find the equation of the normal to y= f(x) at the point where f(x) — —1. 


Example 4 x) $elf Tutor 


Show that the equation of the tangent to y — Inz atthe point where y — —1 is y — ez — 2. 


When y=-1, Ilnz—-—1 
t=e =} 


the point of contact is (4, -1). 





Now f(z) Iny has derivative f (x)= - 


the tangent at. (i1, —1) has gradient 
g E g 





the tangent has equation 





whichis y+1=e(=—3) 
CI gre eu 3 








9 Find the equation of: 


a the tangent to the function f:x e * atthe point where x = 1 
b the tangent to y —1n(2— x) atthe point where z — —1 
c the normal to y — In/z atthe point where y = —1. 


Find the equation of the tangent to y = tanx atthe point where x = 7. 















When t= 4, y=tanZ=1 


the point of contact is (4, 1). 








Now f(x) =tanz has derivative f’(x) = €— 
COS* T 
e : 1 1 
the tangent at (4, 1) has gradient = 5 = 2 
cos? = (5) 
V2 


the tangent has equation 





which is 
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COS XL 


— does not have any horizontal tangents. 
1+sinz 


10 Show that the curve with equation y= 


11 Find the equation of: 
a the tangent to y=sinz at the origin 
b the tangent to y=tanz at the origin 


E 


€ the normal to y=cosz at the point where x= 2 


il P 
d the normal to y= E at the point z — J. 


in(2x) 
12 Find the equation of the tangent to: 


a y—secr at r—7 b y = cot (8) at 1=3% 


13 Find the equation of the normal to: 


a y=cscr at r—$ b y=ysec(3) at z—m- 


Example 6 ») $elf Tutor 





Find the coordinates of the point(s) where the tangent to y — zx? --z 4-2 at (1, 4) meets the 
curve again. 





Let f(z)—-3?5-4z42 
f'(z) 232? --1 
Ff()=3+1=4 
the equation of the tangent at (1, 4) is 4x — y = 4(1) — 4 
or y= 4r. 
Casio fx-CG20 TI-84 Plus TI-nspire 


B] [EXE]:Show coordinates 
Yl=x"(3)+x+2 10 
Y2=4x 





Intersection 
nave 6 | 





Using technology, y=4x meets y—a?--z--2 at (—2, —8). 








14 a Find where the tangent to the curve y = x°? at the point where z — 2, meets the curve again. 
b Find where the tangent to the curve y= —x* + 2x7 +1 at the point where z — —1, meets 
the curve again. 
15 Consider the function f(x) = x? + >. 
a Find f'(x). 
b Find the values of x at which the tangent to the curve is horizontal. 
€ Show that the tangents at these points are the same line. 
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16 The tangent to y — z?e? at r — 1 cuts the x and y-axes at A and B respectively. Find the 
coordinates of A and B. 


Example 7 x) $elf Tutor 


Find the equations of the tangents to y — x? from the external point (2, 3). 





Let (a, a?) bea general point on f(x) = 2?. 


Now Me) =%, So a) =2% 


the equation of the tangent at (a, a?) is 
yal 
t-a 


= 20) 





or y — a? = 2ax — 2a? 
2 





or y=2ax=a 





Thus the tangents which pass through (2, 3) satisfy 


3 = 2a(2) — a? 
a? — 4a+3=0 
(a — 1)(a — 3) 2 0 
G= iors 


exactly two tangents pass through the external point (2, 3). 
If a=1, the tangent has equation y = 22 —1 with point of contact (1, 1). 


If a= 3, the tangent has equation y = 62 —9 with point of contact (3, 9). 








17 a Find the equation of the tangent to y — z? — z--9 atthe point where z =a. Hence, find 


the equations of the two tangents from (0, 0) to the curve. State the coordinates of the points 
of contact. 

b Find the equations of the tangents to y — z? from the external point (—2, 0). 

c Find the equation of the normal to y = yx from the external point (4, 0). 
Hint: There is no normal at the point where z — 0, as this 1s the endpoint of the function. 


18 Find the equation of the tangent to y =e” at the point where x =a. 
Hence, find the equation of the tangent to y = e” which passes through the origin. 


8 


19 Consider f(x) = 3. 
T 


Sketch the graph of the function. 
Find the equation of the tangent at the point where x — a. 
If the tangent in b cuts the x-axis at A and the y-axis at B, find the coordinates of A and B. 


Qacga 


Find the area of triangle OAB and discuss the area of the triangle as a — oo. 


20 The graphs of y = /a+a and y = V2x— xr? have the same gradient at their point of 
intersection. 
Find a and the point of intersection. 
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21 Suppose P is (—2, 3) and Q is (6, —3). The line (PQ) is a tangent to y= Find b. 





[ue 


x 


22 Find, correct to 2 decimal places, the angle between the tangents to y —3e "^ and y=2+ e” 


at their point of intersection. 


23 A quadratic of the form y — az?, a » 0, 
touches the logarithmic function y = In x 
as shown. 


a If the x-coordinate of the point of 





contact is b, explain why ab?=Inb ~< 
and 2ab= zt 
b 
b Deduce that the point of contact is 


(ve. 3). 


€ Find the value of a. 








If two curves touch then 
they share a common 






d Find the equation of the common tangent. 
tangent at that point. 





24 a Find the tangents to the unit circle z?--y? — 1 at the points where x = i. 


b Find the point on the z-axis where these tangents intersect. 





The concepts of increasing and decreasing are 
closely linked to intervals or subsets of a 
function's domain. 


We commonly use the algebraic notation shown 
in the table to describe subsets of the real 
numbers corresponding to intervals of the real 
number line. 





Suppose S is an interval in the domain of f(x), so f(x) is defined for all x in S. 


e f(x) is increasing on S = f(a) < f(b) forall a,b€S such that a « b. 
e f(x) is decreasing on S < f(a) > f(b) forall a,b€S such that a < b. 


PROPERTIES OF CURVES (Chapter 19) 541 


For example: 


y = x? is decreasing for z « 0 and 


increasing for x > 0. 


People often get confused about the point « = 0. They wonder how the curve can be both increasing 
and decreasing at the same point when it is clear that the tangent is horizontal. The answer is that 
increasing and decreasing are associated with intervals, not particular values for x. We must clearly 
state that y = x? is decreasing on the interval x « 0 and increasing on the interval x > 0. 


We can determine intervals where a curve is increasing or decreasing by considering f'(x) on the 
interval in question. For most functions that we deal with in this course: 

e f(x)is increasing on S & /f'(z) 20 forall z in S 

e f(x) is strictly increasing on S = f'(2)>0 forall x in S 

e f(x) is decreasingon S > f'(r) € 0 for all x in S 

e f(a) is strictly decreasing on S = f’(x) <0 forall x in S. 


MONOTONICITY 


Many functions are either increasing or decreasing for all x € IR. We say these functions are monotone 
increasing or monotone decreasing. 


For example: 
pas 


1 


< | » TI 








y =2* is strictly increasing for all x. y —3 * is strictly decreasing for all x. 
The word “strictly” is not required for this course, but it is useful for understanding. It allows us to make 
statements like: 


e for a strictly increasing function, an increase in x produces an increase in y 


e fora strictly decreasing function, an increase in z produces a decrease in y. 





increase in x increase in x 
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Example 8 


Find intervals where f(x) is: 
a increasing 


b decreasing. 


a f(x) is increasing for x < —1 
andor a2 2 since mur) = 0 
on these intervals. 


b f(z) is decreasing for 
ESTI 
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Sign diagrams for the derivative are extremely useful for determining intervals where a function is 
increasing or decreasing. Consider the following examples: 


f(x) =2x which has sign diagram 


<= 





; 0: ; 
decreasing ; Increasing 


decreasing for x < 0 
nasa i f 


f'(x) = 3x? which has sign diagram 
+ + 
T 
0 
increasing for all x 
(f'(x) is never negative) 


f(x) =x* is monotone increasing. 


increasing for x > 0. 


— —2xr which has sign diagram 
+ | - 





0 > © 
increasing ; decreasing 


increasing for x < 0 
decreasing for x > 0. 


f'(£) =32? — 3 
— 3(z? — 1) 
— 3(z -- 1)(z — 1) 
which has sign diagram 
+ |] = | + 
—1 1 
increasing | decreasing | increasing 


f(z) =a? —32+4 is 


< » T 





a for x < —1 and for xz >21 


decreasing for —1 < x <S 1. 
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Example 9 x) $elf Tutor 
Find the intervals where the following functions are increasing or decreasing: 
a f(x) =a? + 32745 b f(x) =3x2*-— 8r? +2 
a Fx) = —q? d 322 SM) TI-84 Plus 
f'(z) 2 —3a? + 6x Vic c^ 3434245 


= —32(x — 2) 
which has sign diagram 


= + = 





T 
0 2 
So, f(x) is decreasing for « <0 and for x > 2, and increasing for 0 « x < 2. 
b f(z) = 32° — 82° +2 Casio fx-CG20 
f' (a) = 122° — 242? 
= 121? (17 = 2) 
which has sign diagram 
ue — + T 





0 2 


So, f(x) is decreasing for x < 2, and increasing for x > 2. 








Remember that f(x) must be defined for all x on an interval before we can classify the function as 
increasing or decreasing on that interval. We need to take care with vertical asymptotes and other values 
for z where the function is not defined. 


EXERCISE 19B 





1 Write down the intervals where the graphs are: i increasing ii decreasing. 
a y b y c y (2, 3) 
3 x 
T 
(3, -1) 
d y e y 
(5, 2) 
z z 


(1, -1) 





2 Find the intervals where f(x) is increasing or decreasing: 


à f(z)-g b f(z)—-2? c f(x) yr d f(x) =22?+3x-4 
e Na) == f f(c)=22-62? 3 f(a)=e h f(x) =Inz 


i f(z)=—2e3+427 j f(1)=3+e" k f(x) = xe” | f(r)2r—2Jr 
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3 Find the intervals where f(x) is increasing or decreasing: 


a f(2) =-—42* + 152? + 182 +3 b f(x) =3x*-— 16r? + 24r? — 2 
ec f(x) = 2x3 + 9x? +62 —7 d f(x)= zr? — 6r? +3r-—1 
Example 10 ») $elf Tutor 
- eet 
Consider (2) = aoe 
a Show that f’(r) = E and draw its sign diagram. 


ee 
b Hence, find the intervals where y = f(x) is increasing or decreasing. 


s f(a) ES —— 3 
jus Me» {quotient rule} 


_ 2a? 4+ de — 6 — [4x2 — 2x — 6] 
((z — 1)(s - 3)? 

E 272 + 6x 

DE 

| —2x(x — 3) 

EU 





which has sign diagram: 


b f(x) is increasing for 0<x<1 
iio ms 
f(x) is decreasing for x < —3 


and for -—-3<x<0 
andorra 

















: 4x 
4 = 
Consider f(x) Prl 
a Show that f'(x)= DHL and draw its sign diagram. 
b Hence, find intervals where y — f(x) is increasing or decreasing. 
: Aa 
5 Consider f(x) = GoD?’ 


a Show that f’(r) = eee and draw its sign diagram. 
(x — 1)8 


b Hence, find intervals where y — f(x) is increasing or decreasing. 


—g? = 
6 Consider f(x) = HT 
dc 


a Show that f'(z)— ae and draw its sign diagram. 
ee 


b Hence, find intervals where y = f(x) is increasing or decreasing. 


PROPERTIES OF CURVES (Chapter 19) 325 


7 Discuss intervals where the following functions are increasing or decreasing: 
a y=arccosx b y=arcsinx € y=arctanzx 
d y=cosz e y=sinz f y=tanz 


8 Find intervals where f(x) is increasing or decreasing if: 








a fle) =- b f(a) =e c f(2) oa? 4 
d f(z) - —— e f(r)-—r-4coszc 





A stationary point of a function is a point where f'(x) = 0. 


It could be a local maximum, local minimum, or stationary inflection. 


TURNING POINTS (MAXIMA AND MINIMA) 


Consider the following graph 
which has a restricted domain of 
—-5<xS< 6. 





A is a global minimum. It is the minimum value of y on the entire domain. 


B is a local maximum. It is a turning point where f'(x) — 0 and the curve has shape 7 I 


C is a local minimum. It is a turning point where f'(x) — 0 and the curve has shape t i 


D is a global maximum. It is the maximum value of y on the entire domain. 
For many functions, a local maximum or minimum is also the global maximum or minimum. 


For example, for y = x? the point (0, 0) is a local minimum and is also the global minimum. 


STATIONARY POINTS OF INFLECTION 


It is not always true that whenever we find a value of x where f'(z) — 0, we have a local maximum 
or minimum. 
For example, f(z)-—z? has f'(x) = 3x? T 
and f'(z)-— 0 when z — O0. 
The z-axis is a tangent to the curve which actually crosses over the 


curve at O(0, 0). This tangent is horizontal but O(0, 0) is neither a 
local maximum nor a local minimum. 


It is called a stationary inflection (or inflexion) as the curve changes 
its curvature or shape. 
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SIGN DIAGRAMS 
Consider the graph alongside. 


The sign diagram of its gradient function is 
shown directly beneath it. 


We can use the sign diagram to describe the 
stationary points of the function. 


local maximum 


local minimum 


f(a) = x? — 32” — 92 -- 5 

f'(z) 23a? — 6x —9 
= 3(x* — 2x — 3) 
= 3(x — 3)(a + 1) 








There is a local maximum at (—1, 10). 





which has sign diagram: 










stationary 


local maximum x inflection 


dere m cu fe 





local local stationary 
maximum minimum inflection 








So, we have a local maximum at z — —1 anda local minimum at. z — 3. 
aS NN f(3)235—38x3'—9x3--5 
= 10 = -22 
TI-84 Plus Casio fx-CG20 


B] [EXEl:Show coordinates 
Y1l=x*(3)-3x2-9x-+5 fy 





There is a local minimum at (3, —22). 
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Example 12 x) $elf Tutor 


Find the exact position and nature of the stationary points of. y — (x —2)e *. 





zl = (1)e * c (z — 27e *(—1) {product rule} 
X 

=e7*(1- (22) 

E — where e^ is positive for all x. 

e 
So, due) when «= 3. 
dx 
The sign diagram of Ey is: a - r 
dx 3 


at z—3 we have a local maximum. 


i 


2 — (es 
But when z =3, y= (l)e SS. 


: a il 
the local maximum is at (3, =) 
e 








If we are asked to find the greatest or least value of a function on an interval, then we must also check the 
value of the function at the endpoints. We seek the global maximum or minimum on the given domain. 


Find the greatest and least value of y = a — 6r? +5 on the interval —2 x x « 5. 





Now = — 32? — 12x TI-nspire 
Be a *Unsaved w 
= 3x(x — 4) 
d 
“4 —0 when x=0 or 4. 
dx 





The sign diagram of a 1s: 
a 





2 (end point) - 
0 (local max) 


4 (local min) 
5 (end point) 





The greatest of these values is 5 when gx = 0. 





The least of these values is -27 when x = —2 and when x = 4. 
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EXERCISE 19C 


10 


13 


The tangents at points A, B and C are horizontal. 
a Classify points A, B and C. 
b Draw a sign diagram for the gradient function 
f'(x) forall z. 
€ State intervals where y — f(x) is: 


i increasing ii decreasing. 





d Draw a sign diagram for f(x) for all x. 
For each of the following functions, find and classify any stationary points. Sketch the function, 
showing all important features. 

b f ¢ f(x)=23-3r+2 
= 2? — 22? e f(x) =yr+2 f f(z) =2° —627+1274+1 
h f i f(x) = zt -— 6r? + 8r -— 3 


At what value of x does the quadratic function f(x) =az?+br+c, a#0, have a stationary 
point? Under what conditions is the stationary point a local maximum or a local minimum? 
Find the position and nature of the stationary point(s) of: 


x 


a y—-zce* b y=27e" c y= — d y=e *(1+2) 
Fx) = 224 + ax? —24r +1 has a local maximum at x = —4. Find a. 


f(x) =2? +axr+b_ hasa stationary point at (—2, 3). 
a Find the values of a and b. 
b Find the position and nature of all stationary points. 


Consider f(x) =alnz. 


a For what values of r is f(x) defined? 


6 Show that the global minimum value of f(x) is =e 
e 


For each of the following, determine the position and nature of the stationary points on the interval 
0 x xz X 2m, then show them on a graph of the function. 


a f(x)—sinz b f(x) =cos(2z) ¢ f(x) =sin’ x 

d fía) =e** e f(x) =sin(2x) + 2cosx 
The cubic polynomial P(x) = ax? + br? +cx+d_ touches the line with equation y = 9x +2 
at the point (0, 2), and has a stationary point at (C1, —7). Find P(z). 
Find the greatest and least value of: 

a z?—127—2 for -—3<x<5 b 4—3a?--a23? for -2<2<3 


Show that y — 4e ^sinz has a local maximum when x = 4. 


f(t) = ate" has a maximum value of 1 when t = 2. Find constants a and b. 


1 1 
Prove that == <- forall z >Q. 
x e 
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14 Consider the function f(x) — x — Ina. 


a Show that y= f(x) has a local minimum and that this is the only turning point. 
b Hence prove that Inz<x-—1 forall x>0. 


15 Consider the function f(x) = secz. 
a For what values of x is f(x) undefined on the interval 0 < x < 27? 
b Find the position and nature of any stationary points on the interval 0 < x « 2. 


¢ Provethat f(x+27) = f(x) forall x € R where f(x) is defined. Explain the geometrical 
significance of this result. 


d Sketch the graph of y —secz, z €[—-Z, =] and show its stationary points. 





When a curve, or part of a curve, has shape: 
TEST FOR SHAPE 


Consider the concave downwards curve: 
m=0 


we say that the shape is concave downwards 


we say that the shape is concave upwards. 


Wherever we are on the curve, as x 
increases, the gradient of the tangent 
decreases. 

f'(x) is decreasing 

its derivative is negative, 

which means f”(xr) « 0. 


Wherever we are on the curve, as x 
increases, the gradient of the tangent 
increases. 

f'(x) is increasing 

its derivative is positive, 

which means f”(x)> 0. 





m=0 


POINTS OF INFLECTION (INFLEXION) 


A point of inflection is a point on a curve at which there is a change of 
curvature or shape. 


DEMO 


a 2d 


point of point of 
inflection inflection 
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If the tangent at a point of inflection is horizontal then this point is a horizontal or stationary inflection. 





stationary inflection f'(x) has sign diagram ——LÉ—. x 
tangent gradient = 0 
f(x) has sign diagram ~ to. » 
y= f(x) 


If the tangent at a point of inflection is not horizontal, we have a non-horizontal or non-stationary 
inflection. 


non-stationary inflection 
tangent 


f'(x) has sign diagram «tl—l+,, 


gradient # 0 





f(x) has sign diagram acc I E Vas 


The tangent at the point of inflection, also called the inflecting tangent, crosses the curve at that point. 


There is a point of inflection at «=a if f(a) =O and the sign of f”(x) changes 
at r-—a. 


The point of inflection corresponds to a change in curvature. 


In the vicinity of a, f"(x) has sign diagram either amete x or S ge T 


Observe that if f(x) =x* then f'(x)= 4r’ 
and f(x) = 122? 


and f”(x) has sign diagram ge 


0 


Although /f"(0) — 0 we do not have a point of inflection at 
(0, 0) because the sign of f"(x) does not change at x = 0. 
In fact, the graph of. f(z) — x^ is: 









SUMMARY 






turning points 





stationary 
inflections 


stationary points inflections 
f(x) =0 f'(z) =0 


and change of sign 
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If a curve is concave downwards on an 
interval S then f"(r) € 0 for all z in S. 





If a curve is concave upwards on an 


interval S then /"(x) 20 forall x in S. 





If f"(x) changes signat r — a, and f"(a) —O0, then we have a 
e stationary inflection if f'(a)=0 


e non-stationary inflection if f(a) 4 0. 





Click on the demo icon to examine some standard functions for turning points, points of DEMO 
inflection, and intervals where the function is increasing, decreasing, and concave up or 
down. 





™) Self Tutor 


Find and classify all points of inflection of f(x) — z* — 4a? + 5. 














f(a) =a —4a* +5 fe — | - | + 
f'(z) — 42? — 122? — Az? (x — 3) b 0 3 rs 
fs) = 127? — 24x f" (a) + | = | at 

= 12x(x¢ — 2) < 0 2 > a 
f"(x) =0 when z=0o0r2 03 “down Up 


Since the signs of f"(x) change about z — 0 and x = 2, these two points are points of 
inflection. 


Now  f'(0)=0,  f'(2)=32-48%0 
and  f(0)=5,  f(2)=16-32+5=-11 


Thus (0, 5) is a stationary inflection, and (2, —11) is a non-stationary inflection. 





EXERCISE 19D.1 


a In the diagram shown, B and D are stationary points, and C is a point of inflection. Complete 
the table by indicating whether each value is zero, positive, or negative: 











< 
b Describe the turning points of y = f(x). 
€ Describe the inflection point of y = f(x). 

2 Find and classify all points of inflection of: 
a f(x) =27+3 b f(r) =2-23 c f(x)= x3 — 6r? +9r+1 
d f(c)=—3e-8¢3 +2 e f(z) -3—- f f(z) =23 +62? +122 +5 
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Consider f(x) = 32* — 16x? + 242? — 9. 
a Find and classify all points where f'(x) = 0. 





b Find and classify all points of inflection. 

€ Find intervals where the function is increasing or decreasing. 
d Find intervals where the function is concave up or down. 

€ Sketch the function showing the features you have found. 











a f(x) = 31* — 162? + 244? — 9 
f' (x) = 12x — 48x? + 48a <. f'(x) has sign diagram: 
Ta eae) " D n f(z) 
= 122(2 — 2)? 0 9 s 
Now f(0) =-9 and f(2)=7 
(0, —9) is a local minimum and (2, 7) is a stationary inflection. 
b f"(x) = 361? — 96x + 48 <.  f”(x) has sign diagram: 
— 12(32? — 8x -- 4) k E s f" (x) 
= 12(x — 2)(3x — 2) 2 ; z 
Now f(5) —2.48 
(2, 7) is a stationary inflection and (2, —2.48) is a non-stationary inflection. 
€ f(x) is decreasing for x < 0 e sition 
f(x) is increasing for x > 0. y inflection 
d f(x) is concave up for z < 2 and z>2 y- f) (2, o 
f(x) is concave down for 2 DE 






(3, -2.48) 








(0, —9) —- non-stationary 
local minimum inflection 
3 For each of the following functions: 
i Find and classify all points where f'(x) — 0 

ii Find and classify all points of inflection 

iii Find intervals where the function is increasing or decreasing 

iv Find intervals where the function is concave up or down 

v Sketch the function showing the features you have found. 
a f(x) =2 b f(x) =2° e f(z) ^ V7 
d f(x)= zx — 3r? — 24r +1 e f(x) =3a2+ +423 —2 f f(x) =(«-1)* 
g f(x) = 24 — 42243 h f@)=3- 


Jz 
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Example 16 x) $elf Tutor 


gx 


Consider the function y —2—e *. 
a Find the x-intercept. b Find the y-intercept. 
Show algebraically that the function is increasing for all x. 


T 


€ 

d Show algebraically that the function is concave down for all x. 
€ Use technology to help graph y —2—e ". 

f 


Explain why y — 2 is a horizontal asymptote. 








a The x-intercept occurs when y = 0 b The y-intercept occurs when x = 0 
CREE D SIS 
=x = n2 
y -—-—]1n2 


the x-intercept is —In2 & —0.693 


dy = = 1 d2y E 
—1 a E 
Now e” >0 forall z, == wmhichis <0O forall zx. 
dy e7 
SO 0 forall z. . the function is concave down for all x. 
the function is increasing for all x. 
e 

Casio fx-CG20 TI-84 Plus TI-nspire 





Val *Unsaved w mE 








T 





f As z>o0 e” =>00 and e*>0 
U 


Hence, the horizontal asymptote is y = 2. 





4 The function f(x) =e?” —3 cuts the x-axis at A and the y-axis at B. 
a Find the coordinates of A and B. 
Show algebraically that the function is increasing for all x. 


Find f(x) and hence explain why f(x) is concave up for all x. 


n). 


Use technology to help graph y = e?" — 3. 
€ Explain why y — —3 is a horizontal asymptote. 


5 Suppose f(r)-—e*—3 and g(r)—3-— 5e * where —3 & x <S 4. 
a Find the x and y-intercepts of both functions. 
b Discuss f(x) and g(x) as xz — oo andas zr — —oo. 
€ Find algebraically the point(s) of intersection of the functions. 
d 


Sketch the graph of both functions on the same set of axes. Show all important features on 
your graph. 
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6 The function y — e^ —3e * cuts the x-axis at P and the y-axis at Q. 
a Determine the coordinates of P and Q. 


b Prove that the function is increasing for all x. 


2 
€ Show that a = y. What can be deduced about the concavity of the function above and 
T 
below the x-axis? 
d Use technology to help graph y — e* —3e *. 


Show the features of a, 6, and ¢ on the graph. 
7 Consider f(x) = In(2x — 1) —3. 
a Find the x-intercept. 
Can f(0) be found? What is the significance of this result? 
Find the gradient of the tangent to the curve at x = 1. 
Find the domain of f. 


Find f(a) and hence explain why f(a) is concave down for all x in the domain of f. 


=m O QA aA 


Graph the function, showing the features you have found. 


8 Consider f(x) =Inz. 
a For what values of r is f(x) defined? 
b Find the signs of f'(x) and f"(x) and comment on the geometrical significance of each. 
€ Sketch the graph of f(a) — nx and find the equation of the normal at the point where y = 1. 
9 Consider the function f(x) — Z. 
Does the graph of y — f(x) have any x or y-intercepts? 
Discuss f(x) as r — oo andas x — —oo. 
Find and classify any stationary points of y = f(x). 


Find the intervals where f(a) is: i concave up ii concave down. 


o & n GO wv 


Sketch the graph of y — f(x) showing all important features. 


f Find the equation of the tangent to f(a) = = at the point where z — —1. 
x 


=i? 
10 A function commonly used in statistics is the normal distribution function f(x) = d 


1 
vus 
a Find the stationary points of the function and find the intervals where the function is increasing 

and decreasing. 
b Find all points of inflection. 
Discuss f(x) as z — oo andas xz — —oo. 


d Sketch the graph of y = f(x) showing all important features. 


11 Consider the function y = 4* — 2”: 

a Find the axes intercepts. 
Discuss the graph as z — oo andas xz — —oc. 
Find the position and nature of any stationary points. 


Discuss the concavity of the function. 


^ foa Cc 


Sketch the function, showing the features you have found. 
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12 Consider the surge function f(t) — Ate ", t0, where A and b are positive constants. 
a Prove that it has: 


7 : 1 3i : g : 2 
i alocal maximum at t = > ii a point of inflection at t = = 
6 Sketch the function, showing the features you have found. 


13 Consider the logistic function f(t) = — t 20, where A, b, and C are positive constants. 
€ 


a Find the y-intercept. 
b Prove that: 
i y=C is its horizontal asymptote 


ii if A> 1, there is a point of inflection with y-coordinate T. 


€ Sketch the function, showing the features you have found. 


ZEROS OF f'(x) AND f"(a) 
Suppose y = f(x) has an inflection point at x — a. 
f"(a) — 0 and thus the derivative function f'(x) has a stationary point at x = a. 


Since f”(x) changes signat x =a, the stationary point of f’(x) is a local maximum or local 
minimum. 


If, in addition, f’(a) = 0, then the local maximum or local minimum of f'(x) lies on the z-axis, 
and we know y = f(x) has a stationary inflection point at x = a. Otherwise, y = f(x) has a 
non-stationary inflection point at x = a. 


Example 17 ™) Self Tutor 


Using the graph of y — f(x) alongside, sketch 
the graphs of y = f(z) and y = (5): 











The local minimum corresponds to f'(x) = 0 
o AO 

The non-stationary point of inflection 
corresponds to. f'(z) Z 0 and f”(x)= 0. 


The stationary point of inflection corresponds 
iO er EON LR OS 





non-stationary stationary 
point of inflection point of inflection 
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Example 18 


The graph alongside shows a gradient 
function y = f'(x). 


Sketch a graph which could be 
y = f(a), showing clearly the 
a-values corresponding to all 
stationary points and points of 
inflection. 








Sign diagram of f'(x) is: | 





f'(x) isa maximum when z — —4 
and a minimum when z ~ 25. 
At these points f”(x)=0 but 


f'(x) #0, so they correspond to 
non-stationary points of inflection. 


point of inflection 








non-stationary local 
min 





EXERCISE 19D.2 


1 Using the graphs of y = f(x) below, sketch the graphs of y = f'(x) and y — f"(x). Show 


clearly the axes intercepts and turning points. 





2 For the graphs of y = f’(x) below, sketch a graph which could be y = f(z). 


location of any stationary points and points of inflection. 
b 








Show clearly the 
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ACTIVITY 


Click on the icon to run a card game on curve properties. 


CARD GAME 


REVIEW SET 19A TOR 


9 


10 Find the coordinates of P and Q if (PQ) 


Find the equation of the tangent to y — —2z? at the point where x — —1. 


1— : 
Find the equation of the normal to y = at the point where x = 1. 


q? 





d : —2 
Consider the function f(x) = a 
DS 


State the equation of the vertical asymptote. 





a 

b Find the axes intercepts. 

c Find f'(x) and draw its sign diagram. 
d 


Does the function have any stationary points? 


Find the equation of the normal to y = eat the point where x= 1. 


2 
Show that the equation of the tangent to y=xtanx at x=% is (2+1)x-— 2y = ix 


ax+b 

Je 
Show that the equation of the tangent to f(x) =4ln(2x) at the point P(1, 41n2) is given 
by y=4r+4ln2— 4. 


The tangent to y= AI IL AA dro mando: 





et 





Consider the function f(x) = A 


Find the y-intercept of the function. 


For what values of x is f(x) defined? 


Sketch the graph of y = f(z). 


a 
b 
€ Find the signs of f’(x) and f’’(x) and comment on the geometrical significance of each. 
d 
e Find the equation of the tangent at the point where x = 2. 


The line through A(2, 4) and B(0,8) isatangentto y — Find a. 


(z4-2)" 


is the tangent to y = = ater ee) 
T 
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Given the graph of y = f'(x) drawn alongside, sketch a 
possible curve for y = f(x). Show clearly any turning 
points and points of inflection. 





Find the equation of the tangent to y — In(z? +3) atthe point where z — 0. 
Find the equation of: 


as 


a the tangentto y=secxw atthe pointwhere z — 3 


b the normal to y=arctanz atthe point where x = 3. 


Prove that every normal to the unit circle 2? 4- y? — 1 passes through the origin. 


REVIEW SET 19B TOF 


9 


Determine the equation of any horizontal tangents to the curve with equation 
y =a — 327 — 9x + 2. 


The tangent to y=a?/1—2z at x=-—3 cuts the axes at points A and B. 
Determine the area of triangle OAB. 


Suppose f(x) -— a?--az, a « 0 has a turning point when x = V2. 
a Find a. 
b Find the position and nature of all stationary points of y = f(x). 
¢ Sketch the graph of y = f(z). 


At the point where x =0, the tangentto f(r) =e**+px+q has equation y —5z— 7. 
Find p and q. 
Find where the tangent to y=2x*+4x—1 at (1,5) cuts the curve again. 
4 
(ax +1)? 


Consider the function f(x) — e* — z. 


Find a given that the tangent to y = at xz — 0 passes through (1, 0). 


a Find and classify any stationary points of y = f(x). 

b Discuss what happens to. f(r) as x — oo. 

€ Find j"(x) and draw its sign diagram. Give a geometrical interpretation for the sign of 
f'(z). 
Sketch the graph of y = f(z). 

e Deduce that e* >x+1 forall x. 


+1 


Find the equation of the normal to y = 5 
"oum 


at the point where x = 1. 





Show that y= 2-— a has no horizontal tangents. 
1+ 22x 
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10 Find the equation of the quadratic function g(x) 


12 


13 


14 


where y = g(x) is the parabola shown. Give 
your answer in the form g(x) = az? + bx + c. 





Consider JE) =v for 0< a < 2r. 
a For what values of zx in this interval is f(x) defined? 
b Find f'(x) and hence find intervals where f(x) is increasing and decreasing. 
€ Sketch the graph of y= f(x) on 0< a < 2r. 

The graph of y = f(x) is given. 

On the same axes sketch the graph of 


y = f'(a). 





a Sketch the graph of x= 4 for x > 0. 
x 


b Find the equation of the tangent to the function at the point where z = k, k 0. 


If the tangent in b cuts the x-axis at A and the y-axis at B, find the coordinates of A 
and B. 


d What can be deduced about the area of triangle OAB? 
Find k if the normal to the curve at x = k passes through the point (1, 1). 


U JL has a tangent with equation 5x+by=a  atthe point where x= —3. 
eU 


Find the values of a and b. 


REVIEW SET 19C 


Find the equation of the normal to y= at the point where x = 4. 


y — f(x) is the parabola shown. 
a Find f(3) and f’(3). 
b Hence find f(x) in the form 
f(x) 2 ax? + br +c. 





3 y=2x isa tangent to the curve y = z? +ar +b at x= 1. Find a and b. 
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PROPERTIES OF CURVES (Chapter 19) 


The tangent to y — z?--ax? —4x--3 at x=1 is parallel to the line y — 3x. 
a Find the value of a and the equation of the tangent at x = 1. 


b Where does the tangent cut the curve again? 


Find where the tangent to y —In(z*--3) at x=1 cuts the y-axis. 
Consider the function f(x) = 2x? — 3z? — 36x + 7. 


a Find and classify all stationary points and points of inflection. 
b Find intervals where the function is increasing and decreasing. 
€ Find intervals where the function is concave up or down. 
d 


Sketch the graph of y = f(x) showing all important features. 


The normal to f(x) = =. at (2,2) cuts the axes at B and C. Find the length of [BC]. 


Consider the function f(x) = x? — 4x? + 4z. 


a Find all axes intercepts. 





b Find and classify all stationary points and points of inflection. 
€ Sketch the graph of y — f(x) showing features from a and b. 


Find the equation of: 


Ji : 
a thetangentto y= —— atthe point where z — 3 
sina 


b the normal to y=cos(5) at the point where x= 5. 


The curve f(x) = 32% + ax? +b has tangent with gradient O at the point (—2, 14). 
Find a and b and hence f" (—2). 


Show that the curves whose equations are y = /3a+1 and y — v5xr—a? havea 
common tangent at their point of intersection. Find the equation of this common tangent. 
Consider the function f(r) — x 4- In x. 
a Find the values of x for which f(a) is defined. 
b Find the signs of f'(x) and f"(z) and comment on the geometrical significance of each. 
€ Sketch the graph of y = f(z). 
d Find the equation of the normal at the point where x = 1. 
The graph of y — f'(x) is drawn. 
On the same axes clearly draw a possible graph of 


y = f(a). Show all turning points and points of 
inflection. 





If f(x) =arcsinx +arccosx, find f'(x). What can we conclude about f(x)? 


a Find the equations of the tangents to the circle z?--y? — 4 at the points where y = 1. 


b Find the point of intersection of these tangents. 
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OPENING PROBLEM 


Michael rides up a hill and down the other side to his friend's house. The dots on the graph show 
Michael's position at various times t. 


E=C AS gd t=19 DEMO 
o 9——o— —o o o 
t=10 





Michael's place friend’s house 


The distance Michael has travelled at various times is given by the function 
s(t) = 1.23 — 30¢2 + 285t metres for 0 < t < 19 minutes. 


































































































Things to think about: 

a Explain why s(t) should be an increasing function. 

b Can you find a function for Michael’s speed at any 
time £? 

€ Michael's acceleration is the rate at which his speed is 
changing with respect to time. How can we interpret 
s yr 

d Can you find Michael's speed and acceleration at the 
time ¢ = 15 minutes? 


e At what point do you think the hill was steepest? How 
far had Michael travelled to this point? 





We saw in the previous chapter some of the curve properties that can be analysed using calculus. In this 
chapter we look at applying these techniques in real world problems of: 

e kinematics (motion problems of displacement, velocity, and acceleration) 

e rates of change 


e optimisation (maxima and minima). 





In the Opening Problem we are dealing with the movement of Michael riding his bicycle. We do not 
know the direction Michael is travelling, so we talk simply about the distance he has travelled and his 
speed. 


For problems of motion in a straight line, we can include the direction the object is travelling along the 
line. We therefore can talk about displacement and velocity. 
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DISPLACEMENT 

Suppose an object P moves along a straight line so that its position s(t) 

s from an origin O is given as some function of time t. We write 

s = s(t) where t 2 0. O E 


origin 
s(t) is a displacement function and for any value of £ it gives the displacement from O. 


s(t) is a vector quantity. Its magnitude is the distance from O, and its sign indicates the direction 
from O. 


On the horizontal axis through O: 


e if s(t) >0, P is located to the right of O 
e if s(t)=0, Pis located at O 
e if s(t) «0, P is located to the left of O. 


MOTION GRAPHS 
Consider s(t) =t -2t — 3 cm. 
s(0) — —3 cm, s(1) 20cm, s(2)— 5 em, s(3) 2 12cm, s(4) — 21 em. 


To appreciate the motion of P we draw a motion graph. You can also view the motion by clicking on 
the icon. 


DEMO 
pr we xcov c c cM o 


o 
ou 


10 15 20 25 
t=0 t=1 t=2 t=3 i4 


Fully animated, we not only get a good idea of the position of P, but also of what is happening to its 
velocity and acceleration. 


VELOCITY 


The average velocity of an object moving in a straight line in the time interval from t = tı to t= tə 
is the ratio of the change in displacement to the time taken. 


s(t2) — s(t1) 


If s(t) is the displacement function then average velocity = A i 
i 


On a graph of s(t) against time ¢ for the time interval from t =t, to t = to, the average velocity is 
the gradient of a chord through the points (ti, s(t1)) and (ta, s(t2)). 


In Chapter 17 we established that the instantaneous rate of change of a quantity is given by its derivative. 
If s(t) is the displacement function of an object moving in a straight line, then 
e ee à 
Vit) = s) jim —— d the instantaneous velocity or 
—0 
velocity function of the object at time t. 


On a graph of s(t) against time ¢, the instantaneous velocity at a particular time is the gradient of the 
tangent to the graph at that point. 
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ACCELERATION 


If an object moves in a straight line with velocity function v(t) then its average acceleration for the 
time interval from t= tı to t= tə is the ratio of the change in velocity to the time taken. 


v(t2) = v(ti) 


average acceleration — 
t2 — tı 


If a particle moves in a straight line with velocity function v(t), then the instantaneous acceleration 
v(t 4- h) — v(t) 


at time tis a(t) — v'(t) — Jim 7 


UNITS 


Each time we differentiate with respect to time t, we calculate a rate per unit of time. So, for a 
displacement in metres and time in seconds: 


e the units of velocity are ms”! 


e the units of acceleration are ms”?. 


Example 1 =ò Self Tutor 














A particle moves in a straight line with displacement from O given by  s(t) — 3t — t? metres at 
time ¢ seconds. Find: 

a the average velocity for the time interval from t=2 to t=5 seconds 

b the average velocity for the time interval from t=2 to t=2+h seconds 
s(2 +h) — s(2) 


€ lim 


and comment on its significance. 
h=0 


average velocity 





average velocity 





. s(5)-— s(2) _ 8(2+h) — s(2) 
2 Go 
= (b=25)— 6-4) m3 nine 
3 B h 
— 10-2 _ 6+3h—4—4h—h?—2 
3 i= E 
=-—4ms * _ -h—h? 
=— 


—-1-h ms! provided h 40 
e s(2 4- h) — s(2) 


c l 
h—0 h 
= lim (=1 =h) {since h 40) 
== mg 


This is the instantaneous velocity of the particle at time t =2 seconds. 
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EXERCISE 20A.1 


1 A particle P moves in a straight line with a displacement function of s(t) = t? +3t—2 metres, 
where t > 0, t in seconds. 


a Find the average velocity from t=1 to t=3 seconds. 
b Find the average velocity from t=1 to t=1+h seconds. 


s(1+h) — s(1) 
h 


c Find the value of jm and comment on its significance. 
— 


$ : z ; . 7 t+h) — s(t 
d Find the average velocity from time ¢ to time t+ seconds and interpret jm mu 


2 A particle P moves in a straight line with a displacement function of s(t) = 5 — 21? cm, where 
t > 0, t 1n seconds. 


a Find the average velocity from t=2 to t=5 seconds. 
b Find the average velocity from t=2 to t£ —2-- h seconds. 


o s(2 4- h) — s(2) 
h 


c Find the value of pi l and state the meaning of this value. 


; h) — s(t) 
t im ee 
d Interpre jim E 


3 A particle moves in a straight line with velocity function v(t) = 2Vt+3 cms”!, t z 0. 
a Find the average acceleration from t=1 to t=4 seconds. 
b Find the average acceleration from t=1 to t— 1-- h seconds. 


pu aU Interpret this value. 
h=0 h 

v(t +h) — v(t) 

—— 


€ Find the value of 
d Int t li 
nterpre jim 


4 An object moves in a straight line with displacement function s(t) and velocity function v(t), 


t 20. State the meaning of: 
s(4 4- h) — s(4) b dini 
h h—0 


a lim 


v(4 4- h) — v(4) 
h—0 h 


VELOCITY AND ACCELERATION FUNCTIONS 


If a particle P moves in a straight line and its position is given by the displacement function s(t), t > 0, 
then: 


e the velocity of P at time t is given by v(t) = s'(t) 
e the acceleration of P at time t is given by a(t) = v' (t) = s” (t) 


e s(0), v(0), and a(0) give us the position, velocity, and acceleration of the 
particle at time t = 0, and these are called the initial conditions. 


2 
s(t) differentiate v(t) = 2 differentiate a(t) = a = as 
—— == 


displacement a t d? 
p velocity acceleration 
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SIGN INTERPRETATION 


Suppose a particle P moves in a straight line with displacement function s(t) relative to an origin O. 
Its velocity function is v(t) and its acceleration function is a(t). 
We can use sign diagrams to interpret: 


e where the particle is located relative to O 
e the direction of motion and where a change of direction occurs 
e when the particle’s velocity is increasing or decreasing. 


SIGNS OF s(t): 








=0 | PisatO 
> 0 | Pis located to the right of O 
<0 | P is located to the left of O v(t) = lim s(t +h) — s(t) 
h=>0 
SIGNS OF v(t): If v(t) >0 then s(t+h)— s(t) >0 
s(t+h) > s(t) 
| ————- 
=0 | P is instantaneously at rest s(t) s( z, +h) 


P is moving to the right. 





SIGNS OF a(t): 


velocity is increasing 


velocity is decreasing 


velocity may be a maximum or minimum or possibly constant 





A useful table: 






at the origin 








stationary 





reverses When a particle reverses 


direction, its velocity must 
change sign. 

This corresponds to a local 
maximum or local minimum 
distance from the origin O. 





maximum or minimum displacement 





constant velocity 








We need a sign diagram of a to determine if the 
velocity of the point is a local maximum or minimum. 
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SPEED 


As we have seen, velocities have size (magnitude) and sign (direction). In contrast, speed simply measures 
how fast something is travelling, regardless of the direction of travel. Speed is a scalar quantity which 
has size but no sign. Speed cannot be negative. 






The speed at any instant is the magnitude of the object's velocity. 
If S(t) represents speed then we write S = |v]. 


Be careful not to confuse 
speed S(t) with 
displacement s(t). 
To determine when the speed S(t) of an object P with displacement s(t) 

is increasing or decreasing, we need to employ a sign test. 


e Ifthe signs of v(t) and a(t) are the same (both positive or both 
negative), then the speed of P is increasing. 


e Ifthe signs of v(t) and a(t) are opposite, then the speed of P is 
decreasing. 


We prove the first of these as follows: 


if v>0 
Proof: Let S — |v| be the speed of P at any instant, so S = D : j 
—v ifv<0. 
Case 1: If v>0, S=v and oF E 
dt dt 

If a(t) >0 then a >0 which implies that S is increasing. 

Case2: If v «0, S — —v and go eS 80) 
dt dt 


If a(t) <0 then Z >0 which also implies that S is increasing. 


Thus if v(t) and a(t) have the same sign then the speed of P is increasing. 


INVESTIGATION | 


In this investigation we examine the motion of a projectile which is fired in a vertical MOTION 
direction. The projectile is affected by gravity, which is responsible for the projectile’s DEMO 
constant acceleration. 


We then extend the investigation to consider other cases of motion in a straight line. 


What to do: 


1 Click on the icon to examine vertical projectile motion in a straight line. 
Observe first the displacement along the line, then look at the velocity or rate of change in 
displacement. When is the velocity positive and when is it negative? 


2 Examine the following graphs and comment on their shapes: 


e displacement v time e velocity v time e acceleration v time 


3 Pick from the menu or construct functions of your own choosing to investigate the relationship 
between displacement, velocity, and acceleration. 


You are encouraged to use the motion demo above to help answer questions in the following exercise. 
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A particle moves in a straight line with position relative to O given by s(t) = t? — 3t + 1 cm, 
where t is the time in seconds, t > 0. 



















a Find expressions for the particle’s velocity and acceleration, and draw sign diagrams for each 
of them. 


Find the initial conditions and hence describe the motion at this instant. 
Describe the motion of the particle at t = 2 seconds. 


Draw a motion diagram for the particle. 
For what time interval is the particle’s speed increasing? 


b 

c 

d Find the position of the particle when changes in direction occur. 

e 

f 

g What is the total distance travelled in the time from t=0 to t=2 seconds? 





s(t) 5 t — 3t-- 1 cm 


v(t) 231^ -3 {as v(t) =s'(t)} DD 


the stationary point at 


= 3(¢? — 1) i : 
E je iSo required: 
= 3(t + 1)(t — 1) cms 
which has sign diagram = + wt) 
0 1 t 
and a(t)=6i cms * {as a(t) =v'(t)} 
which has sign diagram ES a(t) 
0 t 
b When t=0, s(0)=1cm 
——3 mss! 


a(0)=0 cms 4 


cm to the right of O, moving to the left at a speed of 3 cms”!, 


) 
v(0) 
) 
the particle is 1 
¢ When ¢=2, s(2)=8-6+1=3cm 
TOS PESE ORS 
a(2) = doch sm? 
the particle is 3 cm to the right of O, moving to the right at a speed of 9 cms~?. 
Since a and v have the same sign, the speed of the particle is increasing. 


d Since u(t) changes sign when £ = 1, a change of direction occurs at this instant. 
s(1)=1-3+1=-—1, so the particle changes direction when it is 1 cm to the left of O. 










e A DE 
position The motion is 
a ON TN actually on the 
-1 0 il D 3 line, not above 
origin it as shown. 


As t— oo, s(t) > oo and v(t) > oo. 
f Speed is increasing when v(t) and a(t) 
have the same sign. This is for ¢ > 1. 
g Total distance travelled = 2 + 4 = 6 cm. 








In later chapters on integral calculus we will see another technique for finding the distances travelled and 
displacement over time. 
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EXERCISE 20A.2 


1 An object moves in a straight line with position given by s(t) = t? — 4t-- 3 cm from O, where 
t is in seconds, t> 0. 


b 


Find expressions for the object’s velocity and acceleration, and draw sign diagrams for each 
function. 

Find the initial conditions and explain what is happening to the object at that instant. 
Describe the motion of the object at time t= 2 seconds. 


At what time(s) does the object reverse direction? Find the position of the object at these 
instants. 


Draw a motion diagram for the object. 


For what time intervals is the speed of the object decreasing? 


2 A stone is projected vertically so that its position above ground level after 
t seconds is given by s(t) = 98t — 4.9¢? metres, t > 0. 


00 a c 


Find the velocity and acceleration functions for the stone and draw sign 
diagrams for each function. s(t) m 


Find the initial position and velocity of the stone. 

Describe the stone's motion at times t=5 and t=12 seconds. 
Find the maximum height reached by the stone. 

Find the time taken for the stone to hit the ground. 


3 When a ball is thrown, its height above the ground is given by s(t) = 1.2 + 28.1t — 4.9¢? metres 
where f£ is the time in seconds. 


b 
c 
d 
e 


From what distance above the ground was the ball released? 

Find s'(t) and state what it represents. 

Find t when s'(t) — 0. What is the significance of this result? 

What is the maximum height reached by the ball? 

Find the ball's speed: i when released ii at t=2s iii at t=5s. 
State the significance of the sign of the derivative s'(t). 

How long will it take for the ball to hit the ground? 

What is the significance of s” (t)? 


^ A shell is accidentally fired vertically from a mortar at ground level and reaches the ground 
again after 14.2 seconds. Its height above the ground at time f£ seconds is given by 


s(t) = bt — 4.90? metres where b is constant. 


a 
b 


Show that the initial velocity of the shell is b ms~+ upwards. 
Find the initial velocity of the shell. 


5 A particle moves in a straight line with displacement function s(t) = 12t — 2t — 1 centimetres 
where t is in seconds, t > 0. 


b 
c 
d 


Find velocity and acceleration functions for the particle's motion. 
Find the initial conditions and interpret their meaning. 
Find the times and positions when the particle reverses direction. 


At what times is the particle's: i speed increasing ii velocity increasing? 
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6 The position of a particle moving along the x-axis is given 


by z(t) — t? — 91? -- 24t. metres where t is in seconds, When finding the total 
t>0 distance travelled, 
RA always look for 
a Draw sign diagrams for the particle’s velocity and direction reversals first. 


acceleration functions. 


b Find the position of the particle at the times when it 
reverses direction, and hence draw a motion diagram 
for the particle. 


€ At what times is the particle's: 





i speed decreasing ii velocity decreasing? 


d Find the total distance travelled by the particle in the 
first 5 seconds of motion. 


7 A particle P moves in a straight line. Its displacement from the origin O is given by 


s(t) = 100t -- 200e 5 cm where t is the time in seconds, t 7 0. 
a Find the velocity and acceleration functions. 

Find the initial position, velocity, and acceleration of P. 

Discuss the velocity of P as t — oo. 

Sketch the graph of the velocity function. 


O Aa a GG 


Find when the velocity of P is 80 cm per second. 


8 A particle P moves along the x-axis with position given by x(t) =1—2cost cm where t is the 
time in seconds. 
a State the initial position, velocity and acceleration of P. 


b Describe the motion when t = 7 seconds. 


€ Find the times when the particle reverses direction on 0 < ¢ < 27 and find the position of 
the particle at these instants. 


d When is the particle's speed increasing on. 0 « t « 27? 


9 In an experiment, an object is fired vertically from the earth's 
surface. From the results, a two-dimensional graph of the position 
s(t) metres above the earth's surface is plotted, where t is the time 
in seconds. It is noted that the graph is parabolic. 


s(t) 


Assuming a constant gravitational acceleration g and an initial i 
velocity of v(0), show that: 
a v(t) = v(0) + gt b s(t) =v(0) x t+ 298. 


Hint: Assume that s(t) = at? + bt +c. 


t 1 


10 The velocity of an object after £ seconds, t 2 0, is given by v — 25te ?' cms”?. 
a Sketch the velocity function. 
b Show that the object's acceleration at time ? is given by a — 25(1 — 2t)e ?* cms ?. 


€ When is the velocity increasing? 


APPLICATIONS OF DIFFERENTIAL CALCULUS (Chapter 20) 601 





B| OF CHANGE 


We have seen previously that if s(t) is a displacement function then s'(t) or = is the instantaneous 





rate of change in displacement with respect to time, which we call velocity. 


There are countless examples in the real world where quantities vary with time, or with respect to some 
other variable. 
For example: e temperature varies continuously 

e the height of a tree varies as it grows 

e the prices of stocks and shares vary with each day’s trading. 


We have already seen that if y = f(x) then f'(x) or a is the gradient of the tangent to y = f(x) 
T 


at the given point. 


d 
= gives the rate of change in y with respect to zx. 
x 


We can therefore use the derivative of a function to tell us the rate at which something is happening. 


For example: 


dH : ; . 
& cy 1 H'(t) could be the instantaneous rate of ascent of the person in the Ferris wheel. 


It might also have units metres per second or ms" !. 


d z : : 
e m or C’(t) could be a person’s instantaneous rate of change in lung capacity. 


It might have units litres per second or Ls. 


Example 3 x) $elf Tutor 





According to a psychologist, the ability of a person to understand spatial concepts is given by 
A — &v/t. where t is the age in years, 5 < t < 18. 
a Find the rate of improvement in ability to understand spatial concepts when a person is: 
i 9 years old ii 16 years old. 


cs 


Explain why = >0 for 5<t<18. Comment on the significance of this result. 


2 
€ Explain why MA «0 for 5<t<18. Comment on the significance of this result. 





dt? 
ee Es da ea — 
2 B dp «8 6vt 
, CA T E a "ANT 
i When e. uncis ii When OS mun 
the rate of improvement is .. the rate of improvement is 
$ units per year for a 9 year old. — units per year for a 16 year old. 


z 5 7 J z ; 
Since Vf is never negative, FE is never negative 
dA 


es) Olea le ec ale 
dt 


This means that the ability to understand spatial concepts increases with age. 


ge 
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dA 


1 
PESE] 


1 
A 
dt $ 
PA = a = 1 
dt2 12 12t + 
d2A 
m Rae 


This means that while the ability to understand spatial concepts increases with time, the rate 
of increase slows down with age. 





You are encouraged to use technology to graph each function you need to consider. This is often useful 
in interpreting results. 


EXERCISE 20B 


1 The estimated future profits of a small business are given by P(t) = 2t? — 12t +118 thousand 
dollars, where t is the time in years from now. 


g : dP i P 

a What is the current annual profit? b Find "E and state its units. 
: ee dP 

c What is the significance of px 


d For what values of t will the profit: 
i decrease ii increase on the previous year? 
e What is the minimum profit and when does it occur? 


f Find E when t= 4,10 and 25. What do these figures represent? 


2 Water is draining from a swimming pool. The remaining volume of water after t minutes is 
V —200(50— t)? m. Find: 
a the average rate at which the water leaves the pool in the first 5 minutes 


b the instantaneous rate at which the water is leaving at ¢ = 5 minutes. 


3 The quantity of a chemical in human skin which is responsible for its ‘elasticity’ is given by 
Q =100— 10yf where t is the age of a person in years. 
a Find Q at: i t=0 ii t= 25 iii t= 100 years. 
b At what rate is the quantity of the chemical changing at the age of: 
i 25 years ii 50 years? 
€ Show that the rate at which the skin loses the chemical is decreasing for all t > 0. 


A^ The height of pinus radiata, grown in ideal conditions, is 


given by H — 20— —- metres, where £ is the number of 


years after the tree was planted from an established seedling. 
a How high was the tree at the time of its planting? 


b Find the height of the tree at t = 4, t = 8, and t = 12 
years. 


c Find the rate at which the tree is growing at t = 0, 5, 
and 10 years. 





d Show that = >0 forall ¢ >0. What is the significance of this result? 
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Example 4 =) Self Tutor 
The cost in dollars of producing x items in a factory each day is given by 
— 0.000 132? -- 0.0022? 22 
C(x) = 0.000132" +0.002%° + 5a + 00 
labour raw materials fixed costs 


a Find C’(x), which is called the marginal cost function. 
Find the marginal cost when 150 items are produced. Interpret this result. 
Find C(151)— C(150). Compare this with the answer in b. 


a The marginal cost function is 
C'(x) = 0.000 39%? + 0.0042 +5. dollars per item. chord |... C(151) 


b C'(150) — $14.38 (c answer) 
This is the rate at which the costs are increasing with 








respect to the production level x when 150 items are tangen! 
(b answer) 
made per day. 
It gives an estimate of the cost increase in total cost m Cao 
from making the 151st item. | 
c C(151) — C(150) z $3448.19 — $3433.75 150 151 
& $14.44 


This is the actual increase in total cost from making the 151st item each day, so the answer 
in b gives a good estimate. 








5 Seablue make denim jeans. The cost model for making x pairs per day is 
C(x) — 0.0003z3 4- 0.022? -- 4x -- 2250. dollars. 
a Find the marginal cost function C’(z). 
b Find C'(220). What does it estimate? 
c€ Find C(221) — C(220). What does this represent? 
d Find C"(z) and the value of z when C"(x) — 0. What is the significance of this point? 


: : ; led edo 200 000 
6 The total cost of running a train from Paris to Marseille is given by C(v) = iv? + —— euros 
v 

where v is the average speed of the train in kmh7?. 


a Find the total cost of the journey if the average speed is: 


i 50kmh ! ii 100 kmh !. 
b Find the rate of change in the cost of running the train at speeds of: 
i 30kmh ! ii 90 kmh !. 


€ At what speed will the cost be a minimum? 


7 A tank contains 50000 litres of water. The tap is left fully on and all the water drains from 
the tank in 80 minutes. The volume of water remaining in the tank after t minutes is given by 


2 
V — 50000 (1 = =) litres where 0 « t « 80. 
a Find T and draw the graph of an against t. 
b At what time was the outflow fastest? 


2 
€ Show that ud is always constant and positive. Interpret this result. 
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Alongside is a land and sea profile where the x-axis 
is sea level. The function y — 45z(z—2)(x—3) km 
gives the height of the land or sea bed relative to sea 
level at distance x km from the shore line. 
a Find where the lake is located relative to the 
shore line of the sea. 


: d : . 
b Find = and interpret its value when z = i 
d 


and when x = 13 km. 


€ Find the deepest point of the lake and the depth 
at this point. 





9 A fish farm grows and harvests barramundi in a large dam. The 
population of fish after t years is given by the function P(t). 


The rate of change in the population E is modelled by 


Em aP (1 — 7) — (5) P where a, b, and c are known 
dt b 100 


constants. a is the birth rate of the barramundi, 6 is the 
maximum carrying capacity of the dam, and c is the percentage 
of barramundi that are harvested each year. 





a Explain why the fish population is stable when E =0. 


b If the birth rate is 6%, the maximum carrying capacity is 24000, and 5% are harvested each 
year, find the stable population. 


c Tf the harvest rate changes to 4%, what will the stable population increase to? 


10 A radioactive substance decays according to the formula W =20e~** grams where t is the time 
in hours. 


a Find k given that after 50 hours the weight is 10 grams. 


Find the weight of radioactive substance present at: 


i t= 0 hours ii t= 24 hours iii t — 1 week. 
€ How long will it take for the weight to reach 1 gram? 
d Find the rate of radioactive decay at: i t= 100 hours ii ¢ = 1000 hours. 


d : : . it 
€ Show that =— is proportional to the weight of substance remaining. 


11 The temperature of a liquid after being placed in a refrigerator is given by T =5+95e~** °C 
where k is a positive constant and t is the time in minutes. 
a Find k if the temperature of the liquid is 20°C after 15 minutes. 
b What was the temperature of the liquid when it was first placed in the refrigerator? 


€ Show that a — c(T — 5) for some constant c. Find the value of c. 


d At what rate is the temperature changing at: 
i t — 0 mins ii t — 10 mins iii ¢ = 20 mins? 


13 


14 





15 
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The height of a certain species of shrub ¢ years after it is planted is given by 
H(t) = 20 ln(3t + 2) +30 cm, t > 0. 
a How high was the shrub when it was planted? 
b How long will it take for the shrub to reach a height of 1 m? 
€ At what rate is the shrub’s height changing: 
i 3 years after being planted ii 10 years after being planted? 


In the conversion of sugar solution to alcohol, the chemical reaction obeys the law A = s(1—e- t), 
t > 0 where t is the number of hours after the reaction commenced, s is the original sugar 
concentration (96), and A is the alcohol produced, in litres. 


a Find A when £ — 0. 
b If s— 10 and A— 5 after 3 hours: 

i find k ii find the speed of the reaction at time 5 hours. 
€ Show that the speed of the reaction is proportional to A — s. 


C 


The number of bees in a hive after t months is modelled by B(t) 2 ———— ———. 
1+0.5e—1.73¢ 

Find the initial bee population in terms of C. 

Find the percentage increase in the population after 1 month. 


Is there a limit to the population size? If so, what is it? 


Find B'(t) and use it to explain why the population is increasing over time. 


a 
b 
€ 
d After 2 months the bee population is 4500. Find the original population size. 
e 
f Sketch the graph of B(t). 


Example 5 x) $elf Tutor 


Find the rate of change in the area 
of triangle ABC as 0 changes, at the 
time when 0 = 60°. 


Ara A—ix10x12xsin6 {Area = ¿bcsin A) 


6 must be in 





A=60sin@ cm? radians so the 
E dimensions are 
— = correct. 
aa 60 cos 0 
= E 
When 0=3, cos0—5 
ga 30 cm? per radian 
dé 
Find exactly the rate of change in the area of triangle PQR as 0 Q 
changes, at the time when 0 = 45°. 
6cm 
P 


T cm R 
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16 On the Indonesian coast, the depth of water at time ¢ hours after midnight is given by 
d — 9.3 4- 6.8cos(0.507t) metres. 
a What is the rate of change in the depth of water at 8:00 am? 
b Is the tide rising or falling at this time? 


17 The voltage in a circuit is given by V(t) = 340sin(1007¢) where t is the time in seconds. At 
what rate is the voltage changing: 


a when t=0.01 b when V(t) is a maximum? 


18 A piston is operated by rod [AP] attached to a 
flywheel of radius 1 m. AP — 2 m. P has piston 
coordinates (cost, sin t) and point A is (—z, 0). 


a Show that x= y4-— sin? t — cost. 


b Find the rate at which x is changing at the 
instant when: 
i t=0 i t=} Wi t=% 


P(cost, sint) 








There are many problems for which we need to find the maximum or minimum value of a function. 
The solution is often referred to as the optimum solution and the process is called optimisation. 


We can find optimum solutions in several ways: 
e using technology to graph the function and search for the maximum or minimum value 
e using analytical methods such as the formula x = -2 for the vertex of a parabola 
e using differential calculus to locate the turning points of a function. 


These last two methods are useful especially when exact solutions are required. 
WARNING 


The maximum or minimum value does not always occur when the first derivative is zero. It is essential 
to also examine the values of the function at the endpoint(s) of the interval under consideration for 
global maxima and minima. 


For example: 


y= f(x) The maximum value of y occurs at the 
endpoint x — b. The minimum value of y 
occurs at the local minimum zg = p. 
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TESTING OPTIMAL SOLUTIONS 


If one is trying to optimise a function f(a) and we find values of x such that f'(x) — 0, there are 
several tests we can use to see whether we have a maximum or a minimum solution: 


SIGN DIAGRAM TEST 
If, near to «=a where f’(a) =0 the sign diagram is: 


e + = we have a local maximum e — 1t we have a local minimum. 


SECOND DERIVATIVE TEST 


At x=a where f'(a) =0: 


2 
e If dy <0 we have IS shape, which indicates we have a local maximum. 
dx? 
2 
e If LL > 0 we have NY shape, which indicates we have a local minimum. 
dx? 
GRAPHICAL TEST 


If the graph of y = f(x) shows: 


e. EN we have a local maximum e. A we have a local minimum. 


OPTIMISATION PROBLEM SOLVING METHOD 


Step 1: Draw a large, clear diagram of the situation. 


Step 2: Construct a formula with the variable to be optimised as the subject. It should be written 
in terms of one convenient variable, for example x. You should write down what domain 
restrictions there are on zx. 

Step 3: Find the first derivative and find the values of x which make the first derivative zero. 

Step 4: For a restricted domain such as a < x < b, the maximum or minimum may occur either 
when the derivative is zero, at an endpoint, or at a point where the derivative is not defined. 
Show using the sign diagram test, the second derivative test, or the graphical test, that 
you have a maximum or a minimum. 


Step 5: Write your answer in a sentence, making sure you specifically answer the question. 


Example 6 =ù Self Tutor 


A rectangular cake dish is made by cutting out squares 
from the corners of a 25 cm by 40 cm rectangle of 


tin-plate, and then folding the metal to form the container. 


What size squares must be cut out to produce the cake 
dish of maximum volume? 
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Step 1: Let x cm be the side lengths of the 
squares that are cut out. 








Step 2: Volume — length x width x depth (25 — 21) cm 
= (40 — 2x)(25 — 2x)x E 
— (1000 — 80x — 50z -- 4z?)z 
= 10007 — 13012? + 4a? cm? (40 — 2x) cm 
Since the side lengths must be positive, x > 0 and 25 — 2x > 0. 
Ev < DS 
dV 2 
Step 3: — = 122° — 260z + 1000 
dx DEMO 
= 4(32? — 65x + 250) 
= 4(3x — 50) (x — 5) 
W SD wie =2 or z—5 
dx 
Step 4: Sign diagram test or Second derivative test 
2 
Oe has sign diagram: LL 24r — 260 
dx dx? 
When z—5, 9 — 140 which is « 0 
TANE z O? d 
5 
0 .. the shape is and we have a 
d m local maximum. 


Step 5: The maximum volume is obtained when x = 5, which is when 5 cm 
squares are cut from the corners. 





Example 7 x) $elf Tutor 





A 4 litre container must have a square base, vertical 
sides, and an open top. Find the most economical 
shape which minimises the surface area of material 








needed. 
Step 1: Let the base lengths be x cm and the depth be y cm. 
M yom The volume V = length x width x depth 
. V=x%y 
E? pem 3 
dm 4000 — z^y .... (1) (1 litre= 1000 cm”) 
x cm 
Step 2: The total surface area A = area of base + 4(area of one side) 
= a7 + Ary 
Ss 4000 ; 
=g tdr (=) {using (1)} 
A(x) = x7 + 160002~1 where + >0 
Step 3: A' (x) — 2x — 160001? 
A'(x)=0 when 2x= 160001? 
22° = 16000 


x = V8000 = 20 
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Step 4: Sign diagram test or Second derivative test 
a E A" (x) 2 2-32000x ? 
N20 n _ 5 , 32000 
0 y) LO a 
O IS O which is always positive 
3 
A'(10) = 20 — 2900 A'(30) = 60 — 18000 as z? » 0 forall x » 0. 
— 20 — 160 & 60 — 17.8 
= —140 = 42.2 
The minimum material is used to make the container 
Es MA... 
when x=20 and y==>=10 
202 
Step 5: The most economical shape has a square 20 cm 
base 20 cm x 20 cm, and height 10 cm. 20 cm 








Sometimes the variable to be optimised is in the form of a single square root function. In these situations 
it is convenient to square the function and use the fact that if A(a) > 0 for all x in the interval under 


consideration, then the optimum value of A(x) occurs at the same value of x as the optimum value of 
[A(z)P". 


Example 8 x) $elf Tutor 


An animal enclosure is a right angled triangle with one side I 
being a drain. The farmer has 300 m of fencing available for A drain C 
the other two sides, [AB] and [BC]. 


a If AB— x m, show that AC = 90000 — 600z. 
b Find the maximum possible area of the triangular enclosure. 


a (AC)? +2? = (300-2)? {Pythagoras} 
(AC)? = 90000 — 600z + 2? — x? 
= 90000 — 600% 
"AC = V90000— 6002, 0 « x « 300 


b The area of triangle ABC is 





A(x) = 1 (base x altitude) [AG)P = 45 000z — 450x? 
X 
= (AC x 2) = 450x(100 — 2) 
= 1190000 — 600x 
2 R = xz [AG)P has sign diagram: 
L 
[A(a)]}? = — (90 000 — 6007) E " 
T 
= = * 100 
22500z^ — 150x 0 300 
A(x) is maximised when z — 100 
Amax = 3(100) 90000 — 60000 = 8660 m? 
The maximum area is about 8660 m? when the toom 200 m 


enclosure has the side lengths shown. 
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Use calculus techniques to answer the following problems. 
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GRAPHING 
In cases where finding the zeros of the derivatives is difficult you may use a graphics PACKAGE 
calculator or graphing package to help you. 
EXERCISE 20C 
1 When a manufacturer makes x items per day, the cost function is C(x) = 720+ 4x + 0.022? 


dollars and the price function is p(x) = 15 —0.002a dollars per item. Find the production level 
that will maximise profits. 


A duck farmer wishes to build a rectangular enclosure of area 100 m?. The farmer must purchase 
wire netting for three of the sides as the fourth side is an existing fence. Naturally, the farmer wishes 
to minimise the length (and therefore cost) of fencing required to complete the job. 


a Ifthe shorter sides have length x m, show that the required length of wire netting to be purchased 


is Tangy 
zx 


b Use technology to help you sketch the graph of. y — 2x 100, 
x 


c€ Find the minimum value of L and the corresponding value of x when this occurs. 


d Sketch the optimum situation showing all dimensions. 


A manufacturer can produce « fittings per day where 0 < x < 10000. The production costs are: 
e €1000 per day for the workers e €2 per day per fitting 


€ pu per day for running costs and maintenance. 
T 


How many fittings should be produced daily to minimise the total production costs? 


The total cost of producing x blankets per day is ja? +8x +20 dollars, and for this production 


level each blanket may be sold for (23 — 2x) dollars. 
How many blankets should be produced per day to maximise the total profit? 


2 
The cost of running a boat is «(s + 22) per hour, where v km h^! is the speed of the boat. 


Find the speed which will minimise the total cost per kilometre. 


A psychologist claims that the ability A to memorise simple facts during infancy years can be 
calculated using the formula A(t) =tlnt+1 where 0<t <5, t being the age of the child in 
years. 

a At what age is the child's memorising ability a minimum? 


b Sketch the graph of A(t) for 0 ct « 5. 


A manufacturing company makes door hinges. They have a standing order filled by producing 
50 each hour, but production of more than 150 per hour is useless as they will not sell. The cost 
function for making x hinges per hour is: 


C(x) = 0.0007x3 — 0.1796x? + 14.6632 + 160 dollars where 50 « x « 150. 
Find the minimum and maximum hourly costs, and the production levels when each occurs. 
A manufacturer of electric kettles performs a cost control study. They discover that to produce 
30—u 
10 





2 
x kettles per day, the cost per kettle is given by C(x) = 4lnx + ( ) dollars with a 


minimum production capacity of 10 kettles per day. 
How many kettles should be manufactured to keep the cost per kettle to a minimum? 


9 Radioactive waste is to be disposed of in fully enclosed lead 
boxes of inner volume 200 cm?. The base of the box has 
dimensions in the ratio 2: 1. 


10 


13 


b 
c 


d 


e 
f 


Infinitely many rectangles which sit on the «x-axis 


can be inscribed under the curve y = e7 
Determine the coordinates of C such that rectangle 
ABCD has maximum area. 
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What is the inner length of the box? 
Explain why z?h — 100. 
Explain why the inner surface area of the box is given 


by A(x) = 4r? + 600 om. 
x 





Use technology to help sketch the graph of y = 41? + em 


Find the minimum inner surface area of the box and the corresponding value of zx. 


Sketch the optimum box shape showing all dimensions. 


r2 





Consider the manufacture of cylindrical tin cans of 1 L capacity where the cost of the metal used is 
to be minimised. This means that the surface area must be as small as possible. 


A circular piece of tinplate of radius 10 cm has 3 segments 
removed as illustrated. The angle 0 is measured in radians. 


b 


Sam has sheets of metal which are 36 cm by 36 cm square. 
He wants to cut out identical squares which are x cm by x cm 
from the corners of each sheet. He will then bend the sheets 
along the dashed lines to form an open container. 


b 





: ; oe 1000 
Explain why the height h is given by h= va om. lr cm >] 
Show that the total surface area A is given by : 
A=2rr? 4 2 om? 


T 
Use technology to help you sketch the graph of A against r. 
Find the value of r which makes A as small as possible. 


Sketch the can of smallest surface area. 


Show that the remaining area is given by 
A=50(0+3sin0) cm?. 

Hence, find 0 such that the area A is a maximum. Find 
the maximum area A. 





Show that the volume of the container is given by os 


V(x) = 2(36 — 2x)? cm’. 
What sized squares should be cut out to produce the o ] 
container of greatest capacity? ere ecd 














Suppose the initial square was a cm by a cm. Prove that 
the volume of the container will be maximised when 


squares of side length s cm are cut from each corner. 
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14 


15 


16 


17 


19 
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An athletics track has two ‘straights’ of length | m and two semicircular ends 
of radius x m. The perimeter of the track is 400 m. 








a Show that 7 =200—72 and hence write down the possible values that 
x may have. 

b What values of | and x maximise the shaded rectangle inside the track? 
What is this maximum area? 


A small population of wasps is observed. After t weeks the 
50000 


population is modelled by P(t) = 1 + 10008 0.5% 


wasps, 


where 0 <t < 25. 

Find when the wasp population is growing fastest. 

When a new pain killing injection is administered, the effect 
is modelled by E(t) = 750te~1°* units, where t 2 0 
is the time in hours after the injection. 

At what time is the drug most effective? 

A right angled triangular pen is made from 24 m of fencing, 


all used for sides [AB] and [BC]. Side [AC] is an existing 
brick wall. 


a If AB— z m, find D(z) in terms of z. D(a) metres 


2 
b Find M and hence draw its sign diagram. 
XT 


c€ Find the smallest possible value of D(x) and the design 


of the pen in this case. B 
wall 


[AB] is a 1 m high fence which is 2 m from a vertical 
wall [RQ]. An extension ladder [PQ] rests on the fence 
so that it touches the ground at P and the wall at Q. Q 


a If AP=am, find QR in terms of zx. wall 
b If the ladder has length L m, show that 


[L(z)P? = (z + 2) (1 $ >): 


d(L(z)? 





€ Show that =0 only when x= Y2. 


d Find, correct to the nearest centimetre, the shortest length of the extension ladder. You must 
prove that this length is the shortest. 


A symmetrical gutter is made from a sheet of metal 30 cm 
wide by bending it twice as shown. 
a Deduce that the cross-sectional area is given by 
A — 100 cos 0(1 4 sin 0). 





b Show that -= —0 when sin0 — i or —1. 


10 cm 


€ For what value of 0 does the gutter have maximum 
carrying capacity? Find the cross-sectional area for this 
value of 0. 


end view 
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20 


22 


23 


25 


A sector of radius 10 cm and angle 0? is bent to form a conical cup as shown. 






sector 
g when edges [AB] and [CB] 


un join oe : 
becomes 10cm are joined with tape. 





10 cm 


A C 


Suppose the resulting cone has base radius r cm and height h cm. 


: 0 
a Show using the sector that arc AC — = 


7 0 04.2 
b Explain why r — um € Show that h = 4/100 — (2) I 
d Find the cone's capacity V in terms of 0 only. 

€ Use technology to sketch the graph of V (0). f Find 0 when V(0) is a maximum. 


At 1:00 pm a ship A leaves port P. It sails in the direction 030? at 12 kmh !. At the same time, 
ship B is 100 km due east of P, and is sailing at 8 kmh ! towards P. 
a Show that the distance D(t) between the two ships is given by 
D(t) = V30412 — 2800¢ + 10000 km, where t is the number of hours after 1:00 pm. 
b Find the minimum value of [D(t)]? for all ¢ > 0. 


€ At what time, to the nearest minute, are the ships closest? 


B is a row boat 5 km out at sea from A. [AC] is 
a straight sandy beach, 6 km long. Peter can row 
the boat at 8 kmh”* and run along the beach at 
17 kmh”*. Suppose Peter rows directly from B to 
point X on [AC] such that AX = x km. 

a Explain why O0<a2<6. 

b Show that the total time Peter takes to row 

to X and then run along the beach to C, is 

yi2+25 6-2 
"BU 


8 





given by T(x) = 
0<xS<6. 


hours, 





€ Find z such that E — 0. Explain the significance of this value. 
A pumphouse is to be placed at some point X along ^ 
a river. 
Two pipelines will then connect the pumphouse to 2km; 
homesteads A and B. : 
How far from M should point X be so that the total 


length of pipeline is minimised? 
eng EM p P river A ie A 








Two lamps have intensities 40 and 5 candle-power respectively. 
They are placed 6 m apart. If the intensity of illumination 7 40 cp 5cp 


at any point is directly proportional to the power of the source, O 
and inversely proportional to the square of the distance from the 


source, find the darkest point on the line joining the two lamps. bm 
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Example 9 
































Two corridors meet at right angles and are 2 m and 3 m wide B 
respectively. 0 is the angle marked on the given figure. [AB] F 
is a thin metal tube which must be kept horizontal and cannot 2m 
be bent as it moves around the corner from one corridor to ÓN 
the other. 
a Show that the length AB is given by L = 2 d : 
cosÜ  sin0 N 
3 
b Show that 2 —0 when 0 —tan^! ( 2) IIS. B 
c Find L when 0 —tan^! (43) and comment on the significance of this DEMO 
value. 
a cond =o and sing = 2 
a b 
a 2 and b= 2 
cos 0 sin O 
Dg cos O = sin 0 
b L — 3[cos 0]! 4- 2[sin0] ! 
= = —3[cos 6] ?(— sin @) — 2[sin 0]? cos 6 
_ 3sin@  2cos0 LA 3 3 
= eg a Thus ae O when 3sin'0 — 2cos'0 
T 3sin? 9 — 2cos? 0 z. tan = Z 


2 D 
cos? 0 sin* 0 tang s 2 


6 =tan + ( e i) TALE 


E 


T dL. 
€ Sign diagram of rS 


When 9=30%, L 4 493 «0 2 x 
do | | | 0 
dL 0° Atl 902 
When 0 = 60, pr 9.06 > 0 
Thus, AB is minimised when 0 = 41.19. At this time L ~ 7.02 metres. Ignoring the 


width of the rod, the greatest length of rod able to be horizontally carried around the corner 
is 7.02 m. 








25 Ina hospital, two corridors 4 m wide and 3 m wide meet at right 
angles. What is the maximum possible length of an X-ray screen 
which can be carried upright around the corner? 4m 


3m 
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26 Fence [AB] is 2 m high and is 2 m from a house. [XY] 
is a ladder which touches the ground at X, the house at Y, 
and the fence at B. Y 


a If Lis the length of [XY], show that 


L = 2sec 0 + 2 csc 0. 
dL 2sin? 0 — 2cos? 0 
dé sin? 0 cos2 0 X 





c€ Find the length of the shortest ladder [XY] 
which touches at X, B, and Y. 


27 


| How far should X be from A for angle 0 to be 


maximised? 
4m 


| 


28 Hieu can row a boat across a circular lake of radius 9 
2 km at 3 kmh7!. He can walk around the edge of «US 
the lake at 5 kmh7!. 
P P D R 


What is the longest possible time Hieu could take to get 
from P to R by rowing from P to Q and then walking 
from Q to R? 








29 Sonia approaches a painting which has its bottom edge 2 m above 
eye level and its top edge 3 m above eye level. 








a Given a and @ as shown in the diagram, find tana painting 1m 
and tan(a +0). 
b Find 0 in terms of zx only. 
Hint: 0 — (a 4-0) — a. 
€ Show that Hr e and hence find x 
dx 12+4 4749 2m 
do 
when — — 0. 
dx 
d Interpret the result you have found in €. eye level 
at T M 
30 y (3,11) Three towns and their grid references are marked on the 


e. Caville diagram alongside. A pumping station is to be located 
^ at P on the pipeline, to pump water to the three towns. 

The grid units are kilometres. 

Exactly where should P be located so that the total 

length of the pipelines to Aden, Bracken, and Caville 


s (1,2) (7,3) is minimised? What is the shortest total length of pipe 
Aden Bracken . 
required? 





pipeline 





SY 
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31 A, B, and C are computers which are networked to a 
printer P. Where should P be located so that the total 
cable length AP + BP + CP is a minimum? 


32 








B 4m N 5m C 





The back end of a guided long range torpedo is to be 
conical with slant edge s cm, and will be filled with 
fuel. 

Find the ratio of s : r such that the fuel carrying 
capacity is maximised. 


33 A company constructs rectangular seating arrangements 


for pop concerts on sports grounds. The oval shown 
2 2 
has equation = + a = 1 where a and b are the 
a 


lengths of the semi-major and semi-minor axes. 


Show that y= 5d a? — zx? for A as shown. 
a 
Show that the seating area is given by 
4bx 
AS 





a? — q?, 


á . oo. a 
Prove that the seating area is maximised when x = —. 


V2 
Given that the area of the ellipse is tab, what percentage of the ground is occupied by the seats 
in the optimum case? 


THEORY OF KNOWLEDGE 


“Aristotle is recognized as the inventor of scientific method because of his refined analysis of 
logical implications contained in demonstrative discourse, which goes well beyond natural 
logic and does not owe anything to the ones who philosophized before him.” 


— Riccardo Pozzo 


A scientific method of inquiry for investigating phenomena has been applied in varying degrees 
throughout the course of history. The first formal statement of such a method was made by 
René Descartes in his Discourse on the Method published in 1637. This work is perhaps best known 
for Descartes’ quote, “Je pense, donc je suis" which means *I think, therefore I am". In 1644 in his 
Principles of Philosophy he published the same quote in Latin: *Cogito ergo sum". 


The scientific method involves a series of steps: 


Step 1: asking a question (how, when, why, ....) 


Step 2: conducting appropriate research 


Step 3: constructing a hypothesis, or possible explanation why things are so 
Step 4: testing the hypothesis by a fair experiment 
Step 5: analysing the results 


Step 6: drawing a conclusion 


Step 7: communicating your findings 
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Snell's law states the relationship between the angles of incidence and refraction when a ray of light 
passes from one homogeneous medium to another. 


It was first discovered in 984 AD by the Persian scientist Ibn Sahl, who was studying the shape of 
lenses. However, it is named after Willebrord Snellius, one of those who rediscovered the law in the 
Renaissance. The law was published by Descartes in the Discourse on the Method. 


In the figure alongside, a ray passes from A to B via point X. 
The refractive indices of the two media are n and m. The 
angle of incidence is o and the angle of refraction is (. 


Snell’s law is: nsina = m sin 6. 


The law follows from Fermat's principle of least time. It gives 
the path of least time for the ray travelling from A to B. 


Is optimisation unique to mathematics? 
How does mathematics fit into the scientific method? 


1 
2 
3 Does mathematics have a prescribed method of its own? 
4 


A 5 m ladder rests against a vertical wall at 
point B. Its feet are at point A on horizontal 
ground. 


Is mathematics a science? 








The ladder slips and slides down the wall. 


Click on the icon to view the motion of the 
sliding ladder. 





The following diagram shows the positions of 
the ladder at certain instances. 


If AO=am and OB=ym, 
then a2?+y?=5?. {Pythagoras} 


Differentiating this equation with respect 





; i dx dy 

to time £ gives 22 — +2y— =0 
E 8 a Su 
dx dy 

or z— —=0. 
a Y 


This equation is called a differential equation and describes the motion of the ladder at any instant. 


is the rate of change in x with respect to time t, and is the speed of A relative to point O. 


is positive as x is increasing. 


is the rate of change in y with respect to time t, and is the speed at which B moves downwards. 


dx 
dt 
dx 
dt 
dy 
dt 
dy . i ; ‘ 
ar negative as y is decreasing. 
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Problems involving differential equations where one of the variables is time ¢ are called related rates 
problems. 


The method for solving related rates problems is: 
Step 1: Draw a large, clear diagram of the situation. Sometimes two or more diagrams are 
necessary. 


Step 2: Write down the information, label the diagram(s), and make sure you distinguish between 
the variables and the constants. 


Step 3: Write an equation connecting the variables. You will often need to use: 
e Pythagoras’ theorem 
e similar triangles where corresponding sides are in proportion 
e right angled triangle trigonometry 


e sine and cosine rules. 


Step 4: Differentiate the equation with respect to t to obtain a differential equation. 
Step 5: Solve for the particular case which is some instant in time. 
Warning: 


We must not substitute values for the particular case too early. Otherwise we will incorrectly treat 
variables as constants. The differential equation in fully generalised form must be established first. 


™) Self Tutor 


A 5 m long ladder rests against a vertical wall with its feet on horizontal ground. The feet on the 


ground slip, and at the instant when they are 3 m from the wall, they are moving at 10 ms !. 


Example 10 


















At what speed is the other end of the ladder moving at this instant? 





etm OA — min. ml (013= 9/0 


B 
q? + y? = 5? {Pythagoras} 
5m Differentiating with respect to t gives 
ym 
d: d 
pe 2y 2I 
N o dt dt 
sear dt ; 
We must differentiate before 
B Particular case: we substitute values for the 
: d = i E is 
At the instant when = = 10 ms~}, particular a AN 
dt we will incorrectly treat the 
5m TA =) 30) 4 e =") variables as constants. 
d er 
AE -5 =-—7.5ms * 
A O dt 


Thus OB is decreasing at 7.5 ms”!. 


the other end of the ladder is moving down A 
the wall at 7.5 ms”! at that instant. 
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Example 11 x) $elf Tutor 


A cube is expanding so its volume increases at a constant rate of 10 cm? s^ !. Find the rate of 
change in its total surface area, at the instant when its sides are 20 cm long. 





2 


and the volume 


Let x cm be the lengths of the sides of the cube, so the surface area A = 6z? cm 


V =r’ mê. 





dA dx dV dx 
SS r dar 
di A UT 
Particular case: 
E cm 
At the instant when x = 20, X = 10) E 
10 — 3 x 202 x Y 
dt 
dx 10 1 z d 
pr CUM 
Thus 24 —12x20x d cm?s^! 
dt 
—2cm?s^! 


the surface area is increasing at 2 cm? s^ !. 


Example 12 ™) Self Tutor 


Triangle ABC is right angled at A, and AB = 20 cm. ABC increases at a constant rate of 1° 
per minute. At what rate is BC changing at the instant when ABC measures 30°? 








Let ABC=0 and BC = z cm 





€ 
Now cos = ae 201! 
ccm P g : 
AmO = A E 
sin 0 J Ox 3 
A B Particular case: 
20cm e ruo 
When @=30°, cos30° = 
v3 _ 
aa 
a 
E 


Also, oTi per min 
dt 


=< radians per min 





180 
5 dx 
Tis =m? «A = —270) E 
10 1600 — dt 

six = Nm 

80 80 GE 
20cm d 
. dc 80 


cx car. lU i 
Eon x $, cm per min 


= 0.2327 cm per min 


BC is increasing at approximately 0.233 cm per min. 
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EXERCISE 20D 


1 aand bare variables related by the equation ab? = 40. At the instant when a = 5, bis increasing 
at 1 unit per second. What is happening to a at this instant? 


2 The length of a rectangle is decreasing at 1 cm per minute. However, the area of the rectangle 
remains constant at 100 cm?. At what rate is the breadth increasing at the instant when the rectangle 
is a square? 


3 A stone is thrown into a lake and a circular ripple moves out at a constant speed of 1 ms~+. Find 
the rate at which the circle’s area is increasing at the instant when: 


a t= 2 seconds b t=4 seconds. 


4 Air is pumped into a spherical weather balloon at a constant rate of 6x m? per minute. Find the 
rate of change in its surface area at the instant when the radius of the balloon is 2 m. 


5 Fora given mass of gas ina piston, pV!? — 400 where p is V 
the pressure in N/m?, and V is the volume in m?. 
Suppose the pressure increases at a constant rate of 3 N/m? per 
minute. Find the rate at which the volume is changing at the 


instant when the pressure is 50 N/m?. 


6 Wheat runs from a hole in a silo at a constant rate and forms a conical heap whose base radius is 
treble its height. After 1 minute, the height of the heap is 20 cm. Find the rate at which the height 
is rising at this instant. 


7 A trough of length 6 m has a uniform cross-section which is an 
equilateral triangle with sides of length 1 m. Water leaks from the 
bottom of the trough at a constant rate of 0.1 m?/min. 

Find the rate at which the water level is falling at the instant when 
the water is 20 cm deep. 





end view 


8 Two jet aeroplanes fly on parallel courses which are 12 km apart. Their air speeds are 200 ms~! 


and 250 ms”! respectively. How fast is the distance between them changing at the instant when 
the slower jet is 5 km ahead of the faster one? 


9 A ground-level floodlight located 40 m from the foot 
of a building shines in the direction of the building. 
A 2 m tall person walks directly from the floodlight 
towards the building at 1 ms”!. How fast is the 
person's shadow on the building shortening at the L 
instant when the person is: Ta 40m > 
a 20 m from the building 
b 10 m from the building? 





10 A right angled triangle ABC has a fixed hypotenuse [AC] of length 10 cm, and side [AB] increases 


in length at 0.1 cm per second. At what rate is CAB decreasing at the instant when the triangle is 
isosceles? 


13 


14 


15 


16 


17 
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An aeroplane passes directly overhead then flies horizontally away from an observer at an altitude of 
5000 m and air speed of 200 ms" !. At what rate is its angle of elevation to the observer changing 
at the instant when the angle of elevation is: 

a 60? b 30°? 
Rectangle PQRS has [PQ] of fixed length 20 cm, and [QR] increases in length at a constant rate of 


2 cms~!. At what rate is the acute angle between the diagonals of the rectangle changing at the 
instant when [QR] is 15 cm long? 


Triangle PQR is right angled at Q, and [PQ] is 6 cm long. [QR] increases in length at 2 cm per 
minute. Find the rate of change in QPR at the instant when [QR] is 8 cm long. 


Two cyclists A and B leave X simultaneously at 120° to one another, with constant speeds of 
12 ms”! and 16 ms”! respectively. Find the rate at which the distance between them is changing 
after 2 minutes. 


AOB is a fixed diameter of a circle of radius 5 cm. Point P P 

moves around the circle at a constant rate of 1 revolution in 

10 seconds. Find the rate at which the distance AP is changing 

at the instant when: A B 
a AP — 5 cm and increasing 


b Pisat B. 


Shaft [AB] is 30 cm long and is attached to a flywheel 
at A. B is confined to motion along [OX]. The radius of 
the wheel is 15 cm, and the wheel rotates clockwise at 

>X 100 revolutions per second. Find the rate of change in 
ABO when AOX is: 


a 120° b 180° 





A farmer has a water trough of length 8 m which has 
a semi-circular cross-section of diameter 1 m. Water 
is pumped into the trough at a constant rate of 0.1 m? 
per minute. 








a Show that the volume of water in the trough 1s 
given by V —0-—sin0, where 0 is the angle 
illustrated (in radians). 





b Find the rate at which the water level is rising at 
the instant when the water is 25 cm deep. 


š ; do dh ; ; 
Hint: First find Ur and then find T at the given instant. 


REVIEW SET 20A 





1 A particle moves in a straight line along the x-axis with position given by 


a(t) =3+sin(2t) cm after t seconds. 
a Find the initial position, velocity, and acceleration of the particle. 
b Find the times when the particle changes direction during 0 <t <7 _ seconds. 
€ Find the total distance travelled by the particle in the first 7 seconds. 
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2 A particle P moves in a straight line with position relative to the origin O given by 
s(t) = 24% — 91? + 12t-—5 cm, where t is the time in seconds, ¢ > 0. 
a Find expressions for the particle's velocity and acceleration and draw sign diagrams for 
each of them. 
Find the initial conditions. 
Describe the motion of the particle at time t£ — 2. seconds. 
Find the times and positions where the particle changes direction. 
Draw a diagram to illustrate the motion of P. 


~ © Qa O 


Determine the time intervals when the particle’s speed is increasing. 


3 Rectangle ABCD is inscribed within the parabola 
y =k— and the z-axis, as shown. 
a If OD =z, show that the rectangle ABCD has area 
function A(x) = 2kz — 2z?. 
b Ifthe area of ABCD is a maximum when AD = 2/3, 
find k. 






y-k-z? 


4 A rectangular gutter is formed by bending a 24 cm 
wide sheet of metal as shown. 
Where must the bends be made in order to maximise 





the capacity of the gutter? A 
5 A particle moves in a straight line with position relative to O given by s(t) = 2t — T cm, 


where t > 0 is the time in seconds. 


a Find velocity and acceleration functions for the particle’s motion and draw sign diagrams 
for each of them. 


b Describe the motion of the particle at t = 1 second. 
€ Does the particle ever change direction? If so, where and when does it do this? 
d Draw a diagram to illustrate the motion of the particle. 
e Find the time intervals when the: 
i velocity is increasing ii speed is increasing. 
6 A rectangular sheet of tin-plate is 2k cm by k cm. ———— 2k cm ———»>. 





Four squares, each with sides x cm, are cut from 
its corners. The remainder is bent into the shape of 
an open rectangular container. Find the value of x 
which will maximise the capacity of the container. 












7 A cork bobs up and down in a bucket of water such that the 
distance from the centre of the cork to the bottom of the bucket 
is given by s(t) = 30+ cos(mt) cm, t > 0 seconds. 

a Find the cork's velocity at times t= 0, i i 13, ase 
b Find the time intervals when the cork is falling. 
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Four straight sticks of fixed lengths a, b, c, and d are 
hinged together at P, Q, R, and S. 


a Use the cosine rule to find an equation which 
connects a, b, c, d, cos 0, and cos ġ. 
b Hence show that me ig 
do absin 0 
c Hence show that the area of quadrilateral PQRS is a 
maximum when PQRS is a cyclic quadrilateral. 








T 


9 The graph of y=ae * for a>0 is shown. 
P is a moving point on the graph, and A and B lie on 
the axes as shown so that OAPB is a rectangle. 
As P moves along the curve, the rectangle constantly 
changes shape. 
Find the x-coordinate of P, in terms of a, such that the 
rectangle OAPB has minimum perimeter. 





10 A and B are two houses directly opposite one 

another and 1 km from a straight road [CD]. MC 
is 3 km and C is a house at the roadside. 
A power unit is to be located on [DC] at P such 
that PA+PB+PC_ is minimised. This ensures 
that the cost of trenching and cable will be as small 
as possible. 





a What cable length would be required if P is 
at: iM ii C? 
b Show that if 0 — APM = BPM, then the length of cable is given by 
L(0) — 2csc0 -- 3 — cot0 metres. 
dL  1—2cos0 


€ Show that um EE and hence show that the minimum length of cable required 
sin 
is (3+ V3) km. 
REVIEW SET 20B -ATOR 
1 The height of a tree ¢ years after it was planted is given by H(t) = 60 + 401n(2t + 1) cm, 
t > 0. 
a How high was the tree when it was planted? 
b How long does it take for the tree to reach: i 150 cm ii 300 cm? 
€ At what rate 1s the tree's height increasing after: i 2 years ii 20 years? 
E 


2 A particle P moves in a straight line with position given by s(t) = 80e — 40t m where 


t is the time in seconds, t > 0. 
a Find the velocity and acceleration functions. 


Find the initial position, velocity, and acceleration of P. 


n 


Discuss the velocity of P as t — oo. 


o 


Sketch the graph of the velocity function. 


Find the exact time when the velocity is —44 ms”!, 
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The cost per hour of running a freight train is given by  C(v) — Em + — dollars where v 
v 


is the average speed of the train in kmh7!. 


a Find the cost of running the train for: 


i two hours at 45 kmh ! il 5 hours at 64 kmh”!. 
b Find the rate of change in the hourly cost of running the train at speeds of: 
i 50kmh ! il 66 kmh !. 


€ At what speed will the cost per hour be a minimum? 


A particle moves along the «z-axis with position relative to origin O given by 
x(t) =3t— yt+1 cm, where f is the time in seconds, ¢ > 0. 


a Find expressions for the particle's velocity and acceleration at any time t, and draw sign 
diagrams for each function. 


b Find the initial conditions and hence describe the motion at that instant. 
€ Describe the motion of the particle at t = 8 seconds. 

d Find the time and position when the particle reverses direction. 

e Determine the time interval when the particle's speed 1s decreasing. 


The value of a car t years after its purchase is given by V — 20000e-?-* dollars. Calculate: 
a the purchase price of the car 
b the rate of decrease of the value of the car 10 years after it was purchased. 


When a shirt maker sells x shirts per day, their income is given by 


I(x) = 2001n (1 7 5) +1000 dollars. 
The manufacturing costs are determined by the cost function 

C(x) = (x — 100)? + 200 dollars. 
How many shirts should be sold daily to maximise profits? What is the maximum daily profit? 


A 200 m fence is placed around a lawn which has the shape of 
a rectangle with a semi-circle on one of its sides. 


a Using the dimensions shown on the figure, show that 


Y OO a oe T 


b Find the area of the lawn A in terms of x only. 
€ Find the dimensions of the lawn if it has the maximum 
possible area. 


AMA 


Two roads AB and BC meet at right angles. A straight 
pipeline LM is to be laid between the two roads so that 
1t passes through the point X shown. 


a If PM = z km, find LQ in terms of z. 
b Hence show that the length of the pipeline is given 


by L(x) = va xl =) km. 


anta? 
dx 














Find 
d Hence find the shortest possible length for the pipeline. 
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9 The point (3cos0, 2sin0) lies on a curve, 0 c [0, 27]. 


: . : A : dy . 
a Find the equation of the curve in Cartesian form. b Find = in terms of 0. 
T 


€ A tangent to the curve meets the x-axis at A and the y-axis at B. 
Find the smallest area of triangle OAB and the values of 0 when it occurs. 


10 A man on a jetty pulls a boat directly towards him so the rope is coming in at a rate of 20 metres 
per minute. The rope is attached to the boat 1 m above water level and the man’s hands are 
6 m above the water level. How fast is the boat approaching the jetty at the instant when it is 
15 m from the jetty? 


11 Water exits a conical tank at a constant rate of 0.2 m?/minute. €——6m——» 
If the surface of the water has radius r: NC 
a find V(r), the volume of the water remaining 
b find the rate at which the surface radius is changing at 
the instant when the water is 5 m deep. 


REVIEW SET 20C 


1 A manufacturer of open steel boxes has to make one with a square 





base and a capacity of 1 m?. The steel costs $2 per square metre. 


a Ifthe base measures z m by x m and the height is y m, find 
y in terms of x. 





b Hence, show that the total cost of the steel is C(x) = 2x? + 3 dollars. 
T 


€ Find the dimensions of the box which would cost the least in steel to make. 


2 A particle P moves in a straight line with position from O given by s(t) = 15t— T cm, 


where t is the time in seconds, t > 0. 
a Find velocity and acceleration functions for P”s motion. 
b Describe the motion of P at t=3 seconds. 
€ For what values of t is the particle's speed increasing? 
3 Infinitely many rectangles can be inscribed under the 
curve y — e 2” as shown. 
Determine the coordinates of A such that the rectangle 
OBAC has maximum area. 








4 The height of a tree t years after it is planted is given by H(t) = 6 (1 = — metres, t > 0. 


How high was the tree when it was planted? 

Determine the height of the tree after ¢ = 3, 6 and 9 years. 

Find the rate at which the tree is growing at t = 0, 3, 6 and 9 years. 
Show that H'(t) >0 and explain the significance of this result. 
Sketch the graph of H(t) against t. 


00 n O a 
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A particle P moves in a straight line with position given by s(t) = 25t — 10lnt cm, t> 1, 
where t is the time in minutes. 


a Find the velocity and acceleration functions. 


b Find the position, velocity, and acceleration when t =e minutes. 
€ Discuss the velocity as t — oc. d Sketch the graph of the velocity function. 
e Find when the velocity of P is 20 cm per minute. 
A triangular pen is enclosed by two fences [AB] and [BC], B 
each of length 50 m, with the river being the third side. 
a If AC = 2x m, show that the area of triangle ABC is 50m 
A(x) = 2/2500 — x? m?. 
b ring OË 
dx A river E 


€ Hence find zx such that the area is a maximum. 


A light bulb hangs from the ceiling at height h metres above the 


cellin 
floor, directly above point N. At any point A on the floor which È 






is x metres from the light bulb, the illumination 7 is given by L @ light bulb 
D MORD units. 
zx : 
a If NA — 1 metre, show that at A, I = /8cos@sin? 0. A 


b The light bulb may be lifted or lowered to change the 
intensity at A. Assuming NA = 1 metre, find the height : 
the bulb should be above the floor for greatest illumination floor_ j 
at A. 





A machinist has a spherical ball of brass with diameter 10 cm. 
The ball is placed in a lathe and machined into a cylinder. 


a Ifthe cylinder has radius x cm, show that the cylinder’s 
volume is given by V(x) = rx?y100 — 4x2? cm?. 

b Hence find the dimensions of the cylinder of largest 
volume which can be made. 





Two runners run in different directions, 60° apart. A runs at 
5 ms”! and B runs at 4 ms !, B passes through X 3 seconds after A passes through X. 


At what rate is the distance between them increasing at the time when A is 20 metres past X? 


Consider a circle with centre O and radius 
r. A, B, and C are fixed points. An ant 
starts at B and moves at constant speed v 
in a straight line to point P. The ant then 
moves along the arc from P to C, via D, 
at constant speed w where w > v. 

Show that: 








AA Sa al noe 


vU w 


a the total time for the journey is given by 


TU 








dT 3 ; ES E 
base rit Sine A c T is minimised when sino — ————. 
dé v (a+r)w (a+r)w 





Integration 
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OPENING PROBLEM 
The function f(x) =x?+1- lies above the x-axis 
forall x € R. 


Things to think about: 


a How can we calculate the shaded area A, which 
is the area under the curve for 1 < x < 4? 


b What function has z?-- 1 as its derivative? 








In the previous chapters we used differential calculus to find the derivatives of many types of functions. 
We also used it in problem solving, in particular to find the gradients of graphs and rates of changes, and 
to solve optimisation problems. 


In this chapter we consider integral calculus. This involves antidifferentiation which is the reverse 
process of differentiation. Integral calculus also has many useful applications, including: 

e finding areas where curved boundaries are involved 

e finding volumes of revolution 

e finding distances travelled from velocity functions 

e solving problems in economics and biology 

e solving problems in statistics 


e solving differential equations. 


Finding the area under a curve has been important to mathematicians for thousands of years. In the history 
of mathematics it was fundamental to the development of integral calculus. We will therefore begin our 
study by calculating the area under a curve using the same methods as the ancient mathematicians. 


UPPER AND LOWER RECTANGLES 
Consider the function f(x) = 2? +1. 





AY Fx) =x?*+1 


We wish to estimate the area A enclosed by y = f(x), the 
x-axis, and the vertical lines xz — 1 and r—4. 


Suppose we divide the interval 1 < x < 4 into three strips 
of width 1 unit as shown. We obtain three sub-intervals of 
equal width. 





The diagram alongside shows upper rectangles, which are 
rectangles with top edges at the maximum value of the curve 
on that subinterval. 
The area of the upper rectangles, 
Au —1x f(2)-1x f(3) - 1x f(4) 

=5+10+4+17 

= 32 units? 
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The next diagram shows lower rectangles, which are 
rectangles with top edges at the minimum value of the curve 
on that subinterval. 


The area of the lower rectangles, 

Ar —1x f(1) - 1x f(2)- 1x f(3) 
=2+5+10 
= 17 units? 





Now clearly Az < A< Ay, so the area A lies between 17 units? and 32 units?. 
If the interval 1 < x < 4 was divided into 6 subintervals, each of width i. then 
Avu = 3f (13) +34 (2) + 3f (23) + $/(3) - 3/ (33) - $74) 
=3(24+5+2+10+ 3+17) 
= 27.875 units” 
and Ar = 3f(D)  5/(13) - 3/2) - 3703) - 353) - 3/(33) 
— $02 2-54 22 4104 33) 
— 20.375 units? 
From this refinement we conclude that the area A lies between 20.375 and 27.875 units?. 


As we create more subdivisions, the estimates Ar, and Ar will become more and more accurate. In fact, 
as the subdivision width is reduced further and further, both Ar, and Ay will converge to A. 


We illustrate this process by estimating the area A between the graph of y = x? and the z-axis for 
O<a<l. 


This example is of historical interest. Archimedes (287 - 212 BC) found the exact area. In an article that 
contains 24 propositions, he developed the essential theory of what is now known as integral calculus. 


Consider f(x) = x? and divide the interval 0 < x <1 into 4 subintervals of equal width. 








Ar = 70)? + 3(z)? + 265)" + 2G and Ay=3(9 +36) +3) +10) 
= 0.219 = 0.469 

Now suppose there are n subintervals between x =0 and x= 1, each of width £ 

n 
We can use technology to help calculate A; and Ay for large values of n. 
Click on the appropriate icon to access our area finder software AREA A 
or instructions for the procedure on a graphics calculator. FINDER ! 

C 


GRAPHICS 
ALCULATOR 
INSTRUCTIONS 
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The table alongside summarises the results you should obtain 
for n — 4, 10, 25, and 50. 


| 0.21875 | 0.46875 | 0.34375 


The exact value of A is in fact i as we will find later in 0.28500 | 0.38500 | 0.33500 
the chapter. Notice how both Ar and Ay are converging to 0.31360 | 0.35360 | 0.33360 





this value as n increases. 0.32340 | 0.34340 | 0.33340 


EXERCISE 21A.1 


1 Consider the area between y =x and the z-axis from x —0 to x— 1. 
a Divide the interval into 5 strips of equal width, then estimate the area using: 
i upper rectangles ii lower rectangles. 


6 Calculate the actual area and compare it with your answers in a. 


e 1 : Es e p 
2 Consider the area between y — — and the z-axis from x —2 to z — 4. Divide the interval into 
x 


6 strips of equal width, then estimate the area using: 
a upper rectangles b lower rectangles. 


? and the 


3 Use rectangles to find lower and upper sums for the area between the graph of y = x 
a-axis for 1 <x < 2. Use n= 10, 25, 50, 100, and 500. 
Give your answers to 4 decimal places. 
As n gets larger, both Az and Ay converge to the same number which is a simple fraction. What 
is it? 
5^ a Use rectangles to find lower and upper sums for the areas between the graphs of each of the 
following functions and the x-axis for 0 € z <1. 
Use values of n = 5, 10, 50, 100, 500, 1000, and 10 000. 


Give your answer to 5 decimal places in each case. 
1 


1 
iy-z? il yz ili y=x? iv y=x? 
b For each case in a, Ar, and Ar converge to the same number which is a simple fraction. What 
fractions are they? 
¢ On the basis of your answer to b, predict the area between the graph of y = x° and the x-axis 
for 0x zzx1 andany number a 7 0. 


5 Consider the quarter circle of centre (0, 0) and 
radius 2 units illustrated. dp 
—T 
Its area is ; (full circle of radius 2) 
—ixqx2 


= 7 units? 








a Estimate the area using lower and upper rectangles for n = 10, 50, 100, 200, 1000, and 10 000. 
Hence, find rational bounds for 7. 


b Archimedes found the famous approximation 320 <T< 34. 
For what value of n is your estimate for m better than that of Archimedes? 
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THE DEFINITE INTEGRAL 


Consider the lower and upper rectangle sums for a function which is positive and increasing on the 
interval a € x & b. 





We divide the interval into n subintervals, each of width w = = E 





Since the function is increasing, 


Ar, — w f(zo) + w for) + w f(a) +... +0 f(tn—2) + wf(an1) = wd  $(23) 


i—0 








and Ay — wf(zi) -- w f(z2) - w f (zs) 4- .... -- w f (zs) + wf (an) =u), f(z) 


Notice that Ay — Ar =w (f (£n) — f(x0)) 
= =(0— a) (£(0) — F(a) 


lim (Ay — Ar) 20 {since lim 2s 0} 
n—>00 n—o00 Nn 


lim Az = lim Ay {when both limits exist) 
n—>00 n—>00 


since Ar < Á < Ay, for all values of n, it follows that lim Az, = A= lim Ay 
n—>00 n—>00 


This fact is true for all positive continuous functions on an interval a < x < b. 


b 
The value A is known as the “definite integral of f(x) from a to b”, written A= f OOT 


Mt qme) 20 Ot En 


b 
l f(x)dx is equal to the shaded area. 
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HISTORICAL NOTE 


The word integration means “to put together into a whole”. An integral is the “whole” produced 
from integration, since the areas f(x;) x w of the thin rectangular strips are put together into one 
whole area. 


The symbol i is called an integral sign. In the time of Newton and Leibniz it was the stretched 


out letter s, but it is no longer part of the alphabet. 


Example 1 ») $elf Tutor 





1 
a Sketch the graph of y — z^ for Ox x « 1. Shade the area described by f z^ dz. 
0 


b Use technology to calculate the lower and upper rectangle sums for n equal AREA 
subdivisions where n = 5, 10, 50, 100, and 500. FINDER 
i TNT 
c€ Hence find j z^ dx to 2 significant figures. 
0 








O20 UG 0c 


c When n = 500, Ar © Ay = 0.20, to 2 significant figures. 


1 1 
since Ar < xt dz < Ay, I x* dx ~ 0.20 
0 0 








EXERCISE 21A.2 
1 a Sketch the graph of y — /xr for 0 z«l. 


1 
Shade the area described by i yz dz. 
0 
b Find the lower and upper rectangle sums for n — 5, 10, 50, 100, and 500. 


1 
€ Use the information in b to find f yx dx to 2 significant figures. 
0 


2 a Sketch the graph of y = V/1-- x? and the z-axis for O < x < 2. 
Write expressions for the lower and upper rectangle sums using n subintervals, n € N. 
Find the lower and upper rectangle sums for n = 50, 100, and 500. 


2 
d What is your best estimate for f vV1+a da? 
0 
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Example 2 x) $elf Tutor 


a E 2 1 
Use graphical evidence and : n (2x +1) dx b n VAT 
0 0 


known area facts to find: 









2 
n (22 +1) dx 
0 


= shaded area 
= (48) x2 


=6 


b If y=vV1-x? then y? =1-—2? andso z?--y? — 1 which is the equation of the unit 
circle. y — V1-— x? is the upper half. 


y 


1 
i y 1— al de 
0 


= shaded area 
= (nr?) where r=1 


=% 
Lx 











3 Use graphical evidence and known area facts to find: 


3 2 2 
a 7 (14 4x) dx b / (2 — x) de c I 4 — z? dx 
1 =i -2 


INVESTIGATION 1 


à uw 


The integral / e dx is of considerable interest to statisticians. 
3 
In this investigation we shall estimate the value of this integral using upper and lower rectangular 
sums for n — 4500. We will perform the integration in sections. 
2 
m 


What to do: 
1 Sketch the graph of y 2e ? for -3z«93. 
3 Use the fact that the function y — e ? is symmetric to find upper and lower rectangular 
sums for —3 <x <0 for n = 2250. 


A 





GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


2 Calculate the upper and lower rectangular sums for the interval 
or h3 musing n= 2250 


3 ge AREA 
FINDER 


4 Use your results of 2 and 3 to estimate l e 9 gh 
—3 NT 


How accurate is your estimate compared with 4/27? 
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Er ENTIATION 


In many problems in calculus we know the rate of change of one variable with respect to another, but 


; : d 
we do not have a formula which relates the variables. In other words, we know z, but we need to 
MH 





know y in terms of x. 


Examples of problems we need to solve include: 


e The gradient function. f'(x) ofa curve is 2x--3 and the curve passes through the origin. What 
is the function y = f(x)? 


e The rate of change in temperature is T = 10e~* °C per minute where t > 0. What is the 


temperature function given that initially the temperature was 11°C? 


The process of finding y from =, or f(x) from f'(x), is the reverse process of 
a 


differentiation. We call it antidifferentiation or integration. 


Lupe differentiation Rm 





7 antidifferentiation | — 


or integration 


. d 
Consider 2 = 42, 
dx 


From our work on differentiation, we know that when we differentiate power functions the index reduces 
by 1. We hence know that y must involve z?. 


z 3 : d 
Now if y=? then a = 32°, so if we start with y= 3x* then T eg. 
L x 
: d 
However, in all ofthe cases y — $2? 4-2, y — $a? --100, and y — ia? — 7 we find T Ends 
X 


In fact, there are infinitely many functions of the form y = iz? +c where c is an arbitrary constant 


dy 2 1,8 


which will give u T Ignoring the arbitrary constant, we say that 32° is the antiderivative of 
ax 


x”. It is the simplest function which, when differentiated, gives x. 


If F(x) isa function where F’(x) = f(x) we say that: 


e the derivative of F(x) is f(x) and 
e the antiderivative of f(x) is F(x). 
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Example 3 x) $elf Tutor 
Find the antiderivative of: 
ON T NS . dE EO NEUE»: END. 
palate == a quat )-ixe x02 =e 
the antiderivative of. z? is iz. Z. the antiderivative of e?* is ie?". 
1 ee 
c =—=w"2 ? 
yz 
Gl 1 ET 
Now —(2?)=5s2 ? 
zs ) z 
up c ps 
(2772) TEE. S 
2 (223) — 2(3) 
; i i 1 
the antiderivative of — is 2yz. 
vdd 
EXERCISE 21B 
1 a Find the antiderivative of: 
1 1 
ic ii x? iii q? iv x? v «4 vi x? vii r ? 


b From your answers in a, predict a general rule for the antiderivative of z", for n 7 —1. 


2 a Find the antiderivative of: 


T 
. = sum ar 
i e ii e5” iii e? 


x 
3 


iv e0017 v e”? vi e 


b From your answers in a, predict a general rule for the antiderivative of e*” where k is a 
constant. 


3 Find the antiderivative of: 
a 6z?--Ax by first differentiating xr? +x? 6 e9"*! by first differentiating. e?" 


c€ yz by first differentiating zz d (22+1)% by first differentiating (2x + 1)4. 


CALCULUS 


Sir Isaac Newton and Gottfried Wilhelm Leibniz showed the link between differential calculus and 
the definite integral or limit of an area sum we saw in Section A. This link is called the fundamental 
theorem of calculus. The beauty of this theorem is that it enables us to evaluate complicated summations. 





We have already observed that: 


If f(x) is a continuous positive function on an interval 
a € xz € b then the area under the curve between x = a 


b 
and r—b is i f(x) da. 
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INVESTIGATION 2 
Consider the constant function f(x) — 5. 


We wish to find an area function which will give the area 
under the function between x =a and some other value 
of z which we will call t. 


t 
The area function is A(t) = i. 5 dx 





= shaded area in graph 
= (t—a)5 
—DU- da 
we can write A(t) in the form F(t)— F(a) where F(t) =5t or equivalently, F(x) = 5a. 
What to do: 


1 What is the derivative F'(x) of the function F(x) = 5x? How does this relate to the function 


f(x)? 


2 Consider the simplest linear function f(x) = x. 
The corresponding area function is Y == 


ao [ zde ; 


= shaded area in graph 


= (=) t-a) e 


a t 
a Can you write A(t) in the form F(t) — F(a)? h-t- a— 


b Ifso, what is the derivative F’(x)? How does it relate to the function f(x)? 








3 Consider f(x) =22+3. The corresponding area function is 


t 
AG) = i (22 +3) de 
= shaded area in graph 


T (uu E 
KE: 2 


a Can you write A(t) in the form F(t) — F(a)? 
b If so, what is the derivative F’(x)? 
How does it relate to the function f(x)? 





4 Repeat the procedure in 2 and 3 for finding the area functions of: 
a f(z) 2iz43 b f(r)—5-2z 


Do your results fit with your earlier observations? 


5 If f(x) — 3x?-- 4x -- 5, predict what F(x) would be without performing the algebraic 
procedure. 
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From the Investigation you should have discovered that, for f(x) > 0, 
t 
/ f(x) dx = F(t)— F(a) where F'(x) = f(x). F(a) is the antiderivative of f(z). 


The following argument shows why this is true for all functions f(a) > 0. 


Consider a function y = f(x) which has antiderivative 
t 


F(a) and an area function A(t) =d f(x)dx which 


" a 
is the area from z =a to x=t. 


A(t) is clearly an increasing function and 
A(a)=0 ...(1) 


Consider the narrow strip between x =t and x=t+h. 
The area of this strip is A(t + h)— A(t), but we also 
know it must lie between a lower and upper rectangle on 
the interval t <x <t+h of width h. 


area of smaller < A(t +h)— A(t) < area of larger 
rectangle rectangle 





t t+h 


If f(x) is increasing on this interval then 
hf(t) < A(t+h)— A(t) < hf(t+h) 


fa< AO < feh) 





Alt +h) - A(t) - 


Equivalently, if f(x) is decreasing on this interval then f(t+ h) < > F(t). 


Taking the limitas h=>0 gives f(t) < A’(t) < f(t) 
A'(t) = f(t) 





The area function A(t) must only differ from the cU: y= f(a) 
antiderivative of f(t) by a constant. 
A(t) 2 F(t) 4 c 
Letting t—a, A(a)- F(a)+c 
f(t) f(t +h) 
But from (1, A(a) 20, so c— —F(a) 
A(t) — F(t) — F(a) 
b 
Letting t = b, f f(x) dx = F(b) — F(a) x 
m » 
5 . t t+h 
This result is in fact true for all continuous functions f(x). enlarged strip 


THE FUNDAMENTAL THEOREM OF CALCULUS 


b 
For a continuous function f(x) with antiderivative F(x), f f(x) dx = F(b) — F (a). 


a 


Instructions for evaluating definite integrals on your calculator can be A 
found by clicking on the icon. i GRAPHICS 
C 


ALCULATOR 
INSTRUCTIONS 
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PROPERTIES OF DEFINITE INTEGRALS 


The following properties of definite integrals can all be deduced from the fundamental theorem of calculus: 


a b 
i f(x) dx =0 . l cdx =c(b—a) {cis a constant} 


[ tow- f roa . f etose f res 
[ (ac [ 1a - [ras 


/ OE / Eo / Eu 


Example proof: 





Example 4 x) Self Tutor 








Use the fundamental theorem of calculus to find the area between: 
a the z-axis and y = z? from z —0 to r—1 





b the z-axis and y — /z from z—1 to z—9. 


f(x)- x? has antiderivative F(z) = 


1 
the area f x? dr 
0 


= F(1) — F(0) 
=3-0 


al 


ed angue 
=a units 
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the area 





Casio fx-CG20 
E WatiiRedNorm2) [d/c]fRea] 
I dx dx 


j 


17. 33333333 

















EXERCISE 21C 


1 Use the fundamental theorem of calculus to find the area between: 
a the z-axisand y=x%* from z=0 to r=1 
b the z-axis and y =x? from x=1 to r=2 
c the x-axis and y = yx from x=0 to x=1. 
Check your answers using technology. 


2 Use the fundamental theorem of calculus to show that: 


f f(x)dx =0 and explain the result graphically 
b 
b f cdx =c(b— a) where c is a constant 


e [rosso f joe 


d f c f(x)dx =ef f(x)dx where cis a constant 


e [ (esame [ f(x) dz 4 n 


3 Use the fundamental theorem of calculus to find the area 
between the x-axis and: 






Check each 
answer using 
technology. 





a y—az? from z—1 to z—2 

b y—z?--3z-c2 from z—1 to r=3 

c y—z from z—1 to z—2 

d y=e” from z—0 to z—1.5 

e == from z—1 to r=4 

f y—2?--2z? 7r 4 from z—1 to 2 —1.25 
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4 Use technology to find the area between the x-axis and 


y=vV9-x? from rz —0 to z—3. 


Check your answer by direct calculation of the area. 





5 a Use the fundamental theorem of calculus to show that 


f E f "dou 


6 Hence show that if f(a) <0 for all x on 








b 
a<a<b then the shaded area = f f(a) dx. 


€ Calculate the following integrals, and give graphical interpretations of your answers: 


NIE ii [e-a dx iii [see 


2 
d Use graphical evidence and known area facts to find f (- y4- 2?) dz. 
0 





Earlier we showed that the antiderivative of x? is 3t. 


We showed that any function of the form iz? +c where c is a constant, has derivative z?. 


We say that the indefinite integral or integral of x? is z? +c, and write / a dx = ia? c. 


We read this as “the integral of x? with respect to x is i +c, where c is a constant". 


Tee (a) — 3) then fro dz = F(x)+e. 


This process is known as indefinite integration. It is indefinite because it is not being applied to a 
particular interval. 


DISCOVERING INTEGRALS 


Since integration is the reverse process of differentiation we can sometimes discover integrals by 
differentiation. For example: 


e if F(x)=a* then F’(x) = 423 
Ja dr=x*+c 
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The following rules may prove useful: 


e Any constant may be written in front of the integral sign. 


n JE Ji f(x)dz, kisa constant 


Proof: Consider differentiating kF(x) where F'(x) = f(x). 
ds F2) - &F'(2) - kf) 
firo dhe = (518 (an) 


=k [tea 


e The integral of a sum is the sum of the separate integrals. This rule enables us to integrate term by 
term. 


[69 mas —. f reas [ aas 








Example 5 ™) Self Tutor 










If y — z* -- 22?, find zm Hence find Jas + 322) de. 
X 





If y—2z^*--2z? then Sl = 4r? 62? 
X 









[409+ 604 de = ot + 20° +c 
c represents a general 
constant, so is simply any 
3 2 4 3 
Jae + 3a*) dx = zf + 2x? +c value c E R. 
Instead of writing E we 
3 2 E 3 
2 n (20° + 34°) dx = 2° + 2x” +c can therefore still write 






just c. 


[ox 32?) dz — iz* +r” +c 





EXERCISE 21D 


1 If y=x", find M Hence find [4 
X 
2 If y—2?--z?, find a Hence find [e9 «2 dz. 
T 
3 If ye, find ot Hence find m dz. 
X 


4 If y — (2x -- 1)* find z Hence find [e 1)? dz. 
T 
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Example 6 ™) Self Tutor 


Suppose y= 9z- 1. 
a Find dy b Hence find i 
dx 





AE 
Eb 
= l(5r — 1) ?(5) {chain rule} 
a 
E 5 
— 2/5r—1 
b Using a, ] xA eme 
mm 
1 
. 5 — = = 
E ¿RÁ AO TEN 
: 1 TA 
ae == 5r=1+c 





5 If y — zz, find y, Hence find ] 
L 


We can check that an 
integral is correct by 


6 If y= = find zm Hence find f de. differentiating the answer. It 
T L Ty T 
should give us the 
7 If y=cos2a, find B Hence find f sin 2g dx. integrand, the function we 
dx originally integrated. 





8 If y — sin(1— 5z), find M. Hence find ] — 5x) dz. 
9 By considering (a? — x)’, find fe —- 1) (z? — x} dz. 
10 Prove the rule firo + g(x)] de = ES da + [ a2) dz. 

11 Find a if y = /1-—4x. Hence find f — de. 


1 — 4x 


4r —6 


12 By considering £ In(5 — 3z -- z?), find f Bua gm 
> = 

COS T 

sin? 


dx. 





13 Find £ (esez). Hence find f 
dx x 
—3 


dz. 
r2? +1 





14 By considering £ (arctan z), find 1 
X 

15 By considering £ (2%), find J? dz. Hint: 27% — (em2)", 
X 


16 By considering x lng), find Ju dx. 
X 
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power rule 


scalar multiplication rule 





addition rule 


product rule 


p" E 
E m a quotient rule 
AAA 
_ dy du 
E E chain rule 





— esc z cot z 





secrtanzaz 





— csc? x 





arcsin £z 


—— 


arccos £ 





arctan x 





These rules or combinations of them can be used to differentiate almost all functions we consider in this 
course. 


However, the task of finding antiderivatives is not so easy and cannot be written as a simple list of 
rules as we did above. In fact, huge books of different types of functions and their integrals have been 
written. Fortunately our course is restricted to a few special cases. 
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RULES FOR INTEGRATION 


For k a constant, (ko +c)=k 
HH 





dx 


n+1 n 
If n4-1, H: te) e 


n+1 n+1 
4 (e@4o=e 
x 
If 720 z (lng +c) = 
> dx E 


-1 _ 


—T 


d 
If «<0, 3; or x) +c)= 


2 (sin x + c) = cos x 
dx i 


: (— cosg +c)=sing 
dx i 


] tme 





gn 
n dæ = —1 
Je q mper 


[9-4 
1 

] i4 mite 
T 


cos x dz = sing + c 


— 


sin z dz = — cos xz + c 


[secede = tanz +c 


d 
3; tana +0) = sec? x 


Function | Integral c is an arbitrary constant 





k, a constant called the constant of 
integration or integrating 
constant. 





In|z| +c 
sinz +c 
sec? x tanz+c 











Example 8 
Integrate with respect to x: 


a 2sinx —cosx 


a [8592-2 dx 


= 2(— cos x) — sing +¢ 


= —2 cos x — sin z + c 





b Elect 
xr 


b JE +30") bis 


= —2ln |z| + 3e” +c 
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=ù Self Tutor 


€ 3sec?z — x? 


c fi (3 sec? x — g^) dx 


= 3tanz — ir?’ +c 





There is no product or quotient rule for integration. Consequently we often have to carry out multiplication 


or division before we integrate. 








Example 9 


2 2 
Enda a / (3 + =) de 


2 2 
a f (63) dx 
x 
= | (90? +124 5) dz 
E 


= Je? 3-12 -- Ax?) dz 





3 Ap 1 
=% ma +e 


E 
zx 








We expand the brackets 
and simplify to a form 
that can be integrated. 






x) $elf Tutor 








da x —4/z--c 








EXERCISE 21E.1 
1 Find: 


a [e -2-28 
d J (2-3) de 
g (2-3) az 


2 Integrate with respect to x: 


a 3sinx—2 


d 12/2-10sinz 


b [veo 

e i dx 
Ie 

h f (&«2-2)e 


b 4x-—2coszx 


— 1 
ze ) + cos x 





€ sinz —2cosz 4 e* 


f —sinz+2yzx 
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3 Find: 
a [ &*-2« b / (v) de 
d E de e [e de 
g [Fe h [Se 
4 Find: 


a J (VE+ eosa) dx b fe- asmi) dt 
d MID da e ] 6-9 dé 


5 Find y if: 
a dy 6 b LP 
dx dx 
d "-l e 99 26.5 
dx a? dx 


6 Integrate with respect to x: 
2 
= 2 zr 


7 Find f(x) if 


a f'(z)—-z?—54Jz43 b f'(zr) 224z(1- 3x) € f'(x) = 3e" — 


z 1 
c nc - 3) dx 
f 2242-35, 
zx 
(fees 


c J (Boose - 7 

t 

f f 6-99) do 
0 


d 
c Y =5/2-2? 
dx 


dt 


~n"” 


dy 


f = = 4r’ + 3r? 
dz 
é a 
z 


SI 





Example 10 


T 
— sinz -4-zcosz 


Thus [ eme CELESTE 


EE cosxdx = xsinx 4 


=cosa+ [ acosado = qz; sinz - 








™) Self Tutor 


z (zsinz) — (1) sinx + (x) cosx {product rule of differentiation} 


{antidifferentiation} 


[5 = y sinz--cosrz--c 


8 Find E sinz) and hence find f e” (sin x + cos x) dz. 
X 


9 Find (ens sinx) and hence find PEZ a 
d 


et 


INTEGRATION (Chapter 21) 647 


10 Find (a cosx) and hence find Jesinzaz 
a 


11 Find < (seca) and hence find n z dz. 


£ 


da. 





2 
; s =2 

12 Find E ta — 3arctanz) and hence determine - 
dx +1 


: d d ; 
13 a Find 4; (arcos az) and 3; (aresin 7). 


1 


1— «2 


dz. 





b Hence find two expressions for f 


€ Explain your answer. 


PARTICULAR VALUES 


We can find the constant of integration c if we are given a particular value of the function. 





Example 11 x) $elf Tutor 


Find f(x) given that jf'(r) — az? —2z?--3 and f(0)— 2. 





O+c=2 andhence c=2 








by 


Example 12 ™) Self Tutor 


Find f(x) given that f'(2) =2sinx—yzx and f(0)=4. 


s(e)= f (2sm2-a%) da: 


E 





f(x) = 2 x (— cos x) — Z 


3 
2 
Be 
2 
3 
f(x) = —2cosx — 22? +¢ 


But f(0)=4, so —2cos0-0+c=4 
and hence c=6 


3 
Thus f(x) = —2cosx — 2x? +6. 
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If we are given the second derivative we need to integrate twice to find the function. This creates two 
integrating constants, so we need two other facts about the curve in order to determine these constants. 





Example 13 x) $elf Tutor 
Find f(x) given that jf"(z)— 122? —4, f'(0) — —1, and f(1)=4. 
If f"(z)— 1225 —4 
then f'(z) — = —Axr+ce {integrating with respect to x} 
Pu) = 4r? — 4r +c 
But f'(0)=-—1, so 0—0+c=-—1 andhence c= -—1 
Thus f(x) =4a° —4¢-—1 
4 D 
d) = — = —z+d {integrating again} 
2 fla) =13* 210? =2x+d 
But f(1)=4, so 1-2-1+d=4 and hence d=6 
Thus f(2)=13*-22?—2+6 








EXERCISE 21E.2 
1 Find f(x) given that: 


a f(x)=2x-1 and f(0)=3 b f'(x)=32?+2r and f(2)=5 
c Fle) =e +- and f(1)=1 d 10) =2- and f(1)=2 
2 Find f(x) given that: 


a f'(z)=22-—4cosx and f(0)=3 b f'(x) =2cosx—3sinx and f(3)= 


Slr 


) 
¢ f'(t)=/x—2sec?x and f(r) =0 
3 Find f(a) given that: 
a f"(r)—2r--1, f'(1)—3, and f(2)=7 
b f'"(z) =15y7+ = f'0) 212, and f(0) =5 
€ f"(z)-—cosz, f'(2)-0, and f(0)=3 
(x) = 2a and the points (1, 0) and (0, 5) lie on the curve. 





In this section we deal with integrals of functions which are composite with the linear function ax + b. 


. d 1 1 
Notice that = E gen) = 1004 y q = gartb 
de Na a 


1 
a =e ee fora 710 
a 
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zi Le BED t n 
For n Z —1, pm (= (az 4- b) ) ^x een X a, 
= (ax +b)” 
1 (ax + b)?*1 
b)” dz = = f —1 
Jes» as En) +e for nF 
d (1 1 a 1 
Also, = (<Infax +0) = 2 (5) == for ar+b>0, aXx0 
r | ateiti re for at+b>0, a0 
ax +b a 
1 
In fact, i dz = —In|ax+b|+c for a0. 
ax + b a 


We can perform the same process for the circular 


functions: 


—(sin(az + b)) = acos(ax + b) 


J m + 
a f cos(a + 





So, / cos(ax + b) dx 
Likewise we can show f sin(ax + b) dx 
and [se (ax + b) dx 










For a, b constants with a 4 0, we have: 


| 


(ax +b)” 
1 
et) 
cos(ax + b) 
sec? (ax + b) 


e 
aa 
a 





b) dx = sin(ax + b) + c 


b) dx = sin(ax + b) + c 


1 
—sin(ax +b) +c for a Æ 0. 
a 


1 
——cos(az+b)+c for a0. 
a 


1 
—tan(az+b)+c for a0. 
a 


| 















-In|az bj c 


2 sin(ar +b)+e 
a 





Ed cos(az 4- b) 4- c 
a 








- tan(az -- b) -- c 














[ee | zx 





4 1 
Je» da: | zx 
5 EE 
=p E +c = [a-2) ady 
= + (2z +3) +c I 
D 1 | (0-22)? 
== ye 


E E 





™) Self Tutor 





DN OT: 4 
fe e dz ] «x 
Decr ende 2 dx 
LE) 
1— 2x 











=2(3)e% — (Le +c =l Ae 
2s | 1,—3z iw 
lc I —4(35)In|1 — 22] +c 
= —2]n |1 — 2z| + c 








Example 16 x) $elf Tutor 


Integrate with respect to zx: 2sin(3x) + cos(4x + r) 


f (Qsin(3x) + cos(4x + x)) dx 


= 2x 3(— cos(3x)) + 3 sin(4x + 1) - c 
= —2 cos(3x) + 3 sin(4a + 1) +0 





Integrals involving sin?(az+b) and cos?(ax 4-b) can be found by first using the identities 
sin? 0 = 4 — E cos(20) or cos?0 — 4 + 4 cos(26). 


For example, we would substitute 


sin? (3x — 4) = cos(6x — 7) or cos? (2) = $ + 4 cosx 
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Example 17 x) $elf Tutor 


Integrate (2 — sinz)? with respect to z. 





n da 
- [à - asus csi a) de 
= f (4- 4sinz + $ — 4 cos(22)) dx 


= f (8 -4sinz- Z cos(22)) de 
= $r+4cosx—4 x $sin(2x) +c 


= 3x2+4cosz— Fsin(2x) +c 





EXERCISE 21F 


1 Find: 
3 1 
a forts) dx b ] s c 
d n e [via f 
3(1— z)* dz h | LL dz 

3 * V3 — Ax 

2 Integrate with respect to x: 
a sin(3x) b 2cos(—4x) +1 c 
d 3cos (3) e 3sin2z)—e * f 
g 2sin (21 +3) h —3c0s (3 — 2) i 
j cos(2x) + sin(2x) k- 2sin(3x) + 5 cos(4x) I 


Find y = f(x) given w =y2x—7 and that y=11 when 
T 


The function f(x) has gradient function f'(x) = 
through the point (—3, —11). 
Find the point on the graph of y = f(x) with x-coordinate —8. 





l-r 


4 Integrate with respect to x: 


e 





4 
f oa 


say 
y1 — 5r 


sec? (2x) 
e?* — 2 sec? (8) 
Asec? (5 — 2x) 


+ cos(8x) — 3sinx 


x= 8. 


, and the curve y = f(x) passes 









cos? x b si?zx 
1 + cos? (2x) d 3 -sin?(3z) 


4 cos?(4z) f (1+cosz)? 


cos? 0 — 


dle ble 


sin? 0 = 


Use the identities 
+ i cos(20) 
— i cos(20) 
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5 Find: 
a [ez —1) de b fa — 2) de c fa — 32x)? dx 
d Jay as e ] 675 f [eae 
6 a Use the identity cos?0 — $-- $cos(20) to show that cos'z — $cos(4x) + 4 cos(2zx) + 2. 
b Hence find f cost z dz. 


7 Find: 


a f (2e* + 5e%) du b J (3e?777) dz c J (e 9") de 


d ] ze e f 2 dx f (7x) dx 
2x — 1 1— 3x 2x+ 1 
9 [e a h [ e» da i Jl =>) dx 


8 Find y given that: 








dy 2 dy 3 dy =$ 4 
dx ( ) dx gru dx . 21 —1 








9 To find Jz dx, Tracy’s answer was Jz dz — iln |4z| 4- c. 
4x 4x 


: i 1 
Nadine’s answer was f — dí = di dz — EIn|z| 4 c. 
Aa T 
Which of them has found the correct answer? Prove your statement. 


10 Suppose /'(r)-— psin (32) where pis a constant. f(0)=1 and f(27)=0. Find p and 
hence f(z). 


11 Consider a function g such that g"(x) — — sin2z. 
Show that the gradients of the tangents to y = g(x) when «=7 and x = —7 are equal. 


12 a Find f(x) given f'(1)=2e 2 and f(0)=3. 
b Find f(x) given F(a) = 2s- and f(—1) =3. 


€ A curve has gradient function J/z -- 3e ^" and passes through (1, 0). Find the equation of 
the function. 


13 Show that  (sinx +cosx)? =1+sin2x and hence determine fo z + cosg)’ dz. 


14 Show that (cosg + 1)? = $cos2x+2cosz+% and hence determine fiosa + 1)? dz. 


1 2x — 8 


15 Show that Bo = and hence find f eas 
+2 4 


dx. 
a2 —4 











1—2 a2 — 


16 Show that 





and hence find f 2 dx. 
4x? — 1 
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INVESTIGATION 3 | 


In our study of complex numbers we used Euler’s form e’* =cosx+isina. We will now prove 
this result using calculus. 


What to do: 
1 Differentiate e’” with respect to a. 


2 We know that every complex number can be written in polar form. 
Therefore suppose e** =rcis 9 =rcos0 + irsin9 where r and 0 are dependent on z. 
a Use 1 to show that the derivative of. e/* with respect to x is ircosÓ — r sin 0. 
b Show that the derivative of rcos@+irsin@ with respect to x is 
dr dé dr dé 
(Ecrire (nai eren) 
(cos E r sin 0 ro +7 (sind pm + rcosé T 
: M gm : : : d 
3 By comparing the derivatives obtained in 2, explain why = SOE 
X 


A4 Weknow that e —1. ~. when =0, r=1 and 9=0. 


a Integrate n: with respect to z. Use r(0) — 1 to show that r(x) — 1 for all x. 
X 


b Integrate = with respect to z. Use r(0) — 0 to show that 0(x) — x forall z. 
X 


5 Hence explain why et? = cosg + isinz. 





Consider the integral fe + 3x) (2x + 3) dz. 


The function we are integrating is the product of two expressions: 
e The first expression (x? + 3a)* has the form f(u(x)) where f(u) =u* and u(x) = 2? +32. 


e The second expression is (2x 4- 3), and we notice that this is also u'(x). 


So, we can write the integral in the form J (e u'(x) dx where f(u) =u* and u(x) = 27+ 32. 


d 
We can integrate functions of this form using the theorem n f(u) B Ci = J f(u)du 


Proof: Suppose F(u) is the antiderivative of f(u), so ~ = (0) 
U 
a fiw du=Flu+e .. (1) 
dF dF du : 
But plc {chain rule} 
du 
= f(u) "m 


a fre a dx = F(u)+c= fre du {from (1)} 
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Using the theorem, 


We use u(x) in our 


Je + 3x) (2x + 3) dx solution, but we give our 
answer in terms of x, since 


= | ut qu dx Lu = r? + 32, du = 2g +3} the geni integral was 
dx dx with respect to a. 
= f u* du [replacing “ dr by du} 
X 
= a tc 
EE: 


(x? + 3x)? +e 








Example 18 x) $elf Tutor 


Use substitution to find: n V/ 23 -- 2x (3x? + 2) de 





/ v/z3 -- 2z (32? -- 2) de 
du 


= du ED du 42 
ELI {w= 2” + 2, Se oe +2} 
1 


T 
je 























Example 19 ») $elf Tutor 
2 
Use substitution to find: a n = ae dx b / ze!” dr 
x? + 2r 
2 
a f z tz dx b j= dx 
T F aL 
il s 
= / ELIO (3x? + 2) dx =-3 [rave dx 
o {u = r? +2x, --i ee E dy (u21- z?, 
u dr Aa dx 2 
A — = 3a? +2) — = —2r} 
= fra de =- fe du de 
u 
=]n|u| +c =le" +e 
=ln|z? +2r| +c L fe 
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Example 20 x) $elf Tutor 
Integrate with respect to x: a cos?zrsinz == 
sin gr 
a i cos? zsinz dz b Ji eae dx 
sin í 
ae 1 du : du 
— [(cosz)'sinz dx = | — —dz Exin COS 1 
n ) D u dz a as da: } 
d 
fe (-S) d. ‘COS - f: du 
dx u 
A r} 
=- fu du E =In|u| +c 
— ln [sin z| - c 
Eus ar € 
4 
— —icos!z 4c 








Note: The substitutions we make need to be chosen with care. 


; ; d ; : 
For example, in Example 20 part 6, if we let wu = cosa, = = —sing then we obtain 
L 
COS T u Nd . š 
J — dr= me dx. This is not in the correct form to apply our theorem, which tells us 
sin z == 
da 


we have made the wrong substitution and we need to try another. 


fizar 
E, ER . 
= f sin xsin g dx 


= f (1 — cos? a) sin x dx 





™) Self Tutor 









u 
= ue 
E + 


3 


3 COS COSTA 








EXERCISE 216.1 


1 Use the substitutions given to perform the integration: 


a n --1)! dz using u(z) —z?--1 pare dz using u(x) =z? +1 


æ=1 


c ] ema dx using u(x) = sina d J: — dx using u(x) = 


a2 x 


r—1 
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2 Integrate by substitution: 


a 4r?(2+ zt)’ 


d Vz3+2(32? +1) 


+2 


9 (22 + 4x — 3)2 


3 Find: 


a fee dx b n dx 


4 Find: 
a f = dx 
x4 +1 
2 
d [5 2 di 
TE == 


5 Integrate with respect to x: 








a z?(3— 2?y 


d zel-7 
6 Integrate with respect to x: 


4 


a sin* xcosxz b 


cos x 
(2 4- sin z)? 


i rsin(z?) 
7 Find: 


a ES xz dx 


8 Find f(x) if f'(x) is 


a sinxeos” 


9 Find: 


a n 


d [ rms 


g [5&9 cot ($) dz 


e 


h 


cs 


o 


sin g 
V/cos x 


sin x 








cos? x 


sin? zx 





cos? x 


cs 


2x 
122+3 


(x3 + 22 + 1)*(32? + 2) 


at (x + 1)*(2z -- 1) 


evt 
f dx 





£ 
— dr 
|= 
4r—1 
f x 0 dr 
5x — x2 











d fe — Ler" dx 


Qn — 

c B eds 
a2 — 3a 
= 2 

f 2 de 
a3 — 3x 








c zyl—ao? 
xclnz 
1— 32? (In x)? 
3 f 
g =T x 
c tanz d vsinzcosz 
sinz cos(2x) 
3 1 — cos x sin(2r) — 3 
k csc3 (2x) cot(2z) I cos? x 
f sinf z cos? z dx c I sin? (2x) cos(2x) dx 


sin x + cos x 


sin £ — cos x 


cot(3x) da 


csc x cot x dx 


sec? x sin x dx 


T— —, — 


etan x 





cos2 x 


csc? x dg 


n(3x) sec(3x) dx 


csc? x 





RES 


v/cot x =" 
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10 Find: 
2 
f ER dx using the substitution u = In(x? +7) 
17 
b far —1l6dx using the substitution u — z — 16 


— dy using the substitution x = 3tan0 
36 + 4a? 


d pE dx using the substitution u — /z—1 
e pS : ! dz using the substitution xz = 3 1 sec 0. 


11 a Find ce x) and hence find 
XT 


f = dx 
y 1-— az? 
i A s 

[a2 =x 
¢ State the domain on which the integral in b is defined. 
d Hence find: 


4 j 3 ie 1 2 
—— d ii —— d iii = J iv — 
l= ls s | —— 7 [ss 


12 a Find 2 (arctan x) and hence find f dy 
dx r2? +1 


b By substituting 6 = Ž, find 
a 


dx 


"C x 1 
b By substituting 0 = z find ] zx 


¢ State the domain on which the integral in b is defined. 
d Hence find: 


—— dg ss ii | —L-. dz Y dz 
x? 4- 16 da? +1 4 + 222 9 + 4x2 


13 Suppose £ is a constant. Use the substitution u = ,/ T to find the following integrals, giving 
T 
your answers in simplest form: 


[ie b farias 





: 1 wem um 
14 Find f ara" using the substitution u= 2°. 
CHOOSING WHAT TO SUBSTITUTE 
Here are some suggestions of substitutions to help | When a function contains IER 





integrate more difficult functions. 


Note that these substitutions may not always lead 
to success, so sometimes other substitutions will be 
needed. 


With practice you will develop a feeling for which 
substitution is best in a given situation. 








Find E +2 dx. 











IS AZ i eq 


e 


E farra [rums 


Example 23 x) $elf Tutor 


25 
Bind f NE es 
T 





Let x=3sec@ 5 & = 3sec 0 tan 0 
NONE m e 
ia AS LE 3008 tan 6 d8 
dE sec 


=f sec? 0 — 1 tan6 dé 


[tes 0d0 


n 0 — 3) d6 
= 3tanĝ — 30 +c 


Since secó = =, Eos a 


zx 
0 — arccos (3) d TE 


z2—9 : 
3 


So, pe dx = y x? — 9 — 3 arccos (2) tc 


1 


and tan0 — 











EXERCISE 21G.2 


Find, using a suitable substitution: 


Jara [ ?1« forza t/t? + 2dt 


2 Integrate with respect to x: 


q? 


—— b c 
9+ x? 1-452 
2.4 
e Z f sinzcos2x g 
zx 
il 5 1 
A | Sa k 
x (9 + 4[In 2]2) x(x? + 16) 
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2x Alnz 
5 d —_ 
a +9 z (1^ [Ina]? 
1 h x? 
\/9 — 4x 1 +a? 
1 
| 22/4 — x? 





The method of integration by parts comes from the product rule of differentiation. It allows us to 


integrate a function which is written as a product. 


Since = (wv) =uv +w, fe t uv) dz — uv 
X 


f im [ntm 
[wmm 


So, providing f u'vdr can be easily found, we can find 


ue dz 
fw dx 





using 
n — [e 
Example 24 x) $elf Tutor 
Find: a Ex dx b n 
a u=x v =e Check: 
u —1 v==e* dq 2 
2 e ?(x -1)-4 c) 
js dx — -—ze *— [cera =e "(4+1)+-e 7(1)+0 
=-xe *+(-e)+c — ge "4 ee? 
=-e "(4+1)+c —u Vw 
b u=r v’ = cosg Check: 
u =1 v=sing AL (rsin a + coss + c) 
x 
J ecosede=csine~ [ sinede = ] x sin g + z cos x — sin x 
= xsin g — (— cosx) + c mo OR ee 
ee COS LV 
SM COS AE 
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EXERCISE 21H 


1 Use integration by parts to find the integral of the 


: : ; When using ‘integration by 
following functions with respect to x: 


parts” the function u should 
b xsing ¢ x lng be easy to differentiate and 
d xsin3x e xcos2x f xsec? x the function v should be 
easy to integrate. 


a re” 





2 a Find fhea by first writing Inz as 1xInz. 


b Hence find fons? da. 


3 Find f arctanz da by first writing arctanz as 1x arctan z. 





Find i) e* sinz dz. 


] 55m 
u=e" w-sinz 


=e*(-cosa) — f e*(—cosa) da —-| ^ 


™) Self Tutor 










Sometimes we need to use 
integration by parts twice in 
order to find an integral. 


u =e V = — COST 


= -e cose + fe cos z dx 








/ 
a ET A USe u cor 
= —e" cosx + e” sing — [| e"sinzdz 4—4 ,  , E 
E STET? 
2 | e sinzde = e" cose + esing 
E sinz dz — 4e” (sin x — cos x) + c 
4 Integrate with respect to x: 
a re`” b e*cosz c e *sinz d z?sinz 


5 a Use integration by parts to find 1 u?e" du. 


b Hence find j (Inv)? dx using the substitution u = ln z. 


6 a Use integration by parts to find f usinu du. 


b Hence find / sin 2x dx using the substitution u? = 2x. 


i 


Find i cos V¥3xdzx_ using the substitution u? = 3x. 
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We have now practised several integration techniques with clues given as to what method to use. In this 
section we attempt to find integrals without clues. 











EXERCISE 211 
1 Integrate with respect to x: 
T —x j 
ao e b 7 c (3% +5)5 do 
et —e-£ 2— cosc 
1 3 
e rsecz f cot2x g zx(x +3) y ERA 
zx 
2 Integrate with respect to x: 
3 
a re” b ryl-r c 2241 -— 2? d —— 
2y/ x2-— 4 
In(z 4- 2) 1 
2 3 
e r^/r—3 f tanx ——— h ———— 
9 (a + 2)? z2-r2zx--3 
3 Integrate with respect to z: 
E i € In(2x) d e *cosz 
22+9 Va/l—2 
1 arctan x (In x)? 
—— —— f —— V9 — a? h 
x(1+ 2?) 1+2 9 q? 
" x $ : 2r +3 
i sin 4x cos x k —— — I cos? x 
Vr-—3 ! 22—20+5 
1-2 > . 
pra n — Z 6 —— p sin?rcos?r 


r2 +4 /4 — 92 (2— x)? 





Earlier we saw the fundamental theorem of calculus: 


If F(x) is the antiderivative of f(r) where f(x) is continuous on the interval a < x < b, then 


b 
the definite integral of f(x) on this interval is f f(a) dx = F(b) — F(a). 


b 
f f(x) dx reads “the integral from z — a to x —b of f(x) with respect to x” 
8 or “the integral from a to b of f(x) with respect to x”. 


It is called a definite integral because there are lower and upper limits for the integration, and it therefore 
results in a numerical answer. 


When calculating definite integrals we can omit the constant of integration c as this will always cancel 
out in the subtraction process. 
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It is common to write F(b) — F(a) as [Pay]? , and so 
b 
] f de = [Fæ] = F(6) — FO) 


Example 26 x) $elf Tutor 
iE 
Find fe 2 +2) da. 


E 


fnIntiR?42:5:1:3 
12.66666667 





GRAPHICS 
CALCULATOR 
INSTRUCTIONS 








Example 27 x) $elf Tutor 










Evaluate: 


b f (+2) dx 





=|- ment = [Es +3Ina]; [since x > 0) 
= (Sto) (Scos0) = (16 + 3ln 4) — (1 + 3ln1) 
=-5+1 = 15 +61n2 

d 

22 








EXERCISE 21J.1 


1 Evaluate the following and check with your graphics calculator: 


1 2 
a f z? dg b f (2? — 2) de c 
0 0 





m" 





el^? da 


e 

8 

$ 
w 

a 

S 

m -h 
2 

a 

8 


2 Evaluate: 


a a cos x dx b 
0 

d f sin(3 e 
0 


cl a 


sec? x dx 


sin? x dx 


ola 
~ as 
e ue 
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3 Show that ad may be written in the form 4+ — 
— r= 
EE 
Hence show that f i dz = 8 + 5ln2. 
3 B 
4 Find m such that: 
2 2m 
a f — dz - Ind b f (2x — 1) dy — 4 
m 4-a m 
1 es 
a? : This integral cannot be 
5 Evaluat z technology. 
valuate J i e using technology. e E 


Example 28 ™) Self Tutor 


5 
Evaluate i xe’ dx using integration by parts. Check your answer using technology. 
2 


na Tar dx = xe* — N e* dx GRAPHICS 


CALCULATOR 
= re” —e* +c INSTRUCTIONS 


5 
D ze” dz = [xe — e*]> 
2 


*Unsaved w 


Casio fx-CG20 TI-84 Plus 586.264 


E Emb (elie) | [Fanten N F 


pe í 5803 
586.2635803 356.263 




















6 Evaluate the following integrals using integration by parts. 
Check your answers using technology. 


1 B 3 
a / —zxe * dx b F xsin gdr c f ln z dz 
0 0 1 


DEFINITE INTEGRALS INVOLVING SUBSTITUTION 


When we solve a definite integral by substitution, we need to make sure the endpoints are converted to 
the new variable. 
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Example 29 














[ln ul] 





3 1 
Evaluate: a f = dx b f rm 
2 z^—1 0 (x 4r ib) 
a Let u=x*-1 A b Let u—2?41 
T 
When 2-2, u-22—1- When zc — 0, 
When 1=3, u=3*-1= When z — 1, 


Se. [ie Nu 
"EI ot So de oe) 


il 
do= | A (3) do 
o Y dx 








Example 30 
y 
Evaluate: | vsin z cos x dz 
* 














; d 
ISO Asi ZU 2 cosz 
d 
When r— $5, u-—sin$ —l 
When L=% u-sin£-i 
Casio fx-CG20 
E O Got Et 
Pe f vsin z cos x dx [sin xcos xdx 
5 0. 4309644063 
z 2+3-1+(34/2) 
D eei 0.4309644063 
T L 
9 LE] 


loa 
= fa 
1 
g 
il 





TI-nspire 


0.430964 





TI-84 Plus 


fnIntilisintx2 de 
COS Ada a MA MAIZ 


4309644063 
a A 
» 4389644063 
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EXERCISE 21J.2 


1 Evaluate the following and check with your graphics calculator: 











2 1 3 
3 
f aay b / ave” + dx c f zv a? 4- 16dz 
i 0 0 
g — 2g? 3 x ^ nz 
d ze ^ dx e zdz f — dz 
1 2 2-2 1 € 
i * 1-322 ds à * 6x? 4044 
0 l—as+e 2 x3 — x2 + 2x 
2 Evaluate: 
a 5 3 
a f 27 de b f sin? z cos z dx c f tan x dx 
0 y COS © 0 0 
z 6 COS T E 2 3 
d cot x dx e — dz f secó x tan? x dx 
Z 0 1 — sing 0 


1 
3 Evaluate for n € Z: ip (a? + 2x)" (a +1) dx 
0 


METE 31 3 Self Tutor Self Tutor 
6 

Find the exact value of / ryz + 4 drz. 
= 





lle e rA E =] 
dx 

When 2-4, u-0 
When 1 =6 O Casio fx-CG20 TI-84 Plus 

l Int 

6 xdx+4 dx 2 “43 
v "4 42.163780172 
zu QUE 46-34 0169 


42, 16378214 














5 2 3 10 | 42.1637 
CETE — 29,2 V 
= 5 u u E 


42.1637 


= 40410 — 2/10 
= 22/10 











4 Find the exact value of: 
4 3 5 
a f zyz -— ldr b f avx+6dx c f a? Vx —2dxr 
3 0 2 


Check each answer using technology. 
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PROPERTIES OF DEFINITE INTEGRALS 


Earlier in the chapter we proved the following properties of definite integrals using the fundamental 


theorem of calculus: 
b a 
e fl Fa) i=- | TE da 
a b 


b b 
cf(x) dz — zi f(x) dx, cis any constant 


e fre d+ f Se ) de= ff fi) az 
e. f oso |a f fta LIT 


EXERCISE 21J.3 


Use questions 1 to 4 to check the properties of definite integrals. 


4 4 1 1 
1 Find: a f vzdr and f (—Vz) da b / a dx and i (—x7) dz 
1 1 0 0 


1 2 2 1 
2 Find: a J 2? de b f 2? de c f 2? de d f 32? de 
0 T 0 0 


2 3 3 
3 Find: a f (1% — 4x) de b f (1% — 4x) de c / (2% — 4x) de 
0 2 0 







































































1 1 
4 Find: a f x? dx b f v/z da: 
0 0 
5 Evaluate the following integrals using area interpretation: 
3 7 
f f(a) dx b / f(x) dx 
0 3 
4 7 
f f(a) dx d f f(x) dx 
2 0 
6 Evaluate the following integrals using area interpretation: 
4 6 
f f(x)dx b J f(a) dx 
0 4 











L f(a) dx d [ f(a) de 


7 Write as a single integral: 


i feas f f(x) dx b f o(a)de+ [ sede f g(x) dx 
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3 6 6 
8 If dx =2 and dx = —3, find dx. 
a | f(a) dx an f f(x) dx in | f(x) dx 
6 4 
b If [ f(x) dz — 5, f f(x)dx = —2, and l f(x)dx =7, find f f(x) dz. 


1 
9 Given that f(x)dx = —4, determine the value of: 
-1 
—1 1 1 
a f(a) dx b y (2+ f(x)) dx c | 2f (x) dx 
1 =i Lj 


1 
d k such that f k f(x) dx =7 


il 
3 
10 If g(2)=4 and g(3)=5, calculate | (9 (2) — 1) dz. 
2 


REVIEW SET 21A 


1 The graph of y — f(x) is illustrated: 
Evaluate the following using area interpretation: 


a [iow b [iow 





serhicilcle 





T 





| 


















































2 Integrate with respect to x: 





4 3 : = 4—3x 
a b Tx Cc sin(4x — 5) d e 
3 Find the exact value of: 
-1 z a 1o (2 
a a vV1-—3zdx b mí cos (7) dx c / Ca 
4 By differentiating y — vz? —4, find / TE dz. 
rz^—4 
: 1 
5 Find the values of b such that coszdz — —, 0<b<n. 
0 V2 
6 Find: a fe — cos 2)? de b E cos(z?) dz. 


7 By differentiating (3x? + x)’, find fe + 2)?(6x +1) dz. 
4 

8 If i f(x) dx = 3, determine: 
1 


a [ (f(x) +1) dx b | toi- f sea 


668 


10 
11 


12 


13 


14 


15 
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Integrate with respect to x: 
a sin cos b tan(21) € 67" cosy 
Given that f(x) = 2sin(2x), f’($)=0, and f(0) =3, find the exact value of f(4). 


Find exactly: 


T 


E E 3 2 
a 4sin? (2) dx b i cot 0 d0 c | eee 
0 T m tanz 


6 





Find fa — «2 dz. 
Use integration by parts to find / arctanz dx. Check your answer using differentiation. 


a Find nz + 1)% de using the substitution u(x) = x? +1. 


b Hence evaluate: 
1 2 
i | 2x(1? + 1)? de ii f —2(1+ 27)? dx 
0 zj 


: A B 
a Find constants A, B, and C such that p ed EO E 1 
z(1— z2) zr x+1 xz-i 





b Hence find f E O dx. 
z(1— 2) 


4 
€ Find in simplest form, the exact value of i A (Ig 
5 Alaa) 


REVIEW SET 21B TOR 


and the x-axis for 0 <x< 1. 





a Sketch the region between the curve y = 2 
l+zx 


Divide the interval into 5 equal parts and display the 5 upper and lower rectangles. 


b Find the lower and upper rectangle sums for n = 5, 50, 100, and 500. 


dx and compare this answer with 7. 





1 
: a 4 

€ Give your best estimate for 
[uen 


mo 

Find y if: 
dy. (2. 2 dy _ E dy — (4,2. 42 
CE 1) b 2.05400 20e c q = ele 1) 


Evaluate correct to 4 significant figures: 


PTT OE ELM 
Eo me a 
Find 2 (in zx)? and hence find i nur 

da: z 


A curve y = f(x) has f(x) =18x +10. Find f(x) if f(0)— —1 and f(1)- 13. 


10 


13 


14 


15 
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If i el 2% dy = find a in the form Ink. 
0 


Find the following integrals exactly, then check your answers using technology. 





4 1 
1 
b 2 a4+1 
f era dx / ae dx 
Suppose f(z) =327+2z2 and f(0)— f(2)—3. Find: 
a f(x) b the equation of the normal to y= f(x) at x — 2. 


a Find (e” +2)? using the binomial expansion. 


1 
b Hence find the exact value of I (e* -- 2)? dx. Check your answer using technology. 
0 


Integrate by substitution: f sin? rcosz dz. Check your answer using technology. 


4 


Suppose f(x) =4x?—3, f'(0)=6, and f(2)=3. Find f(3). 


Find the derivative of rtanz and hence determine f xsec? x dx. 











2 
We = I I + Bo Hence evaluate ae? 
2a: 2x +1 0 2r 4-1 
Integrate with respect to x: 
2 TA 
a e *cosz bD r'e” te == 
\/9 — x 
5 
a Find = dx — aoe dx. b Hence find D p da. 
24-2 mex (x 4-2)(x — 1) 


REVIEW SET 21C 


Find: 


a f (7-13) dr b f(e-3) e c fre do 


Given that f'(z)— z?— 3r--2 and f(1)=3, find f(x). 


Find the exact value of: 
| EE b / Ade (2) a / im 
a T cos” (2) dx c an x dx 
BN 0 : 0 


7 
Find (ene sinx) and hence find / [e ?* (cos x — 2sin D) dx 
a 0 





Find / (2x + 3)” dx for all integers n. 
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6 A function has gradient function 2/2 + Za and passes through the points (0, 2) and (1, 4). 
zx 


Find a and hence explain why the function y = f(x) has no stationary points. 


2a 73 
7 n (2? +a +2) dx = —. Find a. 


a Use four upper and lower rectangles to find 
rational numbers A and B such that: 


2 
a< f (41%) dz « B. 
0 


b Hence, find a good estimate for 


[a da. 


, 2 
b pe dx c ] 2/31 as 


4 
COS” T 1 





9 Integrate by substitution: 





2 
a / E 
y 125 
10 Differentiate In(secx) with respect to x, for x such that secx > 0. 
What integral can be deduced from this derivative? 


11 Find: 
P i 10 
a E b ] c i zyz -— 5 dr 
ON 
12 Suppose LM = Ag? + Br +O+ 2 Find A, B, C, and D using the division 


r? — 3z +2 
EL 


algorithm. Hence find i dx. 


13 Find: 


Nace 
a n b [He 


x 


2 
dx £ 1 


IA 2 1-2 
14 Find a (=) Hence evaluate i seat) dx exactly. 
T 


sinc 


15 Find — 
y cos” x 


dx. Comment on the existence of this integral. 








Applications of 
integration 


Syllabus reference: 6.5, 6.6 


Contents: 


A 


B 
C 
D 
E 


The area under a curve 

The area between two functions 
Kinematics 

Problem solving by integration 
Solids of revolution 
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OPENING PROBLEM 


A wooden bowl is made in the shape of a paraboloid. 








We start with the curve y — 4r for 0x z «4, then 
rotate this curve through 360? around the z-axis. 


DEMO 


Things to think about: 


a If we take a vertical slice of the bowl, what shape do 
we obtain? 


b Can you explain why the capacity of the bowl is given 
4 
by f n(4/fx)? dx? 
0 


€ Hence find the capacity of the bowl. 





We have already seen how definite integrals can be related to the areas between functions and the x-axis. 
In this chapter we explore this relationship further, and consider other applications of integral calculus 
such as kinematics and volumes of solids of revolution. 


Following the work of Newton and Leibniz, integration was rigorously 
formalised using limits by the German mathematician Bernhard Riemann 
(1826 - 1866). 





In Chapter 21 we established a definite integral for the area under a curve. 
It is called the Riemann integral in his honour. 





Bernhard Riemann 


If f(x) is positive and continuous on the interval 
à X x € b, then the area bounded by y — f(x), the y Jis 
x-axis, and the vertical lines zr — a and r-— b, is 


b b 
given by A= | Fx) dx or fva 





We can apply a similar area integral for curves which can be expressed in the form « = f(y). 
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If f(y) is positive and continuous on the interval 
à € y € b, then the area bounded by x = f(y), the 
y-axis, and the horizontal lines y =a and y = b, is 


b 
given by A- [ f(y) dy. 








x) $elf Tutor 


Find the area of the region enclosed by y — 2z, the x-axis, x: — 0, and z —4 by using: 








a a geometric argument b integration. 





4 
b Area = | 2r dr 
Area— 3 x 4x 8 0 


4 
— 16 units? is [| 0 
= 4? = 0? 
= 16 units” 








Example 2 ™) Self Tutor 


Find the area of the region enclosed by y = 2? +1, the x-axis, 
gpl. su se 


It is helpful to 
sketch the region. 





Ox’) 
I . . = GRAPHING 
We can check this result using a graphics calculator or PACKAGE 
raphing package. GRAPHICS TNT 
ae er E CALCULATOR 
INSTRUCTIONS 


TI-nspire 
Casio fx-CG20 TI-84 Plus 





SECT FRI 
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EXERCISE 22A 
1 Find the area of each of the regions described below by using: 
i a geometric argument il integration 
a y=5, the x-axis, z — —6, and r=0 
6 y=«a, the z-axis, z= 4, and x= 5 
c y=-—3x, the x-axis, z = —3, and z= 0 
d y=-—x, the x-axis, x = 0, and x= 2 





2 Find the exact value of the area of the region bounded by: 


a y=x?, the x-axis, and x= 1 
y 


Use technology to check 
your answers. 







b gy-sinz, the x-axis, zr —0, and £ =r 

c y-—z?, the z-axis, z —1, and 2=4 
d y=e”, the x-axis, the y-axis, and == 1 

e the x-axis and the part of y = 6 + x — x? above the x-axis 
f the axes and y = /9— x 

§ y= 2 the z-axis, x = 1, and z = 4 

z 
h y=2- = the x-axis, and x = 4 
i y=e*+e”, the z-axis, x =—1, and r=1 


3 Find the exact value of the area of the region bounded by: 





a x=y?+1, the y-axis, and the lines y — 1 and y —2 
b z=vyYy+5, the y-axis, and the lines y — —1 and y=4 


Find the area enclosed by one arch of the curve y =sin2x and the x-axis. 













The period of y=sin2z is — — m, so the first positive x-intercept is 5. 





The required area — / sin 2x dx 
0 


El 


= |#(—cos20)] 
=-) [cos 2 z 


= —4(cosm — cos0) 


0 





= 1 unit? 








^ Find the area enclosed by one arch of the curve y=cos3x and the x-axis. 


5 a Show that the area enclosed by y =sinxw and the z-axis from x =0 to x =7 is 2 units. 


b Find the area enclosed by y — sin?z and the z-axis from xz —0 to z= r. 
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6 Use f lng dx = zlnz-—z-c to find the exact area of the region bounded by y — Inz, the 
x-axis, and x = 4. Use technology to check your answer. 
7 a Use integration by parts to find f c sinz da. 


b Hence find the exact area of the region bounded by y = rsinz, the z-axis, x — 1, and 
x= 5. Check your answer using technology. 


INVESTIGATION 1 


b 
Does l f(x)dx always give us an area? 


What to do: 


1 1 
1 Find | x? dx and / a? do. 
0 =i 


2 Explain why the first integral in 1 gives an area, whereas the second integral does not. Graphical 
evidence is essential. 


0 
3 Find / a? de and explain why the answer is negative. 
=i 


0 1 1 
A Check that i x? dz + / x? dx = / x? dx. 
=il 0 ll 


=i 
5 Find a? dx and interpret its meaning. 
0 


6 Suppose f(x) is a function such that f(x) <0 forall a < x < b. Can you suggest an 
expression for the area between the curve and the function for a < x < b? 


If two functions f(a) and g(a) intersect at 
2=0 a ==, mi Go) > ale) Focal 
a X x X b, then the area of the shaded region 
between their points of intersection is given by 





A= | [f2)-a(@)lae. 


Alternatively, if the upper and lower functions 
are y — y, and y — y, respectively, then 
the area is 





b 
a= f [Ye = Ya] dee 
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Proof: 





We can see immediately that if y — f(x) = 0 






b 
then the enclosed area is f [—g(x)| dx 


or -f dz. 





The curve cuts the z-axis when y = 0 
x? —2¢ =0 
x(a — 2) =0 
e= 0 oF 2 


the x-intercepts are O and 2. 


2 
Area = [ [Ys — yr] dx 
0 


= [ 0- @ -2ds 


2 nis FoIntCZR-WE SB. 

E e 7 al 1.333333333 
: 0 

= (4-§) -() 





the area is $ units”. 
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Example 5 x) $elf Tutor 


Find the area of the region enclosed by y —z--2 and y-—az?-4z-—2. 





y—z-2 meets y—2?--2—2 
where z?--z—2—m42 





a?—420 E d E A 
(1 +2) (1 — 2) = Area= fiw y;]d 
1 Lisl, 2 
=| eser a 


[8T 
-(6-$- Cs3) 
il 


02 units” 





the area is 103 units?. 








Example 6 x) $elf Tutor 


Find the total area of the regions contained by y = f(a) and the x-axis for 
f(a) = 29 + 22? — 3z. 


f(x) = 23 +22? — 32 
= «(x + 2x — 3) 
= a(x —1)(@ +3) 
y=f(a) cuts the x-axis at 0, 1, and —3. 


y=x? 429? — 3a 





Total area —3 





SY 


0 1 
| € Hm 223 322 at 3 2x3 T 322 
E 3 ges 4 3 22] 








For cases where there is more than one region contained between two functions, we can also use the 
property: 


The area between the functions f(x) and g(x) on the interval a < xz <b is 


b 
A= f If(2) — g(2)| ax. 
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The modulus ensures the two components of the area are added together. (Ss, 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


For example, the area in Example 6 may be found using technology using 
1 
area = f |a? 4- 22? — 3z| dz. 
-3 
TI-nspire 
Casio fx-CG20 TI-84 Plus “Unsaved w 





LOWER=-3 
Jdx=11.8333333 ~4 FrCx)dx-1l1.B22223 





EXERCISE 22B 


1 Find the exact value of the area bounded by: 
a the z-axis and y — 22-2 — 2 


b the z-axis, y = e77 — 1, and z= 2 


c y= a the x-axis, x=-—1, and z = —3 
z 
d the z-axis and the part of. y — 32? — 8r +4 below the x-axis 
— : = _ 3 
e y=cosz, the x-axis, r= 5, and x= > 
f y= z’ — 4r, the z-axis, zr —1, and r=2 
g y=sinz—1, the z-axis, r=0, and r= 4 


2 Find the area of the region enclosed by y = xz? — 2x and y= 3. 


3 Consider the graphs of y —2 —3 and y = z? — 3z. 
a Sketch the graphs on the same set of axes. 
b Find the coordinates of the points where the graphs meet. 
c€ Find the area of the region enclosed by the two graphs. 


4 Determine the area of the region enclosed by y = yx and y — z?. 


5 a On the same set of axes, graph y=e*—1 and y=2-—2e ”, showing axes intercepts 


and asymptotes. 


b Find algebraically the points of intersection of y=e*—1 and y=2-2e ”*, 
c€ Find the area of the region enclosed by the two curves. 


6 Determine exactly the area of the region bounded by y = 2e*, y — e?*, and x — 0. 


7 a On the same set of axes, draw the graphs of the functions y — 2x and y — 4z?. 
Determine exactly the area of the region enclosed by these functions. 


b On the same set of axes, draw the graphs of the relations y — 2x and y? = 4x. 
Determine exactly the area of the region enclosed by these relations. 


10 


13 


14 


15 
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Use f lny dy = ylny — y +c to find the exact area of the region bounded by y = e”, the 
y-axis, and the lines y=2 and y=3. 


A region with x >0 has boundaries defined by y =sinz, y= cosa, and the y-axis. 
Find the area of the region. 


The graph alongside shows y — tanx for 
cum ANE ne 
A is the point on the graph with y-coordinate 1. 
a Find the coordinates of A. 
b Find the shaded area. 





Sketch the circle with equation z? +y? = 9. 
a Explain why the upper half of the circle has equation y — v9 — z?. 


3 
b Hence, determine f v9 — xz? dx without actually integrating the function. 
0 


€ Check your answer using technology. 


Find the area enclosed by the function y = f(x) and the x-axis for: 

a f(z) =2? —92 b fía) =-x—- 2-4) e f(x)= xf -— 5r? +4. 
The illustrated curves are those of y = sinx 
and y=sin(2x). 


a Identify each curve. 





b Find algebraically the coordinates of A. < 


«€ Find the total area enclosed by Cı and C2 
fo 0O<x<r. 








a Write the shaded area as: 
y=32+6 i the sum of two definite integrals 
ii a single definite integral involving modulus. 


b Find the total shaded area. 





aY 


Find the area enclosed by: 

a y=a9—-5x and y= 2g? -— 6 

b y—-z?-3a?46r—8 and y-5z-5 
€ y —22? —32?--18 and y -z?-10z- 6. 
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16 a Explain why the total area shaded is not equal to 


f : f(x) dz. 


b Write an expression for the total shaded area in terms 
of integrals. 





y= f(a) 
17 The illustrated curves are y — cos(2x) and 
y = cos? x. 
a Identify each curve as C4 or C5. 
b Determine the coordinates of A, B, C, D, and E. 
€ Show that the area of the shaded region is 
= units”. 





18 Find, correct to 3 significant figures, the areas of the regions enclosed by the curves: 


a y=e and y=22-1 b y=x* and y=4r- ¿e? 
19 a The shaded area is 0.2 units?. b The shaded area is 1 unit?. 
Find k, correct to 4 decimal places. Find b, correct to 4 decimal places. 


y 





20 a The shaded area is 2.4 units?. b The shaded area is 6a units?. 
Find k, correct to 4 decimal places. Find the exact value of a. 





1 


Jia 


6 Explain algebraically why the function 


21 a Sketch the graph of y= 


i is symmetrical about the y-axis ii has domain x € J-1, 1[. 


c€ Find the exact area enclosed by the function and the x-axis, the y-axis, and the line x = i. 


INVESTIGATION 2 


There are many functions that do not have indefinite integrals. However, definite integrals can still 
be determined by numerical methods. An example of this is the upper and lower rectangles we 
used in Chapter 21. 
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A slightly more accurate method is the midpoint rule in y upper rectangle 
which we take the height of each rectangle to be the value Baur c MGE “> midpoint 
of the function at the midpoint of the subinterval. l 2 





lower rectangle 


For example, consider the area between 
f(x) = sin(x?) and the z-axis from 
Omer ale 





f(a) is an even function and does not 
have an indefinite integral, so a numerical 





method is essential for i sin (at) dx 
to be evaluated. j 
What to do: 
1 Suppose the interval from 0 to 1 is divided into 10 equal subintervals of width 0.1. 


Using the midpoint rule, the shaded area is 


1 
l sin (17) dæ ~ [f (0.05) + f(0.15) + f(0.25) + .... + f(0.95)] dx 
0 
where 62=0.1 is the subinterval width. 
Use this formula to estimate the integral to 3 decimal places. 


2 Click on the area finder icon. Use the software to estimate the area for 
n — 10, 100, 1000, 10000. AREA GINDER 


Compare the results with those given by your graphics calculator. 


3 Use the midpoint rule to estimate: 


a EN 


0 
b the area enclosed between y — sin (aa) the x-axis, and the vertical line x = 2. 


DISTANCES FROM VELOCITY GRAPHS 


Suppose a car travels at a constant positive velocity of 60 kmh! for 15 minutes. 





KINEMATICS 


We know the distance travelled = speed x time speed (kmh”!) 
= 1x1 u(t) = 60 
60 kmh™* x zh sü ¿e 
= 15 km. 
When we graph speed against time, the graph is a horizontal 


line, and we can see that the distance travelled is the area | 
shaded. 1 time (t hours) 





T 


4 
So, the distance travelled can also be found by the definite integral / 60 dt = 15 km. 
0 
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Now suppose the speed decreases at a constant rate so that 
the car, initially travelling at 60 kmh~!, stops in 6 minutes 


speed (km h^!) 








60 


or $ hour. v(t) = 60 — 600t 


In this case the average speed is 30 kmh~", so the distance 


travelled = 30 kmh! x = h=3 km 


time 
(t hours) 


1 


sl- 


But the triangle has area = = x base x altitude 


2 
=4x $ x60=3 


So, once again the shaded area gives us the distance travelled, and we can find it using the definite 


1 


To 
integral f (60 — 600t) dt = 3. 
0 


ta 
These results suggest that distance travelled = f u(t) dt provided we do not change direction. 
ty 


If we have a change of direction within the time interval then the velocity will change sign. We therefore 


need to add the components of area above and below the t-axis to find the total distance travelled. 


For a velocity-time function u(t) where v(t) > 0 on the 
interval t1 € t € ts, 


ta 
distance travelled = i v(t) dt. 
ti 


For a velocity-time function u(t) where v(t) <0 on the 
interval t1 € t € ts, 


ta 
distance travelled = — f v(t) dt. 


ti 





Example 7 ») $elf Tutor 





The velocity-time graph for a train journey is 4 v (Kmh-1) 
illustrated in the graph alongside. Find the total 60 
distance travelled by the train. 














30 
































0.1 0.2 03 04 0.5 0.6 





Total distance travelled 

total area under the graph 

area A + area B + area C + area D + area E 

= $(0.1)50 + (0.2)50 + (2332) (0.1) + (0.1)30 + $(0.1)30 
=2.5+10+4+3+1.5 


Il 


Il 








NOU QUI ESI SUITE 








APPLICATIONS OF INTEGRATION (Chapter 22) 683 


EXERCISE 22C.1 


1 A runner has the velocity-time graph shown. Find 
the total distance travelled by the runner. 





velocity (ms) 



































time (s) 








2 A car travels along a straight road with the velocity- 


: -1 
80 velocity (kmh 7) time function illustrated. 





a What is the significance of the graph: 





i above the t-axis 
ii below the t-axis? 








b Find the total distance travelled by the car. 
€ Find the final displacement of the car from its 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 starting point. 



































3 A cyclist rides off from rest, accelerating at a constant 
rate for 3 minutes until she reaches 40 kmh~!. She then 
maintains a constant speed for 4 minutes until reaching a 
hill. She slows down at a constant rate over one minute 
to 30 kmh”!, then continues at this rate for 10 minutes. 
At the top of the hill she reduces her speed uniformly and 
is stationary 2 minutes later. 


a Draw a graph to show the cyclist's motion. 


b How far has the cyclist travelled? 





DISPLACEMENT AND VELOCITY FUNCTIONS 


In this section we are concerned with motion in a straight line, or linear motion. 
For some displacement function s(t), the velocity function is v(t) = s‘(t). 


So, given a velocity function we can determine the displacement function by the integral 


s(t) = n v(t) dt 


The constant of integration determines where on the line the object begins, called the initial position. 


Using the displacement function we can quickly determine the change in displacement in a time interval 
ti <t< ta. 


ta 
Displacement = s(t2) — s(t1) = i v(t) dt 


ti 
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TOTAL DISTANCE TRAVELLED 


To determine the total distance travelled in a time interval tı < t < t2, we need to account for any 
changes of direction in the motion. 


To find the total distance travelled given a velocity function v(t) = s/(t) on t4 € t € ta: 
e Draw a sign diagram for v(t) so we can determine any changes of direction. 
e Determine s(t) by integration, including a constant of integration. 
e Find s(tı) and s(t2). Also find s(t) at each time the direction changes. 
e Draw a motion diagram. 


e Determine the total distance travelled from the motion diagram. 


Using technology, we can simply use 


t2 
total distance travelled from t=t, to t=t2 = Ji |v(t)| dt 
t 


al 


VELOCITY AND ACCELERATION FUNCTIONS 


We know that the acceleration function is the derivative of the velocity function, so a(t) = v'(t). 


So, given an acceleration function, we can determine the velocity function by integration: 


v(t) = fate) at 


SUMMARY 
differentiate differentiate 
(0 e 0=2-E 
S vU = — a A 
dt dt dt? 
displacement velocity acceleration 
integrate integrate 


Example 8 =ò Self Tutor 





A particle P moves in a straight line with velocity function v(t) =t? —3t+2 ms”!, 
Answer the following without using a calculator: 

a How far does P travel in the first 4 seconds of motion? 

b Find the displacement of P after 4 seconds. 


a v(t) 2 s'(t) 2t? -3t - 2 .. the sign diagram of v is: —— 
- (t- 16-2) s 


Since the signs change, P reverses direction at £ — 1 and £ — 2 seconds. 


3 2 
Now i07 [essa Segre 








APPLICATIONS OF INTEGRATION (Chapter 22) 685 


seme 
s(2)=$-6+4+c=c+2 s(4)=% -244+8+c=c+53 


Motion diagram: | === a 
A m~ 


Hence s(0) =c s(1)=3-3¿4+2+c0=c+ 3 
= 











2 c4 5i 
cr cr $ 
total distance travelled = (c + 2 — c) + (e+ 2 — [e+ 3]) + (c +54 — [e+ 3]) 
Zona a TE 
mou xc cu 
= 52 m 
b Displacement — final position — original position 
— s(4) — s(0) 
=c+53=cC 
= 53 m 


So, the displacement is 53 m to the right. 








EXERCISE 22C.2 
1 A particle has velocity function v(t) 2 1—2t cms ! asit moves in a straight line. The particle 
is initially 2 cm to the right of O. 
a Write a formula for the displacement function s(t). 
b Find the total distance travelled in the first second of motion. 
€ Find the displacement of the particle at the end of one second. 


2 Particle P is initially at the origin O. It moves with the velocity function v(t) = tà? —1t—2 cms !. 
a Write a formula for the displacement function s(t). 
b Find the total distance travelled in the first 3 seconds of motion. 
«€ Find the displacement of the particle at the end of three seconds. 


3 The velocity of a moving object is given by  v(t) — 32-- 4t ms !. 
a If s— 16 m when t=0 seconds, find the displacement function. 
b Explain why the displacement of the object and its total distance travelled in the interval 
ti 
0 <t<t,, can both be represented by the definite integral i (32 + 4t) dt. 
0 


€ Show that the object is travelling with constant acceleration. 


4 An object has velocity function v(t) = cos(2t) ms !. If s($) — 1 m, determine s(£) exactly. 


5 A particle moves along the x-axis with velocity function  z'(t) — 16t — 4t? units per second. Find 
the total distance travelled in the time interval: 


a 0<t<3 seconds b 1<t<3 seconds. 


6 A particle moves in a straight line with velocity function v(£) 2 cost ms !. 
a Show that the particle oscillates between two points. 


b Find the distance between the two points in a. 
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7 The velocity of a particle travelling in a straight line is given by v(t) — 50 — 10e 9 9* ms" !, 
where t> 0, t in seconds. 
a State the initial velocity of the particle. 
Find the velocity of the particle after 3 seconds. 
How long will it take for the particle’s velocity to increase to 45 ms”*? 
Discuss v(t) as t — oc. 
Show that the particle's acceleration is always positive. 
Draw the graph of u(t) against t. 
Find the total distance travelled by the particle in the first 3 seconds of motion. 


Example 9 


A particle is initially at the origin and moving to the right at 5 cms 
according to a(t) 2 4— 2t cms ^?. Answer the following without using a calculator: 


a Find the velocity function of the particle, and sketch its graph for O < t < 6 s. 


b For the first 6 seconds of motion, determine the: 
i displacement of the particle ii total distance travelled. 


U m O A aAa 








1 [t accelerates with time 





a u(t) = f at) dt = fa-2) dt 


=4t-f#+¢ 


I 
| 
$ 
+ 
ES 
d 
on 
o 
E 
| 





b s()= f vt) de = f(-P bat +5) at 
— —iP E20? +5t+c om 
But s(0) 20, so c—0 
s(t) = — 18 20 +5t cm 
i Displacement — s(6) — s(0) 
= —2(6)* + 2(6) + 5(6) 
SOC 


ii The particle changes direction when t = 5s. 
Now (5) = —4(5)° + 2(5)? + 5(5) 





— gal 
= 333 cm 
Motion diagram: m 
< 
0 30 33i 
0 CONO 


.. the total distance travelled = 333 + 33 


= 362 cm 


6 
Using technology, we can check that / |? +4t+5| dt = 362 
0 








APPLICATIONS OF INTEGRATION (Chapter 22) 687 


8 A particle is initially at the origin, and is stationary. It accelerates according to the function 
2 -2 
a(t) = Cr ms 
a Find the velocity function v(t) for the particle. 
b Find the displacement function s(t) for the particle. 


€ Describe the motion of the particle at the time t = 2 seconds. 


9 A train moves along a straight track with acceleration (5 —3) ms ?. The initial velocity of the 
train is 45 ms !. 


a Determine the velocity function v(t). 


60 
b Evaluate f v(t) dt and explain what this value represents. 
0 


1 


10 An object has initial velocity 20 ms ^ as it moves in a straight line with acceleration function 
t 


4e 9? ms ?. 
a Show that as ¢ increases the object approaches a limiting velocity. 


b Find the total distance travelled in the first 10 seconds of motion. 


When we studied differential calculus, we saw how to find the rate of change of a function by 
differentiation. 





In practical situations it is sometimes easier to measure the rate of change of a variable, and use integration 
to find a function for the quantity concerned. For example, we can measure the rate at which electricity 
is used, and then integrate to find the total amount used over time. 


Example 10 ™) Self Tutor 
The marginal cost of producing x urns per week is given by 


dene 2.15 — 0.022 + 0.000 36a? dollars per urn provided 0 < x < 120. 
X 

The initial costs before production starts are $185. 

Find the total cost of producing 100 urns per day. 





The marginal cost is T 2.15 — 0.022 + 0.00036x? dollars per urn 


£ 


COE / (2.15 — 0.022: + 0.000 36x”) da: 


2) 3 
= 2.1542 — 0.02 E 4- 0.000 36 = +c dollars 


— 2.15z — 0.012? -- 0.000 122? -- c. dollars 
But C(0)=185 dollars .. c—185 
*. C(z) — 2.15z — 0.012? + 0.000 12x* + 185 dollars 
C(100) = 2.15(100) — 0.01(100)? + 0.000 12(100)? + 185 dollars 
= 420 dollars 


the total cost is $420. 
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EXERCISE 22D 


1 The marginal cost per day of producing x gadgets is C'(x) — 3.15 -- 0.004x euros per gadget. 
Find the total cost of daily production of 800 gadgets given that the fixed costs before production 
commences are €450 per day. 


2 The marginal profit for producing x dinner plates per week is given by P'(x) — 15—0.03x dollars 
per plate. If no plates are made then a loss of $650 each week occurs. 
a Find the profit function P(x). 
b What is the maximum profit and when does it occur? 
€ What production levels enable a profit to be made? 


3 Jon needs to bulk-up for the football season. His rate of energy intake t days after starting his 
weight gain program is given by E’(t) = 350(80 + 0.15t)° — 120(80 + 0.15t) calories per day. 
Find Jon’s total energy needs over the first week of the program. 


Example 11 x) $elf Tutor 


A metal tube has an annulus cross-section as shown. The outer 
radius is 4 cm and the inner radius is 2 cm. Within the tube, 
water is maintained at a temperature of 100? C. Within the metal 
the temperature drops off from inside to outside according to 


ar 10 : E ; water 
nores. where zx is the distance from the central axis and at1009C 
2) «& sp «& 4L. 





Find the temperature of the outer surface of the tube. 


tube cross-section 


Since We i r= [a 
T=-10ln|z|+e 
But when c= 2, T= 100 
100 = —101n2+c 
e~ OOT On? 
Thus T = —10lng +100 +10l1n2 {as z>0, |xz|=x} 
^ T — 100 4 10In (2) 
When z—4, T — 100-4 101In (1) = 93.1 


the outer surface temperature is 93.1?C. 








4 The tube cross-section shown has inner radius 3 cm and outer 
radius 6 cm. Within the tube, water is maintained at a temperature 
of 100°C. Within the metal the temperature falls off at the rate 


dT —20 ; ; 3 

ae oes? where x is the distance from the central axis and 
X qa” 

3<xs<6. 





Find the temperature of the outer surface of the tube. 
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A thin horizontal metal strip of length 1 m is deflected by 
y m at the distance of x m from its fixed end. 


. dy 1 2 
It is known that 3 =(= r) 





dy 


a Find y and — when x=0. 
dx 





deflection y 


strip b Find the function y(x) which measures the 
deflection from the horizontal at any point on the 
metal strip. 


€ Determine the greatest deflection of the metal strip. 


A wooden plank 4 m long is supported only at its ends, 
O and P. The plank sags under its own weight by y m at 
the distance x m from O. 


s p d?y x 
The differential equation —2 — 0.01 | 2r — — 
dx? 2 





sag y 
relates the variables x and y, for O< x < 4. 


a Find the function y(x) which measures the sag 
from the horizontal at any point along the plank. 


b Find the maximum sag from the horizontal. 
€ Find the sag 1 m away from P. 
d Find the angle the plank makes with the horizontal at the point 1 m from P. 


A contractor digs cylindrical wells to a depth of h metres. He 
estimates that the cost of digging at the depth x metres is 


(1a? + 4) dollars per m? of earth and rock extracted. 


Show that the total cost of digging a well of radius r m is given 





3 

by O(h) = rr? (==) +Co dollars. 
Hint: dC = dC dV 
dx dV dz 


The length of a continuous function y= f(x) on a<a<b_ is given by 


b di 2 
ue) = f y1+(2) dx. 
Find, correct to 5 decimal places, the length of y=sinz on O<a<z7. 


A farmer with a large property plans a rectangular fruit 
orchard. One boundary will be an irrigation canal, and 
he has 4 km of fencing to fence the remaining three 
sides. 

The farmer knows that the yield per unit of area is 


irrigation canal 








z 1 s ; P 
roportional to , Where z is the distance in 
prop Pd 


kilometres away from the canal. 

Suppose the yield from the field is Y, the area of the orchard is A km?, and the two vertical fences 
are p km long. 

a Explain why 2 = er where k is a constant. 


vr+4 
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dY _ k(4—2p) 


6 Show that — = “2 i 1 i 
Show tha as Jeri by using the chain rule 
? k(4 — 2p) 


€ Explan why Y — : UTI T. 


Show that Y = 4k(2 — p)|vp + 4 — 2]. 
e What dimensions should the orchard be, to maximise the yield? 


LUTION 





Consider the curve y = f(x) for a <x < b. 


If the shaded area below is revolved about the x-axis through 360° or 27, a 3-dimensional solid will 
be formed. Such a solid is called a solid of revolution. 


DEMO 





For a curve defined by «= f(y) on a<y<b, wecan also define a solid of revolution. In this 
case the shaded area is revolved about the y-axis through 360? or 27. 


DEMO 











VOLUME OF REVOLUTION 


We can use integration to find volumes of revolution between 
x=a and <=. 


The solid can be thought to be made up of an infinite number 
of thin cylindrical discs. 


Since the volume of a cylinder = rr?h: 
e the left-most disc has approximate volume z[f(a)|?h 
e the right-most disc has approximate volume z[f(b)|?h 
e the middle disc has approximate volume z[f(z)]?h. 


As there are infinitely many discs, we let  — 0. 








a=b 


b b 
We obtain V = jim nf (x)? h = f n[f (z)f? dz — a f y? dz. 
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When the region enclosed by y= f(x), the x-axis, 
and the vertical lines x =a and x =b is revolved 
through 27 about the x-axis to generate a solid, the 
volume of the solid is given by 





b 
Volume of revolution = 7 / y? dx. 


a 





Using the same limit method we can derive a formula for the volume of a solid of revolution formed by 
rotation about the y-axis. 


When the region enclosed by x= f(y), the y-axis, and 
the horizontal lines y= a and y — b is revolved 
through 27 about the y-axis to generate a solid, the 
volume of the solid is given by 

b 
Volume of revolution = 7 ji z? dy. 


a 





Example 12 x) $elf Tutor 


Use integration to find the volume of the 
solid generated when the line y — x for 
1<a< 4 is revolved through 27 around 





the x-axis. 
b 
Volume of revolution = 7 n y? dz The volume of a cone of height h and 
e base radius r is 
4 
= af 2? dx Von: — mh 
1 
374 So, in this example 
T 
EM B ? V = in4*(4) - ix1?(1) 
a =o 
xis) ES 


= 217 cubic units = il v 
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Find the volume of the solid formed when the graph of the function y = xz? for 0 z «5 is 
revolved through 27 about the x-axis. 














b 
(5,25) Volume of revolution = m f y? dx 


= 





Il 


m(625 — 0) 
= 6257 cubic units 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 








1 Find the volume of the solid formed when the following are revolved through 27 about the x-axis: 





a y=2x fo 0<x<3 b y=yz fo 0<x<4 
3 
cy=a* fo 1<x<2 d y=x? fo 1<x<4 
e y=x?* fo 2<xX<4 f y—y25—z? for 0xz«5 
g j= — for 2<2<3 h te for 1<x<3 
T= zx 


2 Use technology to find, correct to 3 significant figures, the volume of the solid of revolution formed 
when these functions are rotated through 360? about the x-axis: 
3 
T 


a (= for 1<x<3 b y=e** for 0< 2 <2. 





3 Find the volume of revolution when the shaded region is revolved through 27 about the x-axis. 
a 





4 Answer the Opening Problem on page 672. 
The shaded region is rotated through 360° about the 
x-axis. 

a Find the volume of revolution. 


b A hemispherical bowl of radius 8 cm contains 
water to a depth of 3 cm. 
What is the volume of water? 
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6 a What is the name of the solid of revolution when the 
shaded region is revolved about the x-axis? 
b Find the equation of the line segment [AB] in the form 
y — ax 4 b. 


€ Find a formula for the volume of the solid using 


b 
v=; f y? dz. 





A circle with centre (0, 0) and radius r units has 
equation z?-4- y? — r?. 
a Ifthe shaded region is revolved about the x-axis, 
what solid is formed? 


b Use integration to show that the volume of 


revolution is inr). 





Example 14 ™) Self Tutor 


The graph of y=Inz, x€ [l,e] is revolved through 27 about the y-axis. 
Find the volume of revolution. 





Wine g=—i, =U .. Volume 
When 2=e. y=l b 
a 2 
; =e || a ap 
we rotate the function for y € [0, 1]. fi 








8 Find the volumes of the solids formed when the following are revolved through 27 about the y-axis: 


a y—z? between y=0 and y=4 


b y=yzx between y=1 and y=4 
€ y—lnx between y=0 and y=2 
d y=vyx-2 between r—2 and z— 11 
e y—(r—1) between z—1 and z—3. 
9 Find exactly the volume of the solid of revolution formed by revolving the relation E + s zu 


x20 through 360? about the y-axis. 
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One arch of y = sing is revolved through 
360° about the x-axis. 





Using the identity sin? 2 = $ — 4 cos(2z) 


to help you, find the volume of revolution. 


b 
Volume = 7 I y dx 


T 
=] sin? z dz 
0 


= af [3 — $ cos(2x)] dx 
0 








10 Find the volume of revolution when the following regions are revolved through 27 about the x-axis: 





a y—cosz for 0<<f b y=cos(2x) for 0<x<f 

c y=vsinc for O<x<rT d y= fo 0<x<3 
COS LT 

e y=sec(3x) for xE€|0, $) f y—tan($) for «€ (0, £] 


11 a Sketch the graphof y=sinx+cosw for 0<x<7Z. 


b Hence, find the volume of revolution of the shape bounded by y — sinz-Fcosz, the x-axis, 


zx —0, and r— $ when it is rotated through 27 about the x-axis. 


12 a Sketch the graph of y=4sin(2x) for 0<x<f. 
b Hence, find the volume of revolution of the shape bounded by y = 4sin(2x), the x-axis, 


z —0, and z— $ when it is rotated through 27 about the x-axis. 


VOLUMES FOR TWO DEFINING FUNCTIONS 


Consider the circle with centre 
(0, 3) and radius 1 unit. 


When this circle is revolved 
about the x-axis, we obtain a 
doughnut shape or torus. 


DEMO 


y 
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Suppose yy = f(x) and yr = g(x), where f(x) > g(x) forall a € x € b. 


If the region bounded by the upper function y,, = f(x) and the lower function y, = g(x), and the 
lines 2 =a, x =D is revolved about the x-axis, then its volume of revolution is given by: 


b 


Ver i l (LfGO — lg") de or v=x n (y? — y?) de 


a 







Rotating about the x-axis gives 
i y=f(x) or y 
y=g(@) or y 





Example 16 


Find the volume of revolution generated 
by revolving the region between y = x? 
and y= yx about the z-axis. 





















EXERCISE 22E.2 
1 The shaded region between y —4—z? and y —3 is 
revolved about the x-axis. 
a What are the coordinates of A and B? 
b Find the volume of revolution. 
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2 The shaded region is revolved about the 
x-axis. 
a Find the coordinates of A. 


b Find the volume of revolution. 








3 The shaded region between y =x, y= Z, 


and zx = 2 is revolved about the x-axis. 
a Find the coordinates of A. 
b Find the volume of revolution. 





4 a Sketch y=a2?—4r+6 and x+y=6 on the same set of axes. Shade the area enclosed 
by these functions. 


b Find exactly the volume of the solid of revolution generated by rotating the region enclosed by 
y =x? —4r+6 and z+y=6 through 360? about the z-axis. 
5 The shaded region is revolved about the x-axis. 
a State the coordinates of A. 
b Find the volume of revolution. 








6 The illustrated circle has equation z? -- (y — 3)? = 4. Ay 
a Show that y=3+ v4- 22. 5 





Illustrate which part of the circle is represented by 
y =3+vV4- a? and which part by y =3-—vy4-— z?. 
€ Find the volume of the solid of revolution generated by 
revolving the shaded region through 27 about the x-axis. 


] : 0,3 
Hint: Substitute x = 2sinu to evaluate the 00,3) 
integral. Use your calculator to check your 1 
a o 
answer. E 





v 


7 A chord of the circle with equation z? 4- y? — r? is parallel to the y-axis, and has length equal 
q y P y 


to the radius of the circle. A solid of revolution is generated by revolving the minor segment cut 
off by the chord through 360? about the y-axis. 


3 
Prove that the volume of the solid formed is given by V — = 
8 A circle has equation x? +y? =r? where r > 3. A minor segment is cut off by a chord of 
length 6 units drawn parallel to the y-axis. 
Show that the volume of the solid of revolution formed by rotating the segment through 360° about 
the y-axis, is independent of the value of r. 
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9 Prove that the shaded area from x = 1 to infinity 
is infinite whereas its volume of revolution is finite. 
We call this a mathematical 
paradox. 
x 
1 ¢ 
REVIEW SET 22A 





1 Write an expression for the 
total shaded area. 
























































4 
2 Find: a i, f(a) dx 
0 
6 
b / eyez 
4 
6 
c ji f (a) dx 
0 
Y 
3 
3 Does f(x) dx represent the area of 4 Determine k if the enclosed region has 


-1 
the shaded region? 
Explain your answer briefly. 


area 54 units”. 








5 By appealing only to geometrical evidence, 
explain why 


Al e 
/ dos | linge ake = @, 
0 1 





6 Find the area of the region enclosed by y — z?--Ar--1 and y=3r+3. 


Determine the area enclosed by the axes and y — 4e* — 1. 
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10 


12 


13 


14 


APPLICATIONS OF INTEGRATION (Chapter 22) 


A particle moves in a straight line with velocity v(t) =1?—6t4+8 ms”!, for t 2 0 seconds. 
Draw a sign diagram for v(t). 

Explain exactly what happens to the particle in the first 5 seconds of motion. 

After 5 seconds, how far is the particle from its original position? 

d Find the total distance travelled in the first 5 seconds of motion. 


en O v 


Find the volume of the solid of revolution formed when the following are revolved through 
360? about the x-axis: 


a y=x between z=4 and x=10 b y=zx+1 between z=4 and xz — 10 
c y=vsinx between z=0 and r=7 


d y—1-cosz between z —0 and r= 3- 


A cantilever of length L m is deflected by y m at the distance x m from the fixed end. The 
2 
variables are connected by — — k(L —z)? where k is the proportionality constant. 

X 





Find the greatest deflection of the cantilever in terms of k and L. 


a Find a given that the shaded area is 4 units?. 


b Find the z-coordinate of A if [OA] divides the 
shaded region into equal areas. 





Consider the given function. y — f(x), 0x x « 6. 
Show that A has equation y — V4x — x?, 0 < x « 4. 


b Show that B has equation y = —V10x — x? — 24, 
AL< 9b < 


€ Use the properties of circles to find 


4 6 
n V Az —z? dx and i —4/ 10x — x2 — 24 dz. 
0 4 


6 
d Find E dz. 
0 


Find the volume of revolution when y =cscx is rotated through 360? about the x-axis for 





¿soso 
liquid A metal tube has an annulus cross-section with radii rı 
at Ty°C and ra as shown. 
Within the tube a liquid is maintained at temperature 
dy C. 
A Within the metal, the temperature drops from inside to 


O 


: A dT k P 
CS outside according to "Tt where k is a negative 
XT T 


constant and x is the distance from the central axis. 


Show that the outer surface has temperature To+k ln (2) : 
ry 
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15 Show that the volume of revolution generated by 


rotating the shaded region through 360° about the 


256 


z-axis is E units?. 





16 Find the volume of the solid of revolution formed when the following are rotated through 27 
about the y-axis: 


2 


A DE eco andy 2 b y= Vx? between y=2 and y=3. 


REVIEW SET 22B 


1 A particle moves in a straight line with velocity v(t) = 2t — 3t? ms” 


l for t Z 0 seconds. 


a Find a formula for the acceleration function a(t). 
b Find a formula for the displacement function s(t). 
€ Find the change in displacement after two seconds. 


.. d 
n 1+22° 





2 Consider f(x) 


Find the position and nature of all turning points of y = f(x). 
Discuss f(x) as z — oo andas x — —oo. 
Sketch the graph of y = f(x). 


Find, using technology, the area enclosed by y = f(x), the x-axis, and the vertical line 
DI 


QQ n GO vv 


3 A particle moves in a straight line with velocity given by v(t) 2 sint ms !, where t>0 
seconds. Find the total distance travelled by the particle in the first 4 seconds of motion. 


4 A boat travelling in a straight line has its engine turned off at time £& — 0. Its velocity at time 


E 1 
t seconds thereafter is given by v(t) = — Ms. 


Find the initial velocity of the boat, and its velocity after 3 seconds. 
Discuss u(t) as t 00. € Sketch the graph of v(t) against t. 


Find how long it takes for the boat to travel 30 metres from when the engine is turned off. 


0 &. OG v 


Find the acceleration of the boat at any time t. 


3 
f Show that T — —kv?, and find the value of the constant k. 


5 The figure shows the graphs of y = cos(2x) 


SE fOr Ec s 


Find correct to 4 decimal places: 


and y — e 


a the z-coordinates of their points of intersection 


b the area of the shaded region. 
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6 a Draw the graphs of y?—z—1 andy-—7z-—3 on the same set of axes. 
b Find the coordinates of the points where the graphs meet. 
€ Find the area enclosed by the graphs. 


7 The shaded region has area i unit?. 8 Find, correct to 4 decimal places: 
Find the value of m. a the value of a 


b the area of the shaded region. 











9 Find the volume of the solid of revolution formed when the shaded region is revolved through 
360? about the x-axis: 








SY 





10 Find the area enclosed by y — 2x? —9x and y= 3x? -— 10. 


11 Consider f(x) =2-—sec?x on [—4, 4]. 
a Use technology to help sketch the graph of the function. 
b Find the equations of the function's vertical asymptotes. 
€ Find the axes intercepts. 
d Find the area of the region bounded by one arch of the function and the x-axis. 


12 Determine the area enclosed by the y-axis, the line y — 3, and the curve x = ln (223). 


13 a Thegraph of y — sinz is drawn alongside for 
(0 e 42 sS p 
Use the graph to explain why 


T 
p<] sing dx < 7. 
0 





b Ais (4,45) andCis (2, 4). 


Use the diagram to show that the area under the 
illustrated arch of y = sing is greater than 


F(1+ V2) units?. 
€ Find exactly the area under one arch of y = sinz. 
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14 a Sketch the region bounded by y — x*+2, the y-axis, and the horizontal lines y = 3 
Adel 
b Write x in the form f(y). 
Find the area of the region graphed in a. 


15 Find the area of the region enclosed by y =z? +g? +2r+6 and y=7z?— x — 4. 
16 Without actually integrating sin? z, prove that / sin? z dz « 4. 
0 


Hint: Graph y= sind for 0<x<r. 


REVIEW SET 22C 


1 Attime t=0 a particle passes through the origin with velocity 27 cms - 


t seconds later is 6t — 30 cms~?. 





l. Its acceleration 
a Write an expression for the particle’s velocity. 


b Write an integral which represents the displacement from the origin after 6 seconds. Hence 
calculate this displacement. 


2 a Sketch the graphs of y — sin?z and y — sinz on the same set of axes for 0 € x « 7. 
b Find the exact value of the area enclosed by these curves for 0 € z < 5. 


3 Find a given that the area of the region between y = e” 





- : o y UICE 
and the x-axis from x=0 to =a is 2 units”. 
Hence determine b such that the area of the region from 
2=u to 2 =b 1 also 2 units. 
z 
4 > 
AD 


^ Determine the area of the region enclosed by y = qx, y= singz, and <=. 
5 Determine the area enclosed by y = 2y and y — sina. 


6 OABC is a rectangle and the two shaded regions 
are equal in area. Find k. 





2 
7 Determine n vV4— ax? dx using graphical evidence only. 
0 


8 Find the volume of the solid of revolution formed when the following are rotated about the 
X-axis: 
a y=sinz between =0 and r=7 
b y—V9—z? between z —0 and z— 3. 
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Determine the total finite area enclosed by y=x% and y=7x?— 10z. 


10 Find the exact area of the region enclosed by y = tang, the x-axis, and the vertical line 
o 
3 


Li. : UNS E : dl —100 : 
11 The current 7(t) milliamps in a circuit falls off in accordance with m 3m where t is 





the time in seconds, t > 0.2. 
When t= 2 seconds, the current is measured to be 150 milliamps. 
a Find a formula for the current at any time t > 0.2. 
b Hence find: 
i the current after 20 seconds ii what happens to the current as t — oo. 


2 2 
12 The ellipse shown has equation = ls E = il, 


a Copy the graph and shade the area represented by 


4 
f 4 16 — x? dz. 
0 X 


b Explain using the graph why 


4 
8< y 16 — 2? dx < 16. 
0 





SY 





¡SAUS CASÓ inr^h to find the volume of this 
cone. 
b Check your answer to a by defining an 
appropriate solid of revolution and calculating its 
volume. 





14 a Find 2 [In(tanz 4-secz)] and hence find [soz dx. 
XT 


b Consider x+>sec(2x) for zx € [0, 7]. 
i Sketch the graph of the function on the given domain. 
ii Find the area of the region bounded by y = sec(2z), the y-axis, and the line y = 3. 





15 Find the volume of the solid of revolution obtained 
d when the shaded region is rotated through 360? 
y=sinx about the x-axis: 
T 
<= > 
y=cosx 


16 Find the volume enclosed when. y —2z?, 0 y €8 is revolved through 27 about the y-axis. 





Descriptive statistics 


Syllabus reference: 5.1 


Contents: A Key statistical concepts 
B Measuring the centre of data 
C Variance and standard deviation 
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OPENING PROBLEM 
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A farmer wanted to investigate the effect of a new organic fertiliser 
on his crops of peas. He divided a small garden into two equal 
plots and planted many peas in each. Both plots were treated the 


same except that fertiliser was used on one but not the other. 


A random sample of 150 pods was harvested from each plot at 
the same time, and the number of peas in each pod was counted. 
The results were: 





Without fertiliser 


46565646495368546865674652865655544467567556 
48537536475657576754755566567586867663768334 
47656457377677466567634663767686666476653867 
686766684486626573 


With fertiliser 


67749555898977587667977789374851086767568794 
496858774781061077797786868748687387697697683 
9576879784877 76686385876749666847897'747574'16 
46776787667867105134711 


Things to think about: 


Can you state clearly the problem that the farmer wants to solve? 

How has the farmer tried to make a fair comparison? 

How could the farmer make sure that his selection was random? 

What is the best way of organising this data? 

What are suitable methods of displaying the data? 

Are there any abnormally high or low results and how should they be treated? 
How can we best describe the most typical pod size? 

How can we best describe the spread of possible pod sizes? 


Can the farmer make a reasonable conclusion from his investigation? 





In statistics we collect information about a group of individuals, then analyse this information to draw 
conclusions about those individuals. 


You should already be familiar with these words which are commonly used in statistics: 


Population - an entire collection of individuals about which we want to draw conclusions 
Census - the collection of information from the whole population 


Sample - a subset of the population which should be chosen at random to avoid bias in the 
results 
Survey - the collection of information from a sample 
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e Data - information about individuals in a population 


e Categorical variable - describes a particular quality or characteristic which can be divided into 
categories 


e Numerical variable - describes a characteristic which has a numerical value that can be counted 
or measured 
e Parameter - a numerical quantity measuring some aspect of a population 


e Statistic - a quantity calculated from data gathered from a sample, usually used to estimate a 
population parameter 


e Distribution - the pattern of variation of data, which may be described as: 


yaa S 


= > < > 





symmetrical positively skewed negatively skewed 


e Outliers - data values that are either much larger or much smaller than the general body of data; 
they should be included in analysis unless they are the result of human or other known 
error 


NUMERICAL VARIABLES 
There are two types of numerical variable we will deal with in this course: 
A discrete numerical variable takes exact number values and is often a result of counting. 


Examples of discrete numerical variables are: 


e The number of people in a car: the variable could take the values 1, 2, 3, .... 
e The score out of 20 for a test: the variable could take the values 0, 1, 2, 3, ...., 20. 


A continuous variable takes numerical values within a certain continuous range. It is usually a result 
of measuring. 


Examples of continuous numerical variables are: 


e The height of Year 11 students: the variable can take any value from about 140 cm to 200 cm. 
e The speed of cars on a stretch the variable can take any value from 0 kmh”! to the fastest 
of highway: speed that a car can travel, but is most likely to be in the range 


60 kmh”* to 160 kmh”*, 
FREQUENCY TABLES 


One of the simplest ways to organise data is using a frequency table. 


For example, consider the data set: 13124 24153 13224 
13412 32413 21.252 


A tally is used to count the number of 1s, 2s, 3s, and so on. As we read the data from left to right, we 
place a vertical stroke in the tally column. We use lHf to represent 5. 


The frequency column summarises the number of each particular data value. 


The relative frequency column measures the percentage of the total number of data values that are in 
each group. 
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Tally | Frequency (f) | % relative frequency | 
1 | HH III = x 100% 


Ht III 
Ht I 


2 
3 
A 
5 | Il 


Totals 





DISPLAY OF NUMERICAL DATA 


From previous courses you should be familiar with column graphs used to display discrete numerical 
variables. 

When data is recorded for a continuous variable there are likely to be many different values. We organise 
the data in a frequency table by grouping it into class intervals of equal width. 


A special type of graph called a frequency histogram or just histogram is used to display the data. This 
is similar to a column graph but, to account for the continuous nature of the variable, a number line is 
used for the horizontal axis and the ‘columns’ are joined together. 


Column graphs and frequency histograms both have the following features: 


e The frequency of occurrence is on the vertical axis. 
e The range of scores is on the horizontal axis. 
e The column widths are equal and the column height represents frequency. 


The modal class, or class of values that appears most often, is easy to identify from the highest column 
of the frequency histogram. 





2 Column Graph Frequency Histogram 
3 3 no gaps 
ieu S 
E d 
dH E. [| 
discrete data continuous data 
CASE STUDY 





While attending a golf championship, I measured how far 
Ethan, a professional golfer, hit 30 drives on the practice 
fairway. The results are given below in metres: 


244.6 245.1 248.0 248.8 250.0 251.1 
251.2 253.9 254.5 254.6 255.9 257.0 
260.6 262.8 262.9 263.1 263.2 264.3 
264.4 265.0 265.5 265.6 266.5 267.4 
269.7 270.5 270.17 272.9 275.6 277.5 


To organise the data, we sort it into groups in a frequency 
table. 
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When forming groups, we find the lowest and highest values, and then choose a group width so that 
there are about 6 to 12 groups. In this case the lowest value is 244.6 m and the highest is 277.5 m. 
If we choose a group width of 5 m, we obtain eight groups of equal width between values 240 m 


and 280 m, which cover all of the data values. 


Suppose d is the length of a drive. The first group 240 < 


d « 245 includes any data value which 


is at least 240 m but less than 245 m. The group 260 < d < 265 includes data which is at least 
260 m but < 265 m. We use this technique to create eight groups into which all data values will 


fall. 
Ethan’s 30 drives 




















Diane 
240 < d < 245 
245 « d « 250 10.0 
250 « d « 255 20.0 
255 « d « 260 
260 « d « 265 23.3 
265 « d « 210 20.0 
270 < d < 275 
275 < d < 280 
Totals 30 100.0 





= 1 x 100 


2 x 100 


From this table we can draw both a frequency histogram and a relative frequency histogram: 


Frequency histogram 


4 frequency 


Relative frequency histogram 


relative frequency (%) 





25 





20 





15 





10 








5 





0 





SS Co ESA ST 


























240 245 250 255 260 265 270 275 280 
distance (m) 





We can see that the modal class is 260 < d < 265. 


The advantage of the relative frequency histogram is that 
we can easily compare it with other distributions with 
different numbers of data values. Using percentages allows 
for a fair comparison. 








240 245 250 255 260 265 270 275 280 





distance (m) 


Each graph 
should have a 


title and its axes 
should be 
labelled. 
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A sample of 20 juvenile lobsters is randomly selected from a tank containing several hundred. 
Each lobster is measured for length (in cm) and the results are: 


49, 5.6, 7.2 67, 31, 46, 6.0; 50, 37. 7.3, 
6.0, 5.4, 4.2, 6.6, 4.7, 5.8, 4.4, 3.6, 4.2, 5.4 
a Organise the data using a frequency table, and hence graph the data. 


State the modal class for the data. € Describe the distribution of the data. 





a The variable ‘the length of a lobster’ is continuous even though lengths have been rounded 
to the nearest mm. 
The shortest length is 3.1 cm and the longest is 7.3 cm, so we will use class intervals of 


length 1 cm. Frequency histogram of lengths of lobsters 











frequency 


OrRrFNWHOON 








b The modal class is 4 x | « 5 cm as this occurred most frequently. 
€ The data is positively skewed. 








EXERCISE 23A 
1 A frequency table for the heights of a basketball squad is given 





SEND 170 < H < 175 
a Explain why ‘height’ is a continuous variable. 175 < H < 180 
b Construct a frequency histogram for the data. The axes 180 < H < 185 9 
should be clearly marked and labelled, and the graph 185 < H < 190 T 
should have a title. 
What is the modal class? Explain what thi Du : 
c a is emo al classi xplain what this means. 195 < H < 200 3 
d Describe the distribution of the data. 200 < H < 205 3 





2 A school has conducted a survey of 60 students to investigate the time it takes for them to travel to 
school. The following data gives the travel times to the nearest minute: 


12 15 16 8 10 17 25 34 42 18 24 18 45 33 38 
45 40 3 20 12 10 10 27 16 37 45 15 16 26 32 
35 8 14 18 15 27 19 32 6 12 14 20 10 16 14 
28 31 21 25 8 32 46 14 15 20 18 8 10 25 22 





a Is travel time a discrete or continuous variable? 

b Copy and complete the frequency table shown. i 0-9 

¢ Describe the distribution of the data. 10 - 19 

d What is the travelling time modal class? 20 - 29 
30 - 39 


40 - 49 
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3 For the following data, state whether a frequency histogram or a column graph 
should be used, and draw the appropriate graph. 


a The number of matches in 30 match boxes: 


| Number of matches per box 








¡e a 


b The heights of 25 hockey players (to the nearest cm): 


130 - 139 | 140 - 149 | 150 - 159 | 160 - 169 
2 7 14 it 


5^ A plant inspector takes a random sample of six month Frequency histogram of heights of seedlings 
old seedlings from a nursery and measures their heights 
to the nearest mm. 
The results are shown in the frequency histogram. 











484 frequency 
40 











a How many of the seedlings are 400 mm or more 32 
in height? 24 








b What percentage of the seedlings are between 349 
and 400 mm? 

€ The total number of seedlings in the nursery is 
1462. Estimate the number of seedlings which 
measure: 


16 





8 A a 




















0% > 
300 325 350 375 400 425 450 
Height (mm) 


i less than 400 mm ii between 374 and 425 mm. 


TRE OF DATA 





We can get a better understanding of a data set if we can locate the middle or centre of the data, and 
also get an indication of its spread or dispersion. Knowing one of these without the other is often of 
little use. 


There are three statistics that are used to measure the centre of a data set. These are the mode, the 
mean, and the median. 


THE MODE 


For discrete numerical data, the mode is the most frequently occurring value in the data set. 


For continuous numerical data, we cannot talk about a mode in this way because no two 
data values will be exactly equal. Instead we talk about a modal class, which is the class 
or group that occurs most frequently. 


THE MEAN 


The mean of a data set is the statistical name for the arithmetic average. 
sum of all data values 


mean — ————— —— —— ——— — 
the number of data values 


The mean gives us a single number which indicates a centre of the data set. It is usually not a member 
of the data set. 


For example, a mean test mark of 73% tells us that there are several marks below 73% and several above 
it. 73% is at the centre, but it is not always the case that one of the students scored 73%. 
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Suppose x is a numerical variable. We let: 


“u reads “mu”. 


xi be the ¿th data value 
"n be the number of data values in the sample or population 





z represent the mean of a sample, so 

n 

2, mi 

zu Tı +F £2 + £3 +- +HEn ¡1 
n n 








T: "^ 
u represent the mean of a population, so p= =. 
n 


In many cases we do not have data from all of the members of a population, so the exact value of ju is 
often unknown. Instead we collect data from a sample of the population, and use the mean of the sample 
T as an approximation for ju. 


Important: For examination purposes, all data will be treated as a population. We therefore use the 
statistic yy for the mean. 


THE MEDIAN 


The median is the middle value of an ordered data set. 


An ordered data set is obtained by listing the data from smallest to largest value. 


The median splits the data in halves. Half of the data are less than or equal to the median, and half are 
greater than or equal to it. 


For example, if the median mark for a test is 73% then you know that half the class scored less than or 
equal to 73% and half scored greater than or equal to 73%. 


For an odd number of data, the median is one of the original data values. 


For an even number of data, the median is the average of the two middle values, and hence may not be 
in the original data set. 


If there are n data values listed in order from smallest to largest, 


the median is the (22) th data value. 


For example: 








If n — 13, E e 7, so the median is the 7th ordered data value. DEMO 
If n — 14, zur = 7.5, so the median is the average of the 7th and 8th ordered data 
values. 


THE MERITS OF THE MEAN AND MEDIAN AS MEASURES OF CENTRE 


The median is the only measure of centre that will locate the true centre regardless of the data set’s 
features. It is unaffected by the presence of extreme values. It is called a resistant measure of centre. 


The mean is an accurate measure of centre if the distribution is symmetrical or approximately symmetrical. 
If it is not, then unbalanced high or low values will drag the mean toward them and cause it to be an 
inaccurate measure of the centre. It is called a non-resistant measure of centre because it is influenced 
by all data values in the set. If it is considered inaccurate, it should not be used in discussion. 
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THE RELATIONSHIP BETWEEN THE MEAN AND THE MEDIAN FOR 
DIFFERENT DISTRIBUTIONS 


For distributions that are symmetric about the centre, the mean and median will be approximately equal. 


| " 
| | 


mean and median mean and median 


If the data set has symmetry, both the mean and the median 
should accurately measure the centre of the distribution. 


If the data set is not symmetric, it may be positively or negatively skewed: 


positively skewed distribution negatively skewed distribution 





i | 
mode — —1| | | .— mode 


median mean mean median 


Notice that the mean and median are clearly different for these skewed distributions. 





INVESTIGATION 1 


For this investigation you can either use the software provided on the CD or your statistics 


graphics calculator. PACKAGE 


Consider the data gained from Ethan, a professional golfer. The data was as follows: l 7 


244.6 245.1 248.0 248.8 250.0 251.1 251.2 253.9 254.5 2546 SL 


255.9 257.0 260.6 262.8 262.9 263.1 263.2 264.3 264.4 265.0 GRAPHICS 


265.5 265.6 266.5 267.4 269.7 270.5 270.7 272.9 275.6 277.5 CALCULATOR 
INSTRUCTIONS 


What to do: 
1 Enter the data into your graphics calculator as a list, or use the statistics package 
supplied. 
a Produce a frequency histogram of the data. Set the X values from 240 to 280 with an 
increment of 5. Set the Y values from 0 to 30. 
b Comment on the shape of the distribution. 


€ Find the mean and median of the data. 
d Compare the mean and the median. Is the mean an accurate measure of the centre? 


2 Since we have continuous numerical data, we have a modal class rather than an individual mode. 


a What is the modal class? 
b What would the modal class be if our intervals were 2 m wide starting at 240 m? 
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3 Now suppose Ethan had hit a few very bad drives. Let us say that his three shortest drives were 
very short! 


a Change the three shortest drives to 82.1 m, 103.2 m, and 111.1 m. 

b Repeat 1a, b, c, and d but set the X values from 75 to 300 with an increment of 25 for 
the frequency histogram. 

€ Describe the distribution as symmetric, positively skewed, or negatively skewed. 


d What effect have the changed values had on the mean and median as measures of the centre 
of the data? 


4 What would have happened if Ethan had hit a few really long balls in addition to the very bad 
ones? Let us imagine that the longest balls he hit were very long indeed! 


a Change the three longest drives to 403.9 m, 415.5 m, and 420.0 m. 

b Repeat 1a, b, c, and d but set the X values from 50 to 450 with an increment of 50 for 
the frequency histogram. 

€ Describe the distribution as symmetric, positively skewed, or negatively skewed. 

d What effect have the changed values had on the mean and median as measures of the centre 
of the data? 


5 While collecting the data from Ethan, I A relative frequency 


decided I would also hit 30 golf balls with median 
my driver. The relative frequency histogram 0.3 
alongside shows the results. The distribution 0.2 
is clearly positively skewed. E nean 
Discuss the merits of the median and mean 01 | 
as measures of the centre of this distribution. DE 












































140 150 160 170 180 190 200 210 
distance (m) 
UNGROUPED DATA 
Example 2 x) $elf Tutor 


The number of faulty products returned to an electrical goods store over a 21 day period is: 
) 4 4 989 9 5 4 y91nsto uss5 o9 o y 


For this data set, find the: a mean b median c mode. 


34+444+4...43+7+1-— sum of the data 





ic 21 -——————————— 21 data values 
zu 
== 
= 5.38 faulty products 

b As n=21, LL e 





The ordered data set is: O fn On e ne REC 


11th value 
median — 5 faulty products 


€ 3is the score which occurs the most often, so the mode is 3 faulty products. 








DESCRIPTIVE STATISTICS (Chapter 23) 713 


For the faulty products data in Example 2, how are the measures of the middle affected if on the 22nd 
day the number of faulty products was 9? 


We expect the mean to rise as the new data value is greater than the old mean. 


113+9 12 


In fact, the new mean = 3s = & 5.55 faulty products. 





n+1 


As n= 22, — 11.5 





The new ordered data set would be: 113333444556 6778889 999 


two middle scores 


The new median = oa = 5.5 faulty products. 


This new data set has two modes, which are 3 and 9 faulty products. We say that the data set is bimodal. 


Note: œ Ifa data set has three or more modes, we do not use the mode as a measure of the middle 
or centre of the data values. 

e Consider the data: 4256745354763586 5. 
The dot plot of this data is: 


e 
e 
o e e 
o o o o o 
o o o o o o o 
At o 
0 1 2 3 4 5 6 7 8 


For this data the mean, median, and mode are all 5. 

For a symmetrical distribution of data, the mean, mode, and median will all be equal. 
However, equal or approximately equal values of the mean, mode, and median does not 
necessarily indicate a distribution is symmetric. 


Example 3 x) $elf Tutor 





If 6 people have a mean mass of 53.7 kg, find their total mass. 





sum of masses 

6 
sum of masses — 53.7 x 6 
the total mass — 322.2 kg. 


— 53.7 kg 








EXERCISE 23B.1 
1 For each of the following data sets, find the: i mean ii median ili mode. 
a 2, 3, 3, 3, 4, 4, 4 5, 5, 5, 5, 6, 6, 6, 6, 6, 7, 7, 8, 8, 8, 9, 9 N 
b 10, 12, 12, 15, 15, 16, 16, 17, 18, 18, 18, 18, 19, 20, 21 GRAPHICS 
c 22.4, 24.6, 21.8, 26.4, 24.9, 25.0, 23.5, 26.1, 25.3, 29.5, 23.5 CALCULATOR 


INSTRUCTIONS 
Check your answers using the statistics features on your graphics calculator. 
2 Consider the following two data sets: Data set A: 3, 4, 4, 5, 6, 6, 7, 7, 7, 8, 8, 9, 10 
Data set B: 3, 4, 4, 5, 6, 6, 7, 7, 7, 8, 8, 9, 15 
Find the mean for both data set A and data set B. 
Find the median of both data set A and data set B. 
Explain why the mean of data set A is less than the mean of data set B. 


Qacgao 


Explain why the median of data set A is the same as the median of data set B. 
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3 The annual salaries of ten office workers are: 


$23000, $46000, $23000, $38000, $24000, 
$23000, $23000, $38000, $23000, $32000 


a Find the mean, median, and modal salaries of this group. 
b Explain why the mode is an unsatisfactory measure of the middle in this case. 
€ Is the median a satisfactory measure of the middle of this data set? 


4 The following raw data is the daily rainfall (to the nearest millimetre) for the month of July 2007 
in the desert: 
3, 1, 0, 0, 0, 0, 0, 2, 0, 0, 3, 0, 0, 0, 7, 1, 1, 0, 3, 8, 0, 0, 0, 42, 21, 3, 0, 3, 1, 0, 0 
Find the mean, median, and mode for the data. 
Explain why the median is not the most suitable measure of centre for this set of data. 
Explain why the mode is not the most suitable measure of centre for this set of data. 
Are there any outliers in this data set? 


00 an O v 


On some occasions outliers are removed because they must be due to errors in observation or 
calculation. If the outliers in the data set were accurately found, should they be removed before 
finding the measures of the middle? 


5 A basketball team scored 43, 55, 41, and 37 points in their first four matches. 


a Find the mean number of points scored for the first 
four matches. 


6 What score will the team need to shoot in the next 
match so that they maintain the same mean score? 


€ The team scores only 25 points in the fifth match. 


i Find the mean number of points scored for the 
five matches. 

ii The team then scores 41 points in their sixth and 
final match. Will this increase or decrease their 
previous mean score? What is the mean score for 
all six matches? 





6 This year, the mean monthly sales for a clothing store have been $15 467. Calculate the total sales 
for the store for the year. 


7 While on an outback safari, Bill drove an average of 262 km per day for a period of 12 days. How 
far did Bill drive in total while on safari? 





8 Thetable alongside compares the mass 
at birth of some guinea pigs with their 
mass when they were two weeks old. 


a What was the mean birth mass? 

b What was the mean mass after 
two weeks? 

c What was the mean increase over 
the two weeks? 





10 
9 Given 4 — 11.6 and n — 10, calculate Y z;. 
i=l 


10 


13 


14 


15 


16 


17 
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Towards the end of season, a netballer had played 14 matches and had thrown an average of 
16.5 goals per game. In the final two matches of the season she threw 21 goals and 24 goals. Find 
the netballer's average for the whole season. 


The selling prices of the last 10 houses sold in a certain 
district were as follows: 
$146400, $127600, $211000, $192500, 
$256400, $132400, $148000, $129500, 
$131400, $162500 
a Calculate the mean and median selling prices and 
comment on the results. 
b Which measure would you use if you were: 
i a vendor wanting to sell your house 





ii looking to buy a house in the district? 


Find x if 5, 9, 11, 12, 13, 14, 17, and r have a mean of 12. 
Find a given that 3,0, a, a, 4, a, 6, a, and 3 have a mean of 4. 


Over the complete assessment period, Aruna averaged 35 out of a possible 40 marks for her maths 
tests. However, when checking her files, she could only find 7 of the 8 tests. For these she scored 
29, 36, 32, 38, 35, 34, and 39. How many marks out of 40 did she score for the eighth test? 


A sample of 10 measurements has a mean of 15.7 and a sample of 20 measurements has a mean of 
14.3. Find the mean of all 30 measurements. 


The mean and median of a set of 9 measurements are both 12. Seven of the measurements are 
7, 9, 11, 13, 14, 17, and 19. Find the other two measurements. 


Jana took seven spelling tests, each with ten words, but she could only find the results of five of 
them. These were 9, 5, 7, 9, and 10. She asked her teacher for the other two results and the teacher 
said that the mode of her scores was 9 and the mean was 8. Given that Jana remembers she only 
got one 10, find the two missing results. 


MEASURES OF THE CENTRE FROM OTHER SOURCES 


When the same data values appear several times we often 
summarise the data in a frequency table. 


Consider the data in the given table: 1x3=3 


We can find the measures of the centre directly from the Ikai 
table. oo = e 
The mode d 
IS IS 
The data value 7 has the highest frequency. S 8e 64 
The mode is therefore 7. Dx QS aly 


The mean 





Adding a ‘Product’ column to the table helps to add all 
scores. 


For example, there are 15 data of value 7 and these add to 7 x 15 = 105. 
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: f 
Remembering that the mean — ae we find 
the number of data values 


dit gai fe toe Je 


where k is the number of different data values. 


e 


This formula is often abbreviated as ps = 








n 
In this case the mean — = = 6.95. 

The median 

Since 2 - D Z = 20.5, the 

median is the average of the 20th and 1 — one number is 3 

21st data values, when they are listed 2 -— two numbers are 4 or less 
in order. 5 -— five numbers are 5 or less 
In the table, the blue numbers show 12 -— 12 numbers are 6 or less 
us accumulated frequency values, or 27 —— 27 numbers are 7 or less 
the cumulative frequency. 8 35 -— 35 numbers are 8 or less 
We can see that the 20th and 21st data 9 40 -—— all numbers are 9 or less 





values (in order) are both 7s. 


T 


the median — D = 


Notice that we have a skewed distribution even though the mean, median and mode are nearly equal. 
So, we must be careful if we use measures of the middle to call a distribution symmetric. 


The table below shows the number of aces served by tennis players in their first sets of a tournament. 












ESESEJEJERES 


Determine the: a mean b median € mode for this data. 
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d fe 
a = 
ie n 
6 
179 
=== Dou 
55 vis m 
2 SR CES In this case is short for 
de » 
b 2 - iem 28, so the median is the 28th data value. From the cumulative frequency column, 


the data values 16 to 33 are 3 aces. 
the 28th data value is 3 aces. 
the median is 3 aces. 


€ Looking down the frequency column, the highest frequency is 18. This corresponds to 3 aces, 
so the mode is 3 aces. 








EXERCISE 23B.2 


3 A company claims that their match boxes contain, on average, 


























The table alongside shows the results when 3 coins were j Number of heads | Frequency | 
tossed simultaneously 30 times. 0 ; A T 
Calculate the: 


a mode b median € mean. 





features of your graphics calculator. 
j your grap GRAPHICS 
CALCULATOR 
INSTRUCTIONS 





Check your answers using the statistics B5 


The following frequency table records the number of 
phone calls made in a day by 50 fifteen-year-olds. 
a For this data, find the: 
i mean ii median iii mode. 





b Construct a column graph for the data and show 
the position of the mean, median, and mode on the 
horizontal axis. 

€ Describe the distribution of the data. 

d Why is the mean larger than the median for this 
data? 

e Which measure of centre would be the most 
suitable for this data set? 





50 matches per box. On doing a survey, the Consumer 
Protection Society recorded the following results: 
a Calculate the: 
i mode ii median iii mean 
b Do the results of this survey support the company’s 
claim? 
€ In a court for ‘false advertising’, the company won their 


case against the Consumer Protection Society. Suggest 
how they did this. 
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4 Families at a school in Australia were surveyed, and the 
number of children in each family recorded. The results of 
the survey are shown alongside. 


b 


d 


5 The frequency column graph gives the value of donations 12 


a 
b 
c 


d 


. : : frequenc 
for the Heart Foundation collected in a particular street. 10 m 
Construct a frequency table from the graph. Š 
Determine the total number of donations. 
Find the: i mean ii mode iil median 
of the donations. 4 
Which of the measures of central tendency can be 2 
found easily using the graph only? 0 | 
1 2 3 4 5 
dollars 
6 The table shows the IB mathematics scores for a class. 
A pass is considered to be a score of 4 or more. 
Given the mean score was 4.45, find the value of z. 


a 
b 


Calculate the: 

i mean ii mode iii median. 
The average Australian family has 2.2 children. How 
does this school compare to the national average? 


The data set is skewed. Is the skewness positive or 
negative? 





How has the skewness of the data affected the measures of the centre of the data set? 

































































Find the percentage of students who passed. 


7 Revisit the Opening Problem on page 704. 


b 


c 
d 


Use a frequency table for the Without fertiliser data to find the: 


i mean ii mode iii median number of peas per pod. 
Use a frequency table for the With fertiliser data to find the: 
i mean ii mode iii median number of peas per pod. 


Which of the measures of the centre is appropriate to use in a report on this data? 


Has the application of fertiliser significantly improved the number of peas per pod? 


8 Out of 31 measurements, 15 are below 10 cm and 12 are above 11 cm. Find the median if the other 
4 measurements are 10.1 cm, 10.4 cm, 10.7 cm, and 10.9 cm. 


9 Two brands of toothpicks claim that their boxes contain an average of 50 toothpicks per box. In a 
survey the Consumer Protection Society (C.P.S.) recorded the following results: 

















Find the average contents of Brands A and B toothpick boxes. 


b Would it be fair for the C.P.S. to prosecute the manufacturers of either brand, based on these 


statistics? 
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10 In an office of 20 people there are only 4 salary levels paid: 
€50000 (1 person), €42000 (3 people), €35000 (6 people), €28000 (10 people). 
a Calculate: i the median salary ii the modal salary iii the mean salary. 


b Which measure of central tendency might be used by the boss who is against a pay rise for the 
other employees? 


GROUPED DATA 


When information has been gathered in groups or classes, we use the midpoint or mid-interval value 
to represent all scores within that interval. 

We are assuming that the scores within each class are evenly distributed throughout that interval. The 
mean calculated is an approximation of the true value, and we cannot do better than this without knowing 
each individual data value. 





INVESTIGATION 2 


When mid-interval values are used to represent all scores within that interval, what effect will this 
have on estimating the mean of the grouped data? 


The table alongside summarises the marks received by students for a Mais Vie 
quency 
physics examination out of 50. The exact results for each student have [e 


been lost. 
What to do: 


1 Suppose that all of the students scored the lowest possible result 
in their class interval, so 2 students scored 0, 31 students scored 
10, and so on. 

Calculate the mean of these results, and hence complete: 
“The mean score of students in the physics examination must be at least ...... ; 





» 


2 Now suppose that all of the students scored the highest possible result in their class interval. 
Calculate the mean of these results, and hence complete: 
“The mean score of students in the physics examination must be at most ...... A 


” 


3 We now have two extreme values between which the actual mean must lie. 
Now suppose that all of the students scored the mid-interval value in their class interval. We 
assume that 2 students scored 4.5, 31 students scored 14.5, and so on. 

a Calculate the mean of these results. 
b How does this result compare with lower and upper limits found in 1 and 2? 
€ Copy and complete: 
"The mean score of the students in the physics examination was approximately ...... : 


» 


í T | WELL, ITS LIKE SAYING THAT 
AMARE TUE F A BLOKE HAD HIS HEAD 
AVERAGE ~~ z 


~HE FEELS PRETTY GOOO ~ 
ON THE AVERAGE Y 





IN A REFRIGERATOR ~AND 
HIS FEET IN AN OVEN ~ 


© Jim Russell, General Features Pty Ltd. 





The publishers acknowledge the late Mr Jim Russell, General Features for the reproduction of this cartoon. 
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Estimate the mean of the following ages of bus drivers data, to the nearest year: 











SA 


the mean age of the 
drivers is about 38 
years. 


53 371 





EXERCISE 23B.3 


1 50 students sit a mathematics test. Estimate the mean score given these results: 


fS 
a oo) ages oe 49 é 





GRAPHICS 
CALCULATOR 
INSTRUCTIONS 














Check your answers using your calculator. 


2 The table shows the petrol sales in one day by a number of 
city service stations. 


mm 


2000 « 
3000 « 000 
4000 « 000 


L Zi 3 
a How many service stations were involved in the survey? o 
L<5 

5000 « L < 6000 
L < 700 
L<8 


b Estimate the total amount of petrol sold for the day by 
the service stations. 


€ Find the approximate mean sales of petrol for the day. 
6000 « 000 


7000 < 000 








3 This frequency histogram illustrates the results of 
an aptitude test given to a group of people seeking 
positions in a company. 40 


50 
^ frequency 





a How many people sat for the test? 2 
b Estimate the mean score for the test. 





c What fraction of the people scored less than 20 
100 for the test? 


d What percentage of the people scored more — 10 
than 130 for the test? 


























0 
80 90 100 110 120 130 140 150 160 
score 


DESCRIPTIVE STATISTICS (Chapter 23) 221] 


To accurately describe a distribution we need to measure A 
both its centre and its spread or dispersion. 





The distributions shown have the same mean, but clearly 
they have different spreads. The A distribution has most 


scores close to the mean whereas the C distribution has f... 
the greatest spread. JN 
mean 


SIMPLE MEASURES OF SPREAD 


In previous years you should have studied the range and interquartile range of a data STATISTICS 
set, which are two simple measures of its spread. These concepts led on to boxplots to REVISION 


display data, and cumulative frequency graphs to show percentiles. T 
You can revise this work by clicking on the icon. 


VARIANCE AND STANDARD DEVIATION 


The problem with using the range and the IQR as measures of spread or dispersion of scores is that 
both of them only use two values in their calculation. Some data sets can therefore have their spread 
characteristics hidden when the range or IQR are quoted. We therefore turn to the variance and standard 
deviation of a data set. 


For mathematical correctness, we will first define the variance and standard deviation of a sample of data 
from a population. 


Consider a data set of n values: 21, £2, £3, Z4, ...., Zn, With mean T. 


x;—Z measures how far x; deviates from the mean, so one might suspect that the mean of the deviations 


n 
3 (x; —%) would give a good measure of spread. However, this value turns out to always be zero. 
i=1 


Mea 


[n m^ 


Instead, we define the variance of a sample of n data values is s,? = = 


Notice in this formula that: 


e (x;—Z)? is also a measure of how far x; deviates from 7. However, the square ensures that each 
term in the sum is positive, which is why the sum turns out not to be zero. 
n 
e If Y (2, —T)? is small, it will indicate that most of the data values are close to z. 
i=1 
e Dividing by n gives an indication of how far, on average, the data is from the mean. 


For a data set of n values, Sn = is called the standard deviation. 





The square root in the standard deviation is used to correct the units. For example, if x; is the weight of 
a student in kg, s,? would be in kg?. For this reason the standard deviation is more frequently quoted 
than the variance. 


For the purpose of this course, we assume the variance and standard deviation of a whole population are 
the same as those for a sample. 
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The variance of a population of n is o? = ee Gap 





The standard deviation of a population of nis o = 


The standard deviation is a non-resistant measure of spread. This is due to its dependence on the mean 
of the sample and because extreme data values will give large values for (x; —1)?. It is only a useful 
measure if the distribution is approximately symmetrical. However, the standard deviation is particularly 
useful when the data from which it came is normally distributed. This will be discussed in detail in 
Chapter 26. 

The IQR and percentiles are more appropriate tools for measuring spread if the distribution is considerably 
skewed. 


INVESTIGATION 3 


A group of 5 students is chosen from each of three schools, to test their ability to solve puzzles. 
The 15 students are each given a series of puzzles and two hours to solve as many as they can 
individually. The results were: School A: 7, 7, 7, 7, 7 

School B: 5, 6, 7, 8, 9 

School 2905/29 ll 
What to do: 


1 Show that the mean and median for each school is 7. 


2 Given the mean 44 — 7 for each group, complete a table like the one following, for each school: 
School .... 


Score (x;) | Deviation (x; — u) | Square of deviation (x; — u)? 











Sum 


2 mmo 
3 Calculate the variance dese and standard deviation 4 / di =H)" for each group. 
n n 


Check your results match the following table: 














| School | Mean | Variance Standard deviation | 
A 0 
B v2 
C v8 








4 Use the table above to compare the performances of the different schools. 
A group of 5 students from a higher year level at school C are given the same test. They each 
score 2 more than the students in the lower year group, so their scores are: 5, 7, 9, 11, 13. 
a Find the mean, variance, and standard deviation for this set. 
b Comment on the effect of adding 2 to each member of a data set. 
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6 A group of 5 teachers from B decide to show their students how clever they are. They complete 
twice as many puzzles as each of their students, so their scores are: 10, 12, 14, 16, 18. 


a Find the mean, variance, and standard deviation for this set. 


b Comment on the effect of doubling each member of a data set. 


Example 6 x5) $elf Tutor 
A library surveys 20 borrowers each day from Monday to Friday, and records the number who are 
not satisfied with the range of reading material. The results are: 3 7 6 8 11. 


The following year the library receives a grant that enables the purchase of a large number of 
books. The survey is then repeated and the results are: 2 3 5 4 6. 


a Find the mean and standard deviation for each survey using: 
i the formula 


ii technology. 2 GRAPHICS 
EE ALCULATOR 
b What do these statistics tell us? INGTRUGEIONE 










ras [Te |e 
f=. =7 A p=> 
o= >e- Vea o= 
ii Casio fx-CG20 TI-84 Plus 


1-Var State 
E=Yf 


OneVar data, 1: stat results 
"Title" "Qne-Variable Statistics 
En 7 
"Ex" 35. 
"Er" 279 
"SX I= Snax"! 2.91548 


"oZ = nX" 2.60768 
uy" 





*Unsaved w 


OneWar data, 1: stat results 


"Tite" "One- Variable Statistics 


x" 4 


"Ex" 20. 
VH 90. 


"SX I= Snax" 1.58114 








b The second survey shows that the number of dissatisfied borrowers has almost halved and 
there is less variability in the number of dissatisfied borrowers. 
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EXERCISE 23C.1 
1 The column graphs show two distributions: 
Sample A Sample B 
10 104 
frequency frequency 
8 
6 = 
4 
| | 
| | | | 0 »- 
4 5 6 7 8 9 10 11 12 4 5 6 7 8 9 10 11 12 


a By looking at the graphs, which distribution appears to have wider spread? 
Find the mean of each sample. 

€ Find the standard deviation for each sample. Comment on your 
answers. 


d The range and interquartile range for the two samples are given 
in the table. In what way does the standard deviation give a 
better description of how the data 1s distributed? 





2 The number of points scored by Andrew and Brad in the last 8 basketball matches are tabulated 


below. 
E EJEGESEJEJECIEJE 
EEREJESEJEREEJEJ 


a Find the mean and standard deviation of the number of points scored by each player. 





b Which of the two players is more consistent? 


3 Two baseball coaches compare the number of runs scored 
by their teams in their last ten matches: 


[0|10 1]9 njoj|s[s[|eo|. 





j[4|3]4]|1[4]|u[v 5612] 5] 


a Show that each team has the same mean and range 
of runs scored. 

b Which team’s performance do you suspect is more 
variable over the period? 





€ Check your answer to b by finding the standard deviation for each distribution. 
d Does the range or the standard deviation give a better indication of variability? 
4 A manufacturer of soft drinks employs a statistician for quality control. He needs to check that 


375 mL of drink goes into each can, but realises the machine which fills the cans will slightly vary 
each delivery. 


a Would you expect the standard deviation for the whole production run to be the same for one 
day as it is for one week? Explain your answer. 


b If samples of 125 cans are taken each day, what measure would be used to: 
i check that an average of 375 mL of drink goes into each can 
ii check the variability of the volume of drink going into each can? 


€ What is the significance of a low standard deviation in this case? 
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5 The weights in kg of seven footballers are: 79, 64, 59, 71, 68, 68, 74. 
a Find the mean and standard deviation for this group. 


b When measured five years later, each footballer”s weight had increased by exactly 10 kg. Find 
the new mean and standard deviation. 


€ Comment on your results in general terms. 


6 The weights of ten young turkeys to the nearest 0.1 kg are: 
0.8, 1.1, 1.2, 0.9, 1.2, 1.2, 0.9, 0.7, 1.0, 1.1 
a Find the mean and standard deviation for the weights of the 
turkeys. 


b After being fed a special diet for one month, the weights 


of the turkeys doubled. Find the new mean and standard 
deviation. 





€ Comment on your results. TT 
An outlier is an 


7 The following table shows the decrease in cholesterol levels in 6 volunteers extreme value 
after a two week trial of special diet and exercise. removed from the 


rest of the data. 
[os [05 [o7 | 05 | 04 | 25 


a Find the standard deviation of the data. 
b Recalculate the standard deviation with the outlier removed. 





€ Discuss the effect of an extreme value on the standard deviation. 





8 Aset of 8 integers (1, 3, 5, 7, 4, 5, p, qd has a mean of 5 and a variance of 5.25. Find p and q 
given that p « q. 


9 Asetof 10 integers {3, 9, 5, 5, 6, 4, a, 6, b, 8} has a mean of 6 and a variance of 3.2. Find a 
and b given that a > b. 


10 a Prove that ` (z; -— p) = 


i—l i 


Ms 


(22) — ny. 
1 


25 
b Find the mean of the data set (21, 22, ...., 125) given that Y` x; = 2568.25 and the 
standard deviation is 5.2. P 


STANDARD DEVIATION FOR GROUPED DATA 


Suppose there are n scores in a set of grouped data with mean p. 


If the different data values are 21, 15, ...., xy, with corresponding frequencies 
BONIS: 


k k 
Dim? fes 
a AAA AA 


e the variance is given by o^ — z 


=f 
n n 


k 
m fi(zi — uy 


n 





e the standard deviation is given by ø = 
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Find the standard deviation of the distribution using: = 











a the standard deviation formula b technology. 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


occi B 


Kae J 


Casio fx-CG20 


[Norm2) [a7e)fReal 
l-Variable 





Ix 


o 


9544511 
5470053 


=3 
3 
10 
L. 
I 
1 


o: 
on 

















For continuous data, or data that has been grouped in classes, we use the midpoint of the interval to 
represent all data in that interval. 


EXERCISE 23C.2 


1 Below is a sample of family sizes taken at random from people in a city. 
pps psps [3] 2 2 


Find the sample mean and standard deviation. 





2 The table shows the ages of squash players at the Junior National EN 
ica ORDINES 


apra 
Rapa] 


Find the mean and standard deviation of the ages. 




















3 The numbers of toothpicks in 48 boxes were counted and the 


results tabulated. 
[35 [35 [36] 97 [58 [39] 2] 








JA E pea] 


Find the mean and standard deviation of the number of toothpicks in the boxes. 
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4 The lengths of 30 12-day old babies were measured, and the Length (cm) 


following data obtained: 40 « L « 42 
Estimate the mean length and the standard deviation of the lengths. 42« L «44 


44 « L « 46 


46 < L < 48 
48 < L < 50 
50 < L< 52 
52 < L < 54 


























5 The weekly wages (in dollars) of 200 steel workers are Wage ($) | Number of workers | 
given in the table. 360 7 369 99 17 
Estimate the mean and the standard deviation of the 370 - 379.99 38 
Wages: 380 - 389.99 47 


390 - 399.99 57 
400 - 409.99 18 
410 - 419.99 10 
420 - 429.99 10 
430 - 439.99 3 











THEORY OF KNOWLEDGE 


Statistics are often used to give the reader a misleading impression of what the data actually means. 
In some cases this happens by accident through mistakes in the statistical process. Often, however, 
it is done deliberately in an attempt to persuade the reader to believe something. 


Even simple things like the display of data can be done so as to create a false impression. For 
example, the two graphs below show the profits of a company for the first four months of the year. 


profit ($1000’s) profit ($1000’s) 


TUL: 


Both graphs rai display the a but on one graph the vertical axis has a break in its scale 
which can give the impression that the increase in profits is much larger than it really is. The comment 
‘Profits skyrocket!’ encourages the reader to come to that conclusion without looking at the data 
more carefully. 


wm dc 





Jan Feb Mar Apr 


1 Given that the data is presented with mathematical accuracy in both graphs, would you 
say the author in the second case has lied? 


When data is collected by sampling, the choice of a biased sample can be used to give misleading 


results. There is also the question of whether outliers should be considered as genuine data, or ignored 
and left out of statistical analysis. 


2 In what other ways can statistics be used to deliberately mislead the target audience? 
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The use of statistics in science and medicine has been widely debated, as companies employ scientific 
“experts” to back their claims. For example, in the multi-billion dollar tobacco industry, huge volumes 
of data have been collected which claim that smoking leads to cancer and other harmful effects. 
However, the industry has sponsored other studies which deny these claims. 


There are many scientific articles and books which discuss the uses and misuses of statistics. For 
example: 


e Surgeons Generals reports on smoking and cancer: uses and misuses of statistics and of science, 
R J Hickey and I E Allen, Public Health Rep. 1983 Sep-Oct; 98(5): 410-411. 


e Misusage of Statistics in Medical Researches, | Ercan, B Yazici, Y Yang, G Ozkaya, S Cangur, 
B Ediz, I Kan, 2007, European Journal of General Medicine, 4(3),127-133. 


e Sex, Drugs, and Body Counts: The Politics of Numbers in Global Crime and Conflict, P Andreas 
and K M Greenhill, 2010, Cornell University Press. 


3 Can we trust statistical results published in the media and in scientific journals? 


4 What role does ethics have to play in mathematics? 


REVIEW SET 23A | 


1 The data supplied below is the diameter (in cm) of a number of bacteria colonies as measured 
by a microbiologist 12 hours after seeding. 
(4 23] $4 210 4v Guy (9 39 4l 49 35 30 145 2949 d) 
13 38 09 15 42 38 21 30 Lí7 30 28 ES SNO ES mes) 


a Find the i median ii range of the data. 
b Group the data in 5 groups and display it using a frequency histogram. 
¢ Comment on the skewness of the data. 


2 The data set 4, 6, 9, a, 3, b has a mean and mode of 6. Find the values of a and b given 
a>b. 


3 The histograms alongside show the times for the Girls 


100 metre freestyle recorded by members of a 
swimming squad. 








t frequency 





6 

5 

4 

a Copy and EE 2 
i 1 

0 








32 33 34 35 36 37 38 39 40 41 


time (s) 
A frequency 


b Discuss the distributions of times for the boys 
and girls. What conclusion can you make? 

















OrPNWHOD 





32 33 34 35 36 37 38 39 40 41 
time (s) 


4 Find k given that 2, 5, k, k, 3, k, 7, and 4. have a mean of 6. 


DESCRIPTIVE STATISTICS (Chapter 23) 729 





5 Consider the column graph alongside. į frequency 
a Find the: 
i mode 
ii median 


8 zi =z 
6 A y - E p———— 
iii mean of the data. A | W d — 
b Describe the distribution of the data. 24 — —— F | Po 
0 [| |] > 
0 1 2 8 


4 & y S9 9 LC 






































6 The table alongside shows the number of 
appointments at a dentist surgery over 54 days. 





a Draw a column graph to display the data. 
b Describe the distribution of the data. 
€ Find the: 

i mode ii mean of the data. 


3 
4 
5 
6 Til 
[ 
8 
9 





7 Suppose a, b,c, d, and e have a mean of 8. Find the mean of 10— a, 10— 6, 20— c, 
20— d, and 50-— e. 


8 The data set {12, 13, 8, 10, 14, 7, a, b} has mean of 10, and a variance of 8.5. Find a and b 
given that a « b. 
9 Consider the data set (8, 11, 12, 9, a). 
a Find the mean of the data set in terms of a. 
b Given that the variance of the data set is 6, find the possible values of a. 


10 Prove that the variance of any set of five consecutive integers is 2. 


REVIEW SET 23B 


1 The data below shows the distance in metres that Thabiso threw a baseball: 


71.2 65.1 68.0 71.1 74.6 68.8 83.2 85.0 74.5 87.4 
84.3 77.0 82.8 844 80.6 75.9 89.7 83.2 97.5 82.9 
90.5 85.5 90.7 92.9 95.6 85.5 64.6 73.9 80.0 86.5 


Determine the highest and lowest value for the data set. 
Choose between 6 and 12 groups into which all the data values can be placed. 
Prepare a frequency distribution table. 


Draw a frequency histogram for the data. 


00 nn GO a 


Determine the: i mean ii median. 


2 Consider the data set: k-2, k, k+3, k+83. 
a Show that the mean of the data set is equal to k +1. 


b Suppose each number in the data set is increased by 2. Find the new mean of the data set 
in terms of k. 
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Consider the following distribution of continuous grouped data: 


10 < z < 20 | 20 < z <30 | 30 <x < 40 | 40 < z <50 


Estimate the mean and standard deviation of the data. 


4 The number of litres of petrol purchased by a group 





Litres 

of motor vehicle drivers is shown alongside. 

Estimate the mean and standard deviation of the 15 < ¿< 20 

number of litres purchased. 20 <1 < 25 
PEE 
30 l 35 
SORA) 
40<1< 45 
45 <1 < 50 

5 The table alongside shows the number of Winter 





47 | 48 | 49 | 50 | 51 | 52 


Number of vehicles 


13 
17 
29 
20 
18 





matches in a sample of boxes. 


Frequency | 21 


29 | 35 | 42 | 18 | 31 











a Find the mean and standard deviation for 
this data. 


b Does this result justify a claim that the average number of matches per box is 50? 





oR WN FH 





Draw a graph to display this data. 


a 

b Describe the distribution. 

€ Find the: i mode ii mean iii 
d 


Katie loves cats. She visits every house in her street 
to find out how many cats live there. The responses 
are given below: 


Number of cats 


median. 





Which of the measures of centre is most appropriate for this data? Explain your answer. 


7 The table shows the length of time cars spent in a particular 


parking lot in one day. 


a How many cars parked in the parking lot? 


b Estimate the mean and standard deviation of the data. 


Fine (E hou 
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8 Consider the dataset: 42 58 74 62 51 45 73 54 66 84. 
Find the: a mean b median € standard deviation 


9 Friends Kevin and Felicity each completed a set of 20 crossword puzzles. The time taken, in 
minutes, to complete each puzzle is shown below. 


Kevin Felicity 
37 53 47 33 39 33 36 41 26 52 
49 37 48 32 36 38 49 57 39 44 
39 42 34 29 52 48 25 34 27 53 
48 33 56 39 41 38 34 35 50 31 


Find the mean of each data set. 
Find the standard deviation of each data set. 
Who generally solved the puzzles faster? 


QQ n CC v 


Who was more consistent? 


20 
10 A set of 20 data values (zi, 2, ..., 299] has >) x?= 2872 and p= 11. Find the 
variance of the data set. s 


REVIEW SET 23C 


1 The winning margin in 100 basketball games was recorded. Margin (points) | Frequency 
The results are given alongside: —— ——— 





a Isthe winning margin discrete or continuous? 


b Draw an appropriate graph to represent this 
information. 





€ Can you calculate the mean winning margin exactly? 
Explain your answer. 


2 The following distribution has a mean score of 5.7: 
a Find the value of zx. | Frequency EE E E RE 


b Hence find the variance of the distribution. 


3 The table alongside shows the number of customers Number of customers | Frequency 
visiting a supermarket on various days. = 250 200 - Lá 
Estimate the mean number of customers per day. i 








300 - 349 
350 - 399 
400 - 449 
450 - 499 


500 - 549 
550 - 599 








A The dataset 33, 18, 25, 40, 36, 41, m,n has a mode of 36 and a mean of 32. Find m and 
n given that m <n. 
5 Consider the data set {m,m+4,m-—2,m+1,m+6,m-—3}. 
a Find, in terms of m, the median and mean of the data set. 


b Find the variance of the data set. 
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The weekly supermarket bills for a number of | Bill (€) Number of families 


families was observed and recorded in the table 











given 70 - 79.99 
Estimate the mean bill and the standard deviation of E rois 
i 90 - 99.99 
the bills. 
100 - 109.99 
110 - 119.99 
120 - 129.99 
130 - 139.99 


140 - 149.99 


Pratik is a quality control officer for a biscuit company. He needs to check that 250 g of biscuits 
go into each packet, but realises that the weight in each packet will vary slightly. 


a Would you expect the standard deviation for the whole population to be the same for one 
day as it is for one week? Explain your answer. 


b Ifa sample of 100 packets is measured each day, what measure would be used to check: 
i that an average of 250 g of biscuits goes into each packet 
ii the variability of the mass going into each packet? 


€ Explain the significance of a low standard deviation in this case. 


A group of students were asked how long they slept for last BYEDHERHG 
night. The results are shown in the table. ( ) 


Estimate the mean and standard deviation of the data. 





Roger and Clinton play golf together every Saturday. Their scores for the past 30 weeks are 
given below. 


Roger Clinton 
78 (4 82 85 79 73 77 79 82 84 75 75 
OD MET ONES MEI MEE NA 13 % Tl & & 72 
82 96 90 80 82 88 CI AS 
74 89 93 91 85 78 80 77 74 71 72 75 
75 94 79 94 90 85 AI O 


a Find the mean and standard deviation of each data set. 
b Which player generally has the lower score? 
€ Which player has the greater variation in their scores? 





Probability 


Syllabus reference: 5.2, 5.3, 5.4 


Contents: Experimental probability 

Sample space 

Theoretical probability 

Tables of outcomes 

Compound events 

Tree diagrams 

Sampling with and without replacement 
Sets and Venn diagrams 

Laws of probability 

Independent events 


Probabilities using permutations 
and combinations 


Bayes’ theorem 


ZA§=-=ZA™ImMIUADDYD 





= 
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OPENING PROBLEM 


In the late 17th century, English mathematicians compiled and analysed mortality tables which showed 
the number of people who died at different ages. From these tables they could estimate the probability 
that a person would be alive at a future date. This led to the establishment of the first life-insurance 
company in 1699. 





Life Insurance Companies use 
statistics on life expectancy and 
death rates to work out the premiums 
to charge people who insure with 
them. 


The life table shown is from Australia. 100 000 100 000 

It shows the number of people out 5 98 809 68.90 5 99 307 75.15 
of 100000 births who survive to 10 | 98698 63.97 10 | 99125 70.22 
different ages, and the expected years 15 | 98555 | 59.06 15 | 98956 65.27 
of remaining life at each age. 980: A. 20 | 98758 60.40 
25 | 97325 49.74 25 | 98516 55.54 


MR P. oui 30 | 96688 | 45.05 | 30| 98278 | 50.67 
of 100000 births, 98052 males are 35 | 96080 40.32 35 | 98002 45.80 








expected to survive to the age of 20, 40 | 95366 35.60 40 | 97615 40.97 
and from that age the survivors are 45 | 94323 30.95 45 | 96997 36.22 
expected to live a further 54.35 years. 50 | 92709 26.45 50 | 95945 31.59 


55 | 89891 22.20 55 | 94285 27.10 
60 | 85198 18.27 60 | 91774 22.76 
65 | 78123 14.69 65 | 87923 18.64 
70 | 67798 11.52 70 | 81924 14.81 
75 | 53942 8.82 75 | 72656 11.36 
80 | 37532 6.56 80 | 58966 8.38 
85 | 20998 4.79 85 | 40842 5.97 





90 8416 3.49 90 | 21404 4.12 
95 2098 2.68 95 7004 3.00 
99 482 2.23 99 1953 2.36 





Things to think about: 
a Can you use the life table to estimate how many years you can expect to live? 
b Can you estimate the chance that a new-born boy or girl reaches the age of 15? 
¢ Can the table be used to estimate the chance that: 

i a 15 year old boy will reach age 75 
ii a 15 year old girl will not reach age 75? 

d An insurance company sells policies to people to insure 
them against death over a 30-year period. If the person 
dies during this period, the beneficiaries receive the 
agreed payout figure. Why are such policies cheaper to 
take out for a 20 year old than for a 50 year old? 


e How many of your classmates would you expect to be 
alive and able to attend a 30 year class reunion? 
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In the field of probability theory we use mathematics to describe the chance or likelihood of an event 
happening. 


We apply probability theory in physical and biological sciences, economics, politics, sport, life insurance, 
quality control, production planning, and a host of other areas. 


We assign to every event a number which lies between O and 1 inclusive. We call this number a 
probability. 

An impossible event which has 0% chance of happening is assigned a probability of 0. 

A certain event which has 100% chance of happening is assigned a probability of 1. 

All other events can be assigned a probability between 0 and 1. 


The number line below shows how we could interpret different probabilities: 





not likely likely 
to happen to happen 
-—— — — E 
———— —— 
impossible t di CSS certain 
very unlikely very likely 
to happen equal chance to happen 
of happening 


as not happening 


The assigning of probabilities is usually based on either: 


e observing the results of an experiment (experimental probability), or 
e using arguments of symmetry (theoretical probability). 


BABILITY 


In experiments involving chance we use the following terms to talk about what we are doing and the 
results we obtain: 





e The number of trials is the total number of times the experiment is repeated. 

e The outcomes are the different results possible for one trial of the experiment. 

e The frequency of a particular outcome is the number of times that this outcome is observed. 

e The relative frequency of an outcome is the frequency of that outcome expressed as a fraction or 
percentage of the total number of trials. 


For example, when a small plastic cone was tossed into the air 
279 times it fell on its side 183 times and on its base 96 times. 


We say: 
e the number of trials is 279 





e the outcomes are side and base 


side base 


e the frequencies of side and base are 183 and 96 respectively 


e the relative frequencies of side and base are zu & 0.656 and S = 0.344 respectively. 


In the absence of any further data, the relative frequency of each event is our best estimate of the 
probability of that event occurring. 


Experimental probability = relative frequency. 
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In this case, we write 


Experimental P(side) — the experimental probability the cone will land on its side when tossed 
& 0.656 

Experimental P(base) — the experimental probability the cone will land on its base when tossed 
& 0.344 


The larger the number of trials, the more confident we are that the estimated probability will be accurate. 


INVESTIGATION 1 


If a drawing pin tossed in the air finishes | we say it has finished on its back. If it 


finishes A we Say it has finished on its side. 


If two drawing pins are 
tossed simultaneously, the zm as E A A A 
possible resolts are: two backs back and side two sides 


What to do: 


1 Obtain two drawing pins of the same shape and size. Toss the pair 80 times and record the 
outcomes in a table. 


2 Obtain relative frequencies (experimental probabilities) for each of the three outcomes. 


3 Pool your results with four other people and so obtain experimental probabilities from 400 
tosses. The other people must have pins with the same shape. 


4 Which gives the more reliable probability estimates, your results or the whole group’s? Explain 
your answer. 


5 Keep your results as they may be useful later in this chapter. 


In some situations, for example in the Investigation above, experimentation is the only way of obtaining 
probabilities. 


EXERCISE 24A 

















1 When a batch of 145 paper clips was dropped onto 6 cm 
by 6 cm squared paper, it was observed that 113 fell oN 
completely inside squares and 32 finished up on the f 
grid lines. Find, to 2 decimal places, the experimental Bem e 
probability of a clip falling: inside 
a inside a square b ona line. It eun | 


Jose surveyed the length of TV commercials (in seconds). Find, to 3 
decimal places, the experimental probability that a randomly chosen 
TV commercial will last: 


a 20 to 39 seconds b more than a minute 
¢ between 20 and 59 seconds (inclusive). 
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3 Betul records the number of phone calls she receives 
over a period of consecutive days. 


124 number of days 






a For how many days did the survey last? 


b Estimate Betul's chance of receiving: 





i no phone calls in a day 
ii 5 or more phone calls in a day 











iii less than 3 phone calls in a day. 


012 3456 7 
number of calls per day 


4 Pat does a lot of travelling in her car, and she keeps records on 
how often she fills her car with petrol. The table alongside shows 
the frequencies of the number of days between refills. Estimate 
the likelihood that: 

a there is a four day gap between refills 


b there is at least a four day gap between refills. 








INVESTIGATION 2 


The coins of most currencies have two distinct faces, usually referred to as ‘heads’ and ‘tails’. When 
we toss a coin in the air, we expect it to finish on a head or tail with equal likelihood. 





In this investigation the coins do not 
have to be all the same type. 





What to do: 


1 Toss one coin 40 times. Record the number of heads in each trial, in a table: 





Result | Tally | Frequency | Relative frequency | 
1 head 
no heads 











2 Toss two coins 60 times. Record the number of heads in each trial, in a table: 
Result | Tally | Frequency | Relative frequency | 
2 heads 


1 head 
no heads 





3 Toss three coins 80 times. Record the number of heads in each trial, in a table: 
































Result | Tally | Frequency | Relative frequency | 
3 heads 
2 heads 
1 head 
no heads 











A Share your results to 1, 2, and 3 with several other students. Comment on any similarities and 
differences. 
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5 Pool your results and find new relative frequencies for tossing one coin, two coins, and three 
coins. 

6 Click on the icon to examine a coin tossing simulation. 
Set it to toss one coin 10000 times. 
Run the simulation ten times, each time recording the relative frequency for each 
possible result. Comment on these results. Do your results agree with what you 
expected? 


COIN TOSSING 


7 Experiment with the simulation for two coins and then three coins. 


From the previous Investigation you should have observed that, when tossing two coins, there are roughly 
twice as many ‘one head’ results as there are ‘no heads’ or ‘two heads’. 


The explanation for this is best seen using two different coins where you could get: 





two heads one head one head no heads 


We should expect the ratio two heads : one head : no heads to be 1:2: 1. However, due to chance, 
there will be variations from this when we look at experimental results. 


INVESTIGATION 3 


You will need: At least one normal six-sided die with numbers 1 to 6 on WORKSHEET 


its faces. Several dice would be useful to speed up the TNT 
experimentation. 


1 List the possible outcomes for the uppermost face when the die is rolled. 


What to do: 


2 Suppose the die is rolled 60 times. 
Copy and complete the following table of your expected results: 






| Expected frequency | Expected relative frequency | 





3 Roll the die 60 times. Record the results in a table like the one shown: 


| Outcome. 


10 
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Pool as much data as you can with other students. 
a Look at similarities and differences from one set to another. 
b Summarise the overall pooled data in one table. 
€ Compare your results with your expectation in 2. 
Use the die rolling simulation on the CD to roll the die 10000 times. Repeat this SIMULATION 


10 times. On each occasion, record your results in a table like that in 3. Do your 
results further confirm your expected results? 





The different possible outcomes 
when a pair of dice is rolled are 
shown alongside. 

There are 36 possible outcomes. 






























Notice that the three outcomes 
(plone) sm eee manic (Souls acerca) 
sum of 4. 

We observe that the possible sums of 
therdicerancm EID 

















e 

eee| |e e| |o oj jo 
e 

e... |e e| e e| |. 
. 

eee| je e| e e| jo 
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Using the illustration above, copy and complete the table of expected results: 


Sum of dice 


| Fraction of possible 
| outcomes with this sum | 


ee ee — 


If a pair of dice is rolled 360 times, how many of each result (2, 3, 4, ...., 12) would you expect 
to get? Extend the table in 6 by adding another row and writing your expected frequencies 
within it. 








Toss two dice 360 times. Record the sum of the two numbers for each toss in a = WORKSHEET 
table. 





Sum | Tally | Frequency | Relative frequency 











Pool as much data as you can with other students and find the overall relative frequency of each 
sum. 


Use the two dice simulation on the CD to roll the pair of dice 10000 times. SIMULATION 
Repeat this 10 times and on each occasion record your results in a table like that 
in 8. Are your results consistent with your expectations? 
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A sample space U is the set of all possible outcomes of an experiment. 
It is also referred to as the universal set U. 


There are a variety of ways of representing or illustrating sample spaces, including: 


e lists e 2-dimensional grids e tree diagrams 
e tables of outcomes e Venn diagrams 


We will use tables and Venn diagrams later in the chapter. 


LISTING OUTCOMES 





Example 1 =ù Self Tutor 


List the sample space of possible outcomes for: 


a tossing a coin b rolling a normal die. 


a When a coin is tossed, there are two b When a die is rolled, there are 
possible outcomes. 6 possible outcomes. 
sample space = {H, T} “. sample space = {1, 2, 3, 4, 5, 6} 





2-DIMENSIONAL GRIDS 


When an experiment involves more than one operation we can still use listing to illustrate the sample 
space. However, a grid is often more efficient. 


Example 2 ™) Self Tutor 


Use a 2-dimensional grid to illustrate the possible outcomes when 2 coins are tossed. 


SURE Each of the points on the grid represents one of the possible outcomes: 
T {HH, HT, TH, TT} 


H 





HT coin 1 





TREE DIAGRAMS 


The sample space in Example 2 could also be represented by a tree diagram. The advantage of tree 
diagrams is that they can be used when more than two operations are involved. 








Illustrate, using a tree diagram, the possible outcomes when: 
a tossing two coins 


b drawing two marbles from a bag containing many red, green, and yellow marbles. 
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a coinl coin2 possible outcomes b marble 1 marble2 possible outcomes 
R RR 
Hes HH R G RG 
d 1 rr Y RY 
H TH 
D R GR 
n TT G eL G ca 
Y GY 
R YR 
Each “branch” gives a different outcome. E = = be 
The sample space is {HH, HT, TH, TT}. 








EXERCISE 24B 


1 List the sample space for the following: 


a twirling a square spinner labelled A, B, C, D 

b the sexes of a 2-child family 

€ the order in which 4 blocks A, B, C and D can be lined up 
d the 8 different 3-child families. 


2 Illustrate on a 2-dimensional grid the sample space for: 
a rolling a die and tossing a coin simultaneously 
b rolling two dice 
€ rolling a die and spinning a spinner with sides A, B, C, D 
d twirling two square spinners, one labelled A, B, C, D and the other 1, 2, 3, 4. 


3 Illustrate on a tree diagram the sample space for: 

a tossing a 5-cent and a 10-cent coin simultaneously 

b tossing a coin and twirling an equilateral triangular spinner labelled A, B, and C 
€ twirling two equilateral triangular spinners labelled 1, 2, and 3, and X, Y, and Z 
d 


drawing two tickets from a hat containing a large number of pink, blue, and white tickets. 


)BABILITY 


Consider the octagonal spinner alongside. 





Since the spinner is symmetrical, when it is spun the arrowed 
marker could finish with equal likelihood on each of the sections 
marked 1 to 8. 





The likelihood of obtaining the outcome 4 would be: 
1 chance in 8, $, 124%, or 0.125. 


This is a mathematical or theoretical probability and is based on what we theoretically expect to occur. 
It is the chance of that event occurring in any trial of the experiment. 
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If we are interested in the event of getting a result of 6 or more from p 
one spin of the octagonal spinner, there are three favourable results We read 3 as 


(6, 7, or 8) out of the eight possible results. Since each of these is “3 chances in 8”. 


equally likely to occur, P(6 or more) = 2. 





In general, for an event A containing equally likely possible results, the 
probability of A occurring is 


re the number of members of the event A — (A) 
~ the total number of possible outcomes — n (U) ' g 


Example 4 x) $elf Tutor 


A ticket is randomly selected from a basket containing 3 green, 4 yellow, and 5 blue tickets. 
Determine the probability of getting: 
a a green ticket b a green or yellow ticket 


€ an orange ticket d a green, yellow, or blue ticket. 


There are 3--44-5 — 12 tickets which could be selected with equal chance. 


a P(G) b P(G or Y) c P(O) d P(G, Y, or B) 
= 3. g — 0. ENSE 
= P FE O — 
ES PRA ex =] 
=S EE 








From Example 4, notice that: 


e Incan orange result cannot occur. The calculated probability is O because the event has no chance 
of occurring. 
e In d the outcome of a green, yellow, or blue is certain to occur. It is 100% likely so the theoretical 
probability is 1. 
Events which have no chance of occurring or probability 0, or are certain to occur or probability 1, are 
two extremes. 


For any event A, the probability P(A) of A occurring satisfies 0 < P(A) <1. 


Example 5 =ò Self Tutor 


An ordinary 6-sided die is rolled once. Determine the chance of: 


a getting a 6 b not getting a 6 ¢ getting a 1 or 2 d not getting a 1 or 2 


The sample space of possible outcomes is (1, 2, 3, 4, 5, 6}. 
a P(6) b  P(nota 6) c P(1 or 2) d  P(notalor2) 
=P(1,2,3,4,0r5) = (3, 4, 5, or 6) 


Il 
Ole 


Wl ale 


3 
6 


e obe "d 
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COMPLEMENTARY EVENTS 


In Example 5 notice that P(6) + P(nota 6) =1 and that 

P(1 or 2) 4- P(not a 1 or 2) — 1. 
This is no surprise as a 6 and not a 6 are complementary events. It is certain that one of the events 
will occur, and impossible for both of them to occur at the same time. 


Two events are complementary if exactly one of the events must occur. 
If A is an event, then A’ is the complementary event of A, or ‘not A’. 


P(A) + P(A’) =1 


EXERCISE 24C.1 


1 A marble is randomly selected from a box containing 5 green, 3 red, and 7 blue marbles. Determine 
the probability that the marble is: 


a red b green € blue 
d not red e neither green nor blue f green or red. 
2 A carton of a dozen eggs contains eight brown eggs. 
The rest are white. 
a How many white eggs are there in the carton? 
b Find the probability that an egg selected at random is: 
i brown il white. 





3 A dart board has 36 sectors labelled 1 to 36. Determine 
the probability that a dart thrown at the centre of the board 
will hit a sector labelled with: 


a amultiple of 4 

a number between 6 and 9 inclusive 
a number greater than 20 

9 € amultiple of 13 

an odd number that is a multiple of 3 
a multiple of both 4 and 6 





a multiple of 4 or 6, or both. 


4 What is the probability that a randomly chosen person has his or her next birthday: 
a ona Tuesday b ona weekend € in July d in January or February? 


5 a List the six different orders in which Antti, Kai, and Neda may sit in a row. 
If the three of them sit randomly in a row, determine the probability that: 
i Antti sits in the middle ii Antti sits at the left end 
iii Antti does not sit at the right end iv Kai and Neda are seated together. 


6 a List the 8 possible 3-child families according to the gender of the children. For example, GGB 
means “the first is a girl, the second is a girl, the third is a boy”. 
b Assuming that each of these is equally likely to occur, determine the probability that a randomly 
selected 3-child family consists of: 
i all boys ii all girls iii boy then girl then girl 
iv two girls and a boy V a girl for the eldest vi at least one boy. 
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7 a List, in systematic order, the 24 different orders in which four people A, B, C, and D may sit 
in a row. 
b Determine the probability that when the four people sit at random in a row: 
i A sits on one of the end seats 
ii B sits on one of the two middle seats 
iii A and B are seated together 
iv A, B, and C are seated together, not necessarily in that order. 


USING GRIDS TO FIND PROBABILITIES 


Two-dimensional grids can give us excellent visual displays of sample spaces. We can use them to 
count favourable outcomes and so calculate probabilities. 


coin B ante This point represents ‘a tail from coin A” and “a tail from coin B”. 
T P This point represents ‘a tail from coin A’ and ‘a head from coin B’. 
There are four members of the sample space. 
H T conA 
Example 6 x) $elf Tutor 


Use a two-dimensional grid to illustrate the sample space for tossing a coin and rolling a die 
simultaneously. From this grid determine the probability of: 


a tossing a head b getting a tail and a 5 € getting a tail or a 5. 









In probability, we take “a 
tail or a 5” to mean “a tail 
or a 5 or both". 












There are 12 members in the sample space. 


a P(head) = § — i 


b P(tail and a ‘5’) = 4 


E Priora» (the enclosed points) 


sl 








EXERCISE 24C.2 
1 Draw the grid of the sample space when a 5-cent and a 10-cent coin are tossed simultaneously. 
Hence determine the probability of getting: 
a two heads b two tails € exactly one head d at least one head. 
2 A coin and a pentagonal spinner with sectors 1, 2, 3, 
4, and 5 are tossed and spun respectively. 
a Draw a grid to illustrate the sample space of 


possible outcomes. 
b How many outcomes are possible? 
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€ Use your grid to determine the chance 


á “A head or a 5” means “a 
of getting: 


head or a 5, or both”. 
Ì a tail and a 3 


ii a head and an even number 
iii an odd number 
iv a head or a 5. 


3 A pair of dice is rolled. The 36 different possible results are die 2 





illustrated in the 2-dimensional grid. e! 
Use the grid to determine the probability of getting: 5 
a two 3s b ab5anda6 4 
c€ a5ora 6 (or both) d at least one 6 3 
e exactly one 6 f no sixes 2 
g asum of 7 h a sum greater than 8 1 
i asum of 7 or 11 j a sum of no more than 8. 12345 6 del 
DISCUSSION 





Three children have been experimenting with a coin, tossing it in the air and recording the outcomes. 
They have done this 10 times and have recorded 10 tails. Before the next toss they make the 
following statements: 


Jackson: “It's got to be a head next time!” 


Sally: “No, it always has an equal chance of being a head or a tail. The coin cannot 
remember what the outcomes have been.” 


Amy: “Actually, I think it will probably be a tail again, because I think the coin must be 
biased. It might be weighted so it is more likely to give a tail.” 


Discuss the statements of each child. Who do you think is correct? 


Tables of outcomes are tables which compare two categorical variables. They usually result from a 
survey. 





For example, a group of teachers was asked which mode of transport they used to travel to school. Their 
responses are summarised in the table below. The variables are gender and mode of transport. 





13 female teachers catch the bus to school. 


In the following example we will see how these tables can be used to estimate probabilities. To help us, 
we extend the table to include totals in each row and column. 
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People exiting a new ride at a theme park were asked 
whether they liked or disliked the ride. The results are 
shown in the table alongside. 


Use this table to estimate the probability that a randomly 
selected person who went on the ride: 








liked the ride b isa child and disliked the ride 
is an adult or disliked the ride d liked the ride, given that he or she is a child 
is an adult, given that he or she disliked the ride. 








We extend the table to include totals: 








83 out of the 130 p ur. liked the ride. 


P(liked the ride) = — = 0.638 


17 of the 130 people surveyed are ee who disliked the ride. 


P(child and disliked the ride) ~ 45 ~ 0.131 


28 + 30+17= 75 of the 130 people are adults or disliked the ride. 
P(adults or disliked the ride) ~ Be 0.577 
Of the 72 children, 55 liked the ride. 
P(liked the ride given that he or she is a child) = 2 = 0.764 
Of the 47 people who disliked the ride, 30 were adults. 


P(adult given that he or she disliked the ride) = 32 = 0.638 









EXERCISE 24D 


1 A sample of adults in a suburb were surveyed about their current employment status and their level 
of education. The results are summarised in the table below. 





Estimate the probability that the next randomly chosen adult: 


fL. ^ 


attended university 

did not attend university and is currently employed 
is unemployed 

is employed, given that they attended university 
attended university, given that they are unemployed. 
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2 The types of ticket used to gain access to a | Adult 





basketball match were recorded as people entered ieee a z - 
the stadium. The results are shown alongside. R = LL 
a What was the total attendance for the match? a — 


b One person is randomly selected to sit on the home team's bench. Find the probability that the 
person selected: 
i is a child ii is not a season ticket holder 
iii is an adult season ticket holder. 


3 A small hotel in London has kept a record 
of all the room bookings made for the 
year, categorised by season and booking type. 
Find the probability that a randomly selected 
booking was: 





a in the peak season b a single room in the off-peak season 
c a single or a double room d a family room, given that it was in the off-peak season 
e in the peak season, given that it was not a single room. 


Suppose box X contains 2 blue and 2 green balls, and box Y 00 
contains 1 white and 3 red balls. A ball is randomly selected from 
each of the boxes. Determine the probability of getting “a blue PN 

ball from X and a red ball from Y". * Y 





> 
By illustrating the sample space on the two-dimensional grid x 
shown, we can see that 6 of the 16 possibilities are blue from ° 
X and red from Y. Each of the outcomes is equally likely, so 


P(blue from X and red from Y) = £. 


In this section we look for a quicker method for finding the box X 
probability in such a situation. Y B B G G 








INVESTIGATION 4 


Suppose a coin is tossed and a die is rolled at the same time. The result of the coin toss will be 
called outcome A, and the result of the die roll will be outcome B. 


What to do: 


1 Copy and complete, using a 2-dimensional grid if necessary: 








2 What is the connection between P(A and B), P(A), and P(B)? 
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INVESTIGATION 5 


We cannot find by theoretical argument the probability that a drawing pin will land on its 
back A . We can only find this probability by experimentation. 
When tossing two drawing pins, can we still use the rule for compound events: 
P(back and back) — P(back) x P(back)? 
What to do: 
1 From Investigation 1 on page 736, what is your estimate of P(back and back)? 


2 a Count the number of drawing pins in a full packet. They must be identical to each other 
and the same ones that you used in Investigation 1. 


b Drop the whole packet onto a solid surface and count the number of backs and sides. 
Repeat this several times. Pool results with others and finally estimate P(back). 


€ Hence find P(back) x P(back) using 2b. 
3 Is P(back and back) = P(back) x P(back)? 


From Investigations 4 and 5, it seems that if A and B are two events for which the occurrence of each 
one does not affect the occurrence of the other, then P(A and B) = P(A) x P(B). 


Before we can formalise this as a rule, however, we need to distinguish between independent and 
dependent events. 


INDEPENDENT EVENTS 
Events are independent if the occurrence of either of them does not affect the probability that the others 
00 


occur. 
A 29 


selecting a red ball from box Y is 3 regardless of which colour ball X Y 


Consider again the example on the previous page. Suppose we 
happen to choose a blue ball from box X. This does not affect the 
outcome when we choose a ball from box Y. The probability of 





Is selected from box X. 


So, the two events “a blue ball from X” and “a red ball from Y" are independent. 

If A and B are independent events then P(A and B) = P(A) x P(B). 
This rule can be extended for any number of independent events. 
For example: If A, B, and C are all independent events, then 


P(A and B and C) = P(A) x P(B) x P(C). 


Example 8 ™) Self Tutor 


A coin and a die are tossed simultaneously. Determine the probability of 
getting a head and a 3 without using a grid. 


P(a head and a 3) = P(H) x P(3) {events are independent} 
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EXERCISE 24E.1 


1 At a mountain village in Papua New Guinea it rains on average 6 days a week. Determine the 
probability that it rains on: 


a any one day b two successive days € three successive days. 


2 A coin is tossed 3 times. Determine the probability of getting the following sequences of results: 
a head then head then head b tail then head then tail. 


3 A school has two photocopiers. On any one day, machine A has an 8% chance of malfunctioning 
and machine B has a 12% chance of malfunctioning. Determine the probability that on any one day 
both machines will: 


a malfunction b work effectively. 


4 A couple would like 4 children, none of whom will be adopted. They will be disappointed if the 
children are not born in the order boy, girl, boy, girl. Determine the probability that they will be: 


a happy with the order of arrival b unhappy with the order of arrival. 


5 Two marksmen fire at a target simultaneously. Jiri hits the 
target 7096 of the time and Benita hits it 8096 of the time. 
Determine the probability that: 


a they both hit the target 
they both miss the target 





b 
€ Jiri hits but Benita misses 
d 


Benita hits but Jiri misses. 


An archer always hits a circular target with each arrow fired, 
and hits the bullseye on average 2 out of every 5 shots. If 
3 arrows are fired at the target, determine the probability that 
the bullseye is hit: 

a every time 

b the first two times, but not on the third shot 


€ on no occasion. 





DEPENDENT EVENTS 


Suppose a hat contains 5 red and 3 blue tickets. One ticket is randomly chosen, its colour is noted, and 
it is then put aside and so not put back in the hat. A second ticket is then randomly selected. What is 
the chance that it is red? 


: : 4. — — 4 reds remainin 
If the first ticket was red, — P(second is red) 2 27^ — 7 to choose fro i 


If the first ticket was blue, P(second is red) = 22 — : e 


So, the probability of the second ticket being red depends on what colour the first ticket was. We therefore 
have dependent events. 
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Two or more events are dependent if they are not independent. 


Events are dependent if the occurrence of one of the events does affect 
the occurrence of the other event. 


If A and B are dependent events then 
P(A then B) = P(A) x P(B given that A has occurred). 


Example 9 CO Tutor 
A box contains 4 red and 2 yellow tickets. Two tickets are randomly selected from the box one 
by one without replacement. Find the probability that: 

a both are red b the first is red and the second is yellow. 


a P(both red) 

= P(first selected is red and second is red) 

= P(first selected is red) x P(second is red given that the first is red) 
- p. z «—— Ifa red is drawn first, 3 reds remain out of a total of 5. 
= 4 reds out of a total of 6 tickets 
b P(first is red and second is yellow) 

= P(first is red) x P(second is yellow given that the first is red) 


x 2 «— Ifa red is drawn first, 2 yellows remain out of a total of 5. 


4 reds out of a total of 6 tickets 


Sle Ole 











$) Self Tutor 


A hat contains 20 tickets numbered 1, 2, 3, ...., 20. In each fraction the 

If 3 tickets are drawn from the hat without replacement, numerator is the number 

determine the probability that they are all prime numbers. of outcomes in the 
event. The denominator 


is the total number of 
122 aL B Ts dL. eh, le, UO}! a reiprimes: possible outcomes. 









there are 20 numbers of which 8 are primes. 
P(3 primes) 

= P(1st drawn is prime and 2nd is prime and 3rd is prime) 

eos 
20 


T 
ra 


8 primes out of 20 numbers 





7 primes out of 19 numbers after a successful first draw 
x É — 6 primes out of 18 numbers after two successful draws 
= 0.0491 
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EXERCISE 24E.2 


1 A bin contains 12 identically shaped chocolates of Drawing three 
chocolates 


simultaneously 
implies there is 
no replacement. 


which 8 are strawberry creams. If 3 chocolates are 
selected simultaneously from the bin, determine the 
probability that: 


a they are all strawberry creams 


b none of them are strawberry creams. 





2 A box contains 7 red and 3 green balls. Two balls are drawn one after another from the box without 
replacement. Determine the probability that: 


8 both are red b the first is green and the second is red 
€ a green and a red are obtained. 

3 A lottery has 100 tickets which are placed in a barrel. Three tickets are drawn at random from the 
barrel, without replacement, to decide 3 prizes. If John has 3 tickets in the lottery, determine his 
probability of winning: 

a first prize b first and second prize € all 3 prizes d none of the prizes. 
4 A hat contains 7 names of players in a tennis squad including the captain and the vice captain. If a 


team of 3 is chosen at random by drawing the names from the hat, determine the probability that it 
does not contain: 


a the captain b the captain or the vice captain. 


5 Two students are chosen at random from a group of two girls and five boys, all of different ages. 
Find the probability that the two students chosen will be: 


a two boys b the eldest two students. 


Tree diagrams can be used to illustrate sample spaces if the possible outcomes are not too numerous. 
Once the sample space is illustrated, the tree diagram can be used for determining probabilities. 





Consider two archers firing simultaneously at a target. These are independent events. 


Li has probability i of hitting a target Yuka's results ues probability 
and Yuka has probability 2. Lis results — 4 H Hand H 3x4-12 
: 3 

The tree diagram for this information is: 3 i M HandM ¿x1=2 
H = hit M = miss 4 PUR 
1 5 H M and H 4 x 5 = 20 

4 M cun 
1 La 
i M MandM  iXz£-sg 
Notice that: total 1 


e The probabilities for hitting and missing are marked on the branches. 
e There are four alternative branches, each showing a particular outcome. 
e All outcomes are represented. 


e The probability of each outcome is obtained by multiplying the probabilities along its branch. 
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Example 11 


Carl is not having much luck lately. His car will only start 80% of the time and his motorbike will 
only start 60% of the time. 


a Draw a tree diagram to illustrate this situation. 



















b Use the tree diagram to determine the chance that: 
i both will start ii Carl can only use his car. 


a C — car starts motorbike outcome probability 
M = motorbike starts car 0.6 M C and M 0.8 x 0.6 — 0.48 
s E HM 
C — complementary 0.8 ue CandM' — 08x04 — 0.32 
event of C : 
= car does not start) 06 — M C'andM — 02x0.6 — 0.12 
and M' — motorbike does C 
04 " M C'andM' — 02x04 — 0.08 
not start A 
total 1.00 
b i P(both start) ii P(car starts but motorbike does not) 
= P(C and M) = P(C and M’) 
= 0.8 x 0.6 TOSE OA 


= 0.48 = 0.32 








If there is more than one outcome that results in an event occurring, then we need to add the probabilities 
of these outcomes. 





Two boxes each contain 6 petunia plants that are not yet flowering. Box A contains 2 plants that 
will have purple flowers and 4 plants that will have white flowers. Box B contains 5 plants that 
will have purple flowers and 1 plant that will have white flowers. A box is selected by tossing 
a coin, and one plant is removed at random from it. Determine the probability that it will have 
purple flowers. 















— EN iE ma TR 
flower 
2 
ea os 
1 A E 
P(purple flowers) > 2 > W 
= P(A and P) + P(B and P) 3 
1 Pov 
=4$x2+4%x2 {branches marked v} 2B E 
p mud 
= 12 
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EXERCISE 24F 


1 Ofthe students in a class playing musical instruments, 6096 violin 
are female. 20% of the females and 30% of the males play 


23. 0.6 ioli 
the violin. not violin 
a Copy and complete the tree diagram. al violin 


A 


b What is the probability that a randomly selected M E 
student: not violin 
i is male and does not play the violin 
ii plays the violin? 
¡ i 0.19 
2 a Copy and complete this tree diagram about Navy p officer 
people in the armed forces. 0.22 other rank 
b What is the probability that a member of the Te officer 
armed forces: Army = 
z 0.85 other rank 
i is an officer 
il is not an officer in the nav 0.21 __. officer 
m ; 7 Air Force = 
iii is not an army or air force officer? other rank 


3 Suppose this spinner 
is spun twice. 


T E B <<. 
Find the probability that black appears on both spins. | <a. 


Find the probability that yellow appears on both spins. 


a Copy and complete the branches on the tree 
diagram shown. 





Find the probability that different colours appear on the two spins. 


eaast 


Find the probability that black appears on either spin. 


4 The probability of rain tomorrow is estimated to be i. If it does rain, Mudlark will start favourite in 
the horse race, with probability i of winning. If it is fine, he only has a 1 in 20 chance of winning. 


Display the sample space of possible results of the horse race on a tree diagram. Hence determine 
the probability that Mudlark will win tomorrow. 


5 Machine A makes 4096 of the bottles produced at a factory. Machine B makes the rest. Machine 
A spoils 5% of its product, while Machine B spoils only 2%. Using an appropriate tree diagram, 
determine the probability that the next bottle inspected at this factory is spoiled. 


6 Jar A contains 2 white and 3 red discs. Jar B contains 3 white and 1 red disc. A jar is chosen at 
random by the flip of a coin, and one disc is taken at random from it. Determine the probability 
that the disc is red. 


7 The English Premier League consists of 20 teams. Tottenham is currently in 8th place on the table. 
It has 20% chance of winning and 50% chance of losing against any team placed above it. If a team 
is placed below it, Tottenham has a 50% chance of winning and a 30% chance of losing. Find the 
probability that Tottenham will draw its next game. 
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8 Three bags contain different numbers of blue and 
red marbles. 
A bag is selected using a die which has three A 
faces, two B faces, and one C face. One marble is 
then selected randomly from the bag. 
Determine the probability that the marble is: 


a blue b red. 








Suppose we have a large group of objects. If we select one of the objects at random and inspect it for 
particular features, then this process is known as sampling. 


If the object is put back in the group before an object is chosen again, we call it sampling with 
replacement. 


If the object is put to one side, we call it sampling without replacement. 


Sampling is commonly used in the quality control of industrial processes. 


Sometimes the inspection process makes it impossible to return the object to the large group. For example: 
e To see if a chocolate is hard or soft-centred, we need to bite it or squeeze it. 
e To see if an egg contains one or two yolks, we need to break it open. 
e To see if an object is correctly made, we may need to pull it apart. 
Consider a box containing 3 red, 2 blue, and 1 yellow marble. If we sample two marbles, we can do this 
either: 
e with replacement of the first before the second is drawn, or 
e without replacement of the first before the second is drawn. 


Examine how the tree diagrams differ: 





With replacement Without replacement 
2nd 
1st Ist 2 R 
5 
R R 2 B (x) 
5 Y 





B (x) 


can’t have 





YY 
The highlighted branch represents a blue marble with the first draw and a red marble with the second 
draw. We write this as BR. 


Notice that: e with replacement (independent events), P(two reds) = 


olw ow 
oun olw 
ar ele 


e without replacement (dependent events), P(two reds) = 
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Example 13 x) $elf Tutor 


A box contains 3 red, 2 blue and 1 yellow marble. Find the probability 
of getting two different colours: In b, “2 different colours” 


a if replacement occurs b if replacement does not occur. and “2 same colours” are 
complementary events. 





To answer this question we use the tree diagram on page 754. -. P(2 different colours) 
= 1 — P(2 the same) 


a P(two different colours) 1 — P(RR or BB) 
— or 


= P(RB or RY or BR or BY or YR or YB) {ticked ones v 
sm ees te era ro DE MTM 1—(ix2-c2xl 
e org 3'e 0'3 00 3 o 0 (6x5+5%5) 
1i 
18 
P(two different colours) 
— P(RB or RY or BR or BY or YR or YB) (crossed ones x | 
3 
6 
5 


Zn Edbm bun ey ie ow Sun uw 
A *%5 te 5 





E 
1 





Example 14 x) $elf Tutor 


A bag contains 5 red and 3 blue marbles. Two marbles are drawn simultaneously from the bag. 
Determine the probability that at least one is red. 





Drawing 
CON. draw 2 P(at least one red) UE x 
p ese RN 
- ; B D I D E replacement. 
à : E R = 20+15+15 
Alternatively, P(at least one red) 
= 1 — P(no reds) {complementary events} 





=1-—P(BB) and so on. 








EXERCISE 24G 
1 Two marbles are drawn in succession from a box containing 2 purple and 5 green marbles. 
Determine the probability that the two marbles are different colours if: 
a the first 15 replaced b the first is not replaced. 
2 5 tickets numbered 1, 2, 3, 4, and 5 are placed in a bag. Two are taken from the bag without 
replacement. 


a Complete the tree diagram by writing the probabilities 
on the ranch’: o draw 1 ven 
b Determine the probability that: even E dd 
o 
i both are odd 
ii both are even 


dd uu even 
o 
iii one is odd and the other even. odd 


draw 2 
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3 A die has 4 faces showing A, and 2 faces showing B. Jar A contains A 
3 red and 2 green tickets. Jar B contains 3 red and 7 green tickets. 
A roll of the die is used to select either jar A or jar B. Once a jar has been 


selected, two tickets are randomly selected from it without replacement. B- 
Determine the probability that: 
a both are green b they are different in colour. | 


A 


4 Marie has a bag of sweets which are all identical in shape. The bag contains 6 orange drops and 
4 lemon drops. She selects one sweet at random, eats it, and then takes another at random. 


a Determine the probability that: 
i both sweets are orange drops 
ii both sweets are lemon drops 
il! the first is an orange drop and the second is a lemon drop 
iv the first is a lemon drop and the second is an orange drop. 


b Add your answers in a. Explain why the total must be 1. 


5 A board game uses the spinner shown. If the first spin is red, 
then the spinner is spun a second time. 


a Complete the tree diagram by labelling each branch with its 
probability. 
spin 1 spin 2 


Ce 


6 Calculate the probability that the end result is blue. 





6 A bag contains four red and two blue marbles. Three marbles are selected simultaneously. Determine 
the probablity that: 


a all are red b only two are red € at least two are red. 


7 Bag A contains 3 red and 2 white marbles. Bag B contains 4 red and 3 white marbles. One marble 
is randomly selected from A and its colour noted. If it is red, 2 reds are added to bag B. If it is 
white, 2 whites are added to bag B. A marble is then selected from bag B. What is the chance that 
the marble selected is white? 


8 A man holds two tickets in a 100-ticket lottery in which there are two winning tickets chosen. If 
no replacement occurs, determine the probability that he will win: 

a both prizes b neither prize c€ at least one prize. 

9 A container holds 3 red, 7 white, and 2 black balls. A ball is chosen at random from the container 
and is not replaced. A second ball is then chosen. Find the probability of choosing one white and 
one black ball in any order. 

10 A bag contains 7 yellow and n blue markers. 
Two markers are selected at random, without replacement. The probability that both markers are 
yellow is > How many blue markers are there in the bag? 
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Venn diagrams are a useful way of representing the events in a sample space. These diagrams usually 
consist of a rectangle which represents the complete sample space U, and circles within it which represent 
particular events. 





Venn diagrams can be used to solve certain types of probability questions and also to establish a number 
of probability laws. 


When we roll an ordinary die, the sample space or universal set is U = {1, 2, 3, 4, 5, 6}. 


If the event A is “a number less than 3”, then there are two 
outcomes which satisfy event A. We can write A = {1, 2}. 


The Venn diagram alongside illustrates the event A within the 
universal set U. 





n(U)=6 and n(4)=2, so P(4) = WO = 2 = 3. 


SET NOTATION 


e The universal set or sample space U is represented by a 
rectangle. 
A set within the universal set is usually represented by a circle. 
U 
e A' (shaded green) is the complement of A (shaded purple). 
A’ represents the non-occurrence of A, so P(A) + P(A’) = 1. 
A! U 


If U = {1, 2,3, 4,5, 6,7} and A= {2,4,6} then A’ = {1, 3, 5, 7}. 
e rc A reads ‘x isin A’ and means that x is an element of the set A. 


n(A) reads ‘the number of elements in set A’. 


e AQB denotes the intersection of sets A and B. This set contains all elements common 
to both sets. 


ANB is shaded in purple. 


AnB-íxz|xeA and ze B) 


D 
Y 


U 


e AUB denotes the union of sets A and B. This set contains all elements belonging to 
A or B or both A and B. 


AU B is shaded in purple. 


AUB-—Ívx|r€A or ze B or ze An B) 


> 
Y 
$ 
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e Disjoint sets are sets which do not have elements in common. 


These two sets are disjoint. 


ANB=®86 where Ø denotes the empty set. 
A B 


Suppose A is the set of all factors of 24 and B is the set of all factors of 28. 
UA SEE SEIS 


a Find ANB. b Illustrate A and B on a Venn diagram. € Find AU B. 


U A and B are said to be mutually exclusive. 


















A = (1, 2, 3, 4, 6, 8, 12,24} and B — (1,2, 4, 7, 14, 28) 
a AMB = the set of factors common to both 24 and 28 = {1, 2, 4} 


c AUB 
— the set of factors of 24 or 28 (or both) 
ERE EORR TD IPOD S 


i 20 
13 15 16 171819 








Example 16 x) $elf Tutor 





On separate Venn diagrams containing two events A and B that intersect, shade the 
region representing: 
a in A but not in B 6 neither in A nor B. 


Shading is shown in green. 
a b 
GO CO 
U U 


To practise shading the regions represented by various subsets, click on the icon. DEMO 








EXERCISE 24H.1 
1 Let A be the set of all factors of 6, B be the set of all positive even integers < 11, and 
U={x«|l<a<l0, reZ} 
a Describe A and B using set notation. 
b Illustrate A and B on a Venn diagram. 
c Find: i n(A) ii AUB ii ANB. 
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2 On separate Venn diagrams containing two events A and B that 


intersect, shade the region representing: “in A or B” means “in A 
Ss ma b inB or B or both” 
c in both A and B d inAor B 
e in B but not in A f in exactly one of A or B. 


3 If A and B are two non-disjoint sets, shade the region of a Venn diagram representing: 
a A’ b AAB c AUP' d A'nP' 





4 The diagram alongside is the most general case for 
three events in the same sample space U. A B 
On separate Venn diagram sketches, shade: 


a A b B' 
c BnC d AUC 
e ANBNC f (AUB)NC 








If the Venn diagram alongside illustrates the 
number of people in a sporting club who play 
tennis (T`) and hockey (H), determine the number 
of people: 





a inthe club b who play hockey 
who play both sports d who play neither sport 
e who play at least one sport. 


a Number in the club b Number who play hockey 
= 15 +27 +26 +7 = 75 LOS 
€ Number who play both sports = 27 d Number who play neither sport — 7 


€ Number who play at least one sport 
— 15-21-20 — 68 





5 The Venn diagram alongside illustrates the number of students 
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™) Self Tutor 





in a particular class who study Chemistry (C) and History (H). C. H 
Determine the number of students: 

a in the class b who study both subjects 3 

€ who study at least one of the subjects U 


d who only study Chemistry. 
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Example 18 


The Venn diagram alongside represents the set U of all children 
in a class. Each dot represents a student. The event E shows 
all those students with blue eyes. Determine the probability that 
a randomly selected child: 


a has blue eyes b does not have blue eyes. 











M() = 23, ws) =8 


n(E) 
E! a P(blue eyes) = An x 
15 / 
mue UD 
7 b Pí(not blue eyes) — mU mS 
or P(not blue) = 1 — P(blue eyes) 
S 
2 E 








Example 19 =ò Self Tutor 


In a class of 30 students, 19 study Physics, 17 study Chemistry, and 15 study both of these subjects. 
Display this information on a Venn diagram and hence determine the probability that a randomly 
selected class member studies: 

a both subjects b at least one of the subjects 

€ Physics but not Chemistry d exactly one of the subjects 


€ neither subject 


Let P represent the event of ‘studying Physics’ 
and C represent the event of “studying Chemistry”. 


0 Now a+b=19 (as 19 study Physics} 
b+c=17 (as 17 study Chemistry) 
b=15 (as 15 study both) 
a+b+c+d=30 {as there are 30 in the class} 


is ve UE EN EE 








U 9 
a P(studies both) b P(studies at least one subject) € P(P but not C) 
_4 
= or} Dane =2 
ATE =2 
— — 15 
d P(studies exactly one) e P(studies neither) 


AY E 
30 = 30 
Bi 
10 








6 


10 
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In a survey at an alpine resort, people were asked 
whether they liked skiing (S) or snowboarding 
(B). Use the Venn diagram to determine the 


number of people: z 


a inthe survey 

b who liked both activities 

€ who liked neither activity B 
d 





who liked exactly one activity. U E 


For two events A and B we are given that n(ANB)= 5, n(4) =11, n(AUB) = 12, and 
n(B”) =8. 
a Complete the Venn diagram: 


U 
b Hence find: 
i P(AU B) ii P(A’) 
In a class of 40 students, 19 play tennis, 20 play netball, and 8 play neither of these sports. A 
student is randomly chosen from the class. Determine the probability that the student: 
a plays tennis b does not play netball 
€ plays at least one of the sports d plays one and only one of the sports 
€ plays netball but not tennis. 
50 married men were asked whether they gave their wife flowers or chocolates for her last birthday. 


The results were: 31 gave chocolates, 12 gave flowers, and 5 gave both chocolates and flowers. If 
one of the married men was chosen at random, determine the probability that he gave his wife: 


a chocolates or flowers b chocolates but not flowers 


€ neither chocolates nor flowers. 


The medical records for a class of 30 children showed that 24 had previously had measles, 12 had 
previously had measles and mumps, and 26 had previously had at least one of measles or mumps. 
If one child from the class is selected at random, determine the probability that he or she has had: 


a mumps 6 mumps but not measles c neither mumps nor measles. 





The Venn diagram opposite indicates the types of 
program a group of 40 individuals watched on 
television last night. 
M represents movies, S represents sport, and D 
represents drama. 
a Given that 10 people watched a movie last 
night, calculate a and b. 
b Find the probability that one of these 
individuals, selected at random, watched: U 
i sport ii drama and sport iii a movie but not sport 








iv drama but not a movie V drama or a movie. 
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USING VENN DIAGRAMS TO VERIFY SET IDENTITIES 


Example 20 x) $elf Tutor 










Verify that (AU B)' — A'n B'. 






this shaded region is (AU B) 
this shaded region is (AU B) 
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E] represents A’ N B 


(AUB)! and A'n B' are represented by the same regions, verifying that (AU B)' — A’N B’. 








EXERCISE 24H.2 
1 By drawing appropriate Venn diagrams, verify that: 
a (An B) — A'UP' b AU(BnC)-(AUB)n(AUC) 
c An(BUC)-(AnB)u(AnC) 
2 Suppose S = {x |x is a positive integer < 100). 
Let A = {multiples of 7 in S} and B = {multiples of 5 in S}. 
a How many elements are there in: i A ii B iii ANB iv AUB? 
If n(E) represents the number of elements in set E, verify that 
n(AUB)=n(4) +n(B) -n(AN B). 
c Use the figure alongside to establish that 
n(AU B) = n(A) + n(B) — n(AN B) 
for all sets A and B in a universal set U. 








a+b 
a+b+e+d' 





From the Venn diagram, P(A) = 





a Use the Venn diagram to find: 
i P(B) ii P(An B) ili P(AU B) iv P(A) + P(B) — P(ANB) 
b What is the connection between P(AUB) and P(A) + P(B) — P(ANB)? 
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' PROBABILITY 





THE ADDITION LAW 


In the previous exercise we demonstrated the addition law of probability: 


For two events A and B, P(AU B) 2 P(A) -- P(B) — P(An B) 
which means: P(either A or B or both) = P(A) + P(B) — P(both A and B). 


COTA Tutor 





If P(A) 2 0.6, PLAU B) — 0.7, and P(An B) — 0.3, find P(B). 


P(AU B) 2 P(A) - P(B) - P(An B) 
0.7 = 0.6 + P(B) — 0.3 


P(B) = 0.4 
or Using a Venn diagram with the probabilities on it, 
a+ 0.3 = 0.6 and ë a@+b+03=0.7 
S 0-203 a a FOTONA 
y| 4 B a 


b= 0.1 
P(B) = 0.3 +b = 0.4 








MUTUALLY EXCLUSIVE OR DISJOINT EVENTS 


If A and B are mutually exclusive events then P(A N B) =0 
and so the addition law becomes P(AU B) = P(A) + P(B). 
U A B 


Example 22 x5) Self Tutor 


A chocolate is randomly selected from a box which contains 6 chocolates with hard centres and 
12 chocolates with soft centres. 


Let H be the event that a randomly selected chocolate from the box has a hard centre, and S be 
the event that a randomly selected chocolate from the box has a soft centre. 

a Are the events H and S mutually exclusive? 

b Find: i P(H) ii P(S) iii P(H N 8S) iv P(HUS). 


a Chocolates cannot have both a hard and a soft centre. 


H and S are mutually exclusive. 
e i P(D-$-i i P(S)—i2—à 
iii PANS)=0 {a chocolate cannot have a hard and a soft centre} 
iv P(HU S) 2 i$—1 {a chocolate must have a hard or a soft centre] 
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CONDITIONAL PROBABILITY 


Given two events A and B, the conditional probability of A given B is the probability 
that A occurs given that B has already occurred. 


The conditional probability is written A | B and read as “A given B". 


Example 23 x) $elf Tutor 


In a class of 25 students, 14 like pizza and 16 like iced coffee. One student likes neither and 


6 students like both. One student is randomly selected from the class. What is the probability that 
the student: 


a likes pizza b likes pizza given that he or she likes iced coffee? 


The Venn diagram of the situation is shown. 
a Ofthe 25 students, 14 like pizza. 

P(pizza) = # 

b Of the 16 who like iced coffee, 6 like pizza. 


P(pizza | iced coffee) = E 











P(ANB 
If A and B are events then. P(A| B) — TEN 


Proof: P(A| B) — {Venn diagram} 
b 
Boa 
= 
CA) 
_ PAM) 
|. R(B) 

















It follows that: P(AN B) = P(A| B) P(B) 


P(AN B) = P(B| A) P(A). 


EXERCISE 241 


1 If P(A) =0.4, P(AUB)=0.9, and P(ANB)=0.1, find P(B). 
2 If P(X)=0.6, P(Y)=0.5, and P(XUY)=0.9, find P(X NY). 
3 A and B are mutually exclusive events. 


If P(B)=0.45 and P(AUB)=0.8, find P(A). 
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Example 24 x) $elf Tutor 





In a class of 40 students, 34 like bananas, 22 like pineapple, and 2 dislike both fruits. A student 
is randomly selected. Find the probability that the student: 


a likes both fruits b likes at least one fruit 
€ likes bananas given that he or she likes pineapple 


d dislikes pineapple given that he or she likes bananas. 




















B represents students who like bananas. 
B P P represents students who like pineapple. 
o We are given that a+b= 34 
U 2 b+c=22 
B P a+b+c=38 
s scd andiso Dells 
U 2 and a — 16 
a P(likes both) b P(likes at least one) c P(B|P) d Pre AB! 
CR m = 18 — 16 
~ 40 = 40 = 34 
mU — 19 E E 
= 20 = a0 Sm iiu 
Example 25 x) $elf Tutor 


The top shelf in a cupboard contains 3 cans of pumpkin soup and 2 cans of chicken soup. The 
bottom shelf contains 4 cans of pumpkin soup and 1 can of chicken soup. 


Lukas 1s twice as likely to take a can from the bottom shelf as he is from the top shelf. Suppose 
Lukas takes one can of soup without looking at the label. Determine the probability that it: 


a is chicken b was taken from top shelf given that it is chicken. 





T represents the top shelf. 
B represents the bottom shelf. 
P represents the pumpkin soup. 
C represents the chicken soup. 
a P(soup is chicken) 


=3x2+2x {paths @ and @} 


3 
m =$ 
, T mit 
3 P(top shelf | chicken) 


T P(top shelf and chicken) 
B 12 P(chicken) 


3 B 
T path (1) 


2 
3% 
from a 


soup 





EM 
4 


15 





ole 
Q 
(3 
| 
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In a group of 50 students, 40 study Mathematics, 32 study Physics, and each student studies at least 
one of these subjects. 


a Use a Venn diagram to find how many students study both subjects. 

b Ifa student from this group is randomly selected, find the probability that he or she: 
i studies Mathematics but not Physics 
ii studies Physics given that he or she studies Mathematics. 


In a group of 40 boys, 23 have dark hair, 18 have brown eyes, and 26 have dark hair, brown eyes, 
or both. One of the boys is selected at random. Determine the probability that he has: 


a dark hair and brown eyes 6 neither dark hair nor brown eyes 


€ dark hair but not brown eyes d brown eyes given that he has dark hair. 


50 students went bushwalking. 23 were sunburnt, 22 were 
bitten by ants, and 5 were both sunburnt and bitten by ants. 
Determine the probability that a randomly selected student: 


a escaped being bitten 
was bitten or sunburnt (or both) 


was neither bitten nor sunburnt 





b 

€ 

d was bitten, given that he or she was sunburnt 

e was sunburnt, given that he or she was not bitten. 


400 families were surveyed. It was found that 90% had a TV set and 60% had a computer. Every 
family had at least one of these items. One of these families is randomly selected, and it is found 
that it has a computer. Find the probability that it also has a TV set. 


In a certain town three newspapers are published. 20% of the population read A, 16% read B, 14% 
read C, 8% read A and B, 5% read A and C, 4% read B and C, and 2% read all 3 newspapers. A 
person is selected at random. Use a Venn diagram to help determine the probability that the person 
reads: 


a none of the papers b atleast one of the papers 
c€ exactly one of the papers d A or B (or both) 

€ A, given that the person reads at least one paper 
f 


C, given that the person reads either A or B or both. 


Urn A contains 2 red and 3 blue marbles, and urn B contains 4 red and 1 blue marble. Peter selects 
an urn by tossing a coin, and takes a marble from that urn. 

a Determine the probability that it is red. 

6 Given that the marble is red, what is the probability that it came from B? 
The probability that Greta’s mother takes her shopping is 2. When Greta goes shopping with her 
mother she gets an icecream 70% of the time. When Greta does not go shopping with her mother 
she gets an icecream 30% of the time. 
Determine the probability that: 

a Greta's mother buys her an icecream when shopping 


6 Greta went shopping with her mother, given that her mother buys her an icecream. 
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11 Ona given day, machine A has a 10% chance of malfunctioning and machine B has a 7% chance 
of the same. Given that at least one of the machines malfunctioned today, what is the chance that 
machine B malfunctioned? 


12 On any day, the probability that a boy eats his prepared lunch is 0.5. The probability that his sister 
eats her lunch is 0.6. The probability that the girl eats her lunch given that the boy eats his is 0.9. 
Determine the probability that: 


a both eat their lunch b the boy eats his lunch given that the girl eats hers 
€ atleast one of them eats their lunch. 
13 The probability that a randomly selected person has cancer is 0.02. The probability that he or she 


reacts positively to a test which detects cancer is 0.95 if he or she has cancer, and 0.03 if he or she 
does not. Determine the probability that a randomly tested person: 


a reacts positively b has cancer given that he or she reacts positively. 


15 A double-headed, a double-tailed, and an ordinary coin are placed in a tin can. One of the coins 
is randomly chosen without identifying it. The coin is tossed and falls “heads”. Determine the 
probability that the coin is the “double-header’. 


A and B are independent events if the occurrence of each one c» means 
of them does not affect the probability that the other occurs. ‘if and only if’. 


This means that P(A | B) = P(A | B’) = P(A). 








Using P(AN B) = P(A | B)P(B) we see that 
A and B are independent events => P(AN B) = P(A)P(B) z 
which is the result we saw earlier. 


Example 26 x) $elf Tutor 


When two coins are tossed, A is the event of getting 2 heads. When a die is rolled, B is the event 
of getting a 5 or 6. Show that A and B are independent events. 








2 coins 


P(A) = - and P(B) = 2. de A 
6 
Therefore, P(A) P(B) = - x 2 - i 5 
P(An B) n 
— P(2 heads and a 5 or a 6) " 
=A 
ae 
12 


HAREE 
Since P(AN B) = P(A)P(B), the events A and B are independent. 
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Suppose P(A) = 5, P(B) — i, and P(AU B) — p. Find p if: 


a A and B are mutually exclusive b A and B are independent. 





a If A and B are mutually exclusive, ANB=@ andso P(ANB)=0 
But P(AU B) 2 P(A) - (B) - P(An B) 
p=4+4-0=3 
b If A and B are independent, P(AM B) = P(A) P(B) = 3 x 
P(AUB)=$+4-4 


p=? 








Example 28 


Suppose P(A) = 2, P(B| A) = 4, and P(B| A’)= 4. Find: a P(B) b P(An B!) 


P(BN A) E A y 
FUB ae so P(BnA)-P(B|A)P(4)-ix2-4À 
Similarly P(BnA-P(B|A^)P(A^)-— i x 3 = A 
the Venn y 5 a PB)-i-i-uü 
diagram is: b P(An B) - P(A) - P(An B) 
=2-2 
= 5 TE 
E 
U = 15 





EXERCISE 24J 
1 If P(R) 2 0.4, P(S) — 0.5, and P(RU S) — 0.7, are R and S independent events? 
2 If P(A) — 2, P(B) — i, and P(AU B) — find: 
a P(An B) b P(B|A 
Are A and B independent events? 


3 If P(X) =0.5, P(Y) = 0.7, and X and Y are independent events, determine the probability of 
the occurrence of: 
a both X and Y b X orY or both c neither X nor Y 
d X but not Y € X given that Y occurs. 


zi 
) c P(A| B) 


A4 The probabilities that students A, B, and C can solve a particular problem are 3, 3> 


If they all try, determine the probability that at least one of the group solves the problem. 


and > respectively. 


5 a Find the probability of getting at least one six when a die is rolled 3 times. 
b Find the smallest n such that P(at least one 6 in n rolls of a die) > 99%. 
A and B are independent events. Prove that A’ and B’ are also independent events. 


7 Suppose P(An B) — 0.1 and P(An B') 2 0.4. Find P(AU B") given that A and B are 
independent. 
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8 Suppose P(C) = 4, P(C| D’) = 2, and P(C | D) = £. 
a Find: i P(D) ii P(C'UD') 
b Are C and D independent events? Give a reason for your answer. 


9 Ruba and Hania play a game in which they take it in turns to select a card, with replacement, from 
a well-shuffled pack of 52 playing cards. The first person to select an ace wins the game. Ruba has 
the first turn. 

a i Find the probability that Ruba wins on her third turn. 
ii Show that the probability that Ruba wins prior to her (n +1)th turnis 43 (1 — (23). 
iii Hence, find the probability that Ruba wins the game. 
b If Ruba and Hania play this game seven times, find the probability that Ruba will win more 
games than Hania. 


10 Robot 3PCO stands on the edge of a cliff and takes random 
steps either towards or away from the cliff’s edge. 
The probability of 3PCO stepping away from the edge is 
3, and towards the edge is 2. 
Find the probability 3PCO does not step over the cliff in 
his first four steps. 










Permutations and combinations can sometimes be used to find probabilities of various events. They 
are particularly useful if the sample size is large. 
Remember that: 

e permutations involve the ordering of objects or things 

e combinations involve selections such as committees or teams. 


Example 29 x) $elf Tutor 
A squad of 13 players includes 4 brothers. A team of 7 is randomly selected by drawing names 
from a hat. Determine the probability that the team contains: 

a all the brothers b atleast 2 of the brothers. 


There are (2 ) different teams of 7 that can be chosen from 13 people. 


a Of these teams, (5 (2 contain all 4 brothers and any 3 others. 


: (4) (3) 
P(team contains all the brothers) = BUM = 0.0490 
7 
b P(at least 2 brothers) = P(2 brothers or 3 brothers or 4 brothers) 
E N 
DNE MEM 


= 0.783 
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EXERCISE 24K 


1 A committee of 4 is chosen from 11 people by random selection. Two sisters were amongst the 
group from which the selection was made. Find the probability that both sisters are chosen for the 
committee. 


2 4 alphabet blocks D, A, I, and S are placed at random in a row. What is the likelihood that they 
spell out either AIDS or SAID? 


3 A team of 7 is randomly chosen from a squad of 12 including the club captain and vice captain. 
Determine the probability that both the captain and vice-captain are chosen. 


4 Of the 22 people on board a plane, 3 are professional golfers. If the plane crashes and 4 people are 
killed, determine the chance that all three golfers survive. 


5 5 boys sit at random on 5 seats in a row. Determine the probability that the two friends Keong and 
James sit: 
a atthe ends of the row b together. 
6 A committee of 5 is randomly selected from 9 men and 7 women. Determine the likelihood that it 
consists of: 
a all men b at least 3 men € atleast one of each sex. 


7 6 people including friends A, B, and C are randomly seated on a row of 6 chairs. Determine the 
likelihood that A, B, and C are seated together. 


8 A school committee of 7 is chosen at random from 11 senior students and 3 junior students. Find 
the probability that: 


a only senior students are chosen b all three junior students are chosen. 





Suppose a sample space U is partitioned into two mutually exclusive regions by an event A and its 
complement A'. 


We can show this on a Venn diagram as 


or A A’ 


O 


U U 


Now consider another event B in the sample space U. We can show this on a Venn diagram as 


P(B | A) P(A) 
P(B) 
where P(B) = P(B| A) P(A) + P(B| A’) P(A’). 


Bayes’ theorem states that P(A | B) = 


Proof: (AL || 1B) = 
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P(An B) E P(B | A) P(A) 
PODES Were) 


where P(B) 2 P(Bn A) - P(Bn A) 
= P(B | A) P(A) + P(B| A’) P(A’) 





Example 30 x) $elf Tutor 





A can contains 4 blue and 2 green marbles. One marble is randomly drawn from the can without 
replacement and its colour is noted. A second marble is then drawn. Find the probability that: 
a the second marble is blue 
b the first marble was green given that the second marble is blue. 
Let A be the event that the first marble is 4 B 
green. 5 
A 
Let B be the event that the second marble = 1 E 
is blue. > 
3 
6 M 
MEOS 
a P(second marble is blue) b P(first was green | second is blue) 
— P(B) — P(A | B) 
y / 
— P(B | A) P(A) + P(B | A’) P(A’) = E(B AEA) {Bayes’ theorem} 
Ta oe d P(B) 
5 6 5 6 Ae 
= 3 ==> {using a} 
3 
ee 
mi 





EXERCISE 24L 


3 


Coffee machines A and B produce coffee in identically shaped plastic cups. A produces 65% of the 
coffee sold each day, and B produces the remainder. A underfills a cup 4% of the time, while B 
underfills a cup 5% of the time. 


a A cup of coffee is chosen at random. Find the probability that it is underfilled. 
b A cup of coffee is randomly chosen and is found to be underfilled. Find the probability that it 
came from A. 

54% of the students at a university are female. 8% of the male students are colour-blind and 2% of 
the female students are colour-blind. 

a A randomly chosen student is colour-blind. Find the probability that the student is male. 

b A randomly chosen student is not colour-blind. Find the probability that the student is female. 
A marble is randomly chosen from a can containing 3 red and 5 blue marbles. It is replaced by two 


marbles of the other colour. Another marble is then randomly chosen from the can. If the marbles 
chosen are the same colour, what is the probability that they are both blue? 
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3596 of the animals in a deer herd carry the TPC gene. 
58% of these deer also carry the SD gene, while 23% 
of the deer without the TPC gene carry the SD gene. If 
a deer is randomly chosen and is found to carry the SD 
gene, what is the probability that it does not carry the TPC 
gene? 





A new blood test has been designed to detect a form of cancer. The probability that the test 
correctly identifies someone with the cancer is 0.97, and the probability that the test correctly 
identifies someone without the cancer is 0.93. Approximately 0.1% of the general population are 
known to contract this cancer. 

When a patient has a blood test, the test results are positive for the cancer. Find the probability that 
the patient actually has the cancer. 


A man drives his car to work 80% of the time. The remainder of the time he rides his bicycle. 
When he rides his bicycle to work he is late 25% of the time, whereas when he drives his car to 
work he is late 15% of the time. On a particular day, the man arrives early. Find the probability 
that he rode his bicycle to work that day. 


The probabilities that Hiran’s mother and father will be alive after ten years are 0.99 and 0.98 
respectively. What is the probability that if only one of them is alive after ten years, it is his 
mother? 


A manufacturer produces drink bottles. He uses 2 machines which produce 60% and 40% of the 
bottles respectively. 3% of the bottles made by the first machine are defective and 5% of the bottles 
made by the second machine are defective. Find the probability that a defective bottle came from: 


a the first machine b the second machine. 





A sample space U is partitioned into three by the mutually 
exclusive events A4, A», and As. 
The sample space also contains another event B. 














a Showthat P(B) — P(B | A1) P(A1) - P(B | A3) P(A3) 4- P(B | A3) P(A3). 
b Hence show that Bayes' theorem for the case of three partitions is 


; 3 
P(A; |B) = AE A, ic {1,2,3} where P(B) = Y P(B | Aj) P(A;). 

j=l 
A newspaper printer has three presses A, B, and C which print 30%, 40%, and 30% of daily 
production respectively. Due to the age of the machines and other problems, the presses will 


produce streaks on their output 3%, 5%, and 7% of the time, respectively. 
a Find the probability that a randomly chosen newspaper 
does not have streaks. 
b Ifa randomly chosen newspaper does not have streaks, 
find the probability that it was printed by press A. 
€ If a randomly chosen newspaper has streaks, find the 
probability that it was printed by either press A or C. 
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11 12% of the over-60 population of Agento have lung cancer. Of those with lung cancer, 5096 were 
heavy smokers, 40% were moderate smokers, and 10% were non-smokers. Of those without lung 
cancer, 5% were heavy smokers, 15% were moderate smokers, and 80% were non-smokers. 

A member of the over-60 population of Agento is chosen at random. Find the probability that the 
person: 

a was a heavy smoker 

b has lung cancer given the person was a moderate smoker 


€ has lung cancer given the person was a non-smoker. 


THEORY OF KNOWLEDGE 


Modern probability theory began in 1653 
when gambler Chevalier de Mere contacted 
mathematician Blaise Pascal with a problem on 
how to divide the stakes when a gambling game is 
interrupted during play. Pascal involved Pierre de 
Fermat, a lawyer and amateur mathematician, and 
together they solved the problem. In the process 
they laid the foundations upon which the laws of 
probability were formed. 

















Blaise Pascal IET de Fermat 


Applications of probability are now found from quantum physics to 
medicine and industry. 


The first research paper on queueing theory was published in 1909 by the 
Danish engineer Agner Krarup Erlang who worked for the Copenhagen 
Telephone Exchange. In the last hundred years this theory has become 
an integral part of the huge global telecommunications industry, but it is 
equally applicable to modelling car traffic right down to queues at your 
local supermarket. 





Agner Krarup Erlang 


Statistics and probability are used extensively to predict the behaviour of the global stock market. 
For example, American mathematician Edward Oakley Thorp developed and applied hedge fund 
techniques for the financial markets in the 1960s. 


On the level of an individual investor, money is put into the stock market if there is a good probability 
that the value of the shares will increase. This investment has risk, however, as witnessed recently 
with the Global Financial Crisis of 2008 - 2009. 


1 In what ways can mathematics model the world without using functions? 
2 How does a knowledge of probability theory affect decisions we make? 


3 Do ethics play a role in the use of mathematics? 
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REVIEW SET 24A TOR 


10 


11 
12 


List the different orders in which 4 people A, B, C, and D could line up. If they line up at 
random, determine the probability that: 


a Ais next to C b there is exactly one person between A and C. 


Given P(A) — m is the probability of event A occurring in any given trial: 
a Write P(A’) in terms of m. 
b State the range of possible values of m. 


€ Suppose two trials are performed independently. Find, in terms of m, the probability of A 
occurring: 
i exactly once ii at least once. 


A coin is tossed and a square spinner labelled A, B, C, D, is twirled. Determine the probability 
of obtaining: 


a a head and consonant b atail and C € atail or a vowel or both. 
The probability that a man will be alive in 25 years is 2, and the probability that his wife will 
be alive is 3: Determine the probability that in 25 years: 

a both will be alive b at least one will be alive c only the wife will be alive. 
Given P(Y) = 0.35 and P(X UY) — 0.8, and that X and Y are mutually exclusive events, 
find: 

a P(XnY) b P(X) 

c the probability that X occurs or Y occurs, but not both X and Y. 

What is meant by: a independent events b mutually exclusive events? 
Graph the sample space of all possible outcomes when a pair of dice is rolled. Hence determine 
the probability of getting: 

a asum of 7 or 11 b a sum of at least 8. 

In a group of 40 students, 22 study Economics, 25 study Law, and 3 study neither of these 
subjects. Determine the probability that a randomly chosen student studies: 

a both Economics and Law b at least one of these subjects 

€ Economics given that he or she studies Law. 


The probability that a particular salesman will leave his sunglasses behind in any store is i. 


Suppose the salesman visits two stores in succession and leaves his sunglasses behind in one of 
them. What is the probability that the salesman left his sunglasses in the first store? 


Each time Mae and Ravi play chess, Mae has probability 4 of winning. If they play 5 games, 
determine the probability that: 


a Mae wins 3 of the games b Mae wins either 4 or 5 of the games. 


Suppose P(X'|Y)— 2, P(Y)=2, and X NY Ø. Find P(X). 


The diagram alongside shows an electrical circuit with DA 
switches. The probability that any switch is open is i. A B 
Determine the probability that the current flows from A 


A to B. 
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13 One letter is randomly selected from each of the names JONES, PETERS, and EVANS. 


Find the probability that: 








a the three letters are the same b exactly two of the letters are the same. 
REVIEW SET 24B L 

1 Niklas and Rolf play tennis with the winner being the first to win two sets. Niklas has a 40% 
chance of beating Rolf in any set. Draw a tree diagram showing the possible outcomes and 
hence determine the probability that Niklas will win the match. 

2 Ifl buy 4 tickets in a 500 ticket lottery, and the prizes are drawn without replacement, determine 
the probability that I will win: 

a the first 3 prizes b at least one of the first 3 prizes. 

3 The students in a school are all vaccinated against 
measles. 48% of the students are males, of whom 
16% have an allergic reaction to the vaccine. 35% of 
the girls also have an allergic reaction. A student is 
randomly chosen from the school. Find the probability 
that the student: 

a has an allergic reaction 
b is female given that a reaction occurs. 
A4 On any one day it could rain with 25% chance and be windy with 36% chance. 
a Draw a tree diagram showing the possibilities with regard to wind and rain on a particular 
day. 
b Hence determine the probability that on a particular day there will be: 
i rain and wind ii rain or wind or both. 
¢ What assumption have you made in your answers? 

5 A, B, and C have 10%, 20%, and 30% chance of independently solving a certain maths problem. 
If they all try independently of one another, what is the probability that at least one of them will 
solve the problem? 

6 Two events are defined such that P(A) =0.11 and P(B)=0.7. n(B)- 14. 

a Calculate: i P(A’) il n(U) 
b If A and B are independent events, find: i P(An B) ii P(A| B) 
€ Ifinstead, A and B are mutually exclusive events, find P(AU B). 
7 Let C be the event that “a person has a cat" and D be the event that *a person has a dog". 


bio E CAD ad o (CA 
a Copy and complete the tree diagram by marking a D 
probability on each branch. (c 
b Ifa person is chosen at random, find the probability 
that the person has: 
i a cat and a dog 


ii at least one pet (cat or dog). 


776 


10 


12 


13 


14 


PROBABILITY (Chapter 24) 


A survey of 200 people included 90 females. It found that 60 people smoked, 40 of whom were 
male. 
a Use the given information to complete the 


| Male | Total | 
table: SS SSS 









b A person is selected at random. Find the | Non-smoker 
probability that this person is: | Tgl | 
































i a female non-smoker 
ii a male given the person was a non-smoker. 


c If two people from the survey are selected at random, calculate the probability that: 
i both of them are non-smoking females 
ii one is a smoker and the other is a non-smoker. 


In a certain class, 91% of the students passed Mathematics and 88% of the students passed 
Chemistry. 85% of students passed both Mathematics and Chemistry. 
a Show that the events of passing Mathematics and passing Chemistry are not independent. 


b A randomly selected student passed Chemistry. Find the probability that this student did 
not pass Mathematics. 


A group of ten students includes three from Year 12 and four from Year 11. The principal calls 
a meeting with five students randomly selected from the group. Calculate the probability that 
exactly two Year 12 and two Year 11 students are called to the meeting. 


A person with a university degree has a 0.33 chance of getting an executive position. A person 
without a university degree has a 0.17 chance of getting an executive position. If 7896 of 
all applicants for an executive position have a university degree, find the probability that the 
successful applicant does not have one. 


A team of five is randomly chosen from six doctors and four dentists. Determine the probability 
that it consists of: 


a all doctors b at least two doctors. 


With each pregnancy, a particular woman will give birth to either a single baby or twins. There 
is a 15% chance of having twins during each pregnancy. Suppose that after 2 pregnancies she 
has given birth to 3 children. Find the probability that she had twins first. 


Four different numbers are randomly chosen from the set S = {1, 2, 3, 4, 5, ...., 10}. 
X is the second largest of the numbers selected. 
Determine the probability that X is: a 2 b 7 cuo 


REVIEW SET 24C 


2 


Systematically list the possible sexes of a 4-child family. Hence determine the probability that 
a randomly selected 4-child family has two children of each sex. 


A bag contains 3 red, 4 yellow and 5 blue marbles. Two marbles are randomly selected from 
the bag without replacement. What is the probability that: 
a both are blue b they have the same colour 


€ at least one is red d exactly one is yellow? 


PROBABILITY (Chapter 24) 377 


3 
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A class contains 25 students. 13 play tennis, 14 play volleyball, and 1 plays neither of these 
Sports. 


a A student is randomly selected from the class. Determine the probability that the student: 
i plays both tennis and volleyball ii plays at least one of these sports 
iii plays volleyball given that he or she does not play tennis. 
b Three students are randomly selected from the class. Determine the probability that: 
i none of these students play tennis 
ii at least one of these students plays tennis. 


An urn contains three red balls and six blue balls. 


a A ball is drawn at random and found to be blue. What is the probability that a second 
draw with no replacement will also produce a blue ball? 


b Two balls are drawn without replacement and the second is found to be red. What is the 
probability that the first ball was also red? 


€ Based on the toss of a coin, either a red ball or a blue ball is added to the urn. A ball is 
then drawn at random and found to be blue. Find the probability the added ball was red. 


A and B are independent events where P(A) =0.8 and P(B) =0.65. 
Determine: a P(AUB) b P(A| B) € P(A' | B^) d P(B| A). 


A school photocopier has a 95% chance of working on any particular day. Find the probability 
that it will be working on at least one of the next two days. 


Jon goes cycling on three random mornings of each week. When he goes cycling he has eggs 
for breakfast 70% of the time. When he does not go cycling he has eggs for breakfast 25% of 
the time. Determine the probability that Jon: 


a has eggs for breakfast b goes cycling given that he has eggs for breakfast. 


A survey of 50 men and 50 women was conducted to see how many people prefer coffee or 
tea. It was found that 15 men and 24 women prefer tea. 
a Display this information in a two-way table. C M 
b Let C represent the people who prefer coffee and 
M represent the men. Hence complete the Venn 
diagram. 


€ Calculate: i ACA ii P(M |C) 


T and M are events such that n(U) — 30, n(T) 210, n(M) —17, and n((TU M)) — 5. 
a Draw a Venn diagram to display this information. 
b Hence find: i P(T M) ii P((TOQ M)| M) 


Answer the questions in the Opening Problem on page 734. 


The independent probabilities that 3 components of a TV set will need replacing within one 
year are >> a and uu respectively. Calculate the probability that there will need to be a 
replacement of: 


a atleast one component within a year b exactly one component within a year. 


778 


12 


13 


14 


PROBABILITY (Chapter 24) 


When Peter plays John at tennis, the probability that Peter wins his service game is p and the 
probability that John wins his service game is q, where p >q and p+q>1. Which is more 
likely: 

A Peter will win at least two consecutive games out of 3 when he serves first 


B Peter will win at least two consecutive games out of 3 when John serves first? 


Two different numbers were chosen at random from the digits 1 to 9 inclusive. It was observed 
that their sum was even. Determine the probability that both numbers were odd. 


Using a 52 card pack, a ‘royal flush’ consists of the 10, J, Q, K, A of one suit. Find the 
probability of dealing: 
a a royal flush in any order b a royal flush in the order 10, J, Q, K, A. 





Discrete random 
variables 


Syllabus reference: 5.7, 5.8 


Discrete random variables 
Discrete probability distributions 
Expectation 

Variance and standard deviation 
Properties of E(X) and Var(X) 
The binomial distribution 

The Poisson distribution 


Contents: 








O"nmonoyp 


780 DISCRETE RANDOM VARIABLES (Chapter 25) 


OPENING PROBLEM 


It is known that 3.2% of the pens manufactured in a factory 
are faulty. 





The factory quality controller randomly tests 120 pens, 
checking them one at a time, and replacing them into the 
batch before the next one is chosen. 
Things to think about: 

a What will the probability be that: 





i all are faulty ii none are faulty? 
b How can we find the probability that: MAMAS 
i less than 2 are faulty ii between 5 and 10 (inclusive) are faulty? 


RANDOM VARIABLES 


In previous work on probability we have often described events by using words. However, if possible, 
it is far more convenient to use numbers. 





A random variable represents in number form the possible outcomes which could 
occur for some random experiment. 


A discrete random variable X has a set of distinct possible values. In this course you will consider 
only a finite number of outcomes, so we label them 21, 22, 23, ...., Tn. 
For example, X could be: 
e the number of houses in your suburb which have a ‘power safety switch’ 
e the number of new bicycles sold each year by a bicycle store 
e the number of defective light bulbs in the purchase order of a city store. 
To determine the value of a discrete random variable we need to count. 
A continuous random variable X could take possible values in some interval on the number line. 
For example, X could be: 
e the heights of men, which would all lie in the interval 50 « X « 250 cm 


e the volume of water in a rainwater tank, which could lie in the interval 0 « X « 100 m?. 


To determine the value of a continuous random variable we need to measure. 


PROBABILITY DISTRIBUTIONS 


For any random variable there is a corresponding probability distribution which describes the probability 
that the variable will take any particular value. 


The probability that the variable X takes value x is denoted P(X = x). 


For example, when tossing two coins, the random variable X could be 0 heads, 1 head, or 2 heads, 
so X =0, 1, or 2. The associated probability distribution is P(X = 0) = 4, P(X =1) = 4, and 
P(X =2)=4. 
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Spike graph Probability column graph 
probability probability 
3 
or i 
4 
cA > 
1 2 | 0 1 2 





number of heads number of heads 


Example 1 x) $elf Tutor 





A supermarket has three checkout points A, B, and C. A government inspector checks the weighing 
scales for accuracy at each checkout. If a weighing scale is accurate then Y is recorded, and if 
not, N is recorded. Suppose the random variable X is the number of accurate weighing scales at 
the supermarket. 


a List the possible outcomes. 


b Describe, using X, the events of there being: 


i one accurate scale ii at least one accurate scale. 





a Possible outcomes: 


b i X=1 
i X= iL, 2 aed 


Hio oU ZZ e 
Fd EU ES ES AA 
A Zna 
L NON Roy 








EXERCISE 25A 


1 Classify the following random variables as continuous or discrete: 


the quantity of fat in a sausage 

the mark out of 50 for a geography test 
the weight of a seventeen year old student 
the volume of water in a cup of coffee 
the number of trout in a lake 

the number of hairs on a cat 

the length of hairs on a horse 





the height of a sky-scraper. 


2 For each of the following: 


i identify the random variable being considered 
il give possible values for the random variable 
iii indicate whether the variable is continuous or discrete. 


To measure the rainfall over a 24-hour period in Singapore, the height of water collected in a 
rain gauge (up to 400 mm) is used. 
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b To investigate the stopping distance for a tyre with a new tread pattern, a braking experiment 
is carried out. 


¢ To check the reliability of a new type of light switch, switches are repeatedly turned off and 
on until they fail. 


3 A supermarket has four checkouts A, B, C, and D. Management checks the weighing devices at each 
checkout. If a weighing device is accurate a Y is recorded; otherwise, N is recorded. The random 
variable being considered is the number of weighing devices which are accurate. 


a Suppose X is the random variable. What values can X have? 
b Tabulate the possible outcomes and the corresponding values for X. 
c€ Describe, using X, the events of: 
i exactly two devices being accurate ii at least two devices being accurate. 
4 Consider tossing three coins simultaneously. The random variable under consideration is the number 
of heads that could result. 

a List the possible values of X. 

Tabulate the possible outcomes and the corresponding values of X. 


b 
c Find the values of P(X =x), the probability of each x value occurring. 
d 


Graph the probability distribution P(X = x) against x as a probability column graph. 





We saw in Chapter 24 that probabilities may be assigned to events in a number of ways. 


For example: 
e we can conduct experiments where we perform trials many times over until a pattern emerges 
e we can use symmetry to say the chances of a coin being a head or a tail are both i. or an ordinary 
die showing a particular number is i 


e we can evaluate the form of tennis players to predict their chances in an upcoming match. 


Whichever way probabilities are assigned, they must satisfy the following rule: 


If X is a random variable with sample space (c1, x2, 23, ..., Zn} and corresponding probabilities 
O RS OA PR O eee SL 
e O<p,<1 foral —1tomn 


Pi=P1+P2+P3 +... +Pn=1 
gp 


e (pi, .., pa]. describes the probability distribution of X. 


The mode of the distribution is the most frequently occurring value of the variable. This is the data value 
xı whose probability p; is the highest. 


The median of the distribution corresponds to the 50th percentile. If the elements of the sample space 
(zi, X2, $3, ... S4) are listed in ascending order, it will be the value z; when the cumulative sum 
pı + P2 +... +p; reaches 0.5. 


For example, when a coin is tossed twice, the number of heads X has sample space {0, 1, 2} with 
corresponding probabilities {4, 5, 1). We see that 0 € p; € 1 for each value of i, and that the 
probabilities add up to 1. 
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The probability distribution of a discrete random variable can be given: 
e in table form 
e in graphical form 
e in function form as a probability distribution function or probability mass function 


P(x) = P(X = x). The domain of the probability mass function is the set of possible values of 
the variable, and the range is the set of values in the probability distribution of the variable. 


When we consider discrete random variables, we often look at intervals of values which the variable 
may take. We need to be careful about whether the end points of an interval are included. For example, 
consider these intervals: 


Notation Statement 
the probability that X equals 3 
the probability that X is less than 3 


"d 
5 
I 


ng] 
ww w w w w 
Se Se SSS 


the probability that X is at most 3 


BY 


the probability that X is more than 3 


( 
( 
P( 
( 
( 


M MM 


"d 


the probability that X is at least 3 


"d 


the probability that X is between 3 and 7 


v 


the probability that X is at least 3 but no more than 7 
the probability that X is more than 3 but no more than 7 


rt AN 


2a ooo 
WS wV V 
MA A A 
AE 
SSE 


the probability that X is at least 3 but less than 7 











=ò Self Tutor 


A magazine store recorded the number of magazines purchased by its customers in one week. 23% 
purchased one magazine, 38% purchased two, 21% purchased three, 13% purchased four, and 5% 
purchased five. 


a What is the random variable? 

b Make a probability table for the random variable. 

€ Graph the probability distribution using a spike graph. 
d 


State the mode and median of the distribution. 


a The random variable X is the number of c 
magazines sold. 
SO, OC = IL, X MOI 0.3 


0.2 
b : | | | l 
- 1 2 3 4 ! 


probability 





sespe[empespe| t 





> 
T 


d Customers are most likely to buy 2 magazines, so this is the mode of the distribution. 
pi ~ 023 
pipa O2 EOSS O0 
Since pı + p2 2 0.5, the median is 2 magazines. 
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Show that the following are probability distribution functions: 








P(x) is a probability distribution function. 


2 
a P(x) === Se eee b P(x) = (2) (0.6)=(0.4)3=", 2=0,1,2,3 
a PD=4 PO=X% PO=%£ Pa=H 
All of these obey 0< Pla. Land > P(e) = — tp — du — = jl 





b For P(2)=(.) (06) (0.4 
POET US x 04) = 0.064 A a denedin | 
PO (gu Ss (0.6) x (04) S Chapter 
TO.) — 3 (0.6) (04) OA) 
pat Spon OG) — 0.216 
Total 1.000 


All probabilities lie between O and 1, and ` P(x 
P(x) is a probability distribution function. 








EXERCISE 25B 
1 Find k in these probability distributions: 


> are 
OSEA 
2 The probabilities of Jason scoring home runs in each game during his baseball career are given in 
the following table. X is the number of home runs per game. 


[ a [0.3333 | 0.1088 | 0. 7 0.0007 | 0.0000 
State the value of P(2). 
Find the value of a. Explain what this number means. 
Find the value of P(1) + P(2) + P(3) + P(4) + P(5). 
Draw a probability distribution spike graph of P(x) against x. 








Explain what this means. 


00 n OG a 


State the mode and median of the distribution. 


3 Papin wiy the following are not valid probability distribution functions: 


a EEIEIE eo EE a 





aay |o2 fos [0a [o7] 


4 Sally’s number of hits in each softball 
match has the following probability 
distribution: 








| 0 1 2 3 4 5 
0.07 | 0.14 | k | 0.46 | 0.08 | 0.02 


P(1< X <3) 


a State clearly what the random variable represents. 
b Find: i k ii P(X 22) iii 


€ Find the mode and median number of hits. 
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5 A die is rolled twice. 
a Draw a grid which shows the sample space. 
b Suppose X denotes the sum of the results for the two rolls. 
i Find the probability distribution of X. 
ii Draw a probability distribution column graph for X. 
iil! State the mode and median of X. 


6 Find k for the following probability distributions: 
a P(z) -k(r-2) fo z—1,2,3 b P(r)—-—* - for 2=0,1,2,3, 


z+ 





7 A discrete random variable X has probability distribution given by P(X = x) = k (1) [he 
where x = 0, 1, 2, 3, 4. 


a Find P(X =a) for z—0,1,2, 3and4. b Find k and hence find P(X 7 2). 


8 Electrical components are produced and packed into boxes of 10. It is known that 496 of the 
components produced are faulty. The random variable X denotes the number of faulty items in the 
box, and has probability distribution function 


PCs we) (000 (090)  , $9, 12.510. 
Find the probability that a randomly selected box: 


a will not contain a faulty component b will contain at least one faulty component. 


Example 4 x Self Tutor 





Two marbles are randomly selected without replacement from a bag containing 4 red and 2 blue 
marbles. Let X denote the number of red marbles selected. 


a Find the probability distribution of X. 
b Illustrate the probability distribution using a spike graph. 





b 


1% selection 2 selection 





deu O, E 
AR 
6 o 4x2 RB 
5 (^ le 
ESSI 
A 
3 a ¿Xi BR | 
E. A 2x1 BB X=0 
5 6 5 Ls 
Total îl 











9 A bag contains 5 blue and 3 green tickets and a number of tickets are randomly selected without 
replacement. We let X denote the number of blue tickets selected. 
Find the probability distribution of X if: 


a two tickets are randomly selected b three tickets are randomly selected. 
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10 When a pair of dice is rolled, D denotes the sum of the top faces. 
a Display the possible results in a table. b Find P(D — 7). 
c Find the probability distribution of D. d Find P(D28|] D 2 6) 


11 When a pair of dice is rolled, N denotes the difference between the numbers on the top faces. 


a Display the possible results in a table. S 
b Construct a probability distribution table for the possible values of N. 1 7 


Find: i P(N =3) ii P(N >3| N21) E 








12 a The exponential function e” can be defined as a power series as 
O yn q? P" 
e? — —=Sl+ 7 42 4... 
2 n! 21 38 


oo n¿—0.2 
Use this definition to evaluate y E 
n=0 n: 
6 Suppose X is the number of cars that pass a shop during the period from 3:00 pm to 3:03 pm. 
The probability distribution for X is given by 
fac 9o 
v xl 


P(X = 2) where x = 0, 1, 2, 3, .... 


i Explain why this is a valid probability distribution. 
ii Evaluate P(X —0), P(X —1), and P(X — 2). 
iii Find the probability that at least three cars will pass the shop in the given period. 


Consider the following problem: 





A die is to be rolled 120 times. On how many occasions should we expect the result to be a “six”? 


In order to answer this question we must first consider all possible outcomes of rolling the die. The 
possibilities are 1, 2, 3, 4, 5, and 6, and each of these is equally likely to occur. 


Therefore, we would expect 5 of them to be a “six”. 

5 of 120 is 20, so we expect 20 of the 120 rolls of the die to yield a “six”. 

However, this does not mean that we will get 20 sixes when we roll a die 120 times. 
If there are n trials of an experiment, and an event has probability p of occurring in each of the trials, 
then the number of times we expect the event to occur is np. 

We can also talk about the expected or mean outcome from one trial of an experiment. 


Suppose we have 10 counters. One shows the number 1, four show the number 2, three show 3, and the 
other two show 4. One counter is to be randomly selected from a hat. 


Suppose we perform this experiment 10 times. We can summarise the 
possible results in a table: 
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If the actual results match the expected frequencies, then the mean result will be 





je M Misi 
Ty 
|. 1X14 2X4 - 3x3 - 4x2 
B 1-443402 
_ 1 4 3 2 
=1x 3% + 2x 3% + 3x3 Tt 4x d 
= y Tipi 
In the general case, suppose a random variable has k possible values zi, Xo, Lz, ...., Tk 
with probabilities pj, Pa, P3, ...., Pk- 
From n trials, the expected frequencies are fi, fo, fs, ..... fe, where n= > fi. 
: o fitt 
The population mean === [mean for tabled values) 
n 


— fivit fore + fara +. + fete 
n 


-a (£) +a (£) +a (£) tta (A) 


= 11P1 + T2P2 + T3P3 + .... + TkPk 


= D Tipi 
The expected outcome for the random variable X is the mean result y. 


The expectation of the random variable X is 


E(X) =p4=) zip; or »;,«v;P(X — ai) 
i—1 i=l 





™) Self Tutor 






Each time a footballer kicks for goal he has a 3 chance of being successful. 


In a particular game he has 12 kicks for goal. How many goals would you expect him to kick? 













E=np 
= 12x 3 
=9 


Example 6 x) Self Tutor 


Find the mean of the magazine store data in Example 2. Explain what it means. 


The probability table is: — | z; | 1 2 35 eta 22 
EE 023 | 0.38 | 0.21 | 0.13 | 0.05 


Now u=} tipi 
= 1(0.23) + 2(0.38) + 3(0.21) + 4(0.13) + 5(0.05) 
= 2.39 


the expected number of goals is 















In the long run, the average number of magazines purchased per customer is 2.39. 
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FAIR GAMES 


In gambling, we say that the expected gain of the player from each game is the expected return or payout 
from the game, less the amount it cost them to play. 


The game will be fair if the expected gain is zero. 


Suppose X represents the gain of a player from each game. 
The game is fair if E(X) = 0. 





In a game of chance, a player spins a square spinner labelled 
1, 2, 3, 4. The player wins the amount of money shown in 
the table alongside, depending on which number comes up. 
Determine: 


























a the expected return for one spin of the spinner 
b the expected gain of the player if it costs $5 to play each game 
€ whether you would recommend playing this game. 


a Let Y denote the return or payout from each spin. 
As each outcome is equally likely, the probability for each outcome is i 
expected retum 2 EY) 21 x 1- 1x24 I1x5-i1x8-$4 
b Let X denote the gain of the player from each game. 
Since it costs $5 to play the game, the expected gain = E(X) = E(Y) — $5 
= $4 — $5 
= Sil 
€ Since E(X) 4 0, the game is not fair. In particular, since E(X) = —$1, we expect the 


player to lose $1 on average with each spin. We would not recommend that a person play the 
game. 








EXERCISE 25€ 


1 Ina particular region, the probability that it will rain on any one day is 0.28. On how many days 
of the year would you expect it to rain? 


2 a If3 coins are tossed, what is the chance that they all fall heads? 
b Ifthe 3 coins are tossed 200 times, on how many occasions would you expect them all to fall 
heads? 


3 If two dice are rolled simultaneously 180 times, on how 
many occasions would you expect to get a double? 


^ A single coin is tossed once. If a head appears you win 
$2, and if a tail appears you lose $1. How much would 
you expect to win when playing this game three times? 


5 During the snow season there is a 3 probability of snow 
falling on any particular day. If Udo skis for five weeks, 
on how many days could he expect to see snow falling? 





10 
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A goalkeeper has probability x of saving a penalty attempt. 
How many goals would he expect to save from 90 attempts? 





WwW. 


In a random survey of her electorate, politician A discovered the residents’ 
voting intentions in relation to herself and her two opponents B and C. The 
results are indicated alongside: 





a Estimate the probability that a randomly chosen voter in the electorate will vote for: 


i A ii B iii C. 
b If there are 7500 people in the electorate, how many of these would you expect to vote for: 
iA ii B ii C? 


A charity fundraiser gets a licence to run the following gambling game: A die 
is rolled and the returns to the player are given in the ‘pay table’ alongside. 
To play the game costs $4. A result of getting a 6 wins $10, so in fact you 
are ahead by $6 if you get a 6 on the first roll. 





a What are your chances of playing one game and winning: 


i $10 ii $4 ii $1? 
b Your expected return from throwing a 6 is i x $10. What is your expected return from 
throwing: 
i a4or5 ii a 1, 2, or 3 iii a 1, 2, 3, 4, 5, or 6? 


€ What is your overall expected result at the end of one game? 
d What is your overall expected result at the end of 100 games? 

A person rolls a normal six-sided die and wins the number of euros shown on the face. 
a Find the expected return from one roll of the die. 


Find the expected gain of the player if it costs €4 to play the game. Would you advise the 
person to play several games? 


€ Suppose it costs €k to play the game. What value(s) of k will result in: 
i a fair game ii a profit being made by the vendor? 

A person plays a game with a pair of coins. If two heads appear then £10 is won. If a head and a 
tail appear then £3 is won. If two tails appear then £5 is lost. 

a How much would a person expect to win playing this game once? 

b Ifthe organiser of the game wishes to make an average of £1 per game, how much should the 

organiser charge people per game to play? 

At a charity event there is a money-raising game involving a pair of ordinary dice. The game costs 
$a to play. When the two dice are rolled, their sum is described by the variable X. The organisers 
decide that a sum which is less than 4 or between 7 and 9 inclusive gives a loss of $3, a result 
between 4 and 6 inclusive gives a return of $7, and a result of 10 or more gives a return of $21. 

a Determine P(X < 3), P(4< X < 6), P(7< X <9), and P(X > 10). 
Show that the expected gain of a player is given by «(35 — 7a) dollars. 
What value would a need to have for the game to be ‘fair’? 


Explain why the organisers would not let a be 4. 


A Aa Ft 


If the organisers let a be 6 and the game was played 2406 times, estimate the amount of money 
raised by this game. 
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Consider again having 10 counters, one which shows 1, four which show 2, three which show 3, and 
two which show 4. One counter is to be randomly selected from a hat. If we perform this experiment 
10 times, the possible results are: 








We have already seen that the mean or expected outcome is p = 


2_ Y fi (2; — y? 


The variance of the results is co 


TL 
—lzi-58? , 4(z2- 5) , 3(æ3-u)? , Arau)? 
B 10 T 10 T 10 = 10 
= ptu) + (eu + Bless) + lea uy 
=> (2; — p)?pi 
Now consider the general case, where a random variable has k possible values 21, 22, L3, ...., Tk 
with probabilities pj, P2, P3, ...., Pk- 
From n trials, the expected frequencies are fi, fa, fs, ..... fe, where n=>> fi. 
lor — ¿1 2 
The variance g? = 25 fiísi — 
n 
_ file- p)? + f2(z2 — uy? 4 f3(a3 — y? di. di fk(zk — uy? 
TL n n n 
= pi (a1 — u)? + po(z2 — 1)? + pales — n)? -- .... -- pa(zk — uy? 
= di (as — p)?^pi 
If a discrete random variable has k possible values zi, 22, 23, ...., Uk 


with probabilities pi, po, pa, ...., Dk 
then: e the population mean or expectation is E(X) = u = ` zipi 
e the population variance is Var(X) = o? = X (x; — p)?p, = E(X — py? 


e the population standard deviation is o = /> (2; — u)? pi. 


Example 8 x9) $elf Tutor 


Find the standard deviation for the distribution: d^ 





The mean =p) => 2039 See Example 6. 


The standard deviation 


on Nr: x p)?pi 


= y (1 — 2.39)? x 0.23 + (2 — 2.39)? x 0.38 + .... + (5 — 2.39)? x 0.05 








DISCRETE RANDOM VARIABLES (Chapter 25) 791 


An alternative formula for the population standard deviation is T= /y ep, yr. 


For example, for the roll of a die: 
y => zipi = 1$) +25) + 3(5) + 
and c?— N ap; — p= =1(5 bt 2*($) 
= 2.92 


4(&) +5(3) + 6(5) =3.5 
323) +4 (3) +55) + 6%(3) — (3.5)? 


Consequently, o + 1.71. 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


digits from 1 to 6. The mean and standard deviation of the results should be a 


You can check these results using your calculator by generating 800 random 2 
good approximation of the theoretical values above. 


EXERCISE 25D 


1 A country exports crayfish to overseas markets. The 
buyers are prepared to pay high prices when the crayfish 
arrive still alive. 

If X is the number of deaths per dozen crayfish, the 
probability distribution for X is given by: 





a Find k. 
b Over a long period, what is the mean number of 
deaths per dozen crayfish? 





€ Find the standard deviation o for the probability distribution. 





2 A random variable X has probability distribution given by P(X = x) = mt Z for c= 1, 2,3. 
For this distribution, calculate the: 
a mode b median € mean y d standard deviation c. 
3 A random variable X has probability distribution given by 
Pia) = (04(08) *. 35r =0.1, 2,3, 
a Find P(x) for zx — 0, 1, 2, and 3, and display the results in table form. 


b Find the mean and standard deviation for the distribution. 
4 Use o? =) (xi —)?p; to show that 0? => xp; — p’. 


5 A random variable X has the probability 
distribution shown. 


probability 











a GE and complete: 0.3 
b Find the mean yz and standard deviation gd 


0.2 | 
0.1 
E K i a 
1 2 3 4 5 
for the distribution. 


c Determine i Pílyh—o«zx«udo) ii P(p-20<x< u+20). 
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6 An insurance policy covers a $20000 sapphire ring 
against theft and loss. If the ring is stolen then the 
insurance company will pay the policy owner in full. 
If it is lost then they will pay the owner $8000. From 
past experience, the insurance company knows that the 
probability of theft is 0.0025, and of loss is 0.03. How 
much should the company charge to cover the ring in 
order that their expected return is $100? 





7 When a pair of dice is rolled, the random variable M is the larger of the two numbers that are 
shown uppermost, or the value of a single die if a double is thrown. 


a In table form, record the probability distribution of M. 
b For the M-distribution find the: 


i mode ii median ili mean iv standard deviation. 
8 A uniform distribution has P(x1) = P(x2) = P(x3) = .... Give two examples of a uniform 
distribution. 


PROPERTIES OF E(X) 





If E(X) is the expected value of the random variable X, then: The expectation of 
o El a sum is the sum 
of the individual 
E(k*X) =kE(X) for any constant k expectations. 
( 


e E(A(X) + B(X)) = E(A(X)) + E(B(X)) for functions A and B. 


k) =k for any constant k 





For example, these properties enable us to deduce that: 
e E(5)=5 
e E(3X) =3E(X) 
e E(X?4+2X +3) = E(X?) 4 2E(X) +3 


PROPERTY OF Var( X) 


Var(X) = E(X?) — (E(X)? o Var(X) — E(X2?) — 4? 
Proof: Var(X) = E(X — py? 
E(X? — 24X + p’) 
B(X?) — 24 E(X ) +p? {properties of E(X)} 
POOE e +p? 
E(X?) — 


Il 


Il 


ue 
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Example 9 x) $elf Tutor 





Suppose X has the probability distribution: 





Find: 
a the mean of X b the variance of X € the standard deviation of X. 





a E(X) = Y zip; — 1(0.1) + 2(0.3) + 3(0.4) + 4(0.2) 
1 E(X) =27 so UER 
b E(X?) = > 270; = 17(0.1) + 27(0.3) + 37(0.4) + 47(0.2) = 8.1 
- Var(X) = E(X?) - ŒE(X)? 
= 8.1-2.7? 
et 


¢ o=,/Var(X) =0.9 








INVESTIGATION 1 


The purpose of this investigation is to discover a relationship between E(aX +b) and E(X) 
and also Var(aX +b) and Var(X). 


What to do: 


1 Consider the X-distribution: 1, 2, 3, 4, 5, each occurring with equal probability. 
a Find E(X) and Var(X). 
b If Y =2X +3, find the Y distribution. 
Hence find E(2X +3) and Var(2X +3). 
€ Repeat b for: 
II SARA li Y =-2X+5 lie 





2 Make up your own sample distribution for a random variable X and repeat 1. 
3 Record all your results in table form for both distributions. 


4 State the relationship between: e E(X) and E(aX +b) 
e Var(X) and Var(aX +b). 


From the Investigation you should have discovered that 
E(aX +b) =aE(X)+b6 and Var(aX +b) = a?Var(X). 


These results will be formally proved in the Exercise which follows. 
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Example 10 


X is distributed with mean 8.1 and standard deviation 2.37. If Y — 4X — 7, find the mean 
and standard deviation of the Y -distribution. 





B X 8 cand P Var(X | 9 317 E(4X — 7) Var(4X — 7) 
—4E(X)- 7 = 4?Var(X) 
=4(8-1)=7 Edom 
= 25.4 


For the Y -distribution, the mean is 25.4 and the standard deviation is 4 x 2.37 = 9.48. 





EXERCISE 25E 


1 Suppose X has the probability distribution: iaa 
Find: 


a the mean of X b the variance of X € the standard deviation of X. 








2 Suppose X has the probability distribution: 





Find: 
a the value of k b the mean of X € the variance of X. 


3 Suppose X has the probability distribution: 











Find: 
a E(X) b E(X?) c€ Var(X) doa 
e E(X 4 1) f Var(X 4- 1) g E(2X?+3X —7) 
4 Suppose X has the probability distribution: NN 1 [2T3T2 











a Given that E(X)=2.8, find a and b. 
b Hence show that Var(X) = 1.26. 








5 Suppose X is the number of marsupials entering a park at night. 
It is suspected that X has a probability distribution of the form 


P(X = x) = a(x? — 8x) where X =0, 1, 2, 3, ...., 8. 
a Find the constant a. 
b Find the expected number of marsupials entering the park 
on a given night. 
€ Find the standard deviation of X. 





6 An unbiased coin is tossed four times. Suppose X is the number of heads which appear. 
a Find the probability distribution of X. 
b Find: i the mean of X ii the standard deviation of X. 
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7 A box contains 10 almonds, two of which are bitter and the remainder are normal. Brit randomly 


10 


13 


selects three almonds without replacement. Let X be the random variable for the number of bitter 
almonds Brit selects. 


a Find the probability distribution of X. 
b Find: i the mean of X ii the standard deviation of X. 


The probability distribution of the discrete random variable Y is: 











a Given E(Y)=0.9, find a and b. b Hence find Var(Y). 
The score X obtained by rolling a biased pentagonal die has the probability distribution: 














a Find a. 
b Hence find: i ECX) and Var(X) 
ii E(2X) and Var(2X) 
ili E(X —1) and Var(X — 1). 
X is distributed with mean 6 and standard deviation 2. If. Y = 2X +5, find the mean and 
standard deviation of the Y -distribution. 
a Use the properties of E(X) to prove that E(aX +6) 2 aE(X) 4 b. 


b The mean of an X-distribution is 3. Find the mean of the Y -distribution where: 








i Y=3X+4 i Y=-2X+1 ii y = 22 
X is a random variable with mean 5 and standard deviation 2. 
Find E(Y) and Var(Y) for: 
a Y=2X+3 b Y=-2X+3 c y -2— 


Suppose Y —2X 4-3 where X is a random variable. 
Find in terms of E(X) and E(X?): 
a E(Y) b E(Y?) c Var(Y) 


Using Var(X) = E(X?) — (E(X))?, prove that Var(aX +b) = a?Var(X). 





Thus far in the chapter we have considered properties of general discrete random variables. 


We now examine a special type of discrete random variable which is applied to sampling with 
replacement. The probability distribution associated with this variable is the binomial probability 
distribution. 


For sampling without replacement the hypergeometric probability distribution is the model used, but that 
distribution is not part of this course. 
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BINOMIAL EXPERIMENTS 


Consider an experiment for which there are two possible results: success if some event occurs, or 
failure if the event does not occur. 


If we repeat this experiment in a number of independent trials, we call it a binomial experiment. 


The probability of a success p must be constant for all trials. Since success and failure are 
complementary events, the probability of a failure is 1—p and is constant for all trials. 


The random variable X is the total number of successes in n trials. 


INVESTIGATION 2 


When balls enter the ‘sorting’ chamber shown they hit a metal 
rod and may go left or right. This movement continues as the 
balls fall from one level of rods to the next. The balls finally 
come to rest in collection chambers at the bottom of the sorter. 


This sorter looks very much like a tree diagram rotated through 
90°. 





Click on the icon to open the simulation. Notice that the sliding 
bar will alter the probabilities of balls going to the left or right 
at each rod. 


What to do: 


1 To simulate the results of tossing two coins, set the 


bar to 50% and the sorter as shown. o SIMULATION 


Run the simulation 200 times and repeat this four more "rm 
times. Record each set of results. 


What do you notice about the results? 


A bag contains 7 blue and 3 red marbles. Two marbles are randomly selected from the bag, the 
first being replaced before the second is drawn. 


Since P(blue) = = 70%, set the bar to 7096. 
10 


a Run the simulation a large number of times. Hence estimate the probability of getting: 
i two blues ii one blue ili no blues. 
b The following tree diagram shows the theoretical probabilities for the different outcomes: 


2nd selection Outcome probability 
B BEY NES 
TO. 


a 


z 
10 
SPEC | 
10 0/410 2x BR RE 
2 B RB SeA J 56) 
A 
i Do the theoretical probabilities agree with the experimental results above? 


ii. Write down the algebraic expansion of (a +). 


iii Substitute a = and b= 3 inthe (a+b)? expansion. What do you notice? 
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3 From the bag of 7 blue and 3 red marbles, three marbles are randomly selected with replacement. 


Set the sorter to 3 levels and the bar to 70%. 
a Run the simulation many times to obtain experimental probabilities of getting: 
i three blues ii two blues ili one blue iv no blues. 


b Usea tree diagram showing 1st selection, 2nd selection, and 3rd selection to find theoretical 


probabilities for this experiment. 


€ Show that (a+b)? = a? + 3ab + 3ab? + 6. Substitute a = — and b= 
compare your results with a and b. 


THE BINOMIAL PROBABILITY DISTRIBUTION 


Suppose a spinner has three blue edges and one white edge. 
Clearly, for each spin we will get either a blue or a white. 


The chance of finishing on blue is 3 and on white is i. 


If we call a blue result a ‘success’ and a white result a ‘failure’, 
then we have a binomial experiment. 


We let p be the probability of getting a blue, so p — 3. The probability of getting a white is 1— p — i 


Consider twirling the spinner n = 3 times. 
Let the random variable X be the number of ‘successes’ or blue results, so X = 0, 1, 2, or 3. 


P(X = 0) = P(none are blue) 


fo 1st spin 2nd spin 3rd spin 
=4 7 "5g E ou 
zou F 
() NL cM 
P(X — 1) — P(1 blue and 2 white) 4 
B 3 
= P(BWW or WBW or WWB) 3 1 ey 4 B 
5 4 
= (i) (i y x3 (the 3 branches v} 1 Wv 
P(X = 2) = P(2 blue and 1 white) 3 B 
— P(BBW or BWB or WBB) : boe es 
4 1 4 
THOE w A i 
P(X = 3) = P(3 blues) 1 oW À Bf 
-y pe 
4 


The coloured factor 3 is the number of ways of getting one success in three trials, which is (5. 


Notice that: 


P(X —0) - (1)* = (3) (3)° (4)° = 0.0156 Pe probability 
P(X-1)-3(1) (8) = (3) (8) (4) & 0.1406 0.3 
«x-3-s() G -()G'Qeeme — "i 
«x-3-(' OE o 





1 2 3 
number of blues 
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elw 


This suggests that P(X — z) — (3) ( ' (n where z — 0, 1, 2, 3. 


The sum of the probabilities P(X =0)+ P(X =1)+P(X = 2)+ P(X = 3) 
= (4) +3 (3) (2) +3(4) (2) + (2) 
which is the binomial expansion for (i + 2j and (+ + 2 zm ej. 
Example 11 =ò Self Tutor 
a Expand (5 = x 
b Anarcher has a 9076 chance of hitting a target with each arrow. If 5 arrows are fired, determine 


the chance of hitting the target: 
i twice only ii at most 3 times. 


a (ko) 
A IA e C) 
b The probability of success with each arrow is p — $: 


Let X be the number of arrows that hit the target. 
The expansion in a gives the probability distribution for X. 


(BYE +56)" Gs) + 10(8)° AIDA GY + GA? 


X=) DX ROX = 3) IDEE) OX = il) P(X = 0) 
5 hits 4 hits 3 hits 2 hits 1 hit 5 misses 
1 miss 2 misses 3 misses 4 misses 


i P(hits twice only) 

Ep x 

-1($) (in) 

— 0.0081 
ii P(hits at most 3 times) 
(X X EEN 








EXERCISE 25F.1 


1 Expand (p+ q)*. 


a 
b Ifa coin is tossed four times, what is the probability of getting 3 heads? 


2 a Expand (p+q)°. 
If five coins are tossed simultaneously, what is the probability of getting: 

i 4 heads and 1 tail in any order ii 2 heads and 3 tails in any order 
ii! 4 heads and 1 tail in that order? 


g 
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3 a Expand (2 + ie 
b Four chocolates are selected at random, with replacement, from a box which contains strawberry 
creams and almond centres in the ratio 2:1. Find the probability of getting: 
i all strawberry creams ii two of each type 


iii at least 2 strawberry creams. 


4 a Expand CES M 
b In New Zealand in 1946 there were two different 

coins of value two shillings. These were ‘normal’ 
kiwis and ‘flat back’ kiwis, in the ratio 3: 1. From 
a very large batch of 1946 two shilling coins, five 
were selected at random with replacement. Find the 
probability that: 

i two were ‘flat backs’ 

ii at least 3 were ‘flat backs’ 

iii at most 3 were ‘normal’ kiwis. 





5 When rifle shooter Huy fires a shot, he hits the target 80% of the time. If Huy fires 4 shots at the 
target, determine the probability that he has: 


a 2 hits and 2 misses in any order b at least 2 hits. 


THE BINOMIAL PROBABILITY DISTRIBUTION FUNCTION 


Consider a binomial experiment for which p is the probability of a success and 1— p. is the probability 
of a failure. 


If there are n independent trials then the probability that there are r successes and m — r failures is 
Pe D ID e — Oe ede sede 

P(X =r) is the binomial probability distribution function. 

The expected or mean outcome of the experiment is pu = E(X) = np. 

If X is the random variable of a binomial experiment with parameters n and p, then we write 


X c B(n, p) where ~ reads “is distributed as”. 


We can quickly calculate binomial probabilities using a graphics calculator. 


= 
For example: ! GRAPHICS 
e To find the probability P(X =r) that the variable takes the value r, we INSTRUCTIONS 


use the binomial probability distribution function. 


e To find the probability that the variable takes a range of values, such as P(X < r) or P(X >r), 
we use the binomial cumulative distribution function. 


Some calculator models, such as the TI-84 Plus, only allow you to calculate P(X < r). To find the 
probability P(X > r) for these models, it is often easiest to find the complement P(X < r — 1) and 
use P(X >r)=1-— P(X <r-1). 
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72% of union members are in favour of a certain change to their conditions of employment. 
A random sample of five members is taken. Find: 





a the probability that three members are in favour of the change in conditions 
b the probability that at least three members are in favour of the changed conditions 
€ the expected number of members in the sample that are in favour of the change. 


Let X denote the number of members in the sample in favour of the changes. 
(8. go 2X —,1L2.3,4 gg mul me 19-9 
X ~ B(5, 0.72). 
a P= 3) (5) 072) (0.28)- 
= 0.293 


Casio fx-CG20 TI-84 Plus TI-nspire 


binomrdf£5;8.72; 
P.D 33 


*Unsaved w 


binomPaf(5,0.72,3) 0.292626 


¡Variable . 292626432 


x 
ume tel 


p 20. 
Execute 











b P(X > 3) = 0.862 
Casio fx-CG20 TI-84 Plus TI-nspire 


binomcdf 5.8.72; 

Binomial C.D 

petas. qusmienpe . 1376478208 
nS 1-Rn 


*Unsaved w 


binomCdf(5,0.72,3,5) 0.862352 


s 
2623521792 


[9 20.72 
Save Res:None 











€ E(X) =np=5 x 0.72 = 3.6 members 








EXERCISE 25F.2 
1 For which of these probability experiments does the binomial distribution apply? Justify your 
answers, using a full sentence. 

a A coin is thrown 100 times. The variable is the number of heads. 

6 One hundred coins are each thrown once. The variable is the number of heads. 

€ A box contains 5 blue and 3 red marbles. I draw out 5 marbles, replacing the marble each 
time. The variable is the number of red marbles drawn. 

d A box contains 5 blue and 3 red marbles. I draw out 5 marbles without replacement. The 
variable is the number of red marbles drawn. 

e A large bin contains ten thousand bolts, 1% of which are faulty. I draw a sample of 10 bolts 
from the bin. The variable is the number of faulty bolts. 


10 
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596 of electric light bulbs are defective at manufacture. If 6 bulbs are tested at random with each 
one being replaced before the next is chosen, determine the probability that: 


a two are defective b at least one is defective. 


In a multiple choice test there are 10 questions. Each question has 5 choices, one of which is correct. 
If 7096 is the pass mark and Raj, who knows absolutely nothing about the subject, guesses each 
answer at random, determine the probability that he will pass. 


At a manufacturing plant, 35% of the employees work night-shift. If 7 employees are each selected 
from the entire group at random, find the probability that: 


a exactly 3 of them work night-shift b less than 4 of them work night-shift 
¢ at least 4 of them work night-shift. 


Records show that 6% of the items assembled on a production line are faulty. 
A random sample of 12 items is selected with replacement. Find the probability that: 


a none will be faulty b at most one will be faulty 


€ at least two will be faulty d less than four will be faulty. 


There is a 5% chance that any apple in a crate will have a blemish. If a random sample of 25 apples 
is taken with replacement, find: 

a the probability that exactly 2 of these have blemishes 

b the probability that at least one has a blemish 

€ the expected number of apples that will have a blemish. 


The local bus service does not have a good reputation. The 8 am bus will run late on average two 
days out of every five. For any week of the year taken at random, find the probability of the 8 am 
bus being on time: 


a all 7 days b only on Monday € onany 6 days d on at least 4 days. 


An infectious flu virus is spreading through a school. The probability of a randomly selected student 
having the flu next week is 0.3. 
a MrC has a class of 25 students. 
i Calculate the probability that 2 or more students will 
have the flu next week. 
ii If more than 20% of the students have the flu next 
week, a class test will have to be cancelled. What 
is the probability that the test will be cancelled? 


b Ifthe school has 350 students, find the expected number 
that will have the flu next week. 





During a season, a basketball player has a 94% success rate in shooting from the free throw line. 
In one match the basketballer has 20 shots from the free throw line. 
a Find the probability that the basketballer is successful on: 
i all 20 throws ii at least 18 throws. 
b Find the expected number of successful throws for the match. 


Martina beats Jelena in 2 games out of 3 at tennis. What is the probability that Jelena wins a set of 
tennis 6 games to 4? 
Hint: What is the score after 9 games? 
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11 How many ordinary dice are needed for there to be a better than an even chance of at least one six 
when they are thrown together? 


12 Ifa fair coin is tossed 200 times, find the probability of obtaining: 
a between 90 and 110 (inclusive) heads b more than 95 but less than 105 heads. 
13 A new drug has 75% probability of curing a patient within one week. If 38 patients are treated using 


this drug, what is the probability that between 24 and 31 patients (inclusive) will be cured within a 
week? 


14 a Suppose P(x)= (2) p" *(1—p) where 17—-0,1,2, 9, .., n 


zx 





Prove that P(a+1)= (= z) (=) P(x) where P(0)= p”. 
at+l1 p 
b If n—5 and p=1, find P(0), P(1), P(2), ..... P(5). 


THE MEAN AND STANDARD DEVIATION OF A BINOMIAL DISTRIBUTION 


We have already seen that the expected outcome for a binomial experiment is the mean value p= np. 


INVESTIGATION 3 


In this investigation we use a calculator to calculate the mean and standard 
deviation of a number of binomial distributions. A spreadsheet can also be used ! 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


to speed up the process and handle a larger number of examples. 


We will first calculate the mean and standard deviation for the variable 
X ~ B(30, 0.25). 


What to do: 








1 Enter the possible values for X from s = O0 to EEE 
x = 30 into List 1, and their corresponding binomial a XST. 
probabilities P(X = x) into List 2. ence zn AR 


2 Draw the scatter diagram of List 1 against List 2. go Sm 3717109245 
Ln21 


3 Calculate the descriptive statistics for the distribution. 


4 Copy and complete the following table by repeating steps 1 to 3 for the remaining values of n 
and p. 
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From this Investigation you should have observed the following results which are true in general: 


Suppose X is a binomial random variable with parameters n and p, so X ~ B(n, p). 


e The mean of X is w= np. 


e The standard deviation of X is & — 4/np(1 — p). 


e The variance of X is. c? — np(1— p). 


For the case n = 1, the number of successes could be 0 or 1. 





Now yu pix; and o? = Y 2 tp; — p? 
= (1 — p)(0) + p(1) = [(0)?(1 — p) + (1)”p] - p? 
=p -p-p 
= p(1 — p) 


o =wyp(1-p) 


For the case n= 2, the number of successes could be 0, 1, or 2. 








P(0) = ($) pP- p}? = (1- py 
P(1) = ({) p'(1 —p) = 2p(1 — p) 
P(2) = (3) P0- p) = p’ 


Now u=} pizti 
= (1 — p)?(0) + 2p(1 — p) (1) + p° (2) 
= 2p(1 — p) + 2p? 
=2p(1-p+p) 
= 2p 

and o? — V zp; -,2 
= (0? x (1—p)? +1? x 2p(1 — p) + 2? x p?| — (2p)? 
= 2p(1 — p) + 4p? — Ap? 
— 2p(1 — p) 

. oe — V2p(1— p) 


| Example 13 | 13 |4) Self Tutor Self Tutor 


A fair die is rolled twelve times and X is the number of sixes that could result. 
Find the mean and standard deviation of the X -distribution. 


This is a binomial distribution with n= 12 and p= e so X ~ B(12, 5). 


So, u= np and g — np(1 == p) 


I 
= 
N 
x 
Olea 


= JE n5 
= DERE 
z 1.291 


We expect a six to be rolled 2 times, with standard deviation 1.291. 
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EXERCISE 25F.3 
1 Suppose X ~ B(6, p). For each of the following cases: 


i find the mean and standard deviation of the X -distribution 
ii graph the distribution using a column graph 
iii comment on the shape of the distribution. 


a p=05 b p=0.2 ¢ p=0.8 


2 A coin is tossed 10 times and X is the number of heads which occur. Find the mean and variance 
of the X -distribution. 


3 Suppose X — B(3,p) so P(z)-(2)p*(—p)*. 
a Find P(0) P(1) P(2) and P(3). 
Display your results in a table like the one opposite. 





b Use w=) pix; to show that u= 3p. 
¢ Use o? =) 2p; — u’ to show that o = y/3p(1— p). 
Example 14 ») $elf Tutor 


5% of a batch of batteries are defective. A random sample of 80 batteries is taken with replacement. 
Find the mean and standard deviation of the number of defective batteries in the sample. 











This is a binomial sampling situation with n = 80, p=5% = >: 


If X is the random variable for the number of defectives, then X ~ B(80, +). 


20 
So, IESO and c — Jnp(1-— p) 
= 80 x 1 9 
d 20 — A/80 x d; x 38 
& 1.949 


We expect a defective battery 4 times, with standard deviation 1.949. 








4 Bolts produced by a machine vary in quality. The probability that a given bolt is defective is 0.04. 
Random samples of 30 bolts are taken from the week's production. 


a If X is the number of defective bolts in a sample, find the mean and standard deviation of the 
X -distribution. 

b IfY is the number of non-defective bolts in a sample, find the mean and standard deviation of 
the Y -distribution. 


5 A city restaurant knows that 1396 of reservations are 
not honoured, which means the group does not arrive. 
Suppose the restaurant receives 30 reservations. Let X 
be the random variable of the number of groups that do 
not arrive. Find the mean and standard deviation of the 
X -distribution. 





DISCRETE RANDOM VARIABLES (Chapter 25) 805 


G 'RIBUTION 


The Poisson random variable was first introduced by the French mathematician Siméon-Denis Poisson 
(1781 - 1840). He discovered it as a limit of the binomial distribution as the number of trials.  — oc. 





Whereas the binomial distribution B(n, p) is used to determine the probability of obtaining a certain 
number of successes in a given number of independent trials, the Poisson distribution is used to determine 
the probability of obtaining a certain number of successes within a certain interval (of time or space). 
Examples are: e the number of incoming telephone calls per hour 

e the number of misprints on a typical page of a book 

e the number of fish caught in a large lake per day 

e the number of car accidents on a given road per month. 


The probability distribution function for the discrete Poisson random variable is PROOF 
m^*e "m 
Rg) = POX =a) = — ite ge =O), IL BE DB coo 
a! 


where m is the parameter of the distribution. 


INVESTIGATION 4 


In this investigation you should discover the mean and variance of the Poisson distribution. 
What to do: 
1 Show that f(x) =e* satisfies the differential equation f’(x) = f(x) where f(0)=1. 
2 Consider f(x) =1+ aa 
a Check that f(0)=1 and find f'(x). What do you notice? 


From the result of question 1, what can be deduced about f(x)? 


er ae which is an infinite power series. 
m: 


Check your result in b by calculating the sum of the first 12 terms of the power series for 





fx Il, 
: PD E Z 3x? r? q? 
3 By observing that mh + iO aa or + dp oc 
2r , 3x? | 4a? m 
show that ioa Ut emt (14 x). 
h If p,—-P(X—z)— 7 * for 2=0,1,2,3,..., show that: 
oo 
a x m~l b E(X)=m ¢ Var(X) =m 
c—0 
If X is a Poisson discrete random variable with parameter y then p=m and o% =m. 


Since 4 — 0? — m, we can describe a Poisson distribution using the single parameter n. 
We can therefore denote the distribution simply by Po(m). 


If X is a Poisson random variable then we write X ~ Po(m) where m = u = 0°. 
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Conditions for a distribution to be Poisson: 


1 The average number of occurrences y is constant for each interval. It should be equally likely 
that the event occurs in one specific interval as in any other. 


2 The probability of more than one occurrence in a given interval is very small. The typical number 
of occurrences in a given interval should be much less than is theoretically possible, say about 
10% or less. 


3 The number of occurrences in disjoint intervals are independent of each other. 


Consider the following example: 


When Sandra proof read 80 pages of a text book she observed the following distribution for X, the 
number of errors per page: 


E o ts 4 | 6 | 7] 8] 9 [10 





Bener 3 [11 [35 8 [5] 9 [31131 TS T 3- 


The mean for this data is p= X fizi = = = 3.2125. 
n 





Using the Poisson model with m = 3.2125, the expected frequencies are: 


CNN 
Bo [s [es rs s [ose [aon ss |o |o | vo 


The expected frequencies are close to the observed frequencies, which suggests the Poisson model is a 
good model for representing this distribution. 





Further evidence is that 
= Y zip? — 
=0(2)+1 aa) +2? (38) + .... + 10?(45) — 3.2125? 
= 3.367 
which is fairly close to m = 3.2125. 


There is a formal statistic test for establishing whether a Poisson distribution is appropriate. This test is 
covered in the Statistics Option Topic. 


EXERCISE 25G 


1 Between 9:00 am and 9:15 am on Fridays, Sven’s 


lorist Sh i he X -distribution of ph [s 
e = receives the istribution of phone | Frequer B 2[5[:6|3|9|1| 
A 


a Find the mean of the X-distribution. 
b Compare the actual data with that generated by a Poisson model. ! 


NEEMEMo | 2 sjepsje 









GRAPHICS 
CALCULATOR 


2 The Poisson random variable X has standard deviation 2.67. INSTRUCTIONS 


a What is its mean? 
6 What is its probability generating function? 
c Find: 
i P(X —2) ii P(X <3) ili P(X 2 5) iv P(X>3|X>1) 


3 


10 
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One gram of radioactive substance is positioned so that each emission of an alpha-particle will flash 
on a screen. The emissions over 500 periods of 10 seconds duration are summarised in the following 
table. 


O ttf? fs tet tet 





wwe E 


a Find the mean of the distribution. 

b Fita Poisson model to the data and compare the actual data to that from the model. 

€ Find the standard deviation of the distribution. How close is it to the square root of the mean 
found in a? 


Top Cars rents cars to tourists. They have four cars which are hired out on a daily basis. The 
number of requests each day has a Poisson distribution with mean 3. Determine the probability that: 
a none of the cars is rented b at least 3 of the cars are rented 
€ some requests will have to be refused 


d all of the cars are hired out given that at least two are. 
Consider a random variable X ~ Po(m). 
a Find m given that P(X = 1) + P(X = 2) = P(X = 3). 
b If m=2.7, find: i P(X 23) ii P(X «4| X 22). 
Wind tunnel experiments on a new aerofoil indicated there was a 98% chance of the aerofoil not 


disintegrating at maximum airspeed. In a sample of 100 aerofoils, use the Poisson distribution to 
determine the probability that: 


a only one b only two c at most 2 aerofoils will disintegrate. 
Road safety figures for a large city show that any driver has a 0.0296 chance of being killed each 
time he or she drives a car. 


a Use the Poisson approximation to the binomial distribution to find the probability that a driver 
can use a car 10 times a week for a year and survive. 

b If this data does not change, for how many years can you drive in this city and still have a 
better than even chance of surviving? 


A supplier of clothing materials looks for flaws before selling the materials to customers. The 
number of flaws follows a Poisson distribution with a mean of 1.7 flaws per metre. 


a Find the probability that there are exactly 3 flaws in 1 metre of material. 
b Determine the probability that there is at least one flaw in 2 metres of material. 
€ Find the modal value of this Poisson distribution. 


The random variable Y has a Poisson distribution with mean m, and satisfies 
P(Y =3) = P(Y = 1) + 2P(Y = 2). 

a Find the value of m correct to 4 decimal places. 

b Hence find: i P(1«Y «5) ii P2<Y <6/Y 2 4) 
The random variable U has a Poisson distribution with mean z. Let y be the probability that U 
takes one of the values 0, 1, or 2. 

a Write down an expression for y as a function of x. 

b Sketch the graph of y for 0 € x « 3. 


c Use calculus to show that as the mean increases, P(U « 2) decreases. 
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REVIEW SET 25A TO! 





INE E d , «=0,1, 2,3 isa probability distribution function. 


v2 +1 
a Find a. b Find P(X 2 1). 


2 A random sample of 120 toothbrushes is taken with replacement from a very large batch where 


496 are known to be defective. Find the mean number and standard deviation of defectives in 
the sample. 


A random variable X has the probability 
distribution function P(x) described in the 
table. 


a Find k. b Find P(X > 3). 
c Find the expectation E(X) for the distribution. 





d Find the standard deviation o for the distribution. 


a Expand € Es 2 
b A tin contains 20 pens of which 12 have blue ink. Four pens are randomly selected, with 
replacement, from the tin. Find the probability that: 
i two of them have blue ink ii at most two have blue ink. 
Three green balls and two yellow balls are placed in a hat. When two balls are randomly drawn 
without replacement, X is the number of green balls drawn. Find: 


a P(X =0) bie exe ai) G HOt =2) d E(X) 
Lakshmi rolls a normal six-sided die. She wins twice the number of pounds as the number 
shown on the face. 

a How much does Lakshmi expect to win from one roll of the die? 


b Ifit costs £8 to play the game, would you advise Lakshmi to play several games? Explain 
your answer. 


A binomial distribution has probability distribution function P(X = x) = k ( js t 
Wie se=O); I, A, BS con P. 


a Write k in the form E b Find the mean and variance of the distribution. 


a Expand E se DE 

b With every attempt, Jack has an 80% chance of 
kicking a goal. In one quarter of a match he has 
5 kicks for goal. 
Determine the probability that he scores: 


i 3 goals then misses twice 





ii 3 goals and misses twice. 


At a social club fundraiser there is a dice game where, on a single roll of a six-sided die, the 
following payouts are made: 
$2 for an odd number, $3fora2, $6fora4, and $9 fora 6. 
a Find the expected return for a single roll of the die. 
b If the club charges $5 for each roll, and 75 people play the game once each, how much 
money will the club expect to make? 
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10 Consider the two spinners illustrated: 


pentagonal square 
Spinner SD EN 


T R 
| 


3 

5 
<< . 
a 


b Calculate the probability that exactly one red will occur. 





a Copy and complete the tree diagram which 
shows all possible results when the two are 
spun together. 


The pair of spinners is now spun 10 times and X is the number of times that exactly one 
red occurs. 


i Write down expressions for P(X =1) and P(X = 9). 
ii Hence determine which of these outcomes is more likely. 


11 A biased tetrahedral die has the numbers 6, 12, and 24 marked on three of its faces. The fourth 
number is x. The table shows the probability of each of the numbers occurring if the die is 
rolled once. 

a Find y, the probability of obtaining the number 24. 
b Find the fourth number if the average result when 
rolling the die once is 14. 





¢ Find the median and modal score for one roll of this die. 


12 The random variable X has mean p and standard deviation o. 
Prove that the random variable Y = aX +b has mean au +b and standard deviation |a |o. 


REVIEW SET 25B R 


1 A binomial random variable X has probability distribution function P(x) = k (3)* SN 
where x=0,1,2,3 and k is a constant. Find: 
a k [D IJNOX 2 il) c E(X) 
d the standard deviation of the distribution. 
2 A manufacturer finds that 18% of the items produced from its assembly lines are defective. 


During a floor inspection, the manufacturer randomly selects ten items with replacement. Find 
the probability that the manufacturer finds: 


a one defective b two defective ¢ at least two defective items. 
3 From data over the last fifteen years it is known that the chance of a netballer with a knee injury 
needing major knee surgery in any one season is 0.0132. In 2007 there were 487 knee injuries 


in netball games throughout the country. Find the expected number of major knee surgeries 
required. 


4 24% of visitors to a museum make voluntary donations. On a certain day the museum has 
175 visitors. Find: 
a the expected number of donations 


b the probability that less than 40 visitors make a donation. 
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12 
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An X-ray has probability of 0.96 of showing a fracture 
in the arm. If four different X-rays are taken of a 
particular fracture, find the probability that: 


a all four show the fracture 
the fracture does not show up 





b 
€ atleast three X-rays show the fracture 
d 


only one X-ray shows the fracture. 


A school basketball team has 8 players, each of whom has a 7596 chance of turning up for any 
given game. The team needs at least 5 players to avoid forfeiting the game. 


a Find the probability that for a randomly chosen game, the team will: 
i have all of its players ii have to forfeit the game. 


b The team plays 30 games for the season. How many games would you expect the team to 
forfeit? 


The binomial distribution X ~ B(n, p) has mean 30 and variance 22.5. 
a Find n and p. 
b Hence find: D = 25) ii P(X > 25) ili P(15 x X « 25) 


The discrete random variable X has the probability distribution function 
Pe aaa tor ae Onde 
Find the value of a. 


When X plays Y at table tennis, we know from past experience that X wins 3 sets in every 5 
played. 
a If they play 6 sets, write down the probability generator. 
b Hence determine the probability that: 
i Y wins 3 of them ii Y wins at least 5 of them. 


One glass blower was known to break one out of every 200 objects he attempts. A second glass 
blower was known to break three out of every 200 objects she attempts. During one period, the 
first glass blower produced 20 objects and the second glass blower produced 40 objects. Use 
the Poisson distribution to find the probability that the glass blowers broke 2 or more objects 
between them. 


For a given binomial random variable X with 7 independent trials, we know that 
ROX = 3) = O228080.. 
a Find the smallest possible value of p, the probability of obtaining a success in one trial. 


b Hence calculate the probability of getting at most 4 successes in 10 trials. 
A discrete random variable has the probability distribution function 
P(X-—z)-—k(r-z !) where z—1,2,3,4. Find: 
a the exact value ofk b E(X) and Var(X) c the median and mode of X. 


The random variable Y has a Poisson distribution with P(Y > 3) =~ 0.033 76897 . 
Find P(Y < 3). 
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REVIEW SET 25C 


10 


Find k for the following probability distribution functions: 
k 





A random variable X has probability distribution function P(X = x) = (3) G) (= 
ior C=O. a4 
E) Final exe 49) tor w= O, 1, A & & b Find the mean p for the distribution. 
€ Find the standard deviation c for the distribution. 
A die is biased such that the probability of obtaining a 6 1s 2. The die is rolled 1200 times. Let 
X be the number of sixes obtained. Find the mean and standard deviation of X. 
Only 4096 of young trees that are planted will survive the first year. The Botanical Gardens 
buys five young trees. Assuming independence, find the probability that during the first year: 
a exactly one tree will survive b at most one tree will survive 
c at least one tree will survive. 
In a game, the numbers from 1 to 20 are written on tickets and placed in a bag. A player draws 


out a number at random. He or she wins $3 if the number is even, $6 if the number is a square 
number, and $9 if the number is both even and square. 


a Calculate the probability that the player wins: i $3 ii $6 iii $9 


b How much should be charged to play the game so that it is a fair game? 


A fair die is rolled 360 times. Find the probability that: 
a less than 50 results are a 6 b between 55 and 65 results (inclusive) are a 6. 


An unbiased coin is tossed n times. Find the smallest value of n for which the probability of 
getting at least two heads is greater than 99%. 


A hot water unit relies on 20 solar components for its power and will operate provided at least 
one of its 20 components is working. The probability that an individual solar component will 
fail in a year is 0.85, and the failure of each individual component is independent of the others. 


a Find the probability that the hot water unit will fail within one year. 


b Find the smallest number of solar components required to ensure that a hot water service 
like this one is operating at the end of one year with a probability of at least 0.98 . 


A dart thrower has a one in three chance of hitting the correct number with any throw. He 
throws 5 darts at the board and .X is the number of successful hits. 


a Find the probability generator for X. 


b Calculate the probability of the thrower scoring an odd number of successful hits given 
that he has at least two successful hits. 


A Poisson random variable X is such that P(X = 1) = P(2 < X < 4). 
a Find the mean and standard deviation of: IE | === 


b Find P(X>2). 
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11 A Poisson random variable X satisfies the rule 5Var(X) = 2[E(X)]? — 12. 
a Find the mean of X. b Find P(X <3). 


12 The random variable X has a binomial distribution for which P(X > 2) = 0.070198 for 
10 independent trials. Find P(X < 2). 


13 During peak period, customers arrive at random at a fish and chip shop at the rate of 20 customers 
every 15 minutes. 
a Find the probability that during peak period, 15 customers will arrive in the next quarter 
of an hour. 
b If the probability that more than 10 customers will arrive at the fish and chip shop during 
10 minutes of peak period is greater than 80%, the manager will employ an extra shop 
assistant. Will the manager hire an extra shop assistant? 





Continuous random 
variables 


Syllabus reference: 5.5, 5.7 


Contents: A Continuous random variables 
= B The normal distribution 
= C Probabilities using a calculator 
ae = Ss DROP 
: D The standard normal distribution 


(Z-distribution) 
Quantiles or k-values 
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OPENING PROBLEM 


A salmon breeder catches hundreds of adult fish. He records 
their weights in a frequency table with class intervals 
ESSERE MISI Om oll eS OR SOE SESE Oe 
and so on. 


The mean weight is 4.73 kg, and the standard deviation is 
0.53 kg. 


A frequency histogram of the data is bell-shaped and 
symmetric about the mean. 
Things to think about: 


a Can we use the mean and standard deviation only to 
find the proportion of salmon whose weight is: 





i greater than 6 kg ii between 4 kg and 6 kg? 
b How can we find the weight: 


In the previous chapter we looked at discrete random variables and examined binomial probability 
distributions where the random variable X could take the non-negative integer values x = 0, 1, 2, 
3, 4, ...., n for some finite n € N. 


i which 90% of salmon weigh less than ii. which 25% of salmon weigh more than? 





For a continuous random variable X, x can take any real value. 


We use a function called a probability density function to define the probability distribution. 


INVESTIGATION 1 


In statistics we can use a cumulative frequency graph 
to help find the percentage of data values above or 
below a certain value. 


cumulative frequency 


For example, the graph alongside shows the cumulative 
frequency, expressed as a percentile of all the data, for 
different values of the variable X. 


We see that 0.7 = 7096 of the data is less than 5. 





What to do: 


1 a Explain why the graph of a cumulative frequency function is always increasing. 
Find the range of a cumulative frequency function if the cumulative frequency is expressed 
as a percentile of all the data. 
c If the cumulative frequency graph becomes very steep over a particular interval, what does 
this indicate about the number of data values in that interval? 


CONTINUOUS RANDOM VARIABLES (Chapter 26) 815 


2 Now consider the gradient function of the cumulative frequency function. Explain why: 
a the gradient function is always positive 


b a high value for the gradient function at a given value of x indicates a high frequency of 
data values around that value of x 


€ the gradient function gives the probability density function of the data. 
So, if we differentiate the cumulative frequency function, we obtain the probability density function. 
Reversing this process, if we know the probability density function of a data set, then we can integrate 
it to obtain the cumulative frequency function. 


3 The students at a school were asked how far 








they live from their local library. The probability 0.4 
density function for the distances is 
fx)eise-*, 0 «12. Dis 227 
a Explain the significance of the domain 0.2 
DERE. 
b Use integration by parts to show that the 0.1 
cumulative frequency function is 
F(x) = —iz?e *— ze *—e "+0, where ~“ i 12 z (km) 
c is a constant. 
€ i Explain why F(0)=0. ii Hence, find c. 


d State the domain of F(x). 


e i Find F(3), and interpret your result. 
ii Find j! f(x) dx. Compare your answer to e i. 
f Use technology to sketch the graph of F(x). 


g Predict the value of / f(x) dx. Use technology to check your answer. 
0 


For a continuous random variable X, the probability density function is a function f(x) such that 
f(x) 2 0 on its entire domain. 


If the domain of the function is a < x < b, then 
b 

f if(@e) Che = 1. 

The probability that X lies in the interval c < X < d is 


pe<x<d= | f(e) de 


< 








For a continuous variable X, the probability that X is exactly equal to a particular value is zero. So, 
P(X =x)=0 for all z. 


For example, the probability that an egg will weigh exactly 72.9 g is zero. 


If you were to weigh an egg on scales that weigh to the nearest 0.1 g, a reading of 72.9 g means the 
weight lies somewhere between 72.85 g and 72.95 g. No matter how accurate your scales are, you can 
only ever know the weight of an egg within a range. 
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So, for a continuous variable we can only talk about the probability that an event lies in an interval. 
A consequence of this is that P(c < X < d) = P(e < X < d) = P(e < X < d) = P(e < X < d). 


This would not be true if X was discrete. 


PROPERTIES OF PROBABILITY DENSITY FUNCTIONS 
For a continuous probability density function: 
e The mode is the value of x at the maximum value of f(x) on [a, b]. 


e The median m is the solution for m of the equation f f(x) dx = 5. 
a a 
e The mean y or E(X) is defined as p= / CRT DEG. 


e The variance Var(X) = E(X?) — {E(X)}? = n a f(x) de—2. 


a 


We can compare these with the properties of probability distribution functions for discrete variables as 
follows: 


Discrete random variable Continuous random variable 
e p= E(X) =} tpr e n EQ) - | 2 f(z) dz 
e c? — Var(X) — E(X — uy? 
= Y le — 1)?p, e c? -— Vai(X) — E(X — u)* 
=p — p? - fe-w foy as 


- E(X?) - (E(X)P? 
= fe f(a) de- p? 
= E(X?) — {B(X)}? 


Example 1 x) $elf Tutor 





Consider the probability density function f(x) = $a, Se? 


a Check that f(a) is able to be a probability density function. 
b For this distribution find the: 

i mode ii median iii mean. 
c Find Var(X) and ø. 





Di TOME forsall 0 rao MA 
A 


Area = 4 x2 x1= 


2 
or i iz dz — [127]; =1 vi 
0 








CONTINUOUS RANDOM VARIABLES (Chapter 26) 817 


b i The maximum value of f(x) is when xz —2 


the mode — 2 
2 
ii The median is the solution of ii p= / Sra er do 
m 0 
irdz-i 2 
I : : =f La? de 
=- [LA pe — 52 0 
E a ap 
m2 i 7 [ze 0 
a -i 
mi =2 
.. m=v2 {as mé 0, 2]) 
2 
c E(X?) =f a” f(x) de Var(X) 2 2 — (11)? 
0 
-i 
PR 1,3 
-f Ls and ø= y Var(X) 
2 v2 
F [ga 0 m 
=? 








EXERCISE 26A 


1 f(x) =aa(a—4), O0<a2<4 isa continuous probability density function. 


a Find a. b Sketch the graph of y= f(z). 
€ For this distribution find the: 
i mean ii mode iii median iv variance. 


a b 
3 f(1)=ke*, 0<zx<3 isa probability density function. 


2 f(r)— —0.2(r— 0) Oszmr&b isa probability density function. Find: 
b 


the mean € the variance. 


a Find k correct to 4 decimal places. b Find the median of the distribution. 
4 f(x) =kx*(2-6), 0<x<5 isa probability density function. Find: 

a k b the mode € the median d the mean e the variance. 
5 The probability density function for the random variable Y is f(y) 25—12y, Ox y € k. 


a Under what conditions can Y be a continuous random variable? 


b Without using calculus, find k. 


1 


3 
c Notice that f (5— 12y) dy = 1. Explain why k 4 i despite this result. 
0 
d Find the mean and median value of Y. 


6 The probability density function for the random variable X is f(x) =k, a<u<b, 
a Find k in terms of a and b. 
b Calculate the mean, median, and mode of X. 
c€ Calculate Var(X) and the standard deviation of X. 
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7 The continuous random variable X has the probability density function f(r) = 2e ?*, x > 0. 
Calculate: 
a the median of X b the mode of X. 
8 A continuous random variable X has probability density function f(x) — 6cos3rz, 0 «€ zr & a. 
Find: 
a a b the mean € the 20th percentile 
d the standard deviation of X. 
9 The continuous random variable X has the probability density function f(z) — ax*, 0 € x « k. 
Given that P(X<2)=L, finda and k. 


3 243> 
10 The time taken X, in hours, to perform a particular DRY? 0x z «0.6 
task has the probability density function: 9 
f(zx)-4 —, 06xz«09 
10x? 
0 otherwise. 


Sketch the graph of this function. 
Show that f(a) is a well defined probability density function. 


Find the mean, median, and mode of X. 


Find the variance and standard deviation of X. 
Find P(0.3 « X « 0.7) and interpret your answer. 
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RIBUTION 


The normal distribution is the most important distribution for a continuous random variable. Many 
naturally occurring phenomena have a distribution that is normal, or approximately normal. Some 
examples are: 





e physical attributes of a population such as height, weight, and arm length 
e crop yields 
e scores for tests taken by a large population 


Once a normal model has been established, we can use it to make predictions about a distribution and to 
answer other relevant questions. 


HOW A NORMAL DISTRIBUTION ARISES 


Consider the oranges picked from an orange tree. They do not all have the same weight. The variation 
may be due to several factors, including: 

e genetics 

e different times when the flowers were fertilised 

e different amounts of sunlight reaching the leaves and fruit 

e different weather conditions such as the prevailing winds. 


The result is that most of the fruit will have weights close to the mean, while fewer oranges will be much 
heavier or much lighter. 


This results in a bell-shaped distribution for the weight of oranges in a crop, which is symmetric about 
the mean. 
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A TYPICAL NORMAL DISTRIBUTION 


A large sample of cockle shells was 

collected and the maximum width of each VIDEO CLIP 
shell was measured. Click on the video clip 

icon to see how a histogram of the data 

is built up. Then click on the demo icon DEMO 
to observe the effect of changing the class 

interval lengths for normally distributed 

data. 





THE NORMAL PROBABILITY DENSITY FUNCTION 





If X is normally distributed then its probability density function is | ~ is read “is distributed as” 


Ha) == F 


e ONE COE ROO 
ov 20 


where yu is the mean and c? is the variance of the distribution. 


We write X ~ N(p, o°). 





e The curve y = f(x), which is called a normal curve, is symmetrical about the vertical line 
Tan 

e As x — +00 the normal curve 
approaches its asymptote, the 
x-axis. 

Oo 

e Since the total probability must 


bel P Jr) alg e 1L 2 











SV 





e More scores are distributed closer to the mean than further away. This results in the typical 
bell shape. 


Click on the icon to explore the normal probability density function and how it changes DEMO 
when p. and c are altered. 


THE GEOMETRIC SIGNIFICANCE OF y AND o 





_1 (som 
Differentiating f(x) = me (( 2 ) 
e 


20 








we obtain f'(x) = = (=) c 


o? /2n 


'(r) 20 only when x = yp, and this corresponds to the point on the graph when f(x) isa 
M H 
maximum. 
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2 
ZH 
a ey ; ; -1 -3| cz 1 (2-p? 
Differentiating again, we obtain f(x) = e ( j ) =— 
gag T= Tae E 23 
zu 1 
F"(x)=0 when B x == 
O e 
(r-uy-c? 
qd o— JG 
que dh point of point of 
= 4 =0 . f : . 
inflection inflection 


So, the points of inflection are at 
t=p+O0 and r—yu-o. P 


MES 


For a normal curve, the standard deviation is uniquely determined as the horizontal distance from the 
line of symmetry x = u to a point of inflection. 


INVESTIGATION 2 


The purpose of this investigation is to find the proportions of normal distribution data which lie 
within c, 2c, and 3c of the mean. 


What to do: 


1 Click on the icon to start the demonstration in Microsoft. Excel. DEMO 
2 Take a random sample of size n= 1000 from a normal distribution. T 
3 Find the sample mean x and standard deviation s. 
4 Find: 
a r—s and T+s b 7-25 and rz 42s € r—3s and z 4 3s 


5 Count all values between: 
a z—s and +s b r—2s and r-4-2s € r—3s and z--3s 


6 Determine the percentage of data values in these intervals. 


7 Repeat the procedure several times. Hence suggest the proportions of normal distribution data 
which lie within: 


ao b 2c € 3o from the mean. 


HISTORICAL NOTE 


The normal distribution was first characterised by Carl Friedrich Gauss in 1809 as a way to 
rationalize his method of least squares for linear regression. 





oo 
Marquis de Laplace was the first to calculate n e% dr = Vr. This led to the correct 
1 e i 
normalization constant being used for the normal distribution, ensuring n Ede 
ov/2r —oo 
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For a normal distribution with mean y and standard deviation c, the percentage breakdown of where the 
random variable could lie is shown below: 


Normal distribution curve 








0.13% 2.15% 0.13% 





34.13% 34.13% 





2.15% 





13.59% | 13.5994 | 
u—3o p=20 p=0 H +o +20 +30 












Notice that: e ~ 68.26% of values lie between y —o and ppto 
e 95.44% of values lie between 4, — 2e and +20 





e ~ 99.74% of values lie between y —3o0 and u+30. 


Example 2 x) $elf Tutor 
The chest measurements of 18 year old male footballers are normally distributed with a mean of 
95 cm and a standard deviation of 8 cm. 
a Find the percentage of footballers with chest measurements between: 
i 87 cm and 103 cm ii 103 cm and 111 cm 


b Find the probability that the chest measurement of a randomly chosen footballer is between 
87 cm and 111 cm. 


c Find the value of k such that approximately 16% of chest measurements are below k cm. 





a i We need the percentage between 
p=0 and u+o. 34.13% 
about 68.3% of footballers have a 
chest measurement between 87 cm 
and 103 cm. 
ii We need the percentage between < 
foto and +20. 
about 13.6% of footballers have a 
chest measurement between 103 cm 
and 111 cm. 
b We need the percentage between 
p=o0 and gp 429. 
This is  2(34.13%) + 13.59% 
OIRO Ge 


So, the probability is + 0.819. 






34.13% 


13.59% 











o 1 


103 


o 1 


95 


c i 


87 


e 
111 








SY 


79 


p20 p—o u pto pt2o 





€ Approximately 1696 of data lies more than 
one standard deviation lower than the mean. 
k is ø below the mean p 
k=95-8 
= 87 cm 
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EXERCISE 26B 


1 Draw each of the following normal distributions accurately on one set of axes. 





























2 Explain why it is likely that the distributions of the following variables will be normal: 
a the volume of soft drink in cans 
b the diameter of bolts immediately after manufacture. 


3 State the probability that a randomly selected, normally distributed value lies between: 
a c below the mean and c above the mean 


b the mean and the value 2c above the mean. 


4 The mean height of players in a basketball competition is 184 cm. If the standard deviation is 5 cm, 
what percentage of them are likely to be: 


a taller than 189 cm b taller than 179 cm 
€ between 174 cm and 199 cm d over 199 cm tall? 


5 The mean average rainfall of Claudona for August is 48 mm with a standard deviation of 6 mm. 
Over a 20 year period, how many times would you expect there to be less than 42 mm of rainfall 
during August in Claudona? 


6 Two hundred lifesavers competed in a swimming race. The mean time was 10 minutes 30 seconds, 
and the standard deviation was 15 seconds. Estimate the number of competitors who: 
a took longer than 11 minutes b took less than 10 minutes 15 seconds 


€ completed the race in a time between 10 min 15 s and 10 min 45 s. 


7 The weights of babies born at Prince Louis Maternity Hospital last year averaged 3.0 kg with a 
standard deviation of 200 grams. If there were 545 babies born at this hospital last year, estimate 
the number that weighed: 


a less than 3.2 kg b between 2.8 kg and 3.4 kg. 


8 Given X — N(3, 0.17), find: 
a the probability that a randomly selected value lies within 2 standard deviations of the mean 


b the value of X which is 1 standard deviation below the mean. 


9 The weights of Jason's oranges are normally distributed. 84% of the crop weigh more than 
152 grams and 1696 weigh more than 200 grams. 


a Find yu and c for the crop. 
b What percentage of the oranges weigh between 152 grams and 224 grams? 


10 The height of male students in a university is normally distributed with mean 170 cm and standard 
deviation 8 cm. 


a Find the percentage of male students whose height is: 
i between 162 cm and 170 cm ii between 170 cm and 186 cm. 
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b Find the probability that a randomly chosen student from this group has a height: 
i between 178 cm and 186 cm ii less than 162 cm 
ili less than 154 cm iv greater than 162 cm. 


«€ Find the value of k such that 16% of the students are taller than k cm. 


11 The heights of 13 year old boys are normally distributed. 97.72% of them are above 131 cm and 
2.28% are above 179 cm. 


a Find y and ø for the height distribution. 


b A 13 year old boy is randomly chosen. What is the probability that his height lies between 
143 cm and 191 cm? 


12 When a specific variety of radish is grown without fertiliser, the weights of the radishes produced 

are normally distributed with mean 40 g and standard deviation 10 g. 
When the same variety of radish is grown in the same way but with fertiliser added, the weights 
of the radishes produced are also normally distributed, but with mean 140 g and standard deviation 
40 g. 
Determine the proportion of radishes grown: 

a without fertiliser with weights less than 50 grams 

b with fertiliser with weights less than 60 grams 

c i with and ii without fertiliser, which have weights between 20 and 60 g 


d i with and ii without fertiliser, which have weights greater than 60 g. 


13 A bottle filling machine fills an average of 20 000 bottles a day 
with a standard deviation of 2000. Assuming that production is 
normally distributed and the year comprises 260 working days, 
calculate the approximate number of working days on which: 


a under 18000 bottles are filled 
b over 16000 bottles are filled 
€ between 18000 and 24 000 bottles (inclusive) are filled. 


Using the properties of the normal probability density function, we have considered probabilities in 
regions of width c either side of the mean. 









To find probabilities more generally we use technology. 
Suppose X ~ N(10, 2.32), so X is normally 
distributed with mean 10 and standard deviation 2.3. 


To find P(8 < X < 11), we need to calculate 
11 








(x) dx, where f(a) is the probability density 
8 
function of the normal curve. 


Click on the icon to find instructions for these processes. ! 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 
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If X ~ N(10, 2.37), find these probabilities: 
a P8« X«11) b P(X«12) c P(X » 9). 





Illustrate your results. 


X is normally distributed with mean 10 and standard deviation 2.3. 
Using technology: 


a N b 


ION £ 





P(X < 12) ~ 0.808 















c 
For continuous 
E distributions, > 
SUE E P(X » 9) 2 P(X » 9). FP 
P(X > 9) = 0.668 
Example 4 x) $elf Tutor 


In 1972 the heights of rugby players were approximately normally distributed with mean 179 cm 
and standard deviation 7 cm. Find the probability that a randomly selected player in 1972 was: 


a atleast 175 cm tall b between 170 cm and 190 cm. 


If X is the height of a player then X is normally distributed with 4, — 179, c — 7. 
Using technology: 


a b 





f 179 170 179 190 ge 
175 


P(X > 175) z 0.716 P(170 « X « 190) = 0.843 








EXERCISE 26C 


1 X isa random variable that is distributed normally with mean 70 and standard deviation 4. Find: 


a P(70< X < 74) b P(68 < X < 72) c P(X « 65) 

2 X isa random variable that is distributed normally with mean 60 and standard deviation 5. Find: 
a P(60x X « 65) b P(62x X « 67) c P(X 2 64) 
d P(X « 68) e P(X <61) f P(57.5 < X < 62.5) 
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3 A machine produces metal bolts. The lengths 
of these bolts have a normal distribution with 
mean 19.8 cm and standard deviation 0.3 cm. 
If a bolt is selected at random from the machine, 
find the probability that it will have a length 
between 19.7 cm and 20 cm. 





4 Max's customers put money for charity into a collection box on the front counter of his shop. 
The average weekly collection is approximately normally distributed with mean $40 and standard 
deviation $6. What proportion of weeks would he expect to collect: 


a between $30.00 and $50.00 b at least $50.00? 


5 Eels are washed onto a beach after a storm. Their lengths 
have a normal distribution with mean 41 cm and variance 
11 cm?. 


a If an eel is randomly selected, find the probability 
that it is at least 50 cm long. 


b Find the proportion of eels measuring between 40 cm 
and 50 cm long. 


c How many eels from a sample of 200 would you 
expect to measure at least 45 cm in length? 





6 The speed of cars passing the supermarket is normally distributed with mean 56.3 kmh™! and 
standard deviation 7.4 kmh~!. Find the probability that a randomly selected car has speed: 
a between 60 and 75 kmh7! b at most 70 kmh”* 
c atleast 60 kmh7?. 


Example 5 =ù Self Tutor 
The time taken by students to complete a puzzle is normally distributed with mean 28.3 minutes 
and standard deviation 3.6 minutes. Calculate the probability that: 

a a randomly selected student took at least 30 minutes to complete the puzzle 


b out of 10 randomly selected students, at most half of them took at least 30 minutes to complete 
the puzzle. 





a Let X denote the time for a student to complete the puzzle. 
X ~ N(28.3, 3.67) 
P(X > 30) © 0.31838 {using technology} 
0.318 
b Let Y denote the number of students who took at least 30 minutes to complete the puzzle. 
Then Y ~ B(10, 0.318 38) 
P(Y < 5) ~ 0.938 {using technology} 
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7 Apples from a grower's crop were normally distributed with mean 173 grams and standard deviation 
34 grams. Apples weighing less than 130 grams were too small to sell. 


a Find the proportion of apples from this crop which were too small to sell. 


b Find the probability that in a picker's basket of 100 apples, up to 10 apples were too small to 
sell. 


8 People found to have high blood pressure are started on a course 
of tablets and have their blood pressure checked at the end of 
4 weeks. The drop in blood pressure over the period is normally 
distributed with mean 5.9 units and standard deviation 1.9 units. 

a Find the proportion of people who show a drop of more 
than 4 units. 

b Eight people from the large population taking the course 
of tablets are selected at random. Find the probability that 
more than five of them will show a drop in blood pressure 
of more than 4 units. 





RIBUTION 


RIBUTION) 





Every normal X -distribution can be transformed into the standard normal distribution or Z-distribution 
Tp 
= 


INVESTIGATION 3 


Suppose a random variable X is normally distributed with mean u and standard deviation o. 
2—Hn 


eo 


using the transformation z = 


For each value of x we can calculate a z-score using the algebraic transformation z = 


What to do: 
ul Conmckribogaaues I, 2% 2x SL »h Sh eb 4444455556 6 4 
a Draw a graph of the distribution to check that it is approximately normal. 
b Find the mean y and standard deviation o for the distribution of x-values. 


k WE S 
€ Use the transformation z = ~—" to convert each x-value into a z-value. 
G 


d Find the mean and standard deviation for the distribution of z-values. 


2 Click on the icon to load a large sample drawn from a normal population. 
By clicking appropriately we can repeat the four steps in 1. DEMO 


3 Summarise your findings. 


The Z-distribution has mean 0 and standard deviation 1. 


In fact, Z ~ N(0, 1). 


No matter what the parameters y and o of the X-distribution are, we always end up with the same 
Z-distribution Z ~ N(0, 1). 
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THE Z-TRANSFORMATION 


To explain how this works, remember that a normal X -distribution with mean u and standard deviation 
c has probability density function 


fa) = 015 
oir 


Consider first the normal distribution N(0, 1) with 4, — 0, o =1, and probability density function 


With 4, — 0 and c — 1, the transformation z = E 





is simply z = x. 


So, the distribution N(0, 1) is unchanged under the transformation, and the probability density function 
for the Z-distribution is 








Ie) = 47 
So what happens with other X-distributions? 
N(0, 1) is symmetric about the mean z — 0, with points of inflection at x = +1. 
To transform N(0, 1) into N(u, o?) we need: 
e a horizontal stretch with scale factor ø to shift the inflection points to z = +ø 


e a horizontal translation y units to the right to shift the mean to x = p. 





1 zoea 


This gives us. f(2—£) — Je E 


However, when we made the horizontal stretch, we changed the area under the curve. We know this 
needs to be 1 for a probability density function. We therefore also need: 





oo 
e a vertical stretch with scale factor 2 to ensure that / Fa) de = 1. DEMO 
oO 
—oo 
B : . 1 ¿(E 
We now have the probability density function f(x) = e 9 7^, 
ov2r 


The Z-transformation does this in reverse, so no matter what normal distribution we start 
with, we end up with the standard normal distribution function f(z). 


HISTORICAL NOTE 


Notice that the normal distribution function f(a) has two parameters u and ø, whereas the standard 
normal distribution function f(z) has no parameters. This means that a unique table of values can 
be constructed for f(z). 


Before graphics calculators and computer packages, it was impossible to calculate probabilities for a 
general normal distribution N(p, 07). 


Instead, all data was transformed using the Z-transformation, and the standard normal distribution 
table was consulted for the required probability values. 
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THE SIGNIFICANCE OF THE Z-DISTRIBUTION 


1 
zz? 


The probability density function for the Z-distribution is f(z) = Jm Qj U^. xXeg m ue es. 


If x is an observation from a normal distribution with mean y and standard deviation c, the z-score 


ofr, 2 = ei is the number of standard deviations x is from the mean. 
o 


For example: 


e if z — 1.84, then x 1s 1.84 standard deviations to the right of the mean 
e if z — —0.273, then z is 0.273 standard deviations to the left of the mean. 


This diagram shows how the z-score 
is related to a general normal curve: 






Normal distribution curve 





34.1390] 34.1396 ! 


0.13% 2.1596 2.1596 0.13% 





13.59% | | 113.5996 





actual score L—-3e  u-20  pup-0 H pto pu+20 u+30 
z-score —3 —2 -1 0 1 2 3 


This means that for X ~ N(u, o°) and Z ~ N(0, 1?) and for any 2, 72 E€ R, zı < zo, with 
z1-pu 29 —p 








corresponding z-values z1 = and z2 = , then: 
oO da 
o P(X 2 21) = P(Z 2 21) 
x 2 
zi H a 0 
o P(X < 11) = P(Z < 21) 
T z 
T1 H 41 0 





Z1 pe T2 41 0 22 


z-scores are particularly useful when comparing two populations with different y and c. However, these 
comparisons will only be reasonable if both distributions are approximately normal. 
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Example 6 x) $elf Tutor 


Kelly scored 73% in History where the class mean was 68% and the standard deviation was 10.2%. 


In Mathematics she scored 66%, where the class mean was 62% and the standard deviation was 
6.8%. 


In which subject did Kelly perform better compared with the rest of her class? 


Assume the scores for both subjects were normally distributed. 





73 — 68 
10.2 
66 — 62 
8 


Kelly’s z-score for History = = 0.490 





Kelly’s z-score for Mathematics = = 0.588 





So, Kelly’s result in Mathematics was 0.588 standard deviations above the mean, whereas her 
result in History was 0.490 standard deviations above the mean. 


Kelly’s result in Mathematics was better compared to her class, even though her percentage 
was lower. 








EXERCISE 26D 


1 The table shows Emma’s midyear exam results. The 
exam results for each subject are normally distributed 


I nee . English 
with the mean y and standard deviation c shown in a 


the table. Mandarin 

Geography 
Biology 
Maths 


a Find the z-score for each of Emma’s subjects. 
b Arrange Emma’s subjects from ‘best’ to ‘worst’ 
in terms of the z-scores. 


2 The table alongside shows Sergio’s results in his 
final examinations, along with the class means and 
standard deviations. 

a Find Sergio's Z-value for each subject. 
b Arrange Sergio's performances in each subject 
in order from ‘best’ to ‘worst’. 





3 Consider the normal distribution probabilities: 


Normal distribution curve 











0.13% 2.15% 


! 341396! 341390 
i * a ; 2.1596 0.1396 





t: 13.5996 : : 13.59% : 
actual score p=30 p-20 | un—c H pto  up+20 pu+30 
z-score —3 —2 —1 0 1 2 3 


Use the diagram to calculate the following probabilities. In each case sketch the Z-distribution and 
shade in the region of interest. 


a P(-1«Z«1) b P(-1<Z<3) c P(-C1«Z«90) 
d P(Z <2) e P(-1«Z) f P(Z 21) 
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A^ Fora random variable X, the mean is p and standard deviation is c. 


Using properties of E(X) and Var(X) find: a E(= = £) b Var(= = 2). 


e e 








5 Given X — N(u, o?) and Z — N(0, 1), determine the values of a and b such that: 
a Píü—-o«X«pu-2o0) — P(a« Z « b) 
b P(u—0.5e « X <p) =P(a< Z « b) 
c P0€ Zx3) —P(u—aec X € ud bo) 





Use technology to illustrate and calculate: 
a P(-0.41 < Z x 0.67) 2) TG & 15) c P(Z > 0.84) 





Z ^ N(0, 1) 
a b 





0 
0.412 Cos 


P(-0.41 < Z < 0.67) = 0.408 P(Z < 1.5) = 0.933 





0 0.84 


P(Z > 0.84) = 0.200 








6 If Z is the standard normal distribution, find the following probabilities using technology. In each 
case sketch the regions. 


a P(-0.86 < Z « 0.32) b P(-23«Z« 15) c P(Z« 12) 
d P(Z < -0.53) e P(Z>1.3) f P(Z > —1.4) 
g P(Z>4) h P(—0.5 < Z < 0.5) i P(—1.960 < Z < 1.960) 


7 Suppose the variable X is normally distributed with mean u = 58.3 and standard deviation 
cg — 8.96. 


a Letthe z-score of x = 50.6 be zı and the z-score of z — 68.9 be zo. 
i Calculate z4 and z3. ii Find P(z; € Z <S 22). 


b Check your answer by calculating P(50.6 < X < 68.9) directly from your calculator. 
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Consider a population of crabs where the length of a shell, X mm, 
is normally distributed with mean 70 mm and standard deviation 
10 mm. 





A biologist wants to protect the population by allowing only the 
largest 5% of crabs to be harvested. He therefore asks the question: 
“95% of the crabs have lengths less than what?”. 


To answer this question we need to find k such that 
P(X < k) = 0.95. 





The number k is known as a quantile, and in this case the 95% 
quantile. 


When finding quantiles we are given a probability and are asked to calculate the S 
corresponding measurement. This is the inverse of finding probabilities, and we 
use the inverse normal function on our calculator. 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


Example 8 ™) Self Tutor 
If X ~ N(23.6, ane), find k for which P(X « k) — 0.95. 


X has mean 23.6 and standard deviation 3.1. 


If P(X « k) 2 0.95 then 
k = 28.7 95% 


Example 9 x) $elf Tutor 


If Z is the standard normal distribution, find k such that P(Z » k) = 0.73. 
Interpret your result. 








NO 
CT 


This means 73% of the Z-distribution values are more than —0.613. 








EXERCISE 26E.1 
1 Suppose Z is the standard normal distribution. Illustrate with a sketch and find k such that: 
a P(Z<k)=0.81 b P(Z<k) =0.58 € P(Z € k) 2 0.17 
d P(Z>k)=0.95 e P(Z>k)=0.90 
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2 X -N(20,3?) Illustrate with a sketch and find k such that: 


a P(X < k) = 0.348 b P(X < k) = 0.878 c P(X<k)=05 
3 Suppose X ~ N(38.7, 8.22). Ilustrate with a sketch and find k such that: 

a P(X «k) 20.9 b P(X >k)=0.8 
4 Given that X ~ N(23, 57), find a such that: 

a P(X <a) =0.378 b P(X >a) =0.592 


c P(23—a « X « 23 a) = 0.427 


Example 10 ») $elf Tutor 


A university professor determines that no more than 80% of this year’s History candidates should 
pass the final examination. The examination results were approximately normally distributed with 
mean 62 and standard deviation 13. Find the lowest score necessary to pass the examination. 





Let X denote the final examination result, so X ~ N(62, 137). 
We need to find k such that 


P(X 2 k) 2 0.8 
? P(X <k) =0.2 
k = 51.059 20% 


So, the minimum pass mark is 52. 





5 The students of Class X sat a Physics test. The average score was 46 with a standard deviation of 
25. The teacher decided to award an A to the top 7% of the students in the class. Assuming that 
the scores were normally distributed, find the lowest score that would achieve an A. 


6 The length of fish from a particular species is normally 
distributed with mean 35 cm and standard deviation 
8 cm. The fisheries department has decided that the 
smallest 10% of the fish are not to be harvested. What 
is the size of the smallest fish that can be harvested? 





7 The length ofa screw produced by a machine is normally distributed with mean 75 mm and standard 
deviation 0.1 mm. If a screw is too long it is automatically rejected. If 1% of screws are rejected, 
what is the length of the smallest screw to be rejected? 


8 Pedro is studying Algebra and Geometry. He sits for 
the mid-year exams in each subject. 
Pedro’s Algebra mark is 56%, and the class mean and 
standard deviation are 50.2% and 15.8% respectively. 
In Geometry he is told that the class mean and standard 
deviation are 58.7% and 18.7% respectively. 
What percentage does Pedro need to have scored in 
Geometry, to have an equivalent result to his Algebra 
mark? 
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9 The volume of cool drink in a bottle filled by a machine is normally distributed with mean 503 mL 
and standard deviation 0.5 mL. 196 of the bottles are rejected because they are underfilled, and 296 
are rejected because they are overfilled; otherwise they are kept for retail. What range of volumes 
Is in the bottles that are kept? 


THE IMPORTANCE OF QUANTILES 


For some questions we must convert to z-scores in order to find the answer. 


We always need to convert to z-scores if we are trying to find an unknown mean yp or standard 
deviation c. 





™) Self Tutor 


An adult scallop population is known to be normally distributed with a standard deviation of 
5.9 g. If 15% of scallops weigh less than 58.2 g, find the mean weight of the population. 





Let the mean weight of the population be y g. 

If X g denotes the weight of an adult scallop, then X ~ N(w, 5.97). 

As we do not know y we cannot use the invNorm directly, but we can convert to z-scores and use 

the properties of N(0, 17). 

Now ID X490 22) EIONID 

58.2 — u 
5.9 

Using invNorm for N(0, 1°), 15% 


A on6d 
5.9 





P(Z« ) =0.15 


Eo ne T 


58.2 — p ~ —6.1 T: 


H 7 64.3 
So, the mean weight is 64.3 g. 





Find the mean and standard deviation of a normally distributed random variable X if 
ROT RO SOn RA 2S O0 





X ~ N(u, 0?) where we have to find y 














and e. 0.1 0.15 
We start by finding z; and zg which 
correspond to x; = 20 and x2 = 29. se = 0 p  23=29 
21 22 
Now JE ee a) mu and PESE 0S 
ue Eee qn vue EE es 
Oo o 
p ee Sd vocet ey 
Oo o 
20 — u ~ —1.2820 .... (1) “, 29-—w 1.0360 _.... (2) 


Solving (1) and (2) simultaneously we get u ~ 25.0 and o z 3.88. 
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EXERCISE 26E.2 


1 The IQs of students at school are normally distributed with a standard deviation of 15. If 20% of 
students have an IQ higher than 125, find the mean IQ of students at school. 


2 The distances an athlete jumps are normally distributed with mean 5.2 m. If 15% of the jumps by 
this athlete are less than 5 m, what is the standard deviation? 


3 The weekly income of a bakery is normally distributed with a mean of $6100. If 85% of the time 
the weekly income exceeds $6000, what is the standard deviation? 


A4 The arrival times of buses at a depot are normally distributed with standard deviation 5 minutes. If 
1096 of the buses arrive before 3:55 pm, find the mean arrival time of buses at the depot. 


5 Find the mean and standard deviation of a normally distributed random variable X if 
P(X >35)=0.32 and P(X < 8)=0.26. 


6 a Find the mean and standard deviation of a normally distributed random variable X, given that 
P(X280)—0.1 and P(X < 30) =0.15. 
b Ina Mathematics examination it was found that 10% of the students scored at least 80, and no 


more than 15% scored under 30. Assuming the scores are normally distributed, what proportion 
of students scored more than 50? 


7 The diameters of pistons manufactured by a company are normally distributed. Only those pistons 
whose diameters lie between 3.994 cm and 4.006 cm are acceptable. 


a Find the mean and the standard deviation of the distribution if 4% of the pistons are rejected 
as being too small, and 5% are rejected as being too large. 


b Determine the probability that the diameter of a randomly chosen piston lies between 3.997 cm 
and 4.003 cm. 


8 Circular metal tokens are used to operate a washing 
machine in a laundromat. The diameters of the 
tokens are normally distributed, and only tokens with 
diameters between 1.94 and 2.06 cm will operate the 
machine. 

a Find the mean and standard deviation of the 
distribution given that 2% of the tokens are too 
small, and 3% are too large. 





b Find the probability that at most one token out of 
a randomly selected sample of 20 will not operate 
the machine. 





ACTIVITY 


Click on the icon to obtain a card game for the normal distribution. CARD GAME 
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REVIEW SET 26A 





1 The average height of 17 year old boys is normally distributed with mean 179 cm and standard 
deviation 8 cm. Calculate the percentage of 17 year old boys whose heights are: 


a more than 195 cm b between 163 cm and 195 cm 
€ between 171 cm and 187 cm. 


2 The contents of cans of a certain brand of soft drink are normally distributed with mean 377 mL 
and standard deviation 4.2 mL. 
a Find the percentage of cans with contents: 
i less than 368.6 mL ii between 372.8 mL and 389.6 mL. 
b Find the probability that a randomly selected can contains between 377 mL and 381.2 mL. 


3 The edible part of a batch of Coffin Bay oysters is normally 
distributed with mean 38.6 grams and standard deviation 


6.3 grams. & 


Let the random variable X be the mass of a Coffin Bay 
oyster. 


a Findaif P(38.6— a< X < 38.6 + a) = 0.6826. 
b Findbif P(X >b) = 0.8413. 


4 A random variable X has probability density function f(x) = a(x + 1)x(x — 1)(x — 2) 


tor UE TRE 
a Show that a= 20, b Find the mode of X. 
c€ Show that f(4—2)- f($ 4a). d Hence find the median of X. 


5 The results of a test are normally distributed. Harri gained a z-score equal to —2. 
a Interpret this z-score with regard to the mean and standard deviation of the test scores. 
b What proportion of students obtained a better score than Harri? 
€ The mean test score was 151 and Harri’s actual score was 117. Find the standard deviation 
of the test scores. 


6 The continuous random variable Z is distributed such that Z ^ N(0, 1). 
Find the value of k if P(-k € Z € k) — 0.95. 


7 Acontinuous random variable X has the probability density function 
Sand 0a 7 = 2 


a Find a. b Find the mode of X. 
€ Show that the median of X is y4-— 22. d Find the mean of X. 


8 The distance that a 15 year old boy can throw a tennis ball is normally distributed with mean 
35 m and standard deviation 4 m. 
The distance that a 10 year old boy can throw a tennis ball is normally distributed with mean 
25 m and standard deviation 3 m. 
Jarrod is 15 years old and can throw a tennis ball 41 m. How far does his 10 year old brother 
Paul need to throw a tennis ball to perform as well as Jarrod? 


9 State the probability that a randomly selected, normally distributed value lies between: 


a c above the mean and 2c above the mean b the mean and c above the mean. 
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10 A bottle shop sells on average 2500 bottles per day 
27. ] 7 with a standard deviation of 300 bottles. Assuming 
that the number of bottles sold per day is normally 
distributed, calculate the percentage of days when: 
a less than 1900 bottles are sold 
b more than 2200 bottles are sold 
€ between 2200 and 3100 bottles are sold. 





11 The continuous random variable X has probability density function f(r) — 2e *, 0 € x « k. 
a Find the exact value of k. 
b Find the probability that X lies between In 1 and ln 3. 


€ Find the mean of X. d Show that the variance of X is. 1 — 2(In2)?. 


REVIEW SET 26B 





1 The mean and standard deviation of a normal distribution are 150 and 12 respectively. What 
percentage of values lie between: 


a 138 and 162 b 126 and 174 € 126 and 162 d 162 and 174? 


2 The arm lengths of 18 year old females are normally distributed with mean 64 cm and standard 
deviation 4 cm. 


a Find the percentage of 18 year old females whose arm lengths are: 
i between 60 cm and 72 cm ii greater than 60 cm. 


b Find the probability that a randomly chosen 18 year old female has an arm length in the 
range 56 cm to 64 cm. 


€ The arm lengths of 7096 of the 18 year old females are more than x cm. Find the value 
of x. 


3 The length of steel rods produced by a machine is normally distributed with a standard deviation 
of 3 mm. It is found that 276 of all rods are less than 25 mm long. Find the mean length of 
rods produced by the machine. 

4 The continuous random variable Z is distributed such that Z ~ N(0, 1). 

Find the value of kif P(|Z| > k) — 0.376. 


5 f(1)=ax(1—-3), 0<x<2 isa continuous probability density function. 


a Finda. b Sketch the graph of y = f(z). 
¢ For this distribution, find the: 
i mean ii mode iii median iv variance. 


d Find P(l<a2< 2). 
6 The distribution curve shown corresponds to 
Nas) 
Area A = Area B = 0.2. 
a Find y and o. 
b Calculate: =: 
[| PQ < 3%) ii P(23 € X < 30) 





» cl 
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7 Let X be the weight in grams of bags of sugar filled by a machine. Bags less than 500 grams 
are considered underweight. 


Suppose that X ~ N(503, 27). 
a What proportion of bags are underweight? 


b Ifa quality inspector randomly selects 20 bags, what is the probability that at most 2 bags 
are underweight? 


8 The marks of 2376 candidates in an IB examination are normally distributed with mean 49 marks 
and variance 225. 


a Ifthe pass mark is 45, estimate the number of candidates who passed the examination. 

b If the top 7% of the candidates are awarded a ‘7’, find the minimum mark required to 
obtain a ‘7’. 

€ Find the interquartile range of the distribution of marks obtained. 


9 The life of a Xenon-brand battery is normally distributed with mean 33.2 weeks and standard 
deviation 2.8 weeks. 


a Find the probability that a randomly selected battery will last at least 35 weeks. 
b For how many weeks can the manufacturer expect the batteries to last before 8% of them 
fail? 


10 The random variable X is normally distributed with P(X < 30) = 0.0832 and 
P(X > 90) = 0.101. 
a Find the mean u and standard deviation c. 
b Hence find P(—7 € X — u « 7). 


11 Kerry's marks for an English essay and a Chemistry test were 26 out of 40, and 82% respectively. 


a Explain briefly why the information given is not sufficient to determine whether Kerry’s 
results are better in English than in Chemistry. 


b Suppose that the marks of all students in the English essay and the Chemistry test were 
normally distributed as N(22, 4”) and N(75, 7?) respectively. Use this information to 
determine which of Kerry's two marks is better. 


REVIEW SET 26C 


1 The middle 6896 of a normal distribution lies between 16.2 and 21.4. 
a Whatis the mean and standard deviation of the distribution? 
b Over what range of values would you expect the middle 95% of the data to spread? 


2 A random variable X is normally distributed with mean 20.5 and standard deviation 4.3 . Find: 
a P(X 2 22) b P(18< X < 22) € k such that P(X < k) =0.3. 


3 X isa continuous random variable where X = N(p, 22). 
Find P(—0.524 « X — y « 0.524). 


4 The lengths of metal rods produced in a manufacturing process are normally distributed with 
mean u cm and standard deviation 6 cm. 5.63% of the rods have length greater than 89.52 cm. 
Find the mean, median, and modal length of the metal rods. 
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The random variable 7' represents the lifetime in years of a component of a solar cell. 
Its probability density function is F(t) — 0.4e 9**, t 7 0. 
a Find the probability that this component of the solar cell fails within 1 year. 
b Each solar cell has 5 of these components which operate independently of each other. The 


cell will work provided at least 3 of the components continue to work. Find the probability 
that a solar cell will still operate after 1 year. 


The curve shown is the probability density function 
for a normally distributed random variable X. Its 
mean is 50, and P(X « 90) z 0.975. 

Find the shaded area. 


The weight of an apple in an apple harvest is normally 
distributed with mean 300 grams and standard deviation 
50 grams. Only apples with weights between 250 and 
350 grams are considered fit for sale. 


a Find the proportion of apples fit for sale. 


b Ina sample of 100 apples, what is the probability that 
at least 75 are fit for sale? 





It is claimed that the continuous random variable X has probability density function 


fle) =>, <a < ll. 
a Show that this is not possible. 
Use your working from a to find an exact value of k for which F(x) — k f(x) would 
be a well-defined probability density function. 
c Hence, find the exact values of the mean and variance of X. 
x 1 
Hint: mata = memo 
A factory has a machine designed to fill bottles of drink with volume 375 mL of liquid. It is 
found that the average amount of drink in each bottle is 376 mL, and that 2.3% of the drink 
bottles have a volume smaller than 375 mL. Assuming that the amount of drink in each bottle 
is normally distributed, find the standard deviation. 


The height of an 18 year old boy is normally distributed with mean 187 cm. Fifteen percent of 
18 year old boys have heights greater than 193 cm. Find the probability that two 18 year old 
boys, chosen at random, will have heights greater than 185 cm. 


The continuous random variable X has probability 2 m Lre? 
density function defined by: 5 
ME ¡OS 
522 
0 elsewhere. 


a Find the value of k. 
b Find the exact value of the median of X. 
¢ Find the mean and variance of X. 





Miscellaneous 
questions 


Contents: A  Non-calculator questions 
B Calculator questions 
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EXERCISE 27A 
1 a Evaluate (1— i)? and hence simplify (1— 4)”. 
b Evaluate (1-— i)!®. 


c Hence find two solutions of z!6 = 256. Give clear reasons for your answers. 


JESTIONS 





2 The sum of the first n terms of a series is given by Sn = n? 4- 2n — 1. 
Write an expression for un, the nth term of the series. 





ime “= . 
[z -- 1| 
& ld z= 13 and w = PEA 


a Write z and w in the form r(cos@+isin@) where 0<0<r. 
b Show that zw = + (cos (4) + ¿sin (42). 


c Express zw in the form a+ ib, and hence find the exact values of cos (22) and sin (HF). 


5 Suppose y — mr-c isatangentto y? — Ar. Show that c= Bh and that the coordinates 
m 


: L 2 
of the point of contact are (= 2). 
m m 


6 Solve forg: sin?a+sinea—2=0, —2r < z < 2r. 
Suppose f:x=—lngz and g:z—3-z. Find a f !(2xg !(2 M (fog) (2) 
8 Given an angle 0 where sind = -5 and -5<0<0, find the exact values of: 
a cos b tan c sin20 d sec20. 
Solve V3cosxcscx +1=0 for Ox z «2m. 


10 The number of snails in a garden plot can be modelled by a Poisson distribution with standard 
deviation d. The chance of finding exactly 8 snails is half that of finding exactly 7 snails. Find d. 


11 The equation of line Lis r= 2i—- 3) +k+A(-i+j—k), AER. Find the coordinates of 
the point on L that is nearest to the origin. 


12 The function f(x) has the following properties: f'(x) > 0 and f”(x) < 0 for all z, 
f(2)=1, and f’(2)=2 

Find the equation of the tangent to f(x) at x — 2, and sketch it on a graph. 

Sketch a possible graph of y = f(x) on the same set of axes. 


Explain why f(a) has exactly one zero. 


Qa Cao 


Estimate an interval in which the zero of f(x) lies. 


13 Prove by induction that. 2n? — 3n?--n --31 20 forall n € Z, nz -2. 


15 Use the method of integration by parts to find y! x arctan v dz. 


Check your answer using differentiation. 


15 


16 


17 


19 


20 


23 


24 


25 
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Solve for x: 
a log,(a? — 2a +1) =1+log,(x — 1) b 2361 — 5(395) 4-2 


Prove by induction that $7 r3" — 2[(2n — 1)3" — 1] forall n € Z*. 
r=1 
: P ‘ ; x y? : 
Show that the equation of the tangent to the ellipse with equation %>+% = 1 at the point 


a? p? 
] x y 
P(zi, yi) is (3) z+ (4) y — 1. 


[AB] is a thin metal rod of fixed length, and P is its centre. 
A is free to move on the x-axis and B is free to move on 
the y-axis. 

What path or /ocus is traced out by point P as the rod 
moves to all possible places? 





r5 | Arc B C 


a Find constants A, B, and C such that — —————— — ——— . 
(22 4- 5)(1— x) z?--5 z—1 





4 
b Hence, find the exact value of f zonn da. 
2 (z^ + 5)(1 — x) 


a If z4lis real, prove that either |z| — 1 or z is real. 
zZ 
b If |z+w|=|2—w| prove that arg z and arg w differ by 7. 


] : 1 . : 
c If z=rcis 6, write z+, =, and iz* in polar form. 
2 


a Simplify: i (AUB)n A ii (An B)U(A'n B). 
Verify that. (An B)UC —(AUC)n (BUC). 
€ Prove that if A and B are independent events, then so are: 
i A’ and B’ ii A and D’. 


á lia 1 
Find: ——— d IT d c | ——Àd 
E [m fu [Fae 
A flagpole is erected at point A. The top of the flagpole is point B. At point C, due west of A, the 


angle of elevation to B is o. At point D, due south of A, the angle of elevation to B is £. 
Point E is due south of C and due west of D. Show that the angle of elevation from E to B is 


arccot (cot? a + cot? B). 











Evaluate: 
1 1 1 1 
———— — —— —À —— 
1442 wv2-V/3 V3+V4 V99 + 100 
1 1 1 1 
b ———2 4 —_ h ——_____,, neZ. 
1-2. V/2-V3  vV3+v1 vn t vnl 
The three numbers x, y, and z are such that x >y>z>0. 


oe d 1 ; 5 e ; 
Show that if —, —, and - are in arithmetic progression, then. z — z, y, and x—y+z could 
T y z 


be the lengths of the sides of a right angled triangle. 
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36 


37 


38 
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A rectangle is divided by m lines parallel to one pair of opposite sides and n lines parallel to the 
other pair. How many rectangles are there in the figure obtained? 


Two different numbers are randomly chosen from the set (1, 2, 3, 4, 5, ...., n}, where n is a 
multiple of four. Determine the probability that one of the numbers is four times larger than the 
other. 





Use the cosine rule and the given kite 29 Show that tan@ = 3tana. 
to show that sin? = > — j cos 20 
and cos? 6 = > + 4 cos 20. D 
A B C 
Solve for x: 
a 8+3 = 4V2 b 327. 8(37) 23 € In(Inz) 2 1 


d logı z = logg 5 
9 
By considering — (tan? x), find f sec’ x dz. 
X 


What can be deduced if AM B and AUB are independent events? 
Write (3 —i/2)4 inthe form z--yv2i where z, y € Z. 
Solve the equation sinÜ cos 0 — i for the interval 0 € [—7, rr]. 


Find real numbers a and b such that z*?+az?+bz+15=0 hasaroot 24 i. 


Solve for x: 
Bc eS MONA € 47 4273 < 48 
Two people agree to meet each other at the corner of two city streets between 1 pm and 2 pm. 


However, neither will wait for the other for more than 30 minutes. If each person is equally likely 
to arrive at any time during the one hour period, determine the probability that they will in fact 
meet. 


A circle is centred at the origin O. A second circle has 
half the diameter of the original circle and touches it 
internally. P is a fixed point on the smaller circle as 
shown, and lies on the x-axis. 

P The smaller circle now rolls around the inside of the 
larger one without slipping. 
Show that for all positions of the smaller circle, P 
remains on the x-axis. 


f is defined by z — In(z(x — 2)). 
a State the domain of f. b Find f'(x). 
c Find the equation of the tangent to y = f(x) at the point where x = 3. 


40 


41 


42 


43 


Ah 


45 


46 


47 


48 


49 


50 


51 
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a The complex number z has argument 0. Show that iz has argument 6 + 4. 


b On an Argand plane, points P, Q, and R represent the complex numbers zi, z9, and za 
respectively. If ¿(23 — z2) = zı — zo, what can be deduced about triangle POR? 


By considering the identity (1+k)" =(1+4)?(1+k)"~?, deduce that 
Ges reU S EI 


If z?--4? — 52zy, and 0 « y « z, show that log (=) = (log x + log 2y). 





Find a in terms of z and y, if sin(xy) +y? = z. 
d 


1+ 
4 


Is 





Use the figure alongside to show that cos 36° = 


ON 


2" +ax?—6 leaves a remainder of —3 when divided by (2—1), and a remainder of —15 when 
divided by (2 +3). Find the values of a and n. 


Hat 1 contains three green and four blue tickets. Hat 2 contains four green and three blue tickets. 
One ticket 1s randomly selected from each hat. 
a Find the probability that the tickets have the same colour. 


b Given that the tickets have different colours, what is the probability that the green ticket came 
from Hat 2? 


The point A(—2, 3) lies on the graph of y = f(x). Give the coordinates of the point that A 
moves to under the transformation: 


a y=f(0-2+1 b y-2f(z — 2) ¢ y=-|f(x)|-2 
d y- f(2z — 3) e v=- f y=fo(a) 


; : 1 ; 
z — re^, r » 0, isa non-zero complex number such that z4-—- —a--bi, a, b € R. 
zZ 
a Find expressions for a and b in terms of r and 0. 


b Hence, find all complex numbers z such that z+ z is real. 
zZ 


A sequence u, is defined by ug = uz =1 and unyo=Unyi tun forall n € Z*. 
Prove by induction that u, <2” forall ne Zr. 


Use the principle of mathematical induction to prove that 
1 1 1 1 n+1 n 
= = = 2 ==)|= > 
(1 =) (1 z) (1 z) (1 4j E fo neZ*, n>2. 


a Find the turning points of y = z? — 12x? + 45x. Hence graph the function. 





b If z?—122?--45x — k has three distinct real roots, what values can k have? 
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52 Triangle ABC has perimeter 20 cm. B 
a Find y? in terms of z and 0 and hence write cos O in xem 
terms of x only. yum 
b Ifthe triangle has area A, show that C 
A? — —20(z? — 12x + 20). = 8cm 


¢ Find the maximum area of the triangle. Comment on 
the triangle’s shape when its area is a maximum. 


53 >, k, k?--1 are respectively the 3rd, 4th, and 6th terms of an arithmetic sequence. 
Given that k € Q, find: 
a k b the general term up. 


55 Let r—2i—2j-ck, s—3i-cj--2k, and t—i--2j—k be the position vectors of the 
points R, S, and T respectively. Find the area of triangle RST. 


55 Given that x=logz y?, express log, 81 in terms of z. 


56 Find a trigonometric equation of the form y = asin(b(2+c))+d_ that represents the following 
graph with the information given below. 
You may assume that (3, —5) is a minimum point and (6, —1) lies on the principal axis. 


(6,—1) 


(3,—5) 


57 Two events A and B are independent with P(A|B)=4 and P(B| A) = 2. 
Find P(AU B^). 


58 Find z inthe form a+bi if z? = Lit ptu 
i 243 
59 Solve simultaneously: 4* — 89 and 9"— — 


60 Determine the domain of f(x) = arccos(14- z — z?), and find f'(x). 
61 If Y f(n)=m*+3m, find f(n). 
n=1 


62 A normally distributed random variable X has a mean of 90. Given that P(X < 85) + 0.16: 
a find P(90 < X < 95) 
b estimate the standard deviation for the random variable X. 


i i t 
63 Find the equations of the asymptotes of y = — where -r <z STT. 
sin(2x) +1 


65 a Given a=i+j-—3k and b=j-+ 2k, find axb. 
b Find a vector of length 5 units which is perpendicular to both a and b. 


65 If z—cosÜ--isinÜ where 0 «0 « £, find the modulus and argument of 1 — z?. 


66 Find fe sin g dz. 
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If f(2e+3)=52—7, find f—1(z). 
Solve for z: log, 4+ log,x = 3 


Prove that the roots of. (m — 1)z? 4- z — m — 0 are real and positive for all 0 < m < 1. 
V6- Và 
TH 


b Hence, find the exact value of cos? 165° + cos? 285°. 


a Show that sin15° = 


a Find w if 22—-3zy4 y2 — T. 
d 


845 


b Hence find the coordinates of all points on the curve where the gradient of the tangent is 3 


A and B are two events such that P(A) — $ and P(B) = 2. 


a Find P(AU B) if A and B are: i mutually exclusive ii independent. 
b Find P(A| B) if P(AU B) — 3. 


a Express 1--i and V3-— i in the form re”. 
—1-i 
V3—i 


b Find the smallest positive integer n such that z^" is a real number. 


0 


Hence write z — in the form re??. 





1 —t 
Consider the vectors p — 2 and q= | 1+t¢ |. Find t such that: 
—2 2t 


a pand q are perpendicular b p and q are parallel. 


Determine the sequence of transformations which transform the function 
f(x) =30?-120+5 to g(z)-— —3z?-- 18s — 10. 


Find the area of the region bounded by the curve 







y = tan? z --2sin?z, the z-axis, and the line x = Z 


4° (3,2) 


; y= tan?r + 2sintx 


The graph of a quartic polynomial y = f(x) cuts the x-axis at z = —3 and —I 


A? 
at r — 3. The y-intercept is 9. Find f(x). 


Find exact solutions for the following: 
_ 1 = A 
a |1—4z| » 5|2z — 1] b = 


For -—a<a<7, find the exact solutions of 3sec2x = cot 2x + 3tan2z. 


Find ze if e*" + xy? —siny =2. 
a 


and touches it 


Suppose 2=1+2 and u=3+1y where z,y € R. Find the smallest positive value of x 





for which 24% is purely imaginary. 
z= u 
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Find the area of the region enclosed by the graph of 


. . $2 
y= _‘an® the x-axis, and the line 2=2. (28) 
cos(2x) +1 3 i tanz 
^ cos(2z) + 1 


The scores a, b, 6, 13, and 7 where b >a, have a mean and variance of 8. 
Find the values of a and b. 





The graph of y = f(x) for -9<x<9 is 
shown alongside. 

The function has vertical asymptotes x = 2 and 
x = —3, and the horizontal asymptote y = 2. 
Copy and sketch the graph of y = Or 
indicating clearly the axes intercepts and all 
asymptotes. 





































































































The height of a cone is always twice the radius of its base. The volume of the cone is increasing at 
a constant rate of 5 cm? s”!, Find the rate of change in the radius when the height is 20 cm. 


The line passing through the points A(0, 5,6) and B(4, 1, —2), and the line 


a 2 
r=|3|+s| -—1 ], are coplanar. Find the value of a. 
2 1 
Find the coordinates of the stationary points on the curve y= TET where —r < z <S 2s 
ana 


A discrete random variable X has the probability distribution function 


PLE 2-8 (2, x=0,1,2,3,.... Find the value of a. 


Solve exactly for x: Asing = /3cscx +2—2V3, O0<a< 2n. 
Consider the following system of linear equations in which g—2y+3z=1 
p and q are constants: a+py+2z=0 
—92z -- py — Az — q 
a Write this system of equations in augmented matrix form. 


b Show, using clearly defined row operations, that this 1 -2 3 1 
augmented matrix can be reduced to: Ü pt2 —1| -1 


0 0 p |p-q 


c What values can p and q take when the system has: 
i a unique solution ii no solutions iii infinite solutions? 
Explain the geometric significance of each case. 


d Specify the infinite solutions in parametric form. 
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The real polynomial P(z) of degree 4 has one complex zero of the form 1 — 2i, and another of 
the form ai, where az 0, ac R. 
Find P(z) if P(0)-— 10 and the coefficient of z+ is 1. Leave your answer in factorised form. 


Given that A is an acute angle and tan2A = 3, find the exact value of tan A. 


Let a=3i+2)-k, b=i+j—k, and c=2i-j+k. 
a Show that b x ¢ = —3j — 3k. 
b Verify for the given vectors that a x (b x c) = b (a è c) — c (a è b). 


a Simplify (—1+iv2). 
b Write 5+iv2 inthe form a’ cis 6, stating the exact values of a and 0. 
e Find the exact solutions of 23 = 5 + iv⁄2. 


v2 = = 
d Hence, show that arctan ( 5 ) + 27 = 3 arccos (+). 


Let P be a point on the circle g£? +y? =a?°, where a € R, a 0, such that P lies in the first 
quadrant. 
a Write down the coordinates of P in terms of x > 0. 
b Let A(—a, 0) and B(a, 0) be the points where the circle meets the x-axis. 
— —23 — 
i Find vectors AP, AB, and OP. 


ii Find cos(PAB) and cos(POB) in terms of x and a. 


c Verify that cos(POB) =2 cos? (PAB) — 1. Which property of circles have you verified? 


TL 


Prove by induction that 2” — y"  hasa factor of z— y forall n € Z*. 


Let 0 be the angle between unit vectors u and v, where 0 x 0 x 7. 
a Expres |u— v| and |u--v| in terms of 0. 


b Hence determine the value of cos@ such that. |u-- v| 2 5|u- v|. 





P 
The diagram shows a sector POR of a circle with P, 
radius 1 unit and centre O. The angle POR = 0, and P» 
the line segments [PQ], [P1Q:], [P2Qz], [PsQs], 
. are all perpendicular to [OR]. 
0 
9 Q2 Q Q R 


Calculate, in terms of 0, the sum to infinity of the lengths PQ + P101 + P20Q2 + P3Q3 + .... 


z?-Fazr--bc-— 0 and z?+br+ca=0 where a Z0, bz 0, c0, have a single common 
root. Prove that the other roots satisfy x? + cz + ab = 0. 
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2 2 
The illustrated ellipse has equation > + a =1. 


a Show that the shaded region has area given by 


b a 
J a? — z? dz. 
a 

0 


b Find the area of the ellipse in terms of a and b. 








An ellipsoid is obtained by rotating the ellipse through 
360° about the x-axis. 
Prove that the volume of the ellipsoid is given by V = ¿rab?. 


Consider the following quadratic function where a;, b; € IR: 
f(x) = (aix — b1)? + (azz — b2)? + (azz — b3)? +.... + (Anz — bn)?. 
Use quadratic theory to prove the ‘Cauchy-Schwartz inequality’: 


(Ea?) (2 p) > 5E 


a Assuming Pascal's rule. (7) - (,7,) — (711). 


r4 


prove that (1+a)"=1+(7)2+(f)a?+....4+(") a” forall ne Zt. 





b Hence establish the binomial expansion for (a +b)”, by letting x = E 
a 


Solve simultaneously: «2 =16y and log, zw —log, y = 3. 
a Find the cube roots of —2 — 2i. 
b Display the cube roots of —2 — 2i on an Argand diagram. 
c If the cube roots are o4, o», and o3, show that a, +a2+ a3 = 0. 
d Using an algebraic argument, prove that if 8 is any complex number then the sum of the zeros 


of 2" = 8 is O. 


Find all values of m for which the quartic equation z* — (3m 4-2)? -- m? — 0 has 4 real roots 
in arithmetic progression. 


Find arctan (2) + 2arctan (3). 


Let P be the plane which intersects the coordinate axes at £z = a, y =b, and z = c, where 














a, b, c are non-zero. Use vector techniques to derive the equation of P as z + ; + - e 
(L+2)"=(§)+(f) e+ (§) a? 4+ (9) a? +...+(2) a” forall ne Zt. Prove that: 
a (2) +2(3)+3(3) ++n(2) =n 2 
b (5) +2(7) +3(5) +--+ (41) (F) = (n+ 2)2"73 
n n n 1 n antl — 
s (by ok) ee) E (a) —5— 





n+1 n+1 


Over 2000 years ago, Heron or Hero discovered a formula for finding the area of a triangle with 
sides a, b, and c. Itis A=x/s(s—a)(s —b)(s—c) where 2s=a+b+c. 
Prove Heron's formula. 
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110 The random variable X has a Poisson distribution such that P(X = 2) — P(X — 1) 2 3P(X — 0). 
Find, in surd form, the standard deviation o of the distribution. 








: $ 1 1 1 1 
111 Consider the series —— ——= Las == 
x3 2x4 3x5" T R3) 
a Find constants A and B such that 1 = 2 EUM 
n(n 4- 2) n n+2 


eo ok 1 A 
b Hence show that the sum of the series is i — —— — —_. 
2n+2 2n+4 


c Find ES mE 


d Prove your answer to b using mathematical induction. 


112 a Giventhat y-In(tanz) z€]0,$[, show that m — kcsc(2x) for some constant k. 
X 


b The graph of y = csc(2x) is illustrated on the 
interval ]0, 5[. 
Find the area of the shaded region. Give your answer 
in the form alnb where a€ Q and b€ Z+. 





113 ABC is an equilateral triangle with sides of length 2k. P is any point within the triangle. [PX], 
[PY], and [PZ] are altitudes from P to the sides [AB], [BC], and [CA] respectively. 
a By letting PCZ be 0, show that PX + PY +PZ is constant for all positions of P. 
b Check that your solution to a is correct when P is at A. 
€ Prove that the result from a is true using areas of triangles only. 


115 Find the sum of the series: 
a 1+ .acos@ +a? cos 26 + a? cos 36 + .... +. a” cos nd 
b asin +a?°sin20 +a? sin30 + .... +a” sinnô for n E€ zZ*. 
a T 
115 Find I IAr dx 
116 While driving, Bernard passes through n intersections which are independently controlled by traffic 
lights. Each set of lights has probability p of stopping him. 
a Find the probability that Bernard will be stopped at least once. 
b Suppose A; is the event that Bernard is stopped at exactly k intersections, and Dj, is the event 
that Bernard is stopped at at least k intersections. 
Write down the conditional probability P(A, | Bx). 
€ Find p such that: 
i A; and B; are independent ii P(A| B2) =P(41) and n=2. 


4tan0 — 4tan3 0 
1— 6tan? 0 + tant 60` 
b Hence, find the roots of the equation z* + 4r’ — 61? — Ar -- 1 — 0. 


117 a Use complex number methods to show that tan 40 — 
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118 Consider the system of linear equations: 2r—y+3z=4 
a Write the system in an augmented matrix, and 2x +y + (a +3)z =10-—a 
use row operations to reduce the system to Ar + 6y + (a? + 6)z = a? 


119 Let 


- O QA a 


120 a 


d 


echelon form. 
Find the value(s) of a for which the system has: 
i no solutions ii infinitely many solutions, and find the form of these solutions 
il! a unique solution, and find the solution in the case where a = 2. 
In each case explain the geometric significance of your answers. 


f(x) = gear” 
Find f'(x) and f(x). 
Find the coordinates of the stationary points of y = f(x), and determine their nature. 


Find the x-coordinates of the points of inflection of the function. 





Discuss the behaviour of the function as x — too. 

Sketch the graph of the function. 

The region bounded by y = f(x), the y-axis, and the line x = k, k > 0, has area 
i(e— 1) units?. Find the value of k. 


Assuming the identities 
cos S + cos D = 2 cos ($2) cos (852) and sinS 4 sin D — 2sin ($2) cos ($32), 


prove that cis 0 + cis ¢ = 2 cos (252) cis (222). 

Hence find the modulus and argument of cis 0 + cis ¢. 

Show that your answers in b are correct using a geometrical argument. 
z+1 5 e 


Prove that the solutions of (3) =1 are z= —icot (2), k=1,2,3, 4. 
J= 


121 Use the substitution u —Inz to find n x)dx for «>0. 


122 A real polynomial P(x) = x*+ + ax? + ba? + cr — 10 has two integer zeros p and q, and a 
complex zero 14- ki, k €Z. 


a 
b 
c 


d 


123 Alongside is a sketch of the gradient function of 


y = f(x). 
a Sketch a possible solution curve for y — f(x), 
showing as many features as possible. 
b Let y= fi(x) be the solution curve you have < 


Use the zero 1+ ki to write an expression for a real quadratic factor of P(x). 

State all possible values of k. 

Use p and q to write another expression for a real quadratic factor of P(x). Hence list all 
possible values of pq. 

Given that p4-q — —1, show that there is only one possible value for pg. Hence find all 
zeros of P(x). 





drawn. Write down the form of all possible 
solution functions f(x) in terms of f(x). 
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124 An infinite number of circles are drawn in a 
sector of a circle of radius 10 cm and angle 


a=% as shown. 


a Find the total area of this infinite series 
of circles. 

b Write an expression for the total area 
of all circles for a general angle o such 


that O<a< 3. 





125 The tangent to the curve y = f(x) at the point A(x, y) meets the x-axis at the point 
B(x — 4, 0). The curve meets the y-axis at the point C(0, 4). 

a Show that at any point on the curve, mc E 

dy 2y 


b Hence find the equation of the curve. 


126 a Prove that in any triangle with angles A, D, and C: 
i sin2A+sin2B + sin2C — Asin Asin BsinC 
ii tan A + tan B + tanC = tan Atan B tan C. 


b Consider any three angles A, B, and C for which 
tan A + tan B + tan C = tan A tan B tan C. What can be deduced about A+ B+C? 
197 a Show that 14 — 4V6 cannot be written in the form a-- by 6 where a, b € Z. 
b Write 14 — 4/6 inthe form am --bymn | where a, b, m, n € Z. 


128 a The acute angled triangle ABC has vertices on a circle with radius r. 


Show that the area of the triangle is given by =. 
T 


b In triangle ABC it is known that sin A = cos B + cos C. 
Show that the triangle is right angled. 


129 Let L, and L2 be parallel lines. Let P be a fixed point on L4 and let Q be any point on La. 
Let v be the direction vector of L4. 
| QP x v | 


Show that the distance between the lines Lı and Lə is given by vi 
v 


1 P Q 














130 a Find constants P and Q such that = — + : 
a2 — x? =g a+az 
b Hence show that 1 dz = = la) oe +c. 
a2 — q? 2a — 








€ Check b using differentiation. 


131 The non-zero vectors a and b are not parallel. Find constants x and y if vectors. (2 — x) a + yb 
and ya - (x—3)b are equal. 
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R and Q are two fixed points on either side of line segment 
[AB]. P is free to move on the line segment so that the 
angles 0 and $ vary. a and b are the distances of Q and 
R respectively from [AB]. 
dọ  —a cos? ġo 
dð ^ bcos)0 
b A particle moves from R to P with constant speed v1, 
and from P to Q with constant speed v». 
Deduce that the time taken to go from R to P to Q is 


a Show that for all positions of P, 





E sin vi 
a minimum when = ==; 
sing v2 





A game is played in which the wheel shown is spun by first the 
player and then the game operator. 

The player wins $a if their spin is higher than the operator’s. 

It costs $k to play the game. 

If the game is fair, find an expression linking a and k. 








EXERCISE 27B 
1 


x and y satisfy the equations 27+ 3ry+9=0 and y?+2-1=0. 
Solve these equations simultaneously for x, given that x is real. 


Each summer, 10% of the trees on a certain plantation die out, and each winter, workmen plant 
100 new trees. At the end of the winter in 1980 there were 1200 trees in the plantation. 


a How many living trees were there at the end of winter in 1970? 


b What will happen to the number of trees in the plantation during the 21st century assuming the 
conditions remain unchanged? 


Two marksmen, A and B, fire simultaneously at a target. A is twice as likely to hit the target as 
B, and the probability that the target is hit is i. Find the probability of A hitting the target. 

Prove by induction that for all n € Z*, 

1 1 1 1 n 


a(a--1) (a+1)(a+2)  (a-2)(a4-3) TIS (a 4- n — 1)(a 4- n) B a(a 4- n) 





z and w are two complex numbers such that 22 --w — i and z —3w — T — 10%. 
Find z+w in the form a+ bi, where a, b € Z. 


z?-Fb4r +c =0 and z?--b94r-- c9 — 0 are two quadratic equations where 
bibo = 2(c1 + C2). 
Prove that at least one of the equations has real roots. 
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Find a: 





B 


The line L with direction vector v, passes through points 


A and Q. Q is the point on L which is closest to point P. E 
a Prove that PQ = mE 
v 


b Hence, find the shortest distance from (2, —1, 3) to 





x —1 3 
the line y| = 1 | +å{ -1 
Z 2 1 


A mountain is perfectly conical in shape. The base is 
a circle of radius 2 km, and the steepest slopes leading 
up to the top T are 3 km long. 

From the southernmost point A on the base, a path 
leads up around the side of the mountain to B, the 
point on the northern slope which is 1.5 km up the 
slope from the base C. A and C are diametrically 
opposite. 





If the path leading from A to B is the shortest possible Di m 
distance from A to B around the mountainside, find 
the length of this path. 


Show that the equation. log4(z — k) --log4(z 4-2) — 1 has a real solution for every real value 
of k. 


: 1 ; 5 1 
a Find the general term u,, of the sequence: ———sin0, cos6, sin0, ———cos0, ... 
sin 0 cos 0 
b Find an equation connecting consecutive terms of the sequence: 


1, cos 8, cos? O, cos’ 6, cos!® 6, .... 


A hundred seeds are planted in ten rows of ten seeds per row. Assuming that each seed independently 
germinates with probability i. find the probability that the row with the maximum number of 
germinations contains at least 8 seedlings. 


For a continuous function defined on the interval [a, b], the length of the curve can be found using 


b 
L= T v 1-4 [f'(z)? dx. Find the length of: 


2 


a y=x° onthe interval [0, 1] 6 y=sinz on the interval [0, 7]. 


When P(x) is divided by (z — a)?, prove that the remainder is P'(a)(z — a) -- P(a) where 
P'(x) is the derivative of P(z). 
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a Write —82 in polar form. 

b Hence find the three cube roots of —8i, calling them 21, 22, and 23. 

c Illustrate the roots from b on an Argand diagram. 

d Show that a = 2223 Where zı is any one of the three cube roots. 

e Find the product of the three cube roots. 
A lampshade is a truncated cone open at the bottom and «20 cm — 
top. 


w 
Find the pattern needed to make this lampshade from a A 
flat sheet of material. 1 


5cm 


ds 





A normally distributed random variable X has a mean of 90. Given that P(X < 88) = 0.28925, 
find: 
a the standard deviation of X, to 5 decimal places 


b the probability that a randomly chosen score is either greater than 91 or less than 89. 
If f:z-—2r-1 and gio E, find: a (fog)(x) b g !(z). 
e 


[AB] represents a painting on a wall. 

AB=2m and BC— 1m. 

The angle of view observed by a girl between side view 
the top and bottom of the painting is 30°. 

How far is the girl from the wall? 


eye level 





Find x in terms of a: log,(zr4-2)-—]log,r--2 and a» 1. 


Use vector methods to prove that joining the midpoints of the sides of a rhombus produces a 
rectangle. 


The diagram shows a simple electrical network. 
Each symbol —-^.— represents a switch. k ü 
All four switches operate independently, and the 

“4° . . —— 
probability of each one of them being closed is p. 


a In terms of p, find the probability that current flows from A to B. 
b Find the least value of p for which the probability of current flow is more than 0.5. 


Let A(x) =x? — 6tz?--11t?z — 6t? where t € R. 
a Show that t is a zero of h(x). 
b Factorise h(x) as a product of linear factors. 


c Hence or otherwise, find the coordinates of the points where the graphs of y = z3 + 6x? 
and y— —6—1lz meet. 
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A Year 12 class completed a calculus test with the following results: 


25 
S> x? = 115492, where x; denotes the percentage result of the ith student 
i=1 


in the class. For this data, find the: 


a mean b variance. 


25 
>> x; = 1650 and 
i=1 


ABC is an equilateral triangle with sides 10 cm long. P is the point within the triangle which is 
5 cm from A and 6 cm from B. How far is P from C? 


1 ; : ; 
Suppose w= ii where z=a+li and z* is the complex conjugate of z. 
zZ 


a Write w in the form x + yi. 
b Hence determine the conditions under which w is purely imaginary. 


Factorise f(x) = 22% — xz? — 8r — 5, and hence find the values of x for which f(x) > 0. 


In an International school there are 78 students preparing for the IB Diploma. 38 of these students 
are male, and 17 of these males are studying Mathematics at the higher level. Of the female students, 
25 are not studying Mathematics at the higher level. 

A student is selected at random and found to be studying Mathematics at the higher level. Find the 
probability that this student is male. 


Suppose that for all n € Z^, (2— V3)" —a, —b,V3 where a, and b, are integers. 
a Show that a,+1 = 24, +3b, and 0544,41 = an + 2b. 
b Calculate a,?—3b,2 for n=1, 2, and 3. 
c What do you propose from b? 


d Prove your proposition from c. 


An A cm by B cm rectangular refrigerator leans at an angle of 


Bem X 0 to the floor against a wall. 
a Find H in terms of A, B, and 0. 
wall Acm b Use the figure to prove that 

Asin0 + Bcos@ < Y A? + B?, with equality when 

A 

tang — —. 

A B 

floor 


Find the coefficient of: 


8 
a 21? in the expansion of (20° — =) b 2? in the expansion of (1+2x)%(2— xy? 
T 
c z? inthe expansion of. (1-- 2x — 32?)*. 


A company manufactures computer chips, and it is known that 3% of them are faulty. In a batch of 
500 such chips, find the probability that between 1 and 2 percent (inclusive) of the chips are faulty. 


The real polynomial p(x) = 2° + (5+4a)z+5a hasazero —2+i. 
a Find a real quadratic factor of p(x). 


b Hence, find the value of a and the real zero of p(x). 


Solve the equation: (5) =3 eS) m (n. 
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In a game, a player rolls a biased tetrahedral (four-faced) die. [| Score | role 
The probability of obtaining each possible score is shown in a pam NH EN 
the table. | Probability | A A 














a Find the value of k. 


b Let the random variable X denote the number of 2s that occur when the die is rolled 2400 times. 
Calculate the exact mean and standard deviation of X. 


The first 3 terms of a geometric sequence have a sum of 39. If the middle term is increased by 
663%, the first three terms now form an arithmetic sequence. Find the smallest possible value of 
the first term. 


The points A(—1, 0), B(1, 0), and C(0, —0.5) lie at 
the axes intercepts of y = f(x). 

On the same set of axes, sketch the following graphs. 
In each case, explain what has happened to the points 















































A, B, and C. m 5 E 
a y—f(z-1)-1 b y— -2f(z - 1) 
1 
= d = 
¢ y=|f(z)| Y= FH 





A factory manufactures rope, and the rope has an average of 0.7 flaws per 100 metres. It is known 
that the number of flaws produced in the rope follows a Poisson distribution. 


a Determine the probability that there will be exactly 2 flaws in 200 metres of rope. 
b Find the probability that there will be at least 2 flaws in 400 metres of rope. 


In the given figure, ABCD is a parallelogram. X is the X C 
midpoint of [BC], and Y lies on [AX] such that B 
AY : YX — 2:1. The coordinates of A, B, and C are 
(1, 3, —4), (4, 4, —2), and (10, 2, 0) respectively. 

a Find the coordinates of D, X, and Y. 

b Prove that B, D, and Y are collinear. 


Solve T — cos?y given that y(0) = 4. 
x 


A random variable X is normally distributed with standard deviation 2.83. Find the probability that 
a randomly selected score from X will differ from the mean by less than 4. 


y Find a given that the shaded region has 


area 54 units?. 
y= zx), r0 








a a+2 


If 1-2 isazero of P(x)=x*+ 112? — 10x +50, find all the other zeros. 
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44 A club has n female members and n male members. A committee of three members is to be 


45 


46 


47 


48 


49 


50 


51 


randomly chosen, and must contain more females than males. 
a How many committees consist of 2 females and 1 male? 
b How many committees consist of 3 females? 
n n 2n 
€ Use a and b to deduce that n($) - (3) 2 8 (2). 
d Suppose the club consists of 12 people, and that Mr and Mrs Jones are both members. Find 


the probability that a randomly selected committee contains: 
i Mrs Jones ii Mr Jones, given that it contains Mrs Jones. 


The Ferris wheel at the Royal Show turns one full circle every minute. The lowest point is 1 metre 
from the ground, and the highest point is 25 metres above the ground. 


a When sitting on the Ferris wheel, your height above ground level after t seconds is given by 
h(t) = a +bsin(c(t — d)) metres. Find the values of a, b, c, and d given that you start your 
ride by entering your seat at the lowest point. 


b Ifthe motor driving the Ferris wheel broke down after 91 seconds, how high up would you be 
while waiting to be rescued? 


The ratio of the zeros of. z?-- ax--b is 2:1. Find a relationship between a and b. 


Find the exact value of the volume of the solid formed when the region enclosed by y — qe”, the 
x-axis, and the line x= 1, is rotated through 360° about the x-axis. 


The equations of two lines are: 





—4 3 
ie esl 214%) 1 |; el and Lx «==>, 
i 2 2 2 


Determine the point of intersection of L4 with the plane. 2x 4- y — z — 2. 
Explain why Lı and Lə are not parallel. 
Find the point of intersection of Lı and Lə. 


Qacga 


Find the equation of the plane that contains Li and La. 


The lifetime n (in years) of a panel in a solar powered calculator is given by the probability density 
function f(n) —0.6e 99", 5290. 
a Find the probability that a randomly chosen panel will last for at least one year. 


b A solar calculator has 8 of these panels, each of which operates independently of each other. 
The calculator will continue to operate provided at least one of the panels is operating. Find 
the probability that a randomly chosen calculator fails within one year. 


Suppose A and B are events such that P(A) 20.3--z, P(B)—0.24z, and P(ANB)=x. 
Find the possible values of x if A and B are: 


a mutually exclusive events b independent events. 


The real quadratic function f(a) has a zero of 3+ 2i, anda y-intercept of —13. Write the 
function in the form: 


a f(x) =ar?+br+c b f(x) =a(x4—h)* +k. 
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Suppose f(x) = 2tan(3(@—1))+4, aw € [-1, 1]. Find: 
a the period of y = f(x) 
b the equations of any asymptotes 
c the transformations that transform y —tanz into y= f(x) 
d 


the domain and range of y = f(x). 


The velocity of a particle travelling in a straight line is given by v — cos (&t) cms" !, 


Find the distance travelled by this particle in the first 107 seconds of motion. 


Year 12 students at a government school can choose from 16 subjects to study for their Certificate. 
Seven of these subjects are in group I, six are in group II, and the other three are in group III. 
Students must study six subjects to qualify for the Certificate. How many combinations of subjects 
are possible if: 
a there are no restrictions 
b students must choose 2 subjects from groups I and II, and the remaining subjects could be from 
any group 


€ French (a group I subject) is compulsory, and they must choose at least one subject from 
group III? 


a Show that the plane 2» —- y 3- z — 5 contains the line Li: x = —2t +2, y = t, 
2=3t+1, teR. 

b For what values of k does the plane x+ ky+z=3 contain Lı? 

c Without using row operations, find the values of p and q 2r+y+z=5 
for which the following system of equations has an infinite 
number of solutions. Clearly explain your reasoning. 





LY eS 
2x «py -2z —q 
d Check your result using row operations. 


The sum of an infinite geometric series is 49 and the second term of the series is 10. Find the 
possible values for the sum of the first three terms of the series. 
The average number of amoebas in 50 mL of pond water is 20. 


a Assuming that the number of amoebas in pond water follows a Poisson distribution, find the 
probability that no more than 5 amoebas are present in 10 mL of randomly sampled pond water. 


b If a researcher collected 10 mL of pond water each weekday over 4 weeks (20 samples in 
all), find the probability that the researcher collected no more than 5 amoebas on more than 
10 occasions in that 4 week period. 


The function f is defined by f:z— e", x € 0, 7]. 
a Use calculus to find the exact value(s) of x for which f(x) has a maximum value. 
b Find f”(x). 
c Find the point(s) of inflection in the given domain. 


When a real cubic polynomial P(x) is divided by z(2x — 3), the remainder is ax 4- b. 
a Ifthe quotient is the same as the remainder, write down an expression for P(x). 
b Provethat (2r — 1) and (r— 1) are both factors of P(x). 


c Find an expression for P(x) given that it has y-intercept 7, and that it passes through the 
point (2, 39). 
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Find a if a>0 and f 3— dr =3. 

o € +1 
One of the five fifth roots of the complex number a+ bi is 1+7. 
Without finding a and b, find the other four roots in polar form. 


Find the acute angle between the plane 2x --2y — 2 — 3 and the line 
=A-1l, y=-21+4 z=-A+3. 








a Simplify sin(2arcsinz). b Find i sin(2 arcsin x) dx. 
1 
c Hence find / sin(2 arcsin x) dz. 
0 
3 a =i "m 
The lines r= | -2 | +A| -—1 and = 7mm d E 3 intersect at point P. 
2 2 
a Find the value of a and hence find the coordinates of P. 
b Find the acute angle between the two lines. 
€ Find the equation of the plane which contains the two lines. 
The position of an object travelling along the x-axis at time t seconds is given by 


s(t) = 8 — 72 + 10t +14 metres, where t > 0. 
a At which times is the object stationary? 
b Find the total distance travelled by the object in the first five seconds. 


c i When is the object's acceleration zero? 
ii Describe what is happening to the object's speed and velocity at this time. 


sinz 


Find, to 3 significant figures, the area of the region enclosed by the graphs of y — xe and 


y = 2? — 4x +6. 


P(z)=23+az2+bz+c where a,b,cER. 
Two of the roots of P(z) are —2 and —3 + 2%. 
a Find a, b, and c. b Find the values of z for which P(z) > 0. 


Let f(x) =xtanvVl-—a2a?, —1<x<l. 
a Sketch the graph of y = f(x). 


b Find the volume of the solid formed when the region bounded by y = f(x), x = 0, and 
x = 1 is revolved through 27 about the x-axis. 


Prove that 3(527+1) 4 237+1 js divisible by 17 for all n € Z*. 


1 1 E: 
a If x=a3+b%, show that 2? = 3(ab)?x + (a+b). 


b Hence, find all real solutions of the equation x? = 6x +6. 


A function f with positive values has the property that its value at any point is three times the 
gradient of the tangent at that point. Given that f(0) = 3, find the function f. 
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72 a I wish to borrow $20000 for 10 years at 12% p.a. where the interest is compounded quarterly. 
I intend to pay off the loan in quarterly instalments. How much do I need to pay back each 
quarter? 

b Find a formula for calculating the repayments $R if the total amount borrowed is $P, for 
n years, at r% p.a. interest compounding m times per annum, and there are m equal payments 
at equal intervals each year. 


73 a Schools A and B each choose 11 members to go into a squad of 22. A combined team of 11 
must be chosen to be sent away interstate. 
In how many ways can a team of 11 be selected and a captain be chosen if the captain must 
come from A? 
6 Generalise the solution from a to show that: 
1(7)+2(3) +3(3) +. +n (f)° =a (Ry). 


74 Consider the curve y = xe?*. 


a Find the exact value of k € R such that y = k is a horizontal tangent to the curve. 
b For which values of k€ R does the line y=k meet the curve in: 

i exactly one point ii two distinct points iii no points? 
€ Now consider the family of curves y — ze", acR, a0. 

i Show that y = <x is a tangent to all such curves and find the point of contact. 


ii Find the equation of the normal to y — ze^', ac R, a0, when x=0 and find 
the acute angle this normal makes with the x-axis. 


75 Consider a randomly chosen n child family, where n > 1. Let A be the event that the family has 
at most one boy, and B be the event that every child in the family is of the same sex. For what 
values of n are the events A and B independent? 


76 zisacomplex number where |z| 2 1 and argz e (0, 5]. 


: z TO 
Given that arg (=) =4, find |z 42]. 


77 A quadratic equation ax?+br+c=0_ is copied by a typist. However, the coefficients a, b, and 
c are blurred, and she can only see that they are integers of one digit. If she chooses a random digit 
for each coefficient, what is the probability that the equation she types has real roots? 

78 In triangle ABC, the angle at A is double the angle at B. 

If AC=5cm and BC=6cm, find: 


a the cosine of the angle at B b the length of [AB] using the cosine rule. 
1 


sin2x sind  sin(27x) 





79 Prove that = cot g — cot(2”x) forall ne Z*. 


3 
80 Let in= f r” cosg dz. 
0 


T 


2 
a Calculate Ip - f cos gx dz. b Calculate M - f z£ cosg dz. 
0 0 


¢ Show that for n>2, I, = (5) — n(n — 1)In-2. 


2 
d Hence find r? cosg dz. 
0 
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a Use complex number methods to prove that cos? 0 = 3 cos@ + Í cos 30. 


b Solve the equation x?-—3r+1=0 by letting x= ES cos 0. 
m 


Points P and Q are 3 metres apart, and free to move on the 
coordinate axes. N is the foot of the perpendicular from 
the origin to the line segment [PQ]. [PQ] makes an angle 
of @ with the y-axis. 
a Show that N is at. (3sin 0 cos? 0, 3 sin? 9 cos 0). 
b Sketch the curve defined by: 
x = 3sinĝ cos? 0, y — 3sin?6cos0. 





An arithmetic sequence has first term uj and common difference d Z 0. Its distinct terms Um4+1, 
Un+1, and Up41 are consecutive terms of a geometric sequence. 





a Find AE b Prove that if SE es n then HE is negative for all n. 
ul m+p ul 
8 3 
Suppose line L; is defined by r= | -13|+A]| —5 and line La is defined by 
—3 —2 





6 —5 —5 
a Find the coordinates of A, the point of intersection of lines Lı and Lə. 





z+10 y-7 2-11 


Find the coordinates of B, where Lı meets the plane 3r 4- 2y — z — —2. 
c€ The point C(p, 0, q) lies on the plane in b. 
V3 


Find the possible values of p if the area of triangle ABC is +> units”. 


Suppose e” can be written as the infinite series e” = ao + ax + agg? + .... + anz” +... 
1 1 

a Show that ag=1, ay=1, ag= arr 03 — 3p 
b Hence conjecture an infinite geometric series representation for e”. 


€ Check your answer to b using the substitution x — 1. 


If two vectors a and b are such that. |a| 2 7, |b| 216, and |a—b| —20, find |a+b| 
to 3 significant figures. 


a and f are two of the roots of. z? -- ax? + bz + c= 0. 
Prove that oj isarootof az? — bz? + acz- c? — 0. 
The graph shows the relation (x? + y?)? = 2? — y?. 

a Find the axes intercepts for this relation. 


b Find the coordinates of four points on the 
graph at which the tangent is horizontal. < 
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a Use integration by parts to find 1 Ina dz. Check that your answer is correct by 
differentiation. 
b The continuous random variable X has the probability density function  f(r) — In z, 
1<x<k. Find the exact value of k. 
€ Find the median value of the random variable X. 
At A on the surface of the Earth, a rocket is launched R 
vertically upwards. After t hours it is at R, h km above + 
the surface. B is the horizon seen from R. 
Suppose the Earth has radius r km, BOR is 0, and arc AB akin 
is y km long. | 
2 ykm 
a Show that dy = = 2 an. 
dt sinf dt 
b If the velocity of the rocket after + hours is given by 


00 an CO 


rsint, t € [0, a], find the height of the rocket at 
t = 5 hours. 

If r x 6000, find the rate at which arc AB is 
changing at the instant when t= 3. 





The hyperbolic tangent function arctanh(z) is arctanh(2) = 3 [In(1 + 2) — In(1 — z)]. 
1 


Show that the derivative of arctanh(z) is TJ 
= 


_3 
A function f(x) has derivative f'(2)=x(1-a?) ?. 
The volume of revolution bounded by y = f(x), the x-axis, 2 = 0, and x = $, when 
rotated 27 around the x-axis, is 14.589 units. Find f(x). 


Let f(x) =x-4v2yz. 
i Write down the domain of f. 
ii Find the minimum value of f on its domain, and find the coordinates of the point where 
f attains its minimum value. 
ili Sketch y = f(x) and y= f'(x) on the same graph. 


For two numbers a, b > 0, the arithmetic mean > geometric mean. 


This means that 2 - y > Vab. 





i Prove this result by considering (ya — vb)’. 
ii For a suitable choice of a and b, establish an alternative proof for the result of a ii. 


1 1 

Find a and & if the line Lj givenby r— | —-l1 ] +A] a lies on the plane P, with 
2 -1 

equation 3r — ky 4- 2 — 3. 


Show that the plane P; with equation 2» — y — 4z —9 is perpendicular to P. 
Find the equation of Lə, the line of intersection of P, and P». 

Find the point of intersection of L4 and L». 

Find the angle between the lines Lı and Lə. 
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94 There are 12 students in a school’s Hungarian class. Being well-mannered, they line up in a single 
file to enter the class. 
a How many orders are possible? 
b How many orders are there if: 
i Irena and Eva are among the last four in the line 
ii Istvan is between Paul and Laszlo and they are all together 
iii Istvan is between Paul and Laszlo but they are not necessarily together 
iv. there are exactly three students between Annabelle and Holly? 
€ Once inside, the class is split into 3 groups of four students each for a vocabulary quiz. In how 
many ways can this be done if: 
i there are no restrictions ii Ben and Marton must be in the same group? 


95 A particle moves in a straight line with displacement from point O given by the function s(t). 


The acceleration of the particle is a(t) and its velocity is v(t) where a — 2v? and w(0)— —1. 
dt 2 
a Show that du P 


b Hence find v(t). 


€ Find the distance travelled in the first 2 seconds of motion. 


96 Prove that 


2 
n2x1+(n—1)? x24 (n—2)2x3-+(n—3)2x44...422x (n-N4Pxn = MeV erst) 


12 
for all positive integers n. 


97 A ball of icecream with initial radius 8 cm takes 5 minutes to melt. During this time, its radius 
decreases at a constant rate. 


a Find the rate of change of volume of the icecream ball 2.5 minutes after the icecream begins 
to melt. 


b Find the average rate of change of volume for the last 4 minutes of melting time. 
98 Suppose 3, log, x, 3log,y, and 7log, z are consecutive terms of an arithmetic sequence. 
a Prove that 719 — y?! — 2?8, 


b Find z in terms of: iy ii z. 


99 Consider the function f(x) = cos(2r)e%S*+8" 2, 
a State the period of f(z). 
b Sketch the function for the interval 0 < x < 4r. 
c Find: 


i i, f(x)dx using the substitution u = ecosT+sinz 


ii the first positive x-intercept of the function. 


ü. 


Hence find the area enclosed by the function and the x-axis from x = 0 until the first positive 
x-intercept. 
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100 A manufacturer constructs symmetric eggcups from wood using a lathe. He programs his machinery 


-2 
yr = 2+ bem Os 








with the functions ya = 4lng All units are in centimetres. 
In2 
Y3 = 5.2. 
a | Sketch and shade the region R bounded by the lines z — 0, y — 0, and the curves yi, 
y», and ys. 
ii Find the exact value of the y-intercept of the curve yi. 
-2 
b i If y = 24 5e27405 and x >0, show that x= BL EY 
In (22) 
5 
y 
ii If y= ane for « >0, show that zr —2*. 
n 


€ Each eggcup corresponds to the solid obtained by rotating the region R about the y-axis. 

i Write down an expression involving integrals which gives the volume of wood in an 
eggcup. 
Calculate the volume of wood in an eggcup. 


zx 


d Let fo(x) = a and go(x) = 27. 





i Sketch y= fo(x), y=go(x), and y=<2_ on the same axes. 

Show that (f2°g2)(x) =a forall x €R, and show that (goo f2)(z) — x for all 
x. 

ili What is the relationship between f2(x) and g»(x)? 


—2 
e Let fi(z)—2--5e*"*95, where z 2 0. 
i Write down a function gi(z) for which (fio gi)(z) = z. 
ii State the domain of the function. g1 (x). 
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EXERCISE 11.1 HE TS 


1 az—0,-1 b «=0,4 cx=0, 4 
dx=0,5 € 2—3,2 (2-37 
g r=3 h z= —4, 3 i z= —11,3 
2 ar=2 bz--L7 € 7——2,6 
dz-i-2 e x=3,1 f2--2,—2 
g 2——2,4 h z= 4, -3 i s=—4,3 
3 azr=25 bgr=0- cgz=ż4,—-1 dgr=3 


EXERCISE 1A.2 INE —/ 




































































1 av=-5tv2 b no real solns c x=43+242 
d x=2+vV6 e z—--irivy3 to=jL 
2 ar-2-cV3 bx=-3+v7 cx=7+vY43 
d x=2+yY7 e x==-3+y2 ta=1+=vY7 
3g1x=-3+v11 h x2=4+y6 i no real solns 
= 41 — B5. y19 = Sete 

3 ar—--lt7s bi=3+% cx=-2%y7 
dx=1+y/7 ea=3+ a f c= lj x8 

EXERCISE 14.3. 

1 am=2+v7 b r=-34+ V2 x 243 
d r=-24 V5 e 24 2 fa icivT 
g2=-44¥% h o=-24 Vr icg=V2 

2 a x=-2+2y2 b o=-5+ 4% c r=% 

zn —~1i4¥v5 — 34 YAT 
do=3+3V7 eo=3t 8 foi 


EXERCISE 18. II 


1 a 2real distinct solutions b 2 distinct rational solutions 
d 2 real distinct solutions 


f a repeated solution 


€ 2 distinct rational solutions 
e no real solutions 


2 aed f 
3 a A=16—4m <n 
im=4 ii m<4 iii m>4 
b A—9—8m + i m YR 
_ 9 o im 9 8 
lm=g m< Wl msg 
€ A—9—4m + : me 
_ 9 9 re 9 4 
Ii m=3 imc; I mj 
h a A=k?4+8k PIN tiyg 
—8 0 
ik<-8ok>0 li k<-8ok>0 
ill k — —8o0r0 iv —8«k«0 
b A—4A-— Ak? a l lk 
—1 1 
i -1c«k«1 i —1xkx«l1 
iii k — c1 iv k«—lork»1 





€ A — k? - Ak — 12 EE 
—6 2 
ik<-6ork>2 ll k<-—6ork> 2 
iii k = —6 or 2 iv -6<k<2 
d A=k?-4k- 12 A ntg 
-2 6 
ik<-2ork>6 ii k< -2ork>6 
iii k = —2 or 6 iv -2<k<6 
e A= 9k? — 14k — 39 E SS, 
E 3 
ik<-Bork>3 ii k<-Bork>3 
iii k=—3 or 3 iw -B<k<3 
f A = —3k? — 4k ao Up qe ck 
-4 0 
i -$«k«0 ii -¿<k<0 


i k- —$or0 iv k<-Zork>0 


EXERCISE 1C. IEEE _ 





1 a sum— 2. product = 3 b sum — —11, product — —13 
—6 __14 
€ sum = $, product — =e 
2 k= —3, roots are —1 and 3 
6 a—2 
3 a 3a=-, 207 = 
a a 
b a — 4, roots are i andl or a — —2,roots are — 1 and —2 


4 k = 4, roots are -i and 3 or k= 16, roots are -$ and 2 
5 7z? — 48r +64=0 6 a(8r? — T0x -- 147) 2 0, a Z0 
7 -8+ V60<k <0 
EXERCISE 1D.1 
1 a y=(x-—4)(z +2) 





b y=-(0-4)(2+2) 











iu 
0. 5 vo 


866 


b 4 

d (-2,-5) —e (-§,-# ,=3) 
a +3 b +43 c 3and —4 
d Oand4 e —4 and —2 f —1 (touching) 
g 3 (touching) h 243 i —4+ v5 
a ia=1 b iz= 3 

n ii (5-9 

ill no x-intercept, 

y-intercept 5 iii x-intercepts i, 2, 










ANSWERS 
e irz-—3 i (3,9) f iz-—A4 i (485) 
iii x-intercepts 0, 6, iii x-intercept 4 + 2/5, 
y-intercept O y-intercept 1 





EXERCISE 1D.2 
1 a y=(=-1)2+2 b y=(2+2)?-6 














y-intercept 2 





1 
z 
1 —3 1 
c iw=5 d iz= 3 
ii (3,1 ii (1,9 5 rl 
ü (5.2) ü (1.2 v5.51) 
iii z-intercepts 1, 2, iii x-intercepts -i 1, 


y-intercept —2 y-intercept 1 
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y=-21?—52+3 


EXERCISE 1D.3 BEEN — 
1 


cuts z-axis twice, concave up 

cuts z-axis twice, concave up 

touches x-axis, concave up 

touches x-axis, concave up 

cuts x-axis twice, concave down 

touches x-axis, concave up 

a=1 whichis >0 and A=~—15 whichis < 0 

a=-—1 whichis <0 and A=~—8 whichis < 0 

a=2 whichis » 0 and A = —40 which is « 0 

a=-—2 whichis <0 and A = —23 which is < 0 

3 a—3 which is » 0 and A — k?-- 12. which is always » 0 
{as k? >0 for all k} 


4 a=2 whichis>0 and A — k? — 16 
when k? «16 so -4<k<4 
EXERCISE OS ts 
1 a y —2(z— l)(z —2) b y= 2(x — 2)? 
€ y — (z— 1)(x — 3) d y — —(z—3)(z-41) 
f 
b 


Qntoa moO an 


positive definite 


e y — —3(z — 1)? y = —2(x + 2)(x — 3) 
2 a y=3(2-2)(2-4) y = —4(x+4)(x — 2) 

€ y- -$(z 43) 
3 a gy-—32? —18z y = —4r? + 6z +4 
y = 4a? + 162 + 16 
y=—f02 +2045 
y = 2(@ — 2)? — 1 
y = $(r—4?-6 


y = 2(@-$)?-3 





~ aF mn a CO 


EXERCISE 1F INN. 

1 a (1 7) and (2, 8) b (4,5) and (—3, —9) 
c (3, 0) (touching) d graphs do not meet 

i (2, 4) and (—1, 1) 

i (1,0) and (—2, —3) 

c i (1,4) touches 


ii z« —1 or 22 


go 


ii z« —2 or 2251 
ii x21 





d i (14) and (—4, —1) 
3 c=-9 4 m=0 or —8 
6 ac<-9 

b eg, if c— —10 


ii z« —4 or 0c z«1 
5 —1 or 11 
y-2a?— 3x — 7 





y—rz-—10 


EXERCISE 1G INN — — 
1 7and-5 or —7 and 5 25 or £ 3 14 
4 15and 17 or —15 and —17 


5 3.48 cm 
6 b 6cm by 6 cm by 7 cm 7 11.2 cm square 
10 61.8 kmh-! 


gg k E TA 
20 
15 [T1 


8 no 
11 a 










































































x (m) 


0 
0 5 10 15 20 25 30 


b parabolic c 21.25m d y= —0.05z? + 2z + 1.25 
e Yes, when z — 40, y — 1.25 
a 


y—-$2?48 
b No, tunnel is only 3.67 m wide 5 m above ground level. 
EXERCISE 1H. EE 


12 


1 a min. —1, whenx= 1 b min. 433, when x = i 
1 =i 
c max. 63, when z = i 
2 a 40 refrigerators b $4000 
4 500 m by 250 m 500m 


250m 


5 c 100mby 112.5 m 6 © 32 units 
7 a y=6-—łr 


a1bı + a2b2 + .... + anbn 


b 3 cm by 4 cm 





8 m= 
af +a? +... +a? 
9 y= zt — 2(a? + b?)r? + (a? — b?)?, 
least value = —4a?b? 


REVIEW SET 1A 
1 a —2and1 


b 2=-3 
c4 
a (43) 
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(x +4)? +6 | 
2=-4 


y=-3 





6 a y=3x?-—24x +48 


7 a=-—2 whichis < 0 
max. = 5 when x= 1 


8 4x2 +32 -—-2=0 


b y= 20? + Erp 3T 


. AN a max. 


9 azx=50r2 b x=30r4 cz—lo3 
10 (4,4) and (—3, 18) 11 k<-35 
00) 9 9 
12 am=3 b m«sg c m$ 
6 5 E 1 
13 5g 15 k=3, roots are —3 and 3 


REVIEW SET 1B MEE 
1 a y =2(z +) — d 





e (EE) 

€ —3 

y = 22" + 6x — 3 
2 a «0.586 or 3.414 b xz —0.186 or 2.686 
3 
V(1,1) 
y= —a? 4 2x 

4 s=, V($, 124) 
5 a two distinct rational solutions b a repeated solution 
6 ac>-6 b eg, c=-2, (—-1, —5) and (3, 7) 
7 12.9 cm 8 b 15mby 30m 
9 ax=-1l d 

b (-1, -3) 


€ y-intercept —1, 
x-ints. —1+ iv6 





10 z 13.5 cm by 13.5 cm 11 a :=-2 


12 a min. =5% when 2=-3 
— Rl —_ _5 
b max. = 53 when 2=-—3 

13 b 37)mby33hm  < 1250m? 


14 a k—12or —12 b (0,4) 












REVIEW SET 1C INN. 











l ax=2 d y-i(r-2)-4 
b (2, —4) 
c —2 

z 

2 a c= 54 V8 bae=t4+¥B 

3 ar=1+%7 b no real roots 

4 a y— 29 (a — 2)? — 20 b y- -2(z—-1)(z- 7) 
€ y — 8(z-3)? 


5 a graph cuts b graph cuts 

x-axis twice x-axis twice y \ 
6 a neither 
7 y — —6(x — 2)? 4-25 


b positive definite 


: 1 
8 y-intercept = 5 


9 k<1 10 y= —4a? + 4a 4 24 
11 m = —5 or 19 12 a<-9, —1<a<0 
13 a i y-3(rz—3)(x43) ii y —9r—27 


b0<zx<3 
15 a(64z? — 1352 — 27) 20, a #0 


EXERCISE 2A IO 
1 a,d,e 2 a,b,c, e, g,i 3 No, for example x = 1 
4 No, for example (0,3) and (0, —3) satisfy the relation. 


EXERCISE 2B INN. 





1 a2 b 8 c —1 d —13 el 
2 a2 b 2 « -16 d-6 el 
3 a -3 b 3 c 3 d —3 e B 
h a7—3a b 7+3a ce —3a— 2 d 10— 3b 
e 1-32 ft 7-3x— 3h 
5 a 2z?.-19x--43 b 2z?— liz 4-13 
€ 222 — 32 — 1 d 22*--33? —1 
e 223^ — 32 — 2 f 2x7? + (4h + 3)x + 2h? + 3h— 1 
" "T .. 3 sss 4 
6 a i — I =z ii —5 
2 
b r=4 Sd d g=? 
x—2 


7 f is the function which converts æ into f(x 
value of the function for any value of x. 


— 


whereas f(x) is the 


8 a 60210 euros, value after 4 years 
b t — 4.5 years, the time for the photocopier to reach a value 
of 5780 euros. 
€ 9650 euros 
9 y 10 f(x) =-22+5 
11 a= 3, b= -2 


12 4—3, b——1, c— —4 





ANSWERS 869 





EXERCISE 2C EE ——™ 











1 a Domain = {z |x > —1}, Range = {y | y < 3} 
b Domain = {z | —1 < xz < 5}, Range = {y | 1 < y < 3} 
c€ Domain = {x | x 4 2), Range = [y | y 4 —1) 
d Domain = {z | x € R}, Range = {y | 0 < y < 2} 
e Domain = {x | x € R}, Range = {y | y > —1} 
f Domain = {x | x € R}, Range = {y | y < 25} 
g Domain — (z| z 2 —4}, Range = {y | y > —3} 
h Domain = {x | x € R}, Range = {y | y > —2} 
i Domain = {x | x # +2}, 
Range = {y |y < —1 or y > 0) 
2 a Domain = {z |x > —6} b Domain = {x | x # 0} 
c€ Domain = {x | £ < 3} 
3 a Domain = {zx |x € R}, Range = {y | y € R} 
b Domain = {x | x € R}, Range = {3} 
¢ Domain = {x | x > 0}, Range = [y | y > 0) 
d Domain = {z | z # —1}, Range = {y | y 4 0) 
e Domain = {x | x > 0}, Range = {y | y < 0} 
f Domain = {x | « 4 3}, Range = (y| y 4 0) 
^ a Domain = {x |a > 2}, Range = {y | y > 0} 
b Domain = {x | x # 0}, Range = {y | y < 0} 
¢ Domain = {x | x < 4}, Range = {y | y > 0} 
d Domain = {x | x € R}, Range = {y | y > —24} 
e Domain = {x | x € R}, Range = {y | y > 2) 
f Domain = {x | x < —2 or x > 2}, Range = {y | y > 0} 
g Domain = {x | x € R}, Range = {y | y € 23} 
h Domain = {z | z Æ 0}, Range = {y | y < —2 or y> 2} 
i Domain = {x | x Æ 2}, Range = {y | y Æ 1} 
j Domain = {x | x € R}, Range = {y | y E€ R} 
k Domain = {x | z Z —1, and x Z 2], 
Range = {y| y < d or y 2 3J 
l Domain = {x | x # 0}, Range = {y | y > 2} 
m Domain = {x | x Æ 0}, Range = {y | y < —2 or y > 2} 
n Domain = {x | x € R}, Range = {y | y > —8} 
5 a Domain = {1, 2, 3}, Range = {3, 5, 7} 
b Domain = {—1, 0, 2}, Range = {3, 5} 
¢ Domain = {—3, —2, —1, 3}, Range = {1} 
d Domain = {—2, —1, 0, 1, 2}, Range = {0, V3, 2} 
EXERCISE 20 A } 
1 a 5-22 b —27—2 é 11 
2 a 252-42 b V8 c -7 


(go f)(e) =2—22, 
Domain = {x | x € R}, 
Range = [y | y < 2} 


3 (fog)(z) = (2-2), 
Domain = {z | x € R}, 
Range = {y | y > 0} 








4 a iz?—6r+10 ii 2-— gz? b z=- 
5 fog ={(0, 0), (1, 1), (2, 2), (3, 3)} 
6 a fog ={(2, 7), (5, 2), (7,5), (9, 9)} 
b go f =1(0, 2), (1, 0), (2, 1), (3, 3), 
7 a (fog)(z) = a Al, Domain = {x | « # $ or 1) 
3r—1 
b (fog)(z) 22z--5, r Z —2, Domain — (xz | x z —2) 
€ (gog)(z) 2 z, 4 1, Domain — (z| z Z1) 
8 a (fog(z) - Vi 
b Domain = {x | —1 < x < 1}, Range = {y| 0< y< 1} 


9 a Let c=0, b=d and so 
ax +b = cz +b 

ar cr forallz 
Eet p= a=c 
6 (fog)(x) = [2a]x +[2b+3] =12+0 forall a 
2a=1 and 2b64+3=0 
{(90 f)(w) = alex + [3a + b]} 


EXERCISE 2E A # }» 





c Yes, 


3 a odd b neither € even d odd 
e even f neither 

4 a=-3 5 b=-1 

6 b b=0, d=0 cb=0, d=0 8 even 


EXERCISE 2F INN — 
1 a 
































4— — —)————— T 4——L————— x 
2 =] 3 
£ +, - ,+ d + + 
46 ————————— d a 
0 2 1 
e B _ f eR a m e 
4—————————— Y _ l 
-2 —2 0 2 
9 mob oap h +, + ,- 
4——— ————————- T PA d 
0 -1 2 
i j 
~,7t,+F,-,, +p = soy 
-3 0 4 1 2 
ME E A A 
A X a X 
2063 2-1 1 2 
2 a b + = E 
4— — ————L—» X -—— —L——————L——» dq 
—4 2 0 3 
€ a = a d = + = 
ai l d A O <A 2a 
-2 0 -1 3 
e - 4 - f Rl m 
AELMÁELL———óm a — ~~ z 
l 3 2 5 
S + — + h = + — 
4—— ——— l pr — pr 
—3 3 —2 2 
i = + = j de = ais 
<1 <—1____1___» 
0 5 1 2 7 
k oe a es I 
4— —————————» dX 4——L——————» r 
-l 1 -2 1 
2 2 3 2 
m = hy = n z $ z 
= 3 -i 5 
o uu ae — 
a l 
2 1 
Ub 3 
3 a + + b + + 
A E — ————L ———— T 
—2 3 
c — = d = = 
4—— ———————»- T 4—— —— ——L———— T 
—2 4 
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e f _ = EXERCISE 20.1 Ds 
a o € 
— | > 
1 + 7 1 a2 b3 c6 d6 e5 f-1 gil 
g h a S h 5 i4 j4 k 2 12 
— ~ > 
«— uo oc -3 dá 2a8 b2 «5 do 
2 
JPA 3 a + Te [Tal 1a 
3 
2 
4 a +, - i+ b +i — + 
Hát -. . —— — ————— d 
-2 1 =3 0 
€ = + i- d = E S 
=3 4 1 2 4 
e $= du f deu. le 
A Y 4——————————— X 
0 2 0 3 
i h I 
S EM T + g E = + d 
0 1 -1 0 
i +- +i- i +- +j- 5 
-2 1 3 Ü 0 1 2 7 
_ 1—2, r22 _ +1, x>-u1 
; NE y= 2-2, «<2 y= —a-1, 2<-—1 
k + =i4 > l 2 
A——_————> Y _ 12200 
-2 0 2 -$ 2 8 
2 
m i n i 
= +i-,+ E — i + 5 
-v3 -1 V3 0 
" = + P Et xn 2 
x a l 
-1 -3 3 
q deo. eher r eub wb dius 
—2 0 5 1 3 
s F ee de t = Je aces 
=1 2 =a -3 
u + -i+ -i+ 
AA a 
—8 -3 2 


EXERCISE 2G EEENNEEEEEESE  }» 











e y= 
1 azc[-3,2] b no solutions ce x€]-3,3[ 
d z€|—oo,0] or [LL oo[. e z€]—oo, 0] or [3, oo[ 
f xe]-2,0[ g 1€]-2,2| 
h x€]-o0, -v2] or [v2, oo | i x #-—2 
į xz € ]—, —1] or [3, œ[ k no solutions 
lze]-3,3 m z€]—oo, -$[ or ]4 oo[ 
1 1 
n rÆl o xEl3,3] 3 y=]x|+|x — 2] h y = |x| — |z — 1] 
p x€]—co,—4[ or J1, cof 22-2, 222 1, z21 
qre —oo, - i] or [2, œ| y= < 2, 0<x<2 y= <2a@—-1,0<2<1 
3 2—2z,r«0 zi z«0 
r z€]—-oo, $[ or ]3, oo[ 
y = = = 
2 a2<-4 2>3 b-1<x<4 yeso pati 
c—7«r«2.5 d -5<2<-2, 0<2<2 
e -2<x<0.545, r>2 f x2<-1.75, 25<zx<3 
3 a -1<zx<0, zx>1 b r<-2 1<x<3 
cx<-—3, -141<2< 1.41 
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EXERCISE 2H.2 Ds b i vertical asymptote z — —1, horizontal asymptote y = 2 
l a x=33 b no solution cx=0 ii Domain = {x |x # —1}, Range = {y | y # 2} 
d r—4or-2 ex=-1lor7 f no solution iii x-intercept L. y-intercept —1 
g z—lori h x=00r3 i z= -—2 or 4 iv as z => —17, y—> œ as z > œ, y> 27 
2 ar 3 or 3 b c=-2or—4 cx=-1lor7 as 2—> 1%, y — —oo as æ — —oo, y > 2% 
v 
=. ts _ 4 _1 
3 y ——40rg b z—-60r—-3 €r—g 
—5 Lud — 2 
d r=53 e r—rtg f c=—6 ors 
= —_4 =. 5 a. 
bh azx=1 b z—-—£or4 € zr—50r5 
a z€]|—4 4[ b zc€]—oo, -3] or [3, oo[ 
rc[-4-2] d zc]-1L2[ 
e z€|—oo, 1[ or ] 3, oo[ f zefi, œf 
1 3 
g re [-l, 5] h z€[5,2[ or z€]2, 3] € i vertical asymptote z — 2, horizontal asymptote y — 1 
i ze[-i1[or z€j]lioo[ j ze]L3[ ii Domain = {x | x Æ 2}, Range = {y | y Æ 1} 
k z€]-oo,-1[ or z€]2, oo[ 1 z€[3,oo[ iii x-intercept —3, y-intercept — 3 
6 iv as 27—52 , y — —oo as 2 00, y —^ 1* 
as z—2*, y — oo as z— —o0,y—1 
v 
y 
_2+3 
f(a) - 223 
7 d i vertical asymptote « = —2, horizontal asymptote y = 3 


8 a True b True 
EXERCISE 21 IN tt 








i Anywhere between O and Q inclusive, the minimum 


ii Domain = {x | «A —2}, Range = [y | y 4 3) 

iii x-intercept i, y-intercept -i 

iv as x —2 ,y—oo as zoo y 37 
as y — —2*, y —^ —oo as y — —oo, y —^ 3* 





length of cable is 10 km. 
At O, minimum length of cable is 17 km. 





vertical asymptote z — 2, horizontal asymptote y = 0 2 a Domain = {z |x Æ —4 
c 


Domain =e 7 2), oa 10190 b Vertical asymptote «= -4 

ages eee ¢ Horizontal asymptote y = ‘ 

as 22 ,y-— —oo as zoo, yor 

as x — 2*, y —^ oo as x => —oo, y—0- EXERCISE 2J mM 


1 a b i 
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$ 7 a {(2, 1), (4, 2), (5, 3)} b inverse does not exist 
« ((0. —1). (1. 2). (2. 0). (3. 1)] 
d {(-1, -1), (0, 0), (1, 1)} 
8 a 9 
inverse 
y=u 
s b No 
c Yes, itis y = yz +4 
1 1 
10 f-l(z)— — and f()- — «. f= fot 
x x 
f is a self-inverse function 
3-8. : 
11 a y-— 3 is symmetrical about y — x 
dicm 
f is a self-inverse function. 
3 = 7 
bf Me) === and f(a) = = 
—3 z—3 
ff ^ fisaselfinverse function 


12 b i isthe only one 
c i Domain = {xz|z<1} ii Domain = {x | £ > 1} 


13 a f(x) = -vyz b 





14 a A horizontal line above 
the vertex cuts the graph 
twice. So, it does not have 


an inverse. 





iQ, -1) 


b i For z Z 2, all horizontal lines cut 0 or once only, 
has an inverse. 








pc - P ii Hint: Inverseis r — y? — 4y -3 for y 22 
fr d iii A Domain = {x | x > 2}, Range = {y| y > —1} 
B Domain = {x | x > —1}, Range = {y | y > 2} 
4 a {r|-2<æ<0} b (y|0<y<5) iv Hint: Find (gog-!)(x) and (g-!og)(z) and show 
cfx|0<x< 5) d {y|-2<y< 0} that they both equal x. 
5 a f and f-! are the same. They are self-inverse functions. 15 a f (2) Vz-3—-1, z23 


€ i Domain — (z| z 2 —1) 
Range = {y | y > 3} 
ii Domain = {x | x > 3} 
Range = {y | y > —1} 


b For example, any linear € For example, any of 
function with slope — —1. y= 2 a ER «01, 





16 a10 czx=3 17 a 125 ii 16 b z—1 








18 (og) = TT ad (g0 fta) = H 
19 a Isnot b Is € Is d Is € Is 


6 f(x) is the same as (f71)71(x) 20 a Bis (f(z), x) 
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EXERCISE2K. EN —™ 


v 
1 
d i z-intercepts —1 and 1, y-intercept 0.25 
ii local maximum at (—0.5, 0.333) 
iii vertical asymptote of « = —2, 4 
no horizontal asymptote 
iv Domain = {x | —5 < z < 5, x Æ 2}, 
Range = {y | y < 0.333} 5 
v 
(5, x 
8 
2 a max. 28.0 
9 


b i 


z-intercepts —3, 0, and 4, y-intercept 0 1 


max. (—1.69, 6.30), min. (2.36, —10.4) 
no asymptotes 
Domain = {x | a E€ R}, Range = {y | y E€ R} 






(—1.69, 6.30) 


(2.36, —10.4) 


i z-intercepts —4.97 and —1.55, y-intercept 2 


local minima at (—3.88, —33.5), (0, 2) 
local maximum at (—0.805, 2.97) 

no asymptotes 
Domain = {x | —5 < 


< 
Range = [y | -33.5 < y 


xz 
< y < 12.8) 


(—0.805, 2.97) 






(=5, 2) 





(—3.88, —33.5) 


i z-intercepts —0.449 and 4.45, y-intercept —0.125 


local maximum at (5, 3) 

vertical asymptote of x = 4, 

horizontal asymptote of y = 1 

Domain = {x | x # 4}, Range = {y | y < 3} 








max. 6.27 ii max. 4.03 iii max. 6.27 


b 
c 


b 





EXERCISE 2L MEE 
a 


s b z = —0.373 
—6, —36.7 à 
( ) > (6, 35.3) d dq 
a = —2.04 
or «= L771 











one solution 
i0ock«l1 ii k=Oorl 


iii —-3<k<0O0 o 1<k<8 iv no solutions 


REVIEW SET 2A INN 


i Domain = {x | x € R} 
iii Yes 


ii Range = {y | y > —4} 


i Domain = {x |x ER} ii Range — (2). iii Yes 
i Domain = {x | x € R} 
ii Range = {y | y < —1 or y> 1) iii No 
i Domain = {x | x € R} 
ii Range = {y | —5 < y < 5} iii Yes 
0 b -15 ¢-3 3 a=-—6, b=13 





ga)=2?, f) = 








z—-lor3 b zc]-oo,—8] or [2, oo[ 
zx?——2 b z^— 7z?--10 
i Domain = {x | x € R}, Range = {y | y > —5} 
ii x-int—1, 5, y-int -3 iii is a function iv No 
i Domain = {x | z € R}, Range = {y | y = 1 or —3} 
ii no z-intercepts, y-intercept 1 iii is a function 
iv No 
odd b neither € even 
pa) = $72 b fia) = $—48 


4 5 
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10 a b 11 a=6 
————— 5 apo od 9 pius 12 a z€]|—oo,1[ or ]9, oo[ 
-2 4 —2 3 b 
11 a=1, b=-1 
12 a : b z6€]—oo, -2[ or ]1, 3[ 
- +i- + 
4 
= i a 
13 a f(-3)=(-3)? =9 b 169 cr=-4 
a(-3)=1- 6(-5) =9 
14 (f-Loh-)(e) = (ho f(a) 22 2 a os mea gd 
15 a h-'(2)=4+Ve-3, z23 || +1 
2 
REVIEW SET 23 Ds 13 a (Bo Pe) = Fi 2=-3 
1 a Domain=¿(x|x ER), Range = {y | y > —4} . 1 
b Domain— (z|z 40, z 421 € i vertical asymptote x = —3 
Range 2 (y| y & 1 or y » 0] horizontal asymptote y — 0 
2 a 22241  b 4102-120+11 T o 14? 
r--i| 
3 b ; i =- 2 
- +i- + E = i Kr gen 
——L—— —— i 2 mm i 
-2 3 8 —b —3 y=0 | (2,2) 
————9—X 
hb azx=0 b 1 : T 
or y> 2} 
7 
14 b fla) = — 
c€ Domain = {x | x # 0}, Range = {y | y > 0) 
5 aa=2, b=-1 
b Domain = {x | x # 2}, Range = {y | y Æ —1} 
6 a Domain = {z |x > —3}, Range = {y |—3 < y < 5] 
b Domain = {x | x # 1}, Range = {y | y < —3 or y > 5} 
7 ax=lor7 b x€]-00, -—¿] or [5, oo[ 
15 a 
a zc[-1,5] b z€]-8 -i[ or ]1, oo[ 
9 a 
(2, -12) 
10 a vertical asymptote z — 2, horizontal asymptote y — —4 b Range = [y | 0 < y < 2} 
b Domain = {x | a #2}, Range = {y | y 4 —4} € i 21.83 ii z= -—3 
€ as p. y — oo as c — oo, eee 16 a y Vsus db oap id 
as 22", y — —oo as x —oo, y —4 
d z-intercept -1, y-intercept $ (0.558; 33:1) 
e 






(4.77, 14.3) 


b local maximum at (0.558, 33.1) 
local minimum at (4.77, 14.3) 
€ maximum is 33.1, minimum is 14.3 
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REVIEW SET 2C NENNEN 


N 


16 


(f 1oh-l)(z) 2 (hof) !(z) — 


16 14 


a Domain = {x | x > —2}, Range— (y| 1€ y «€ 3) 
b Domain = {x € R}, Range = {—1, 1, 2} 


a 12 b x= +1 3 az=} bz<-7 


2 





a 10-62 b 2-2 
i 1-2/7 ii /1—22 


Ì Domain = {x | x > 0}, Range = {y | y < 
ii Domain = {x | x < 0.5}, Range = {y | y 


cs v 


1} 
20) 


a=1, b=-6, c=5 





apa) EL 








dx +6 
15 
b 1€]-2,-1[ or ]4,0o0| 
iz—4 





arc [-3, 2] 





b Any horizontal line 
cuts the graph at 
most once. 






xr > —2 
(-3,-2) 


Mu 

e Rangeofg (y|y 2 -2) 
f Domain of g7! {x |x > —2}, 

Range of g7! [y | y < —3} 
a x-intercept 2.61, y-intercept 4.29 
b local maximum at (—0.973, 4.47) 
c vertical asymptote x = 4, 

horizontal asymptotes y = 3, y=7 
d Domain = {x |x #4}, Range = [y | y < 4.47, y > 7) 





c g(x) = —3 — vz + 2, 


EXERCISE 3A EE 









































1 a 2!—2, 22—4, 23 — 8, 2 — 16, 25 — 32, 26 — 64 
b 31—3, 32-9, 33 — 27, 3*4 — 81, 35 = 243, 
36 — 729 
c 41 — 4, 4? — 16, 4? — 64, 4* — 256, 45 — 1024, 
46 — 4096 
2 a 51—5, 52—25, 52 — 125, 54 = 625 
b 61—6, 62 — 36, 6? — 216, 6* — 1296 
c 71-7, 72 — 49, 19 — 343, 7* — 2401 
3 a -1 b 1 el d —1 el f —1 
g 1 h—32 i —32 j —64 k 625 | —625 
4 a 16384 b 2401 c —3125 d —3125 
e 262144 f 262144 sg —262144 
h 902.436 0396 i —902.436 0396 
j —902.436 039 6 
5 a01 b 0.1 c 0.027 d 0.027 
e 0.012345 679 f 0.012345 679 gi hil 
1 
Notice that a^^ = — 
a" 
6 3 77 
EXERCISE 33 Ha 
1 a5! bæ c k5 d i e z10 f 316 
g pi h n? i 53t j 72+2 k 10874 | ¿tr 
2 a 2? b 2-2) ¢ 28 d 273 e 25 f 2—5 
g 2! h2-! i 29 j2 9 k 27 1 2-7 
3 a3 b3? c3 d3 ez f 3-1 
g3% h 3-4 i3 j 3° k 3-5 
A a2 b 2872 2:53 qd 22712. g 2n—1 
f 2c-2 g 92m h ogn+1 i ol j 9311 
5 a get? ip 38 € 341 d 346739 g gtz 
f 39-1 g 3i-y h 32—3t i 33a—1 i 33 
m? 
6 a 4a? b 270? c a^b* d p?g? e — 
TU 
a3 bt mi xy 
f — — h 1,640 i 
27 3 ct 7 81n* i 8 
7 a 4a? b 36b4 c —8a? d —27mn9 
—8a® 16a® 9p* 
4116 
€ 16a^b f 76 g p E 
TEE E a 3 = 
b2 a2b2 b2 a^ bc? 
ate? b3 2 
3 i 3 
9 aa” b b^ c 3^7? d a?b" e a-2n—?2 
4 9 5 
10 a 1 b 7 c6 d 27 e ș f 2 
7 151 
S $5; AS 
10 a 53 = 214234254 27429 
b 73 = 43 + 45 + 47 + 49 + 51 + 53 + 55 
c€ 123 = 133 + 135 + 137 + 139 + 141 + 143 + 145 + 147 


+149 + 151 + 153 + 155 


EXERCISE 3C M 


i =4 3 5 =1 
29 b 25 € 27 d 2? e23 
4 3 3 —4 -3 
25 g 2° h 2? i2? pa? 
1 A 1 3 a 
33 b33 c 3* d 3? e3? 
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i 3 4 5 2 
3 a 7? b 3* c 2? d 2? e 7* 
p =s _4 _5 2 
(7° 93^ ye LaS ter? 
A a 2.28 b 1.83 c 0.794 d 0.435 e 1.68 
f 1.93 g 0.523 
5 a8 b 32 c 8 d 125 e 4 
1 1 1 g 1 T 
fz 3 a7 h 3 lá i 35 
EXERCISE 32.1 Ds 
1 a r+2rł+r? b 4742" cx+l 
d 497 + 2(77) e 2(37)-1 f 2242243 
3 i 
g 1+5(2-7) h 5741 la? ta? 41 
2 a 47". -2711—3 b 97 + 7(37) + 10 
€ 25% — 6(57) +8 d 47 4 6(27) + 9 
e 9* —2(37) 1 f 167 + 14(4”) + 49 
4 
gx-4 h 4-9 iaa? jo? +4+—5 
x 
k 727-2472 1 25 —10(2-*) +. 4-* 
EXERCISE 3D.2 BD — 
1 a 57(5% +1) b 10(3") € 7^(14- 72") 
d 5(5" —1) e 6(6"*1— 1) f 16(4" — 1) 
2 a (3742)(37—2) b (2745)(2*—5) € (44+37)(4-37) 
d (5427)(5—27) e (3*--27)(37—2*") f (2743)? 
g (37 +5)? h (27 — 7)? i (57 — 2)? 
3 a (2% +43)(27 + 6) b (2% 4 4)(2% — 5) 
c (3? - 2)(3* 4- 7) d (37 + 5)(37 — 1) 
e (5% +2)(5% — 1) f (7* — A)(7* — 3) 
1 
Ah a 2? b 102 c 35 a e 57 
3 
f (3)* g5 h 57 
5 a3"741 b 146” ¢ 47497 d 4—1 
e 6” ro g4 h2^-1 E 
6 a nant b 3^! 


EXERCISE 3E NN —— 


u Aao 


d 


g=83 b r= cx=4 d z—0 
x=-1 f =1 gr—-3 h x=2 
=-3 j z= —4 k x= == 
— 5 ee 3 3 = 1 
ia 2 E 5 —3 —5 
z=-3 fx=-3 392=3 hx=3 
ltd 9 = 

T—3X ]z-s3 k x=-4 | z—-—4 
=) nr-i ox=-2 p «=-6 
a=1 b has no solutions € a= 24 
c= 3 b 27—3 € 7—2 

g= e r=-2 f c=-2 
= 1:0r 2 b 2-1 € vc-—1lor2 
dim e x=2 fx=0 


EXERCISE 35 Oe & } 


1.4 b 1.7 c 2.8 d 0.4 
x=1.6 b zz -—0.7 


3 y —2" has a horizontal asymptote of y — 0 











ii Domain: {x |x € R} 
Range: {y | y > 1} 
iii y © 3.67 


iv As z— 00, y — oo vy=1 
As xz — —oo, y — 1 from above 









b ii Domain: (z| zc R} 
Range: {y | y < 2} 
ili y = —0.665 
iv As 2=>00, y — —oo vy=2 
As zy — —oo, y — 2 from below 
c i ii Domain: (z| zc R} 
y Range: {y | y > 3} 
y=2 "+3 iii yx 3.38 
iv As x — œo, y— 3 from above vy=3 


As $3 — —o0, y — oo 





ii Domain: {x | x € R} 
Range: {y | y < 3} 
ili y 2: 2.63 





iv As z— oo, y —3 from below 
As $ — —oo0, y — —oo 
V y—3 


EXERCISE 3G.1 DI 














1 a 100 grams c à 
b i 13g W, (grams) (24, 528) 
ii 200g W,= 100 x 2° 
iii 528 g 
(10, 200) 
100 (4, 132.0) t (hours) 
Y 
2 a 50 £ AP, (10, 400) 
i 76 
ii 141 P, = 50 x 20 
iii 400 
(5, 141) 
50 (2, 76) n (years) 
xcd 
Y 
3 a 12 bears b 146 bears c 24896 increase 
^ a i Vo ii 2Vo b 10096 


c 183906 increase, it is the percentage increase at 50°C 
compared with 20°C 


EXERCISE 36.2 Se & }» 














1 a 250g b i 112g ii 504g — iii 226g 
s d = 346 years 
250 T ; 
200 W(t) =250 x (0.998) 
150 (400, 112) 
100 (800, 50.4) 
50 (1200, 22.6) 
t 
2 a 100°C € —0.02t 
i 81.22C 100 T(t) 2100x2 ^ 
ii 75.8°C (20, 75.8) 
E á 
iii, 33.9°C als 
t (min) 
epl 
Y 
3 a i 22?C b AT 
ii 6°C 22 
iii —2°C T(t) = —10 + 32 x 27°” 
i o 
mcum (5,6) (15, -6) 
(10, —2) 
<4 





€ Never, since 32 x 270:2t is always > 0 


5 
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a 1000 g c 
b i 812g 1000 W; (grams) 
ii 125 g (10, 812) 
iii 9.31 x 1077 g W; = 1000 x 2-00 
d 221 years 
e 1000(1— 270-03%) g (100, 125) 


a Wo b 12.9% 


€ 45000 years 


EXERCISE 3H INN £4] 


10 


11 


The graph of y = e” 
lies between y = 2? 
and y = 3”. 





One is the other 
reflected in 





the y-axis. 
a 
a e" »0 forall z 
b i 0.000000004 12 ii 970000000 
a c 7.39 = 20.1 € £22.01 & 1.65 
e = 0.368 
X cd 3 
a e? be ? c e? d e? 
a e0-18t b e0-004t c e—0-005t d x~ e-0-167t 
a 10.074 b 0.099261 «€ 125.09 d 0.0079945 
e 41.914 f 42.429 g 3540.3 h 0.006 3424 








ay 


T ' 
Domain of f, g, and h is {x | x € R} 


Range of f is {y | y > 0), Range of gis [y | y > 0) 
Range of his (y | y > 3) 








E > 
T 
b. y=10-e* 
y=-e 
Domain of f, g, and h is {x | x € R} 
Range of f is {y | y > 0}, Range of gis {y |y < 0) 
Range of h is {y | y < 10} 
a e?" E 2e* 1 b 1-e? c 1—3e7 
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12 a 1 28 b W (grams) 7 a 
li 2.57 g (6, 40.2) 
ili 4.23 g 
iv 40.2 g t b 
t (hours) y — —5 (above) 
d y=-5 
13 a a=3 b x=-4 
14 a i 64.6 amps b 8 a 
ii 16.7 amps 
¢ 28.8 seconds 
15 b Domain of f-! is 
Due b Domain of f, g, and h is {x | x € R) 
Range of f—1 is Range of f is {y | y >O}, Range of gis [y | y 0). 
{uly ER} Range of h is {y | y < 3} 
9 a 
b as zr — œ, y-— 3 (below); as zr — —oo, y — —oo 
c d y=3 
REVIEW SET 3A MEE 
2 617 2 y? 
1 a-i b27 c5 2 aa% b — c 
3x 5 
3. a i81 ii § b k=9 
1 2 2 
has —- ££] € aJ pad 
z a*b b n , | 19 a 15008 c sigan 
: / (grams 
athe e Bocca a b i 903g 1500 
aS ee n m? ii 5.44 g 
. = t 
8 a 9— 6e? 4. e2« b rz—4 c 2*2 11 d 386 years W —1500 x (0.993) 
a x=-2 b r= € z--i t (years) 
10 ac b E cA d B e D 
1 ay?’ by! € Lui yl) REVIEW SET 3C IE 
Vy 1 acrmlb5 bax=z-06 cxvll 
NENNEN 4b 
REVIEW SET 3B ` $ ox — : = 
es decr. djs ze 1 1 a 
a“b 3 a2? b? d 217 h aṣ; b c- 
a 2.28 b 0.517 c 3.16 3 a3 b 24 c 3 b ab b 
2 0 3 -i 2a+6 
acstinim 5 5 222 6 a5 b 53 c51 d 520+ 
i ; 7 aipe” b 277 + 10(27) + 25 c x—49 
D 8 azx=5 ba=-4 9 k=3 
10 ax=4 b 2=-¿ 
11 a 
6 a 809C E T (*C) : as £z — oo, y > 1 (above); as el 
b i 26.8°C 60 T=80 x (0.913)! y= 
ii 9.00%C 
iii 3.029C (24, 9.00) (36, 3.02) 
d = 12.8 min 






30, 40 
t (minutes) 





10 





20 
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EXERCISE 4A EE ——™ 


EXERCISE 4C.2. EN 














1 a4 b-3 ¢1 d 0 ei f 4 1 a logy=xlog2 b logy = 1.30 +3 log b 
got UE i 2 ili kil 1 33 c log M —loga--4logd d logT © 0.699 + $ log d 
2 an b a+2 c 1—m da-b e log R = logb + 4 logl f logQ — loga — nlogb 
3 a 1007782 b 101.7782 c 109.7782 d 1070-2218 g logy — loga 4- zlogb h log F z 1.30 — $ logn 
e 1072-2218 f 101-1761 g 103-1761 h 100-1761 i log L = log a+log b—log e i log N = Lloga—4 logb 
i 10- 9.8239 i 10- 3.8239 
k log S = 2.30 + tlog 2 | log y = mlog a — nlog b 
a i| 0477 ii 2.477 b 1og300 — log(3 x 102) 5 
= _ _ >p 
a i 0.699 ii —1.301 b log0.05 = log(5 x 10-2) 2 See p 6e Warme 
= = = 3 1 2 
a x= 100 ba " € m e B= fN=— $ P=10%* h Q= Č 
d z-d e z — 10? (2-10 * E Vp T 
g z= 10000 h z=0.00001 i æa 6.84 y din bg Sioa (2) 
j «x 140 k «0.0419 l æ œ~ 0.000631 3 
c i «z=0 ii 2—2 ill x c 3.32 
EXERCISE AB. DH — i , b Bond 25/8 
1 a 10?=1 b 10¢=1 10-1 =0.1 2m MT D 
a o 00 0 0000 c 10 0 d zm acr Eo 
d 10? — y10 e 25 —8 f 3?= 
9-21 m 2.1 i EXERCISE 4D.1 Oe ee 
=e Se PR 2 = —= 
3 1 : Te VB 1 a2 63 ¢4 do e-1 fl g-2 h-l 
2 a logg4=2 b log4 64 = 3 c ari as b 9 é 1 d 1 
uie ime ep "i -o = 3 a does not exist such that e” = —2 or 0 
3 log¡¿0.01=-2 h log2(5) ^ —1 i log3(37) = -3 A. dea bal i 25 d ab "— 
3 a5 b -2 c i d 3 e 6 f7 g 2 5 a el-7918 b 40943 € e8-6995 d e-9.5108 
h 3 i-3 ] 1 k 2 I 1 hi5 š 1 e e-5.1160 f e2-7081 g e7-3132 h e0-4055 
ona»0 pi q-Lt»0 rà sO t1 pgs aee a 
A a 218 b ml140 &187 d w-0099 | é a 2 20.1 Ree r= 
. @e—8 bz—2 EG d z—i4 d mz 7% 0.368 € c£: 0.006 74 f 1= 2.30 
g -3 h -3 i2,2>0 j i, 20 EXERCISE 4D.2. | ———. 
k 3, m»0 1 3, 2>0 m —1, n»0 1 à 1n45 b Ind € In4 Ed 
Inl= f 1l In(4 h In(2 
n 2, a»0 o -4,a>0 p 3, m>0 es q net » 9 n ($) 
i In 20 j In(4e? k ln (29 I nl=0 
EXERCISE 40.1 Di ca) (3) 
2 a m972 b In200 € In1 20 d 1n16 e In6 
1 a log16 b log20 € log8 d log E = 1 n 1 ? : - ? 
m f In (3) g In (3) h In2 i In16 
el f log2 Sg log 24 h log, 6 
i : 3 For example, for a, 1n27 — 1n 3? — 31n3 
i log0.4 j 1 k log 200 
2 
4 int. ee a 2 3 
| Jog(10* x w) m logn (2) no 4 Hint: Ind, in ( 3 In e? — In2 
m 2 
e 
o log(0.005) p logs(3) 42  r log28 5 a D=ezx b f c P— yc 
2 a log96 b log72 € log8 d log4(23 D 1 
i (5) d M = y? e B=— f N=— 
el f logs g log20 h log 25 e Vg 
32 g QF 8.662% h D z 0.518n9-4 
i log, | — 
10 EXERCISE 4E. IEEE — 
3 1 3 1 log 2 2 
o o o 
4 For example, for a, log9 = log 3? = 2log 3 $ 5 1 5 
5 aptq  b2q+r c +34 dr+łq-p dest hee Ee) fae 
e r— 5p f p-2q = 
i 2 a z=1n10 b x=In1000 € z —1n0.15 
6 azx+z b 2+2y cx+z-y d 20+353y d z—21n5 e x= 4ln18 f c=0 
1 1 
a iu Fa E e dia Mita 
7 a 0.86 b 2.15 € 1.075 0.25 log 2 Meer 
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. log M — log 20 
^. —0.021og 5 
log(0.03) 
log2 
—4log (3) 
log 3 
x = — 20 in(0.001) 








Ì z=—50 ii rz —76.1 
10 log (42 
, — 10108 (+) 
log 5 
d x= 3 In42 


f c= Lin (37) 


c=n2 5 x20 € z—1ln2 or n3 d«=0 
zr —]ln4 te=m(2 4) or In (253 —j 
(In 3, 3) b (In2, 5) c (0,2) and (In5, —2) 
EXERCISE FS te 
= 2.26 b z -10.3 € £ —2.46 d = 5.42 
x= —4.29 b 1723.87 ¢ 20.139 
1 
l log (= 
E c= e (3) cx=-1 
log 5 log 3 
x= 16 b z= V5z171 
log 8 3 
= 1 8 6 5 
log 25 al 2P 


EXERCISE 4G. EE —™ 


i Domain is iii 


{xz | x > —1}, 
Range is 
{yly ER} 
ii VA is x = -—1, 
x and y-intercepts 0 


i =-2 
iv r=- 


v fix) =3*-—1 


i Domain is iii 


{z | x > —1}, 
Range is 
{dyly ER} 

ii VA is z = —1, 
x-intercept 2, 
y-intercept 1 

iv 2—8 

v fx) =31-*-1 


i Domain is iii 


fx |x> 2), 
Range is 
{y|y eR} 
ii VA is x = 2, 
x-intercept 27, 
no y-intercept 
iv c=7 
v f-l(z) = 52+ 4.2 


i Domain is iii y 


{x |x > 2}, 
Range is 
{tyly ER} 
ii VA is z = 2, 
x-intercept 7, 
no y-intercept 
iv «= 27 
v fx) =51* 42 


r——1 y 


y= log, (x +1) 














y=1-log,(w —2) 


Domain is iii y 
{x | x # Of, 
Range is 

{tyly ER} 

VA is x= 0, 
z-intercepts +/2, 
no y-intercept 
z=32 


if 20 f^ 


y—1- 2logox 














if zc0 f^ 
Domain is iii 
[(z|z«-1 
or «> 4} 
Range is 
{y|y eR} 
VA Lx c 
z-ints. 4.19, —1.19, 
no y-intercept 

a = —1.10 and 4.10 


‘(a) = 






= loge(2? — 3x — 4) 


3 + v25 +27+2 
2 


3 — v25 + 27+2 


if x> 4, fT 


if æ< =1, J~ (z) = 


fx) ii 
= ln(z — 5) f(x) = 
Domain of f is 
{xz |x € R}, 

Range is {y | y > 5} 
Domain of f~? i 

{x | x > 5}, 

Range is {y | y € R} 
f hasaHA y=5, f has y-int 6 

FA hasa VA x — 5, f-! has a-int 6 

fx) ii 
= ln(z +3)— 1 
Domain of f is 
{xz |x € R}, 

Range is 

{v |y > —3} 

Domain of f-1 is 

{x | x > —3}, 

Range is 

{uly ER} 

f hasaHA y — —3, z-int I1n3— 1, y-int e—3 

f !hasa VA z — —3, a-int € —3, y-int n3—1 
f(x) ii 


= ett4 


yan" 





Domain of f is 
{x | x > O}, 
Range of f is 
{y|y eR} 
Domain of f—1 is 
{x | x € R}, 
Range is 

{y | y > 0} 

f hasa VA z — 0, z-int e 
FT hasa HA y=0, y-int el 





y-i 
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d i lx) ii 
L3 et-? 
iii Domain of f is 
{x|a> 1}, 
Range is 
{tyly ER} 
Domain of f-! is 
{x | x € R}, 
Range is {y | y > 1} 
iv f hasa VÀ z—1, 
z-int 1+ e7? 
f~t hasaHA y=1, 
y-int 1 + e7? 


3 f(x) = Zina 
($ o ge) = 
b (gof)-1() - 


hà a Aisy-—lnz 
as its z-intercept 
is 1 

¢ y=Inz has 

VA z—0 
y = ln(x — 2) 
has VA x = 2 
y = In(x + 2) 
has VA x = —2 


5 y= ln(z?) = 21nz, so she is correct. 
This is because the y-values are twice as large for y = ln(x?) 
as they are for y = In x. 


6 a f :z11(z—-2)-3 
b i «< —5.30 ii x < —7.61 ili « < —9.91 
iv x < —12.2 Conjecture HA is y = 2 
€ as z— oo, f(x) — oo, 
as xz — —oo, e**? — 0 and f(z) —2 
HA is y=2 
d VA of f-! is «=2, Domain of f-! is {a | > 2) 


7 a x<-—0.703 
€ 0 « x « 3.69 


b z< 0.773 
as In z is only defined for x > 0 


8 Domainis x €]0,co[, f(2)<0 for x€]0,1] 


9 a b Domain is 
(z|z € R, 250) 
Range is 
{y|y eR} 

€ For z€]—oo, 0[ 
or ]0.627, co [ 






(—0.384, —10.6) 


EXERCISE AH. ENSE ——™ 


1 a 3.90h b 155h 








3 ab see graph below € i n®& 2.82 weeks 


12000 An = 200000577 
10000 [M O 

8000 i 
6000 
4000 
2000 








A i >n 
Y 1 2 x 3 4 
.. approximately 2.8 weeks 
^ In 6.17 years, or 6 years 62 days 


5 8.65 years, or 8 years 237 days 
8.496 





6 — 0.796 — 0.007, r — 14- 0.007 — 1.007 


b after 74 months 


7 a 17.3 years b 92.2 years 


€ 115 years 


8 Hint: Set V — 40, solve for t. 
9 a 
P(t) 
P — 1000 x 2' 
1000 t 





log P— 3 
= 4.32 weeks a t= SM 
log2 
10 a 50.7 min b 152 min 
—1 
11 a ia 0 
W (g) 0.041og 2 
1000 €. i tz 141 years 
= —0.04t 
AER X2 ili t = 498 years 
t (years) 





12 a 10000 years b 49800 years 


—50log(0.1 
13 Hint: t= =501og(0-1) 14 12.9 seconds 
log 2 
REVIEW SET 44 HEN 
1 a3 b 8 c —2 d i e 0 
1 1 
fi g —1 h 5, k>0 
1 1 
2 a 2 b =F ca+b+1 
3 25 
3 a In144 b In(3) € In —) d In3 
€ 
a 3 b -3 € 2z d 1-z 


a log144 b logs (48) € log, 80 


4 
5 
6 a logP —log3-- zlogb b logm = 3logn — 2log p 
7 Hint: Use change of base rule. 


2 
a == 
y 


b K=nyt 
b 3ln5 € 61n3 


o 


a 5ln2 
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11 a 24+2B b A+3B ¢ 3A+5B 
AB —2A e 3A—2B 
12 a z—0 or In (5) b r=? 


a 
d 
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REVIEW SET 48 IN > 



















1 aw 191-5051 b cx 1072-8861 cr 1074-0475 
2 az-i b x ~ 82.7 € c & 0.0316 
3 B^ 
3 a kz325x27 b Q—P?*R € Ag — 
9 400 
l 
4 ar= s $2 
log5 
5 a 2500g d 
b 3290 years 
t 
c 42.396 W, = 2500 x 37 3000 
6 Hint: 247 —5 x 237 =0 
7 axr=e ba=e"3 € xz — 1n400 
ln11—1 
$ -— ———— e r—21n30 
2 
8 a 3 years b 15296 
a gx) 
(E + >) 
= In 
2 
c€ Domain of g is 
(z|z cR) 
Rangeis (y| y > —5} 
Domain of g~+ is 
{x | £ > —5}, 
Range is {y | y € R} 
d g has horizontal asymptote y = —5, 
x-intercept is In (3) = 0.916, y-intercept is —3 
g- | has vertical asymptote « = —5, 
x-intercept is —3, y-intercept is ~ 0.916 
10 a9 b Ind 
11 
b —3.00 < x < —0.142, 3.31 < x < 4.19 
REVIEW SET 4C E 
1 a3 b 2 c a+b 
2 a x4 b 5 cl d 3z e —cr f logz 
3 a Y e2:9957 b w e8-0064 € £ e-2.5903 
4 a x=1000 b 14.70 c 16.28 












5 al3 b In4 € 1n 125 
6 a log M =loga + nlogb b log T = log5 — $ log 1 
c logG = 2loga + logb — log c 
a r£ 5.19 b 14.29 € x= —0.839 
a z—ln3 b x=In3 or In4 
T" el2 
9 a P—-TQ- b M = — 
VN 
10 a f(-2)= eco»? (—2)8 — e”? — gS = f(a) 
g(—2) = In((—2)? + 1) = In(a? + 1) = g(z) 
both even 
b ù z? 46 Intersect at 
(1.25, 0.943) 
(1.250, 0.943) y=In@@? +1) (2.14, 1.72). 
c 1.25 « z « 2.14 
11 a Domainis d y 
iz|z2-2) "m—— g^ 
Range is i Ye 


{uly ER} P 
b VAis x= —2, : 
x-intercept is 7, 
y-intercept is zz —1.37 
€ g 1(z) 2 3912 —2 


—1.37 


—1.37 





12 a 13.9 weeks b 41.6 weeks c 138 weeks 
EXERCISE 5A  }» 








1 a 2m bi+2 c 5 d 22+3 
q? 
2 a 92? b UE € 322 d 222-—4x+7 
3 a 6423 b 423 € x3 +3r? +3r+1 
d 223 + 6x2 + 6a —1 
4 a 4* b 27*41 c 277243 d 27*1 43 
Bx E 6 2 24 3x d 2r +1 
z x zx x—1 


EXERCISE 53 Hs 
1 ab 





€ i If b » 0, the function is translated vertically 
upwards through b units. 
ii If b < 0, the function is translated vertically 
downwards |b| units. 
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4 


f(x--1)-— 


y= 




















y= f(z+2) 


i If a >0, the graph is translated a units right. 
ii If a « 0, the graph is translated |a| units left. 


b 





6 A translation of 



































































































































2..8rm 4-17 


=g 


) 


T 


( 


7 g 


ii (0,11) 


(3, 2) 


,21) 


ili (1 


ii (—5, 25) 


(22, 4) 
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EXERCISE 5C Ds 
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7 


a i ($,—15) ii (4, 6) 
b i (443) ii (—6, 2) 
a f(x) is translated horizontally 1 unit left, then horizontally 


stretched by a factor of 2, then vertically stretched by a factor 
of 2, then translated 3 units upwards. 


b i (0,—3) ii (2,5) 
c i (0,—4) ii ($, 2) 


il (—1,3) 
ili (—14, 1) 


ii (—4, —1) 


iii (2, -3) 


EXERCISE 5D. } 





3 g(2)=Inx— a? 


y = x? does not have 
an inverse. 








y — 2(z 4-1)? does not 
have an inverse. 
b f(—x) =a?-2r+1 


a i (3,0) ü (2,1) ii (—3, —2) 
b i (7,1) ii (—5, 0) ii (—3, 2) 

a i (-2,-1) ii (0,3) ñi (1,2) iv (—3, 0) 
b i (—5-4) ii (0,3) ii (—2,3) iv (-3,0) 








a i (L3) ii (4, —2) iii (—5, 0) 
b i (L-1) ii (0, 6) iii (—2, 3 
a A rotation about the origin through 180°. b (-3, 7) 


€ (5,1) 





































































































a y 
f(x) f(-2) 
—2 4 
< > 
Xx 
f(x) 
a 
b i yA "EP ii No, this is not 
A a function. 
y= 
4 
< > 
z 
Le 



































EXERCISE 5E INN ©} 





a «x-intercepts are +1, y-intercept is —1 





b iii "v, 





4 















































fas y yif) 









































iii, iv a 
2 
y= fe) =22-1 
C» A 2 > 
N | 
V Y= =Ma) 
? ~ y= 2f(a) 
Y 





€ i a vertical translation of 3 units upwards 
ii a horizontal translation of 1 unit to the right 
iil! a vertical stretch with scale factor 2 
iv a reflection in the z-axis 


Ay 

























































Y 


A vertical stretch with scale factor —2. 
€ (—1,0) and (1, 0) 
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2 a i A vertical stretch with scale factor 3. 8 
ii g(x) = 3f (x) 

b i A vertical translation of ( Ej ii g(x) = f(x) -2 pcc 

«> y=h(2)+1 


€ ¡A vertical stretch with scale factor i. 


ï <--> y=th(z) 
i gŒ) - 3f) +» y=hi-a) 
d i A reflection in the y-axis. ii g(x) = f(-x) ++ y=h(5) 





EXERCISE 5F 





A b _ 3 , 1 
ED" Py 4 +3 


i 4 i 
dy=4+-= z+ 
z 





1 ay 





zx 
3 ¡= t4 


2 a g(x)= 








r—1 =l 
b vertical asymptote x = 1, 
horizontal asymptote y = —1 
c€ Domain = {x | x Æ 1}, Range = {y | y Æ —1} 
d i 

















4 
e No, the graph is not symmetric about the line y = a. 
, 3 a i VAis z—l, HAis y —2 
ii A vertical stretch with scale factor 6, then a translation 
1 
of ( 2 ) A 
b i VAis z—-—1, HAis y —3 
ii A vertical stretch with scale factor 5, reflection in the 
a-axis, then a translation of ( Fa ): 
€ i VAis x—2, HAis y ——2 
ii A vertical stretch with scale factor 5, reflection in the 
5 a z-axis, then a translation of ( a ). 
6 4 a i VAis c=—1, HAis y=2 
ii as r— —1^, y — —oo 
as r— —1t*, y — oo 
as xz > —00,9y —2- 
as r— 00, y— 2* 
iii x-intercept is -3, y-intercept is 3 
iv 
7 





-— y=9(1) 
«> y=g(0)+2 
<-> y=-g(x) 
<-> y=g(1+1) 
+> y=g(-1) 





v Translate a) vi Translate (2) 
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vi 


vi 


VAis z—2, HAis y —0 
as 22 ,gy-— —oo 

as r—2*, y — oo 

as 2— oo, y— Ot 

as yr —o0, y —^ 07 


no x-intercept, y-intercept is E 
y : 





SY 





Vertical stretch with scale factor 3, then translate (2). 


—2 
0 


VA is x = 3, HA is y = —2 


as r3 ,y— oo 


Translate ( ji then vertical stretch with scale factor i. 


as z — 3t, y — —oo 
as z— —oo, y —^ —2t* 


as £x —> œ, y> -27 


= : . 1 . . 1 
x-intercept is 5, y-Intercept 1s —3 
y 











Vertical stretch with scale factor 5, reflect in z-axis, then 
3 
translate ( 5 ) 


Translate (F) reflect in x-axis, then vertical stretch 


with scale factor 2. 


5 
; zx di : —91 
VA is z = —5, HA is y —25 
as r>- , y>% 
IF 
as x —> -53 » Y —>-—oo 


as £ — oo, y> 24 
as y  —oo, y => 24t 


x-intercept is i 


s. y-intercept is —1 





Vertical stretch with scale factor i, reflect in x-axis, then 


=4 
translate ( i ) 
2 


1 
e ) , reflect in x-axis, then vertical stretch 


2 


vi Translate ( 


with scale factor i. 


5 a 70 weeds/ha b 30 weeds/ha € 3 days 
d N, 
" 100 
N=20+ 143 





€ No, the number of weeds/ha will approach 20 (from above), 
so at least 20 weeds will remain. 


EXERCISE 56 A # 7” 


1 a 





2 a invariant points are (—2, 1) and (—4, —1) 

b invariant points are (—1, —1) and (1, —1) 

c invariant point is (1, 1) 

d invariant points are (0.586, 1), (2, —1), and (3.41, 1) 
3 
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EXERCISE SH I i _ 













^ a 


b 


(3, 0) b (5, 2) c (0, 7) d (2,2) 
i (0, 3) ii (1,3) and (—1, 3) 

iii (7, —4) and (—7, —4) 

i (0,3) ii (1,3) ii (10,—8) 


REVIEW SET 5A HEN 
1 a3 b 4x? — Ax c z242x | d 323?—6z—2 


5 b —24z45 c 5- 4r- 42? d —z?—3z45 


3 g(z) — 32? — 11z? -- 14r — 6 





b 





1 c (0,1) (&, 1), all points on y = —1, x € [2, 3] 
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10 a |f(z) —|r—a| f(lz]) —|z| ^ a 
y=|f(x)| 

















£ A 
i —_—— y- f(z) 2a? 
<«— y= f(x+2) 
-— y=2/(14+2) 
<---> y=2 f(r+2)-3 
3 a no 


b horizontal asymptote y = 0, vertical asymptote z — 0 
c min. turning point (1.44, 1.88) 


(1.44, 1.88) 4 





(—4, 0.0156) 


4 a ii true b 
ii false 
iii false 
iv true 





€ horizontal asymptote y — 0 


5 ag(z-—(z-1?48 b (yly>4) c (yIy28) 


—2 











1 
For y = —, VAis z—0, HAis y — 0 
x 


For y= 





1 
—2, VAis =1, HA is y — —2 
z—1 
ni 1 d 
ili For y 2 —, domainis {x | x Æ 0}, 
range is [y | y 40) 
1 


For y= 1 
PNE 





— 2, domainis {x |x Æ 1}, 
range is {y | y # —2} 





For y= 27, HAis y=0, no VA 
For y — 27-1 —2, HA is y — —2, no VA 
ili For y — 27, domainis (z|x € R), 
range is [y | y > 0) 
For y= 27-!— 2, domainis {x | x € R}, 
range is (y | y > —2} 


<> y- f(x) z^ 
—- y--f() 
<---> y= f(2x) 
<---> y= f(x)+3 





8 a F(z)—-4z—1 b It is invariant 
c (0.2) 5 (3.1) and (—1, 1) (0, —1) 


d F(i)-1 and F(0)—-1 
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9 a Ay 
b 
c 
u=4 
10 a vertical asymptote x = -š 
: EN" 
horizontal asymptote y — $ 
b as 2-5, y — oo 


as ao-5* y —oo 


3 
f — —oo, as ya at 
z= 


ZOO, as ys 


y-intercept is —$, «x-intercept is 5 


a 





e Vertical stretch with scale factor 2, reflection in the x-axis, 


5 
then translate ( Es ) i 
3 


3 


f tran ( : 


3 ) , reflect in x-axis, then vertical stretch with 
^8 


9 
scale factor 15: 








REVIEW SET 5C EEUU — 





2 10 — 
1 a-1 b c 3 Oane 
x it z4-2 
2. a i (-2, 1.8) ii c=0 iii y = 2 


iv z-intercepts —3.2 and —0.75 
b 
































—0.8, 0.2), and (1.55, 2.55) 


HV 


« (—3.65, —2.65), 











3 
—- y- f(z)--a? 
+> y- f(-x) 
<---> y=—f(2) 
<---> y= f(2z) 
-— y= f(1-2) 

4 b (2, —4) and 

(4, 0) 








7 g(x) = 2° + 6a? + 824+ 10 

























































































8 a i y=3r+8 ii y = 3z +8 
b f(x+k)=alx+k)+b= ar +b + ka = f(x) + ka 
9 a Peu b y a 
j T e 
y=f (x) 
yar 
E B 
4 at 
[| g=1 
y 
Domain of f(x) is {x | £ #1} 
Range of f(x) is {y| y #1} 





€ Yes, since it is a one-to-one function (passes both the vertical 
and horizontal line tests). 
d Yes, since f—l(a) = f(a) = — +1. Also, the graph 
r— 
of f(x) is symmetrical about the line y = z. 
10 a y=1log4(x —1)-2 





l ^" y logi (r—1)-2 


' 
c For y = log4 x, VAis x=0, no HA 
For y = log4(x — 1)— 2, VA is z= 1, no HA 
Domain is {x | x > 0}, 
Range is {y € R} 
For y = log4(x — 1)— 2, Domainis {æ |x > 1}, 
Range is {y € R} 


d For y = log4 7, 





—1 
11 a g(x)= 
Ses 
b HAis y—0, VAis r—2 
c€ Domain = {x | x # 2}, Range = {y | y #0} 
d 





EXERCISE 6A O S ©} 














1 a3i b&i chi div5 e iv8 

2 a (2+3)(x-—3) b (a+ 3t)(a — 3%) 
€ (2^ VT)(z — v7) d (z- iV)(z — iv) 
e (2x + 1)(2z — 1) f (2x + i)(2x — i) 
s (VÀs--3)(V2r—3) ^h (Ve -- 3i) (Vs — 3i) 
i z(r-1)(x-—1) j x(x +i)(x— i) 
k (x+ 1)(x— 1)(x + i)(x — i) 
l 








(x + 2)(x — 2) (x 





2i)(x — 2i) 
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3 azz-cri5 y — bi cx=45 
d z—-ci/5 e a=+3 f c= +3i 
g c=0, c=+2 h z—0, z— 2i 
i c=0, r=+v3 j 2-20, z—-iy/3 
k z = +1, z= +i l z= +3, z= +3 
hb a x=5+2 b z—-3-ct4 € y—-—'"7 tci 
dz-Birli e r=V3H+i fz-ilivt 
5 à r—433y3 or +1 b x=+V3 or +iv2 
czx=3+3% or +2 d 2=+iv7 or +iv2 
azul f x= 















































2 a 7-1 b 10— 4i € —14- 2i d 3—3i 
e4-7 f 120i g 3-4 h 21-— 20i 
3 a —-3+7 b 2 c —2 + 2i d -1 +i 
e —5— 12i f —5+i g —6— 4i h —1— 5i 
4 a i0 —1, i|—i, i? 1, i3 i, i4 —]1, i$ —i, 
i$ L il à, i8 1; i? à, i 1 A 
112 = L i3 =i, it =], i> = —i 
b j4nt3 — —i 
5 (14i) 2 —4, (14 i)101 — —250(1 +3) 
ji T d 39 Tog X 3 4 
6 a —i5—15? P —g4$i € gtgi d ti 
Pa-Bth o c-gth 
8 a —2 b —4 c 3 d 0 


EXERCISE 6B.2 IN 
1 az=0, y=-2 b z= -2 

= E = 2 en 3 

cx=3 y=2 d z——45. 7-1 


2 ax=0,y=0 b x=3, y=-2 or =4, y=—3 





¢ ©=2, y=-5 or r= 3, y=6 d «=-1, y=0 

= x = s m 1 — 8 
3 z=5—4i 4 z= 65-— 72i 5 m=- n= i 
6 2=:iv2 7 a=3, b=-5 


EXERCISE 6B.3 INN. 
1 a a(z?—6z--10) 20, a Z0 

b a(x? —2x+10)=0, a Z0 

¢ a(x? +42 +29) =0, a 40 

d a(z? —24/2z -3) 20, a 40 

e a(z? — 4v -1) 20, a Z0 

f a( 
s a( 
h a( 





x? 4+2)=0, a Z0 

z?--12z 4-37) 20, a Z0 

a = —6, b=10 b a—-2, b——1 
¢ a=-2, b=8 or a—0, b—0 





we 
w 


EXERCISE 6B.4 SS ©. 


ac + bd bc— adN . 
xd ns (S45) + (3): 


892 


9 


non vu 


ANSWERS 


z? — (a? — b?) + (2ab)i 


z? = (a? — 3ab?) + (3a?b — b? )i 
a=0 or (b=0, a#-1) 
a? — b? — 1 and neither a nor b is 0, and a 4 —1 


(z1222324...2n)" — zi'zq zq «Z4 d (2%)* = (2*)” 


EXERCISE 6C. 1. DD _ 


— F 0050 . 050) .-0n AD 


3r? +6r+9 b 5r? 


+7r+9 c —7a? — 8m — 9 


dat + 1303 + 28x? + 272 + 18 


£3 +x? — 4r +7 
3x9 + 22? — 11x 4- 19 





b z?—22—2r43 
d 2395— z?2— $ 4-5 


x5 — g^ — z? -- 8x2 — 11x 4- 10 
4 — 23 + 5g? — 4r +4 


2x3 — 3x? + 4r +3 
xz? + 6x? + 12x +8 





b xt +r3-— Tr? +T7r-—2 
d 4x4 — Az? + 13x? — 6x +9 


16x4 — 32x3 + 24r? — 8a +1 
1824 — 872% + 56x? + 202 — 16 


623 — 11z? + 18x — 5 


—228 + 7x? + 13x + 10 


b 81% + 182? — x 4- 10 
d 223 — Ta? - Ar - 4 





2x* — 239 — 972 - 112 — 2 

15g4 + z3 —2?-L- 7:2 6 9 ax* —2z? 4 723? — 61 4-9 
dal + dad — 150? — 82 + 16 

8x3 + 60x? + 150x + 125 





zê +25 + z4 — 4r3 


— 4z? +4 


EXERCISE 6C.2 HN — 


Q(z) =2, R=—3, 2? 


-2z—32z(z42)-3 





Q(z) =2-4, R=-3, 


z?—5z-4-1- (r—4)(z—1)-3 


Q(x) = 2z? + 10x + 16, R = 35, 
20% + 6x2? — 4x +3 = (2z? + 10x + 16)(x — 2) + 35 


2 — 3x + 6 = (z - 1)(z — 


4)+10 


g? + 4r — 11 = (z 4- 1)(z 4-3) — 14 

20? — 72 +2 = (2z — 3)(2 — 2) - 4 

2g? + 3g? — 3g — 2 = (z? +x — 2) (2e + 1) 

3a8 + 112? +82 +7= (2? + 40 + 4)(3x — 1) +11 
20*—ad—a24 77044 = (18202459 l)(2z4-3)4-1? 








9 
+2+ — 
. z—2 


3 


3z — 4 
T Teo 





124 


rc 


2x? — 8x + 31 — 





2 
1 


x+1 
d z?43z—2 


b 2r7-1— 








f gradus 
x—2 


EXERCISE 6C.3 INN — 


b 
c 
d 


quotient is x + 1, remainder is —x — 4 
quotient is 3, remainder is —x +3 
quotient is 3x, remainder is —2x — 1 


quotient is 0, remainder is z — 4 


2x 


1 — ———__,, r? -—r+1=l1(rz? +z +1)-— 2s 


2+x+1 


2x 
$— ———, 48 = xx 
22+2 





3r— 4 





r? +r+3+ 





5a + 2 


22+4 73° 2 
w+ + 1? 


z2—z-41 
xt + 307 +a—1= (2? 


+ 2) — 2a 


> 





+e+3)N(x?—x2+1)+30-4 


+6 = (23044) (1 1)2457+2 


4dx+3 


e ice EIS x4 = (z?—2a--3)(z--1)? 4r —3 
tn? 30454 5108 
x? — 3x + —— c., 
(a — 1)(x + 2) 





xt — 23 4¢45 = (2? -32+5)(2—1)(2+2)+15—102 


3 quotient is 2? + 2a +3, remainder is 7 





A quotient is z? — 3v 4- 5, remainder is 15 — 10x 


EXERCISE 6D.1. Fh 

1 a 4,-3 b -3ti e3ty/3 do0z 
e 0,ti/2 f 1, +iv5 

2 agr=1,-2 b gz=-},+żiv⁄3 ¢ 2=0,14i 
dx=0+Y45 e 2=0,+i/5 fF 2=+i/2, +45 

3 a (Q2+3)(a—5) b (2-3+iV7)(z-3-iv7 
c z(z--1- V5)(z--1-— V5) d z(3z —2)(2z 4- 1) 





2 



























































e (2-1) — GV B)(s — v8) 
t (2 (2 (e V3y(s — v3) 
5 a P(z) -a(z2 —4)(z—3), a £0 
b P(z)-—a(z--2)(?--1), a0 
€ P(z) 2 a(z — 3)(z2 --2z--2), a £0 
d P(z) —a(z--1)(?-F4z 4-2), a £0 
6 a P(z)-a(z2—1)(22—-2), a0 
b P(z)-—a(z-—2)(z4-1)(22--3), a 0 
c P(z) 2 a(z2 — 3)(z2 —2z -2), a 0 
d P(z) — a(z? — 4z — 1)(z? -- Az - 13), a £0 


EXERCISE 6D. 2. BR — 

1 a 2052,05, 625 b a=3, b=4, c=3 

2 aa=2,b=-2o0oa=-2,b=2 b 5423, b —1 
4 a=-2, b=2, r=1+i or -14V3 























5 a a=-—1, zeros are 3, = 
b a — 6, zeros are -2, px = 
6 aaz=-—3, b=6 zeros are -i ,2, +21 
b a—1, b——15 zeros are —3, 5, 1+y2 
7 a P(x)=(2+3)*(2-3) or P(e)=(2-1)(x +5) 
b If m — —2, zeros are. —1 (repeated) and 2. 
If m= a zeros are 4 (repeated) and -S. 


EXERCISE 62.1 Ds 
1 a P(z)—Q(x)(r—2)- 7, P(zx) dividedby z—2 
leaves a remainder of 7. 
b P(-3)=-8, P(x) divided by x 4-3 leaves a 
remainder of —8. 
¢ P(5)=11, P(x) = Q(a)(x—5) 411 


2 al b 1 3 aa=3 b a=2 
4 a=—5, b=6 5 a=-3, n=4 
6 a —3 b 1 7 32—5 


EXERCISE 65.2 DI ww 
1 a k—-—8, P(z) — (z - 2)(2z - 1)(z — 2) 


b k—2, P(z) - z(z — 3)(z - V2)(s — v3) 
2 a=7, b=-14 
3 a If k— 1, zerosare 3, —1- i. bm=- 








If k= ed zeros are +3, 1. 





4 


il (r—a)(z?-rax--a?) 
il (x--a)(z?—az--a?) 


a i P(a)—O0,z—a is a factor 
b i P(—a) =0,2+a isa factor 


b a=2 





EXERCISE 6.3 i 


wu Fw Dm 


P(x) — a(2x -- 1)(z2 — 2x +10) a 40 
p(x) = 43 — 20a? + 36a — 20 

a p=-—3, q=52 other zeros are 2+ 3i, —4 
a = —13, b= 34 other zeros are 3— i, 24 V3 
a=3, P(z) =(z+3)(z+iv3)(z—iV3) 
k —2, P(z) — (zx c iv5)(z — iv5)(3z + 2) 











EXERCISE 6E.4 Se & } 


3 
5 


a sum = 5. 


3» product = 2 sum = product = 


5 
3 
sum = 4 


lw why 


€ sum — 1l, product = —4 product — 


a sum = 20 product = 2 —40 c —44 


3> 


ak=i b 


b 
d 

e sum= 0, product = 9 f sum = 0, product = —1 
b 

10 4 





m=-2, n=1 


204-/10 
5 
6 b p=-1,q=-1, r=1 





ü 222 


EXERCISE 67.1 =D 7 









































1 a cuts the z-axis at œ b touches the x-axis at a 
€ cuts the x-axis at a with a change in shape 
2 a P(x) = 2(¢+1)(x — 2)(# — 3) 

b P(x) = —2(a@ + 3)(2x + 1)(Qx — 1) 

c Ple = 4 (x + 4)? (x — 3) 

d P(x = $ (z + 5)(£ + 2)(x — 5) 

e Ple = 4 (æ + 4)(æ — 3)? 

f P(x) = —2(@ + 3)(@ + 2)(2a + 1) 

3 a P(z)-(z-—3)(z—1)(x--2) 
b P(z)-z(x--2)(2x-—1) c P(z)-—(x—1)(x-2) 
d P(x) = (3a + 2)?(a — 4) 
4 aF bc c A d E e D f B 
5 a P(x) = 5(2x — 1)(x + 3)(x — 2) 
b P(x) = —2(z + 2)? (x — 1) 
¢ P(x) = (x — 2) (2z? — 3x + 2) 
EXERCISE 6F.2 Oe & ©° 
1 a P(x) = 2(%+1)?(x — 1)? 

b P(x) = (a+ 3)(a + 1)?(3x — 2) 

c P(z) = —2(a + 2)(@ + 1)(x — 2)? 

d P(x = —4 (æ + 3)(x - 1)(2z — 3)(2 — 3) 

e Ple = i(z41)(z—4)? f P(x) — z?(x + 2)(x — 3) 
2ac b F cA d E eB f D 
3 a P(z) — (x - 4)(2x — 1)(z — 2)? 

b P(x)= £ (32 — 2)? (x 4- 3)? 

€ P(z) — 2(x — 2)(2z — 1)(z -- 2)(2z + 1) 

d P(x) = (z — 1)? ($2? + 82-1) 

EXERCISE 65.3 DI 
1 a -1, ek b 11+: c {, -12i 

d 3, +Hiv 1 e +4, 3, —2 f 2,1+3% 
3 E b z=-2, -4,1 

€ x = 2 (treble root) d x=-2, 3,3 

e c=-3,2,1+ V2 f r=—4,3, 2i 








6 


7 
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a (r—1)(z—1-i)(z—1-4i) 
b (z--3)(x 4 2i)(z — 2i) 
€ (22 - 1)(z - 2—- /3)(z — 24 V3) 
d (x—2)(r—1-F2i)(r —1-— 2i) 
e@ (x —1)(2x — 3)(2x —- 1) 
f (z--2)(3x — 2)(z — iV/3)(x -- iv/3) 
S8 (r4-1)2x—1)(z—1-— iv3)(x —1-- iV/3) 
h (2x + 5)(x + 2i)(x — 2i) 
a —3.27, —0.860, 2.13 b —2.52, —1.18, 2.70 
a a= 700, the time at which the barrier has returned to its 
original position 
b k= zoo: FO = seal (t — 700)? 
March AWO 

4004 

300. V(t) = —t? + 30t? — 131t + 250 

2004 

V(t) = 100 


100) 





V(t) = —t? + 30t? — 131t + 250 
9.938 m or 1.112 m 


REVIEW SET 6A aS 


w 


9 
10 


11 
13 
14 
15 
16 
17 














aa=4, b=0 b a=3, b=-4 
ca=3, b=-7 or a=14, b=-3 
a 12+51 b —1 +i ¢ 18+ 262 
Re(z) = 1X3, gm(z) = -3 à z—2-1i 

(a +1) —b? ( 2(a + 1)b ) 
w= i 

(a+ 1)2+02 ^ \(a+1) 4-02 
w is purely imaginary if b = +(a + 1), a # —1, 0 Z0 
a 1224 — 9x? + 8a? — 26r + 15 
b 4x4 — 423 + 13x? — 62 +9 

1 
a 12-21+4- b OE E e 
x+2 (a + 2)(a+ 3) 


a sum= 4 b sum = 0, product = —5 


3> 
“If a polynomial P(x) is divided by x — k until a constant 
remainder R is obtained then R = P(k).” 
a=7, b=0 or a=4, b=4+vV3 
P(z) = 24 — 623 + 142? — 102 —7 
k=3, b=27, ©=3,-3; k——1, b——5, ——1,5 
P(x) = a(x* — 82° + 22x? — 16z — 11), a 40 

k = —2, n — 36 
Another hint: Show that 


product = = 


12 3x-7 








(a8)? -- (o8? —1—0 


REVIEW SET 6B NENNEN — 


1 
5 
7 
9 


e=2, y= -2 2 2—3—2i or —3-- 26 47 


Va 6 @=0, b-—0 or à—3, b18 
2 dc c m 
P(x) = 2(g — 1)(4x — 3) 


VAL 
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10 1,-4,14iVv5 11 (2+2(2-1+)(2-1-1) 
12 P(z) =a(z? —4z2+5)(2?24+2z410), a40 
13 k= —4, zeros are 3+2i,-1+/2 14 +2, -1+i 



































15 7 16 k€]-00,10-—3v10| or ke ]10+3v10, oo[ 
17 am=1, n=+2 b y = 2(a? — 2a + 5)(a? — 2x — 1) 
AY 
1-243 1-2y3] æ 
(1, —96) 
(—1,—128) |- 129 (3, 198) 
Y 
REVIEW SET 6C INN — 
1 1=-1, y=2 2 2—4—2i or 24i 


4 ax=0, y=0 b r=5, y=-7 
cx=0, y=0, or —1, y —0, 


6 a sum= -3, product = —3 b sum = 0, product = 3 
— _ 3737 4416, 
— —"és t Top’ 8 267214 

9 a — —21, other zeros are 5 4- i, i 


2 
a P(x) = a(2x —1)(a? +2), a £0 
b P(x) = a(a? — 2x + 2)(x?2 + 6z +10), a #0 
11 a k=0,4, -38 

b P(x) = (a+2)2(22—1) when k=4 
12 z=-4,2,+iV2 
13 a aisreal, k>0 b aisreal, k<0 
14 a=7, b=-20 15 k=5+2y2 
16 quotient is 12+3x—9, remainder is 5t+17, a= 4, b=—18 
17 b If m= v3, coefficient is —4 — 2v3 

If m — —43, coefficient is -4 + 243 


EXERCISE 7A EE 


10 








1 a 4, 13, 22, 31 b 45, 39, 33, 27 
€ 2, 6, 18, 54 d 96, 48, 24, 12 
2 a Starts at 8 and each term is 8 more than the previous term. 


Next two terms 40, 48. 
b Starts at 2, each term is 3 more than the previous term; 14, 


17. 

€ Starts at 36, each term is 5 less than the previous term; 16, 
11. 

d Starts at 96, each term is 7 less than the previous term; 68, 
61. 

€ Starts at 1, each term is 4 times the previous term; 256, 
1024. 

f Starts at 2, each term is 3 times the previous term; 162, 486. 

g Starts at 480, each term is half the previous term; 30, 15. 

h Starts at 243, each term is i of the previous term; 3, 1. 


i Starts at 50000, each term is i of the previous term; 80, 
16. 

Each term is the square of the term number; 25, 36, 49. 

b Each term is the cube of the term number; 125, 216, 343. 
€ Each term is n(n 4- 1) where n is the term number; 30, 


42, 56. 
^ a 79,75 b 1280, 5120 c 625, 1296 
d 13,17 e 16, 22 f 6,12 






























































































































































EXERCISE 73.1 EE — 
1 a1 b 13 c 79 
2 7, 9, 11, 13 b 
a pup Į 
$ 4,13) 
10 3,11) 
i %29) 
5 Eg | 
| 
0 - » n 
0 2 3 4 
3 a2,46,8,10 b 4,6,8, 10, 12 
€ 1,3,5,7, 9 d -1,1,3,5,7 
e 5, 7,9, 11, 13 f 13,15, 17, 19, 21 
g 4,7,10, 13, 16 h 1, 5, 9, 13, 17 
4 a 2,4, 8, 16, 32 b 6, 12, 24, 48, 96 
3.33 3 
€ 3, 2: 4^ 8* 16 d —2, 4, —8, 16, —32 
5 17,11, 23, —1, 47 
EXERCISE 7B.2 INN — 
1. a-1 b —5 c —9 d —13 
2 à u1—3, u, —2us, 1, n1 
b 
90 a ti; 
40 2:58) 
30 
20 0 (4, 24) 
10 (1,3) 9 TG, 12) 
0 z e » n 
0 2 3 4 5 
12 3 5 
3 a5555 
b 
c i Hint: As 1 — coo, Un+1 —>U, and uj, — u. 
4 a 0.70711, 0.76537, 0.75263, 0.75536 € 0.75488 
5 ~ 0.68233 
EXERCISE 7C. AS 
1 a 73 b 65 c 214 
2 a 101 b -107 ¢ a+14d 
3 au1—6, d—11 b u4,—11n—5 € 545 
d yes, uao e no 
4 a u =87, d=—4 b u,—91—4n œc —69 d u97 
5 b u=1, d=3 c 169 d uso = 448 
6 bu=32d=-Z <-227 d n>68 
7 ak-17] bk=4 € k-4 d k-0 
e k——2or3 f k=-—1o0r3 
8 a un =6n-—1 b un =-in4 E 
€ Un = —5n+4+ 36 d Un =—3n+4 
1 71 93 5 23 1 6 4 2 
9 a 64, 74,83 b 32,82, 132, 178, 224, 272 












































ANSWERS 895 
10 a u = 36, d=-% b u100 11 uz692 — 100006 2 a 24 b 27 c 10 d 25 e 168 f 310 
20 
12 a Month 1 = 5 cars Month 4 = 44 cars 3 X (3n — 1) — 610 5 a 420 b e 2232 
Month 2 — 18 cars Month 5 — 57 cars dum 
Month 3 — 31 cars Month 6 — 70 cars 6 a 14+2+3+..+(n-2+(n-1)+n 
b The constant difference d= 13. € 148 cars b 1 ig 2 + 3 +. +(n-D)+ n 
d 20 months + on (n=1) + (n—-2)4..4 2 + 1 
13 a u=34, d=7 b 111 online friends € 18 weeks dd desde nl + Enti E ati 
14 a Day 1 = 97.3 tonnes, Day 2 = 94.6 tonnes, 
Day 3 = 91.9 tonnes c gb, RERO d a=16, b=3 
b d= —2.7, the cattle eat 2.7 tonnes of hay each day. 2 
: s 2 
€ u25 = 32.5. After 25 days (that is, July 25th) there will be z k n(n? + 6n + 11) 
+1)(k +2) = HZ 
32.5 tonnes of hay left. "^ 2s ( Her) 3 á 
d 16.3 tonnes 10 
+1)(k +2) = 
EXERCISE 7.1 NEEENENEEEEEEEENNNEEENNNNNSUS ened =e 
1 a b=18, c=54 b b=22, c— 1i 
ud 2 073 EXERCISE 7F NEEEEEEEEEESSSEEXM 
Fe = 1 a 820 b 30871 ^ «c —1460 d —740 
m P ae 2 a 1749 b 2115 c 14101 
3 a 6561 6 19983  « 16 d ar? : 
i 3 a160 b —630 c 135 4 203 5 —1151 
= = = 2n— — 8192 
O HUSO ESA : D n= 5 i los 6 18 layers 7 a 65 b 1914 c 47850 
P Sum. ^ ud ] ] 8 a 14025 b 71071 c 3367 
b us, —12x(—-8)" 7. uis — 1533 9 a u4,—2n—1 € S1—1, $95—4, $3 —9, $4— 16 
6 uj 28, r  —2, uyo © —0.600677 4902 10 56, 49 11 10,4, —2 or —2, 4, 10 
1 12 2,5,8, 11, 14 or 14, 11, 8, 5,2 
7 u=8r=2% Hit: — 23 x (27 2)n-1 pdt d 
" T Va T SUN ES 13 34th week (total sold — 2057) 
8 ak=+14 b k—2 € k——20r4 14 a u4—7, u3 — 10 b 64 
= n—1 = . lin—1 
9 aun=3x2 b un =32x (—3) EXERCISE 7G.1 M 
€ Un 23x (£/2)n71 d u, —10 x (£2) 7^ 1 a 23.9766 = 24.0 b ~ 189134 c zc 4.000 
10 a ug — 13122 b ua = 2916/3 z 5050.7 d z 0.5852 
€ uis &: 0.000091 55 34 3 
2 2 a Sn= e (V3"-1)  & $,—240 - (3)*) 
EXERCISE 7D. 2. BEEN — E as a i5 
1 a i mi550ants ii © 4820 ants z 12.2 weeks Eddy n= 3 (1 (23)") 
2 a =278 b Year 2047 3 au=3 br=3 c us = $ 
3 a 1 87 ii ~ 167 = 30.5 years 4 a 3069 b 1995 m 4.00 c —134217 732 
4 a i 2860 ii œ~ 184 000 b z 14.5 years 5 c $26361.59 
EXERCISE 7D.3 BEEEEEEEEEEEEEES 6 ai.3 7 15 31 jae 
1 a $3993.00 b $993.00 2 €11470.39 SC ES ; 2n 
3 a Y43993 b Y13923 4 $23602.32 c 1- (4) = = d as n>00, Sn 1 
5 ¥148024.43 6 £51249.06 F $14976:01 e As n — œo, the sum of the fractions approaches the area 
8 £11477.02 9 €19712.33 10 ¥19522.47 of a 1 X 1 unit square. 
EXERCISE 7E tts 7 54 or 2 
1 ais,= > (8k — 5) ii 95 8 The 20th terms are: arithmetic 39, geometric 31% 
k=1 or arithmetic 73, geometric ($)? 
= 9 an=37 b n=11 
b iS,= 47 — 5k ii 160 
" P» ) 11 a A3 = $8000(1.03)? — (1.03)?R — 1.03R — R 
a ecg b Asg = $8000(1.03)8 — (1.03)" R — (1.03)6 R — (1.03) R 
ec i Yraz(1) ii 231 — (1.03) R — (1.03)? R — (1.03)? R — (1.08)R — R 
k=1 =0 
n = c R — $1139.65 
d i x e ii 262 
k=1 EXERCISE 76.0 AS 
n 1 T, . = 3 Prt = = 1 
ADS ME pape 44s] $9* bun Wr-9h Surg 
ka ? k=1 2 a4 bi «1 4 a54 b 14.175 


896 


b 
a 


oon uU 


10 70cm 11 2- 


uy=8 r= 


ANSWERS 


1 b 42 6 u=9 r= 
1 4 
5 5 
Sn = 19 — 20 x (0.9)” € 19 seconds 


convergent, sum — 12 b not convergent, n = 10 


WIN 


and 4 = 2,. r= 


2 


REVIEW SET 7A IN | 








1 a arithmetic, d = —8 
b geometric, r — 1 or arithmetic, d = 0 
€ geometric, r — -i d neither e arithmetic, d=4 
2 k=-% 3 Un =33—5n, Sn = 5(61— 5n) 
4 k= +2% 5 un = i x 2n—-l or -i x (-2)^-1 
6 21, 19, 17, 15, 13, 11 
2 1 
7 a un =89-3n b un = nr 
n+3 
€ un = 100(0.9)^—71 
8 a 14-4--94- 16 4- 25 + 36+ 49 = 140 
4 5 6 7 — 99 
b3taitst+s = 20 
9 a 102 b 1648/2 10 27 metres 
11 a un =3n+1 19 a =b=e 


13 1=3 y=-1l, 2=l o z= 


- i, y=-1, 2=3 


14 x= 3 (a = —£ gives a divergent series) 


7 


REVIEW m 78. te 


1 a 
2 b 
3 a 
4 a 
6 a 
7 a 
8 un 
9 
11 a 
13 


U11 — 19683 E 


15.2 € 5, —5, 35, —65 


ui-26,r-i © u16 © 0.000 183 
n=81 6 —13 ¢ 375 


1587 b 47299 + 48.0 5 uj» — 10240 


€8415.31 b €8488.67 « €8505.75 
42 b uny1 — Un =5 cd—5 4d 1672 
= um a 49152 b 24575.25 


~ 0.000406 10 a 17 b 255213 «256 


1331 8 
2100 © 0-634 b 65 12 $13972.28 


~ 3470 b Year 2029 14 2>-3 


5 
,1,3,9 i s 


ooo 


REVIEW SET 7C EN 


1 a 
d 


o 
m. 
N 


9 a 


12 S= 


d=-5 bu =63, d=-5 c —117 
ug4 — —202 

uy=3, r=4 b un =3x4"-1, ug — 196 608 
= 73 — 6n, u34 = —131 


dt (1-3) b >> (3)"* 
k=1 k=1 
LS 64 

70 b z 241 C 137 

7 a £18726.65 b £18855.74 
uy = 54, r=2 and wu, = 150, r=-¿ 
|r| <1 in both cases, so the series will converge. 
For uj 254, r— 2, S — 162 
For uj —150, r— —2, S — 1074 


35.5km b 1183km | 10 a 0«cz«1 b 352 


_L 
2— 2wH 


m 
QntI _] 


EXERCISE 8A HE — 

1 18 2 a4 b8 c 24 3 6 4 42 
5 1680 6 a 125 b60 7 17576000 

8 a4 b9 c8 


EXERCISE 9B. & }§ 
1 a 13 b 20 c 19 d 32 2 13 


EXERCISE 80.) A  } 
1 1,1, 2, 6, 24, 120, 720, 5040, 40 320, 362 880, 3628 800 


2 a6 630 cà dd ei10 f 21 
3 an n>1 b (n+2)n+1), n>0 
c (n+1)n, n21 
sag b cW diheg + ue 
5 a 6x4! b 10 x 10! c 57 x 6! d 131 x 10! 
e 81x7! f 62x6! g 10x 11! h 32x 8! 
6 all! b 9! c 8! d 9 
e 34 fn+1 g (n-1)! h (n+1)! 


EXERCISE 8C.2 INN 
1 a3 b 6 € 35 d 210 
2 a i28 ii 28 3 k=3 or 6 


EXERCISE SD) Hi  — 
1 a WXYZ 
b WX, WY, WZ, XW, XY, XZ, YW, YX, YZ, ZW, ZX, ZY 
c WXY, WXZ, WYX, WYZ, WZX, WZY, XWY, XWZ, XYW, 
XYZ, XZW, XZY, YWX, YWZ, YXW, YXZ, YZX, YZW, 
ZWX, ZWY, ZXW, ZXY, ZYW, ZYX 
2 a AB, AC, AD, AE, BA, BC, BD, BE, CA, CB, CD, CE, DA, 
DB, DC, DE, EA, EB, EC, ED 
b ABC, ABD, ABE, ACB, ACD, ACE, ADB, ADC, ADE, 
AEB, AEC, AED, BAC, BAD, BAE, BCA, BCD, BCE, BDA, 
BDC, BDE, BEA, BEC, BED, CAB, CAD, CAE, CBA, CBD, 
CBE, CDA, CDB, CDE, CEA, CEB, CED, DAB, DAC, DAE, 
DBA, DBC, DBE, DCA, DCB, DCE, DEA, DEB, DEC, EAB, 
EAC, EAD, EBA, EBC, EBD, ECA, ECB, ECD, EDA, EDB, 
EDC 
2atatime: 20 3atatime: 60 


3 a 120 b 336 c 5040 ^ a 12 b 24 c 36 
5 720 a 24 b 24 c 48 

6 a 343 b 210 c 120 

7 a 648 b 64 e 72 d 136 

8 a120 b48 ¢ 72 9 a 3628800 b 241920 
10 a48 b24 ¢ 15 11 a 360 b 336 c 288 
12 a 15120 b 720 

13 a 3628800 b 1 151200 ii 33600 


EXERCISE 8E NN 
1 ABCD, ABCE, ABCF, ABDE, ABDF, ABEF, ACDE, ACDF, 
ACEF, ADEF, BCDE, BCDF, BCEF, BDEF, CDEF, ($) =15 


2 (11)=12376 3 a ($)=126 b (})($)=70 
h a ('}) =286 b (7) (2) =66 
5 a (%) =792 
E 0 
6 (3) (8) (3) =462 














ANSWERS 897 
7 a ({) (3) =84 e (3) (1) =70 5 a745/2 b 161+72/5 . c 232— 1642 
è (2) (3) (2) 235 6 a 64-4 192z 4- 240z? -- 160x? + 60x4 + 1225 + x 
0/4/37 7- b 65.944 160601 201 
8 a (7?) = 4368 e (7?) (8) 2 1800 7 aa—2 ad b—e* b Ts —6e?* and T4 = e?” 
e (19) ($) = 252 8 20411242409 4+261%+1404+3 9 a 270 b 4320 
d (20) (8) 4 (20) (6) 4 (10) (6) — 3312 EXERCISE 8G IN &  } 
i (5 A DO “OO i wa Pa (1)02!« (2) Gn? (1) 9 a) 
$ v4. AB ? p 15 15 14 (2\! 15 13 (2\? 
9 a (972) (3) =005 e (5) (22) = 1800 (89) (12)09^ (2) (2) G9 (2) 
14, 15 
< (8)-(8) G) cw «e «(9 
10 (25) - 20 — 170 e (22)? € (5 E I (C3) O 
20 
"1 a i()=66 .f)<n )e» (C3) «C : 
b id (5) = 220 ii (z) = 55 2a = (s ,) Qu z)28* Bu (3) y? 
12 (3) =128 eto =(S)et(-2)” a m= (pes (a) 
13 a Selecting the different committees of 4 from 5 men and 30 a Tri = (iw ator b b=-2 
i pe) in all possible ways. de (15)25 b (2) Es) 
(2) Goa S aaa o a 
14 a ~ =462 b O = 5775 1331 ili 8 
i 1 4641 i 
15 (2) x (2) — 945 1 5 10 10 5 1 jd > 
16 (7) (3) a (2) (3) + (2) (3) + Ce (1) (1) € The sum of the numbers in row n of Pascal’s triangle is 2”. 
+ (2°) (3) (3) 4 (1) (8) (5 — 12528 d Let z — 1l, in the expansion of. (1 4 x)". 
17 aa 45, Yes b 37128 c 3628800 sa (5)3%25 b (5263? £ (3)29(-3)8 


EXERCISE SF & } 


b 224327243241 
d 84122 + 6x? + x? 
f 8x3 + 60x? + 150x + 125 


3 2 1 
h 27x? — 9a +3 


a p?+3p?q + 3pq? + q? 

c xz? —9x? 4 274 — 27 

e 273% — 274? +9x—1 

g 8a? — 12a?b 4- 6ab? — b? 





6 1 
8r? + 1204 +3 
T T 


1+ 42 + 6a? + 4x3 + at 
p* — Ap?q + 6p?q? — 4pq? + q* 
a* — 8x3 + 24x? — 32a + 16 
81 — 108a + 54x? — 122% + at 
1+ 8x + 24x? + 32x3 + 1624 
16x4 — 96x3 + 2164? — 216% + 81 
1611 + 32z3b 4- 24x20? -- 8xb3 -- 0^ 
2^ 4s! 6p m 
T zx 


"T" utn] 


1 
q^ 


1624 — 32x? + 24 — = + 
z 


o 





4- 10x^ 4- 402? + 80x? + 80a + 32 
z? — 101*y + 40x% y? — 80a2y? + 80ry4 — 32y° 
1+ 10x + 40x? + 80x? + 8024 + 3225 
E iù 10 5 1 
r5 — 5g3 + 10x — — + z5 — 15 
1 6 15 20 15 E 1 
b i «6 +1205 4- 6024 4- 1602? + 240x? + 192x + 64 
ii 64x6 — 19225 + 24011 — 16023 + 60a? — 12241 


15 6 1 
iii zô + 6x4 + 15r? + 204+ = 4+ — 4 — 
zr? xt xô 


Qa aC 





d (7)25(-1* 
($) 228 b 2(2)3925 — 
8 T4 — E )c2 2)? 78 y8 


9 a 8423 b n=6 and k=-2 
11 14102 + 35x? + 40x23 — 3024 


14 S aries 
r=0 
17 a (3:2) 23" - (1) 3715 (2) 872224 
(3) PIS 4 Laco) 3lgn-l.p gn 
b 4^ 
REVIEW SET SA IN 


(4) 3°28 — 9185429 
10 a=2 


15 (—1)190 21 


1 a n(n—1) n22 b n42 2 28 
3 a 24 b 6 4 a 900 b 180 
5 aa=e” and b——e * 
b (e? — e-7)4 — e** — 4e?* .- 6 — 4e-2* .L g-4* 
6 362 + 209V3 7 It does not have one. 8 c=3 


om oe (Fetes (5 oP ee (9 ete 





e gta n-1 + gn 
b 3” Hint: Let z—1 ina. 
REVIEW SET 8B a 
1 a 45 b 120 2 64.964808 


3 (2) x 3* x (-2)? — 4860 
4 2500 5 a 252 b 246 


898 ANSWERS 


6 a 9x9x8x7= 4536 numbers b 952 numbers 
7 (a+b)® = a6 +6a5b+15a*b? + 20a3b? + 15a2b4 + Gab? + B® 
a «© — 182° + 135@4 — 54023 + 1215”? — 14582 + 729 
ita pa ee 
r zc? rd gt gd rô 
& (122)x29x(-39 9 s($)-e(9) 284 


REVIEW SET 8C HEN 
1 a 26? x 104 = 6760000 b 5 x 26 x 104 = 1300000 
c 26 x 25 x 10 x 9x 8x 7 = 3276000 


2 a 3003 b 980 c 2982 
3 a z? — 62?y - 12zy? — &y? 

b 8la* + 21623 + 216x? + 96a + 16 
4 20000 5 60 6 k=-1, n=16 


T 
8 a 43758 teams b 11550 teams 
9 k=180 


10 q= = 


EXXRSE i DS ©» 
1 4n— 1, Z* 
2 aal ncZ*, n22 


T 
A 


10 a=+ 





7 4320 
c 41283 teams 





b 10 forall ne Zt 





c 3 forall ne Zt for all n € Z* 


T, 

So 24 = n(n +1) forall n € Zt 

i=1 

n 

b X ixil=(n+1)!-1 forall n € Z+ 
i=1 

A 

1 (i 4- 1)! (n 4- 1)! 


n 


n+ 


forall n € Zt 





i 


1 n 
d —— c mA ——— 
2 (3i — 1)(3i +2) 6n+4 
^ Proposition: 
within the original triangle is given by Tn = 2n +1, n € Zt. 
5 a 


for all n € Zt 


The maximum number of triangles for n points 


n=5 


n=4 





b Conjecture: The number of regions for n points placed 
around a circle is given by C4 — 2^, n € Zt. 


c n=6 





No. By the conjecture we expect 29 — 32 regions, but there 
are only 31. 


EXERCISE 93.2 DE 


11 3 628 799 
4 b 3 5 3628 800 
8 a 


Un =n? for nEZ+? 





Conjecture: 





9 a Conjecture: un = for n€ Zt 


2n +1 
10 a A1¡=2, B¡=1; 42=7, B2=4; 
A3=26, B3=15; A4=97, Ba = 56 
¢ For n=1,2,3,4, (An)? — 3(Bn)? =1 
Conjecture: (An)? —3(Bn)? =1 for ne Z+ 





AM DE AS 


E E «ef^ dg ed 
jx Bn" — d BE one j 4n* 
k 7° | 355. m Z6 ng o gr 

2 a 0.6417 b 2.39* €5.55° d 3.83* e 6.92* 

3 a 369 b 108? c 135? d 10? e 20? 
f 140? g 18? h 27? i 210? j 22.5? 

4 a 114.59? b 87.66? € 49.68? d 182.14? 
e 301.78? 

5a [Degrees] 0 | 45 | 90 [135] 180] 225 [270] 315 [360] 





T T 3a 5T 3a Tt 
a o ¿ls IF | | | |e | 














Deg.|0|30| 60] 90} 120] 150] 180} 210] 240] 270} 300] 330 | 360 
pag 2 5 7 4 3 5 TH 
AU o A o E le E e|?" 


EXERCISE 10B 
1 a 49.5cm, 223cm? 





b 23.0cm, 56.8cm? 
b 9.30 m? 3 a 591cm b 18.9cm 
b 0.6* 


b 1.685, 21 cm? 


2 a 314m 
4 a 0.686° 
5 a 0.75%, 24 cm? 
6 10 cm, 25 cm? 


c 2.326, 126.8 cm? 


8 a 11.7cm b 11.7 c 37.7 cm d 3.239 
9 a oc 1843 b 02 143.1 c 387 n? 
10 25.9 cm 11 5 2h24 min 12 227 n? 


13 a a=5.739 b 0=1685 « p=191.5 d 71.62 cm 


EXERCISE 100 INN 


i A(cos 26°, sin26°), B(cos 146°, sin 146°), 
C(cos 199°, sin 199°) 

ii A(0.899, 0.438), B(—0.829, 0.559), 
C(—0.946, —0.326) 

b i A(cos 123°, sin 123°), B(cos 251°, sin 251°), 
C(cos(—35°), sin(—35°)) 

ii A(—0.545, 0.839), B(—0.326, —0.946), 
C(0.819, —0.574) 


2 | @ (degrees) | 270° | 360° | 450° 
Pe cael eles 
| l =i 0 

0 i 


























undef | 0 | undef 




































































ANSWERS 899 
3 5 5 
d sinf = -8 
D. = A. — YT 
4 a 37 b —2/6 ch d 5 
ing = —— -3. 
5 sing = Vm cos gz = vm 
b sing = 2, cos £ = -3 
: 5 == 3 
€ sing — -y jp “ost === 
d sing = 5. cosx = — 
——————————ÁÀ — 6 5 —k —1 
sing = ———, cos 
Quadrant “aan | cos 8] sin | t Vk2+1 k2 + 
; 2 NENNEN — $8 
1 a 6041.33 or 4.47 b 020.592 or 5.69 
EE 180° < 0 < 270° p e 00.876 or 4.02 f 05: 0.674 or 5.61 
g 80.0910 or 3.05 h 021.52 or 4.66 
27109 90 93609 a <0<271 | +ve | —ve | —ve i 0221.35 or 1.79 
b i land4 ii 2and3 iii 3 iv 2 " NR B2 or aab A 
¢ 681.88 or 5.02 d 023.58 or 5.85 
5 a i 0.985 ii 0.985 iii 0.866 iv 0.866 e 0c 1.72 or 4.86 f 0c 1.69 or 4.59 
v 0.5 vi 0.5 vii 0.707 viii 0.707 3 0=1.99 or 5.13 h 02.19 or 4.10 
b sin(180° — 0) =sin0 as the points have the same i 0223.83 or 5.60 
y-coordinate 
d i 135? ii 129? ii 22 iv EXERCISE 10E 
: 1 a0 b —2tan8 € 3cos0 d 4sin@ 
6 a i 0.342 A —0.342 " 0.5 w —0.5 é cola f sin2 a g 1 
v 0.906 vi —0.906 vii 0.174 viii —0.174 $ uno b 2sinó c0 d cosh 
b cos(180° — 0) = — cos 0 . 
i a e 4cos0 f 5sin0 
i - as dx Ec 
d i 1409 ii 161° ii = iv = 3 Hin: $—6-— —(8— $) 
8 a 0.6820 b z 0.8572 € & —0.7986 h a tan b —tan6 € 1 d tanó 
d =0.9135 e & 0.9063 f = —0.6691 e tan0 f tano 
9 a AOQ — 180? — 0 or s — Ó radians EXERCISE 10F 
b [OQ] is a reflection of [OP] in the y-axis and so Q has 1 
coordinates (— cos 0, sin 0). 
€ cos(180? — 0) = —cos@, sin(180° — 0) = sind 
10 a 
2 
b sin(—0) — —sin0, cos(—0) — cos0 
c | Q has coordinates (cos(—0), sin(—0)) or 3 a cos120? — -i sin 120? — YB, tan 120° = —V3 
(cos 6, —sin@) (since it is the reflection of P in the b cos(—45°) = -L, sin(—45°) = , tan(—459) 2 —1 
a-axis). v2 Y 
cos(—0) — cos0 and sin(—0) — —sin0. ^ a cos90? — 0, sin90? —1 6 tan90° is undefined 
ii cos(2z — 0) — cos(—0) — cos0 {from c i} - 3 b à c3 d à & i f1 
EXERCISE 10D.1 Ds g /2 h 3 i 3 j 2 k —1 | —J3 
1 a coó—cX3 b coü—2Y?  « cosó- H1 6 a 30°, 150° b 60°, 120° ¢ 45°, 315° 
— d 120°, 240° @ 135°, 225° f 240°, 300° 
5 3 T: 4 
2 a sing — £2 b sinà — +4 € sin0—0 7 aj Ba s S 
Ts 2 5 
d sinf = +1 d 0, m, 2r e $^ 9 oy 
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8 a F, Hz, Lar -— b m, — Im — c — Tr 
5 = 2 ES, 
9 a0d=3,% b0=3,% c 0—m 
e — 3 5 — 3 
40-8 copo 105% 
g 0—0,7, 2v h 0=%, ¿2 51 Tz 
> 9 5r 11 :8— 2m 4m 5 
bons Ms jon 5, a, 
10 a@=knr, kEZ bO0=5F+km, keZ 
REVIEW SET 10A EE — 
2 5 5 
1 a5 b T 5 d 37 
2 a 3 b 15? c 84? 
3 a 0.358 b —0.035 c 0.259 d —0.731 
^ a 10 b -1,0 
w(2xzY|. v3 2 __1 2 Y — 
6 a sin (2) E XS, cos (22) =-3, tan (2%) =-/3 
pa == 
1 4Vv7 v3 1 
7 VAS 8% a Mx b 0 € 5 
3 2 
== 9 um 
a 2 _ 2 Ve 
11 perimeter = 12 units, area = 8 units 12 Vo 
13 a 0 b sinf c —sin?a 
REVIEW SET 10B BEEN — 
1 a (0.766, —0.643) b (—0.956, 0.292) 
2 a 1.239* b 2.175* € —2.478* 
3 a 171.89? b 83.65? € 24.92? d —302.01? 
4 111 cm? 
5 M(cos 73?, sin 73?) e (0.292, 0.956) 
N(cos 190°, sin 190°) = (—0.985, —0.174) 
P(cos 307°, sin 307?) e (0.602, —0.799) 
6 ~ 103° 
7 a 150°, 210° b 45°, 135° c 120°, 300° 
8 ad=n b 0=3, 2%, 4, 5r 
9 a 133° p Lm € 174? 
10 perimeter zz 34.1 cm, area zz 66.5 cm? 
11 rz 8.79 em, area zz 81.0 cm? 
12 a 00.841 or 5.44 b 63.39 or 6.03 
€ 0221.25 or 4.39 
REVIEW SET 10C EN 
1 a 72° b 225° c 140° d 330° 
2 y 3 a0,—1 
b 0,—1 
T 
5 a sin(r—p)— 6 sin(p+ 27) =m 
m 
€ cosp = V1 — m2 d tanp = ————— 
p p Ami 
i dí ; 9 
5 a i 60° ii 5 b $ units c & units 6 3 
v7 VT v7 1 1 1 
$ a v- B —vX- €« —v 9 327 bis €=>3 


10 a 0 b —cosé 


EXERCISE 114 INN 


1 a 28.9cm? b 384 km? c€ 28.3cm? 2 2219.0 
3 18.9 cm? 4 137 cm? 5 374 cm? 6 7.49 cm 
7 119m 8 a 48.6° or 131.42 b 42.1? or 137.9? 


9 i is not covered 


10 a 36.2cm? b 62.8cm?  « 40.4mm? 11 4.69 cm? 
EXERCISE 118 EE — 


1 a 28.8cm b 3.38 km € 14.2m 

2 BAC © 52.0°, ABC 59.39, ACB & 68.7° 

3 a 112? b 16.2 cm? 4 a 40.3 b 107? 

5 a cosÓ — 0.65 b r7z3.81 

6 a x=3+v22 b s= ŽEP r= 

7 a On 75.2 6 6.30 m 

8 axr=108 b 29.21 9 21.41 or 7.78 
10 ar=2 b 4% cm? 11 63°, 117°, 36°, 144° 
EXERCISE 114.1 EE — 

1 axe 284 b 213.4 ¢ «3.79 


2 aav21.3cm b bz 76.9 cm 
EXERCISE 11C.2 INN 
10Cz62.1? or Ce 117.9? 
2 a BAC=495% b ABC% 
€ ACB = 44.30 


¢ cx 5.09 cm 


72.0° or 108° 








in85° . sin27? EN 
3 No, — sate 4 ABC — 669, BD c 4.55 cm 
11.4 9.8 
5 2217.7, y 52 33.1 
6 a B=83° or 97° b B=83° 
€ 


.. cosine rule as it avoids the ambiguous case. 


7 Area = 25.1 cm? 8 BAC t2 15.7? 9 1=8+ 22 


EXERCISE 11D. EN 


1 177m 2 207m 3 23.9? 5 775m 
5 a 5.63 km b 115° 
€ i Esko ii 3.68 min d 295% 
6 9.382 7 69.1 m 8 a 380m b 940m 
9 55.1? 10 AC#11.7km, BC = 8.49 km 
11 a 749km2? b 7490 hectares 12 9.12 km 
13 85.0 mm 14 10.1 km 15 29.2m 16 37.6 km 
REVIEW SET 114. EEE 
1 14 km? 


2 If the unknown is an angle, use the cosine rule to avoid an 
ambiguous case. 


3 a r—3orb5 b Kady can draw 


2 triangles: 8 cm 
7 cm 
3cm 
SO 
5cm 
12 
h i5 6 42km 
8 a d? — z? — (10cos 209)z + 25 b x =5cos20° 
9 a maximum value 16 when x — 6 
b i y=12-r ii y? — x? — 16 cos 0x + 64 
d max. area = 8v5 units? when x = y= 6 {isosceles A} 


REVIEW SET 11B EE 


1 a zz3441 b 718.9 

2 ACz12.6cm, A 48.69, C m 57.4? 3 113 cm? 
4 7.32 m 5 3.52 km 6 a 2:18 pm b = 157° 
7 204m 8 560 m, bearing 079.7° 
REVIEW SET 11C EN 

1 oa we 4s b 215.4 

2 a2 47.5 or 132.5 b AC = 14.3 cm or 28.1 cm 
3 EDG = 74.40 4 a 10600 m2 b 1.06 ha 


5 179 km, bearing 352° 
6 a The information 
given could give 
two triangles: 
b 22.23 m? 





7 b ii b—104, d— 762 
a QS = 4/45 — 36cosó 
b i RSQ=52.5° ii 24.8 units iii 23.2 units? 


EXERCISE 12A ME 
1 a periodic b periodic © periodic 


iii a — 95.4, c — 84.6 


d not periodic 
€ periodic f periodic g not periodic h not periodic 
2 a i 











(cm) 








de 


























I" 100 150 200 250 300 350 400” 


distance travelled 


























b A curve can be fitted to the data. 
€ The data is periodic. 













































































i y — 32 (approx.) ii z 64 cm 
ili z: 200 cm iv =32 cm 
3 a ‘wo $ 
1| e o o o 
x 
4 0 12 
$ o o 
Y o 
Data exhibits periodic behaviour. 
b 
Ay e. 
8 e ° 
6 
o o 
o 
2 t > T 
a soa 




















Not enough information to say data is periodic. 


EXERCISE 123.1 Ds 
1 a 


y=3sinzx 


27 





Sy 
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y=3 sing 
1 
< 2T» 
EE T T 
—2 
Y 
ane 
Ba 
y=-3sinz 
1 2 
m 
< > 
-1 T 27 
-2 
y 
AY y=sin3x 














iA’ y=sin (—22) 
0.5 
E T 
Ti 27 3T 
—0.5 
-1 
T T 107 
5 b3 c 67 d = 
— 2 = — 1 =F =r 
b=2 bb=3 «bl dbz eb-5 








y — sin z 4- sin 2z + sin 3z 


720 





ay 


360 


902 ANSWERS 















€ 
1 
y= (x =) 
i : P 
360 540 720” 
-4 
6 a i 
ii 
b 





EXERCISE 12B.2 EN 
1 a Ay 




















3 
2 
=sinx —2 
1 y-—sinz 
¡¿_ EE á(KE oo oo— —— o — 
E T 27 30 Amr 
cd NY 
-3 
Y 
b "EY 
y=sin (a — 2) 
1 
<t > 
d T 2m 3m Ar c 
-2 
Y 
€ Ay 
2 y=sin (1 +2) 
1 
P 2 T, 27 3 An E 
-2 
Y 
d jp y-—sinrz42 
2 
1 
< > 
m T 27 3m 4n zr 
Y 
e 
SAY y , 
i Va y — sin (z +4) 
2 T 27 am Am m 
-2 
Y 








a 27 b 8m cer 3 a2 620 cd; d & 


à vert. translation —1 b horiz. translation Y right 


i 


d horiz. stretch, factor z 


€ vert. stretch, factor 2 


f horiz. stretch, factor 4 


h translation ( 4 


i vert. stretch, factor 2, followed by a horiz. stretch, factor 


T 
j translation ( a ) 


EXERCISE 12C INN. 
1 a Ta 65sin Z(t— 45)-F 20.5 


2 a T 45sin Z(t— 10.5) - 11.5 
3 a H z Tsin0.507(t — 3.1) 
b 


e vert. stretch, factor i 


g reflection in the x-axis 


i 
3 








4 a Tz 9.5sin S (t — 10.5) — 9.5 
b A reasonable fit but not perfect. 
5 H = 10sin(2(t — 25)) + 12 


EXERCISE 12D. NN 
1 a y=cosr+2 











AY 
Su LU 
a > 
Ir T T 
v 
b y—cosz—1 dy 
2 
i -T T r 
—2 
Y 
c y cos (x - £) AU 
1 
=T T 
=i T 
v 
= T 
d y = cos (z + E) Ay 
2 
E > 
=f T T 
=2 





ANSWERS 903 





e y — 2cosz y EXERCISE 12E INN. 
1 a i y=tan (« — 





ay 








SY 


TU 
3) 
E 2 42 y i i : 
: l og 
f y-3 < i i —> 
y 2 COS LT y 5 Qn 37 
2 ; ; 


ii y — —tanz 














1 2 a translation through (3) b reflection in x-axis 
=e T T € horizontal stretch, factor i and vertical stretch with factor 2 
ay 3 am b 5 c = 
k y — cos(£) Ay EXERCISE 12F ET 
1 al b undefined c 1 
1 zr 2 am b 67 € mc 
ET 1 T 3 ab-1 b b=3 cb=2 d b=5 
^ a AY 
y 2 








2 a c 100 
27 


period’ 


y=sinx+1 






3 |a| = amplitude, b = 





c = horizontal translation, 
d = vertical translation 


4 a y-—2cos2r b y 7 cos (8) «2 





wla 
3 
o 
| 
to 
3 





c y — —5cos (£a) X 
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y=tan(u +5) 
























vertical stretch, factor i b horizontal stretch, factor 4 
reflection in the x-axis 


vertical translation down 2 units 


°e aaa 


horizontally translate B units to the left 
f reflection in the y-axis 


7 m=2, n=-3 8 psi q-1 


EXERCISE 12G DE 


a c b —-L ëZ d undefin 
V3 V3 V3 ded 
2 a cscx = 3, seca = 3, cota = $ 
b cscx = —-&, seca = 2, cotx = -~ 
v5’ 2° v5 
iV -ox€T — Ay 
3) a sing = 7 tang = > CScr — Ve 
zd m3. 
sect = 3, cot x JT 
— x5 —.2, =-3 
b cosx= Şo tang = J Scr = -3 
-3 — v5 
sec xz = Jm cotaz = 2 
é siig = Yi, cosq — 2, tang = YI 
5 2 
CSC Xi — —, cotz — — 
V21’ V21 
imc E TETEE 
d sing = $3, cosz — — VP, tanz — F 
seca == Se, cotz = —V3 


v5" 
sec — — YS, cot 9 — 2 
ima = 3 E =.3 
f sinf = s cos 0 = p) tan = 1, 
=D Eus 
csch = —3, secO = —F 


dcosx e cosx f 5sing 








y=sec zx 


y=ese (a + 2 


T 
+ + > 


<4 
T : 27 


—2m 








1 1 
sin(a@ +3) =cosa .; —————— - —— 
sin(14+ 5)  cosz 


EXERCISE 12H INN 
1 7 | Restricted domain | R 





y = arcsin x 


y — arccos x 


y = arctan x 








5 
2 a0 b-F ¢F d-3 ez f $3 
h 34 i-£ j;m-087A k &124 | m—L55 
a (0, 0) b (0,0) c (0.739, 0.739) 
5 a horizontal asymptotes y - —5, y— 5 b No 
5 a arcsin(sin 3) = $ b arccos(cos(—$)) = F 
¢ tan(arctan(0.3)) = 0.3 d cos(arccos —4)) = -i 
€ arctan(tanz) — 0 f arcsin(sin zm) =-3 


REVIEW SET 12A IN 


1 ano 


b yes 





3. a minimum — 0, maximum = 2 
b minimum — —2, maximum — 2 


4 a 107 b 


ula 
n 
Aa 
3 
a 





la 


U= —3sin(4) elt 
y=tan2x 





Y =3C0S TL 





= —3sin($) de Ti 








Y =tan2x 








y =3cos Tx 











6 a y— —A4cos(2z) b y — cos (£a) +2 


4 


7 a vertical stretch with scale factor 3 and horizontal stretch with 
scale factor i 


ELE 
b translate ( 3 ) 
—1 


8 a sing — 22, tanz = 2/2, cscy — — 





2/2" 
seca = 3, cota = 75 
b sine =~, cost ==» csc x = x 
sece = — Yl, cotz = = 


9 a arctan(tan(—0.5)) = —0.5 


b arcsin(sin( C $)) — —$ © arccos(cos 27) = 0 


REVIEW SET 12B EE 
1 a 





y 

3 =’ 

2 

1+ » 

< 2 + > 

m 3 6 9 B T 
—2 2 o . 
-3 o s 


approximately periodic 


9 
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b 
not periodic 
1 y y=sin3x 
27 
< > 
T T 
—1 
a 67 b B 
y y = 0.6 cos 2.3 x 
oo (5, 0.290) 
T 
+ > 
1 5 
—0.5 
a maximum: —5°C, minimum: —79°C 
6 T & 37sin(0.008 98n) — 42 € = 700 Mars days 
a maximum = 2, minimum = —8 
b maximum = 13, minimum = 5 


a reflection in x-axis, horizontal stretch with scale factor i 


T 
b vertical stretch with scale factor 2, then translate ( : ) , then 
2 


horizontal stretch with scale factor 2 









4 -—8ec 





co 

q ————— Á—— naian 

5 

e. 

a 

g it li 
PAS 
NY 


Y = arccos T : 
5 y = arcsin i 





SY 
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Domain = {x | —1 < z <S 1}, 
Range = {y| -5 <y < 5) 
Domain = {z | —1 < z <S 1}, 
Range = {y | 0 < y < 7} 


b y = arcsin z: 


y = arccos T: 


va O 


c reflect in y-axis (or reflect in x-axis), translate ( ) 
REVIEW SET 12C INN 
l ab=3 b b—24 © b= 2% 


2 a 
y =sin (a 4) +2 


Ye 








b1<kx<3 


3 a The function repeats itself over and over in a horizontal 
direction, in intervals of length 8 units. 


b i8 ii 5 ii —1 














5 a Tz'7.05sin s — 10.5) 4- 24.75 


m 
6 a translation through ( : ) 


b a vertical stretch with scale factor 2 followed by a reflection 
in the x-axis 


€ a horizontal stretch with scale factor i 


7 a y= 3sin(2x — 0.340) +2 b y —tan(z — 5) 


2 


8 a secz b sing € cosg 


T TU 
9 a —=73 <t<>z 






i y=tang 


: y= arctan T 


EXERCISE 13A.1 M —— 
1 a «0.3, 2.8, 6.6, 9.1, 12.9 b «5.9, 9.8, 12.2 


2 a 21.2, 5.1, 7.4 b x= 444, 8.2, 10.7 

3 a 10.4, 1.2, 3.5, 4.3, 6.7, 7.5, 9.8, 10.6, 13.0, 13.7 
b zz 1.7, 3.0, 4.9, 6.1, 8.0, 9.3, 11.1, 12.4, 14.3, 15.6 

^ a i16 ii =-—1.1 


b i 21.1, 4.2, 7.4 li x= 2.2, 5.3 
EXERCISE 134.2 DE 


1 a «0.446, 2.70, 6.73, 8.98 
b zz 2.52, 3.76, 8.80, 10.0 
€ m & 0.588, 3.73, 6.87, 10.0 
2 a mr —0.644, 0.644 b x —4.56, —1.42, 1.72, 4.87 
€ m £g —2.76, —0.384, 3.53 
3 a xa 1.08, 4.35 b zz 0.666, 2.48 
€ x £8 0.171, 4.92 d xz 1.31, 2.03, 2.85 


h x= -—0.951, 0.234, 5.98 
EXERCISE 131.3 DI! 


a 5 Ta llir —_ am 3n On lir 
VALE Da aa 
m 5r 9r 137 
©2>= 9:4) 49 °4- 
— 5m A4" m 27 — 5m 3" 3a 5r 
2 a mr——q$3.— 3.3 3 br——T. x° 4 
— 5x m 3n Tm 
€ $—— 45 3» 4^4 
T 
3 a 0<2r<4r bosz sF 
c Z<r+Z«< Š SE <p ES uz 
25 2572 6 > 6 <6 
T T Tr 
e -<2Ax-T)< HF f -27<2<0 
zx 
4 a —3r < 3x < 37 b-F<-<F 
4 
« -32¢7-Z2e8 d -22 <ar42<¢ z 
2 257 2 ^ 2579 
e —2r < —2r < 2r fO<r—z<Q2r 
—m bm 77 x 5x Trn lix 137 177 
5 a ar=35: %3 b r—$. 579^ 6^ 6^ 6 
€ m —0, $, 27 
— 2m 4n 8n 107 l47 
6) at Ro 
b x= —330°, —210°, 30°, 150° 
— 5a Ta imm — 5a _7 2 
€ r— X, ^S d zx 3375 $m 
— 13m 3v m mz lin 5m — Q0, 3x 
er Bou. gg Tg f c=0, 3, 20 
= 1 371 5r 
$ $— 3.73575 
—S8z | ám | 2n 2n 4m 87 
hc 9^ 79^» 9°97? 979 
=(,2, 1 37 iz=0 2 Tn 
l zr=0 ii TT j c=0, Ẹpo T E, 27 
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c= 5,9 b c= 5a, im 

— 5a Ya 177 197 — 13r 197 

T= 12» 12» 142^ 12 d r= 37> 

a An 

3° 3 

p—E O32 bi=2 2 Iz 5m 13a 4m 19m liz 
2? 2 — 72? 3B? 12? 6? 12° 3° 12° 6 

a=%, 21 4n 5r 
3^ 37 3^? 8 

r 3-7 Ta b — 5m 177 29r Alr 
4° 4 = 24° 24° 24° 24 





= Z or ŠZ 

z=forF 

= Br TT m ön 3n 137 177 Tr 

z= 70T b r= E 17 4 12>12> 4 
ma 2r Tn 57 

te 3 67 3 

a=1 bi=-% eee 

2 va 
m -i € no solution exists f z—0 


EXERCISE 13B DI — 


EXERCISE 13C.1 


L y QQ n Cop 


QQ. an CS v 


22m b 100s € (5231.5 s, 68.5 s, 132 s, 168 s 


i 7500 grasshoppers ii 10300 grasshoppers 
10500 grasshoppers, when t = 4 weeks 

i at t= 13 wks and 62 wks 
2.51 € t € 5.49 weeks 


ii at t=94 wks 





20m b at t= 3 minute € 3 minutes 
405 H(0 
30 
20 (3, 20) 
10 
t 
< > 
1 2 3 


400 water buffalo 


i 577 water buffalo ii 400 water buffalo 
650, which is the maximum population. 
150, after 3 years € t7: 0.262 years 


H(t) = 3cos( 7) +4 b ta 1.46s 


i true ii true b 116.8 cents L7! 
on the 5th, 11th, 19th, and 25th days 
98.6 cents L7! on the 1st and 15th days 





NES 
2sin 0 b 3cos0 € 2sin0 d sind 
—2tan0 f —3cos?0 
3 b —2 c —1 d 3cos?6 
4sin? 0 f cos0 g —sin? 0 h — cos? 0 
—2sim?0 j1 k sinó l sin 
2tanz b tan?z c€ sing d cosr 
5sin x f 2 


COS T 


ea m 


a 
d 


b sinida—4sina+4 
d 1+2sinacosa 


1 +2sin0 + sin? 0 
tan? a— 2tana +1 
1 — 2sin B cos 8 


— tan? 8 
2 


f —4 + 4cosa — cos? a 


c sin? a 


f co?0 g O 


b 1 


sin? x — tan? x e 13 


EXERCISE 13¢.2 DD a 


a 
c 
e 
9 
i 
k 
m 
a 


(1 — sin 6)(1 4+ sin 6) 
(tana + 1)(tana — 1) 
cos p(2 + 3cos à) 
(tan 0 + 3) (tan 0 +2) 
(3cosa+1)(2cosa—1) j tana(3tana— 2) 

(sec B+csc B)(secfB—cscB) | (2cotx— 1)(cotx —1) 
(2 sin x + cos 2) (sin zx +3 c0s 2) 


b (sina + cosa)(sin a — cosa) 
d sin (2sin 8 — 1) 
f 3sinO(sin0 — 2) 
h (2cos@ + 1)(cos@ + 3) 





1+sina b tan8—1 € cosó — sinó 
T 0 
cos@+ sing e ——— p E 
sin — cosa 2 
sin 0 h cos@ i secO+1 


EXERCISE 13) DE 


oOo NW OF 


11 
13 


tan 





24 7 24 7 1 

35 ë -z -F 2 a-5 bg 

cosa = = b sin2a = 24 

sin 3 = Ya b sin28 — aL 

1 2/2 =T ud 

3 b m 6 a tan A = —3 b tanA— 5 
= 3 

(D-vg-: 83 

sin 2a b 2sin2« c 4 sin 2a d cos28 

— cos 2ġ f cos2N g —cos2M  h cos2« 

— cos 2a j sin4A k sin6a | cos 80 

—cos68 n cos10a o —cos6D p cos4A 

cosa r —2cos6P 

r= AE, Eon b r=73, 32 € 7—0,7,27 

cos A — i5 b cos A = 3 


EXERCISE 13E EEENEEEEEEEESN 


10 
12 


15 
17 








a cos b —sinÜ ¢ sinô d —cosa e —sinA 

f —sin0 ieee oe i tanó 
1—tanó 1—tanó 

a l sing + L cos 9 b X3 sin — 1cos0 

c — FR sind + 75 cos d —L sin0 + 20050 

a cos b sin3A € sin(B — A) d cos(a — B) 

e —cos(@+¢) f 2sin(a— 8) 3 tanó h tan(3A) 

a cos2a b —sin3ó € cos 

a2+V3 b -2-V3 8% 97 

a —1 b tan(24) 11 a Z y 42 

v3 13 tanA=->3 14 tanA=+1 

tana = 25 16 tano — $ 


tan(A 4- B 4- C) 


k=2,b=2 





tan A + tan B + tan C — tan A tan B tan C 


1 — tan Atan B — tan Atan C — tan B tan C 


21 b0=-87 _47 _27 2m An 8m 
6 = 7> 


9" 9? 9°? 9? 9 
sin 30 = —4sin? 0 + 3 sin 0 
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b 0—0, 3, 25, m, T5, TE, 2m, 95, Mt, 3a 
24 a 2cosz—5sinz — v29cos(z--1.19) b zx 0.761, x 
d «0.761 (the solution x =m has been lost) 
25 Hint: Let 6 = arctan(5) tan@ = 5, etc. 27 7 
28 c i i sin 40 + 4 sin 20 ii i sin 7a + i sin 5a 
iii sin 68 4- sin 48 iv 2sin 50 -- 2sin 30 
v 3sin7a—3sina vi i sin8A — 1 sin2A 
29 c i i cos 50 4- i cos 30 ii i cos 8a + i cos 6a 
ili, cos 48 4- cos 28 iv 3cos8z 4- 3cos 6x 
3 3 ; 1 1 
v $cos5P t 5 cos 3P vi g cos 6x + 3 “os 2x 
: 1 1 „= 1 1 
30 c i gcos20— 5 cos40 il 5 cos5a — 5 cosa 


ili, cos 48 — cos 68 v 2cos30 — 2cos 50 


v 5cos6A—5cos10A vi 35 cos 4M — d cos 10M 
31 a sin Acos A = d sin 24A, cos? A — 1 cos2A 4 1, 
sin? A = 1 — 1cos2A 


c cos ($52) cos (852) = $ cos S + $ cos D 








2 2 
d sin (2) sin (52) = 4 cos D — $ cos S 
32 a 2sin3zcos2x 6 2cos5Acos3A «€ —2sin2asina 
d 2cos4@sin@ e —2sindasin3a f 2sin5acos2a 
Y ; h : h 
g 2sin3B sin B h 2cos (x + $) sin (4) 


i —2sin (a + 2) sin (4) 


EXERCISE 13F DI! 











= im olim —m m 37 5m 
1 a z —0,m, ^, ^c^, 2m b z—2$.5. 5.3 
=% 5n im 3m liz 
€ z—5,7, 53 di= 3% 
i == 5r Ym lim 
e no solutions f x= eote 6 
— Q0, 2z. 4x —z 51 — m In uz 
2 a z—0,77, Fo 2T bi=3,3 co=i ^ 
== x t bm Tr 37 lm 
d z—0.$, 5. go eS Go Be Be am 
—m —m 5m 
e x= f r= 65 ^6 
= 2 T 57 == dE t 
3 a = E b x 5 5° 0 
— 2m mz m 2m 
E35 359 3 
4 a x 0.896, 2.25 b x & 3.33, 6.10 
€ x & 0.730, 2.41, 3.87, 5.55 
EXERCISE 13G Ds 
1 — sin” x 1 f ; 
1 a ———— b —— — if —1«sinz «1l, 
l—sinz l—sinz 
c m or — not convergent for sina = +1 
ae . sin 20a sin 2nx 
2 b i sin8z ii - - 
2sinz 2sin zx 
sin(2*a) , sin(29z) 
3 b — ii ——— — 
24 26 
sin(27+1g) 


€ sinzcoszcos2z....cos 2" y — 
gn+1 


4 bO 


REVIEW SET 13A Bs 
1 a xa 115°, 245°, 475°, 605? b xa 25°, 335°, 385° 


— 7m lir 197 237 — In bm m 3n 
2 a r=]. Ge Ge Se b r= 4? 43 4° 4 
3 a 4z 5r 10m lin 16r lin b 3z íz Um 

9797 92. 9* "9 * 9 4° 4° 4 





4h ar=3 7 b 2=0, 2,7, 52,27 
a —sin0 b cos0 
1 — 
6 a 1—cos0 b — q ERA 
sina 4- cosa 2 
To.» x b 3Y* c -1 d —34/7 
—1- 3 
9 a b 2— V3 
2/2 
0 az-$4 og ca lE 
12 a z—0, 37,25, T7, Ax b y-—£,2z,Tz, 5 
13 cx=Lor3 


REVIEW SET 133 Es 


1 a r£ 0.392, 2.75, 6.68 b x2 5.42 
2 a «£1.12, 5.17, 7.40 b xx 0.184, 4.62 
120 119 120 
3 a i55 b 369 © tis 
4 a Ff £1.33, 4.47, 7.61 ii x + 5.30 
iii xz ~ 2.83, 5.97, 9.11 
b iz=-3,3 i 2=—20, 2, =, $e 
e a 2 
Wc-*n-pg 3 
¢ «0.612, 3.75, 6.90 
fa V7 
6 sin (3) za 
7 a 21.27, 5.02 bi=5,1, 11 lx Mx dr 
c x= 1.09, 2.05 
8 a 5000 b 3000, 7000 
c05<t<25 and 65<t<8 
9 11.37, 5.44, 7.65 
10 3sinz+4cosa = 5cos(ax + 5.64) 11 60m 


12 15m 13 
REVIEW SET 13C EENENNENNENENNNNNMNNMMUUU---— 


a 28 milligrams per m? b 8:00 am Monday 


1 a rz —6.1,—3.4 b 7x08 
220% b= 5,55, Ip, Ue 
3 a r—£,93z,9z, I7 b rz—-—m, F, m, 3E 
4 a cosÜ b —sin0 ¢ 5cos?6 d —cos0 
e csc f sin20 
i = 
5 sina = 7 
6 a 4sin?a—4sina+1 b 1—sin2a 
— Y3 = 1 
98 az—X b 1=2+-3 
EXERCISE 144.1 Bs 
1 b c 





T 
25 ms! 30 cm min™ 
30N 
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2 a 
100 ms”! 
b 
3 a b 
36ms^! 
: Scale: 1 cms 10 ms! 
Scale: 1cm=10N 
c 
y 
4 units 
15 z d 
Scale: 1 cm = 30 kmh™t 
Scale: 1 cm = 1 unit 
150 kmh”* 





EXERCISE 144.2 DB! 


1 apqst bpgrt € pandr,qandt 

d qt € pand q,pandt 
2 a tue b true c false d false e true f false 
3 a ED 




























































































> > > > > > > > > > 
ii DE, EF, FE, FA, AF, AB, BA, BC, CB, CD, DC 
€ FC (or CF) 
EXERCISE 145.1 DR 
1 a b 
pq 
P\ 4 
c d 
q q 
p 
e f 
Pta 
ptq 









































































































































































































































— — — — 
2 a AC b BD c0 d AD e AD f0 
a i ii 
p=4 
P 
P 
p+q 
b yes 
5 a 
Scale: 1 cm « 125 km 
825 km h^! 
= 35 km h^! 
800 km h m 
b We use vector addition. 
c 825 kmh- 1, 88? east of north 
EXERCISE 143.0 Ds 
1 a b 
pa p-q 
p-a 
p 
—q 
c d 



































































































































































































































2 a b 
—r 
p 
p r 
c 
= =q 
F 
r 
— — — — 
3 a AB b AB c 0 d AD e 0 f AD 


EXERCISE 143.3 DR > 
l at=r+s b r=-s-t 
cr=-p-q-s d r=q-p+s 








e p=t+s+r-q f p=-u+t+s-r-q 
2 a ir+s ii —t— s iii r+s+t 
b ip-cq ii qt+r ii p+q+r 
EXERCISE 14B.4 EN 
1 a b c d 












































PA 2s A 3 
2 
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4 
5 
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e 
m 
2r- $ r 
r 
9 
S 
ANS r 
S 
ira s 
ros 
eck 
a c 
p — 2q 
p 
Th oth a 
q 
d e 










































































b a parallelogram 


a —p b p+q 


ab b 





d i(q- p) 


c hs 
b-— d b—a 


EXERCISE 14C INN 


T " Ñ 

1 a ES Ti+ 3j 
2 " A 
c (E) 2i — 5j 


—6 2 P 
e ( 3 ) —6i + 3j 


a3i+4j bi 























bees 
0 
a (6) 9 
—5 
t( El —5i — 5j 
c 2i — 5j d -i — 3j 
2 
—1 
-3 





ete ee 
(Qa «(aj acs 
e (a -3i + 4j f (5): 3i 4- 5j 

toS) CS) s) 

























































































aU 


EXERCISE 14) DI! 








1 a 5 units b 5 units c€ 2 units 
d V8 units e 3 units 

2 a V2 units b 13 units c€ V17 units 
d 3 units e |k| units 

3 a unit vector b unit vector € nota unit vector 
d unit vector € not a unit vector 

4 a k= +1 b k=+1 ck=0 

pol — x3 

d k= T e k=% 

5 p= £3 





EXERCISE 145 DI — 


(09) t0) (G3) # (5) 
Mi) JE Wu) Sq) 
a) Ma] MES Se) 
(S) 1 (5) 





> 
o w 
a TS 
Ee L | 
a AA 
NU 
=n Cs 
——~ AAA NS 
| | 
Aa B9 um 
SA A 
a 
P 
m 
EU 
NY 
s 


pa) Ma) 

6 a Vil3unis b YV17 units < 542 units 

v29 units 

7 a v10units b 2410 units e 2410 unis d 34/10 units 
e 3/10 unis f 245 units g 8V/5 units h 8/5 units 

j V5 units 


n 
PERS 
| 
L œ 
T 


d 410 units 


i V5 units 





EXERCISE 14F EE —™ 


2 a(42 — & (22) 3 a E (3, 3) 
Ak ox? ETC c D(-1, -2 

Gu) *() *»x- 
5 « A- (,7,). | AB | 2 4/16 4 (k — 3)? — 5 units 
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= eS 
a OA= , OA = V30 units 
b AB = k .) AB = 4/17 units 
c «-(- 1) AC = V30 units 
EE , CB= 35 units 


e ABC is scalene, and not right angled. 








7 a8 v13 units b 14 units c 3units 
a right angled b straight line (not a triangle) 
10 a | AB |= V158 units, | BC | = V129 units, 
— 
| AC |= v29 units, and 29+ 129 = 158 
b area = 30.6 units? 
11 (0,3,5), r= v3 units 
12 a (0,y,0) b (0,2,0) and (0, —4, 0) 
13 aa=5, b=6, c=-6 b a=4, b=2, c=1 
14 a k= 441 b k= +3 
15 ar=2, s=4, t=-7 b r=-4 s=0, t=3 
2 2 
— — 
16 a AB= | -5 |, DC=| -5 
—1 —1 
b ABCD is a parallelogram. 
$ 5 b 17 a S(-2, 8, —-3) 6 midpoints are at (3, 3,1) 
EXERCISE 14} Bs 
Y 1 ax=4q b x—2n c x— —dip 
d x — i(r- q) e x= 4(4s — t) f x — 3(4m — n) 
X// àP(0,0,—3) 1 3 
I 4 2 
OP — 3 units 2 ax=| -6 b x= -2 c x= | -1 
c d —5 5 5 
En 3 
3 AB— 4 , AB — V29 units 
—2 
h a AB=4i-5j-k b 4/22 units 
5 a V10 b V6 c 2/10 d 2/10 
4 à e -346 f 3v6 g 3/2 h V14 
— — 
3 aAB-[-1]|, BA-[ 1 6 AC-— —i— 2k 
—3 3 
8 C(5,1, —8), D(8,—1, —13), E(11, —3, —18) 
b AB = v26 units = v26 units 9 a parallelogram b parallelogram € not parallelogram 
3 -1 -4 10 a D(9, —1) b R(3, 1,6) c X(2, —1, 0) 
= — — 
4 OA = L J; B = 1 , AB 0 — La > > 
0 2 2 11 a B — ga b AB—b-a e BA=-b+a 
OD 1 AD — 1 DA— 1 
5 5 d OD=b+4a e AD=b- la fDA=la-b 
=> => 
5 a NM=| -4 b MN = 4 
1 1 —3 —3 
= 12 b 4 c 6 
= V42 units =2 -5 
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3 1 i 
13 a 1 b —3 c 4 
—2 4 —9 
-1 1 4 
d| e | -a f| 2 
ix T —2 
2 
14 a yll units b 14 units c V38 units 
1 
v11 Vi 
d v3 units e —3V11 f Ta 
2/11 3 
Vil 
15 aa=%, b=2,c=1 b a=1, b=-1, c=2 
€ a—4, b——1 
EXERCISE 141 Ds 
1r=3, s=-9 2 a= —6, b= —4 
Zi => 
3 a AB|| CD, AB — 3CD 
d dem Ï $ ; 7 
b RS || KL, RS = KL opposite direction 
€ A, B, and C are collinear and AB = 2BC 
—1 —2 
— — — — 
4^ aPR=| -3]|, QS= [| —6 |, 2PR— QS 
3 6 
b PR= $QS 
4 —1 
ASG) ©) 
6 a Jg - 3j) b Ai - 3k) c 4(2i — 2j + k) 
E cue f 
5 x (À) * + (4) 
— [27/2 —2 [8342/2 
8 5-27) om (313%) 
c B(3+ 242, 2-— 242) 
2 —2 
1 2 
9 a -5 —1 b -5 —1 
—2 2 
—1 1 
10 a 2| 4 b 3/2 
1 2 
= — Sa EE 
11 ¢ a=7, b=-1 d a=-3, b=-S 


EXERCISE 14) INN. 


2 
3 
5 
7 





7 b22 c29 d 6 e52 f3 g5 hil 
2 b 2 c 14 d 14 e4 f4 
—1 b 94.1° 4 a #140° b z 114? 
1 b 1 c 0 6 a5 b —9 
i +12 ii 6 
i aebisnotO ii 12units 
i c—d ii c — —d 


(cos 0, sin 0) 


BP = cos 8 + 1 Pe cos 4 — 1 
sin 0 sin 


Apa RD 2 2 
AP e BP — cos^0 -- sin^0— 1 
APeBP—0 


10 


11 


12 


13 
14 


15 


16 


17 
18 
19 


21 
229 


23 


25 


26 


d The angle in a semi-circle is a right angle. 








a it=6 ii t= -3 
b it=-8 ii t=-§ 
c it=00r2 i t= 45 
b Hint: Show aeb=bec=aec=0 
. = 3 s: ==, 5 
c lt= =3 ii t= mi 
a BACisa right angle b not right angled 
c BAC isa right angle d ACBisa right angle 
— — a 
AB e AC — 0, BAC is a right angle 
b | AB | = v14 units, | BC | = v14 units, 
ABCD is a rhombus 
c 0, the diagonals of a rhombus are perpendicular 
el 21.520 bal ^) kX6 
5 -1 
1 3 
er(3) .%0 ar(q) ..o 
ek la ) kzo 
a 
Hint: Choose a vector b |, where a and b are integers. 
c 
a 1 
Solve for c such that b |o 2 = 0, 
c =f 
ABC = 62.57, the exterior angle ~ 117.5? 
a 54.7 b 60? c 35.3? 
a 30.3 b 542^ 20 a M(3, 3,3) b 51.50 
a t=Oor-3 b r=-2 s=5, t=-4 
a 74.59 b 72.5? 
1 0 0 
a—[0]|,b-|1]|,c-2|[0 will do 
0 0 1 
aeb=aec, but b zc 
a Hint: Square both sides. 
b Consider the parallelogram. 
— — 
Find AB and OC, etc. 
O 
—7 27 aeb isascalar andso aebec is a scalar 


‘dotted’ with a vector which is meaningless. 


EXERCISE 144.1 DT) 


2 2 
a 5 b 4 € -i-j-—k d i — 6j+ 2k 
11 1 
—11 
aaxb-| -2 b ae(ax b) 20— b e(a x b) 
5 


€ aX b isa vector perpendicular to both a and b 

aixi=0, jxj=0, kxk=0, 
axa=0_ forall vectors a. 

b iixj=k, jxi=-—k 
ii ixk=-j, kxi=j 
a x b = —b x a for all vectors a and b. 


ii jxk=i, kx j=-i 
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1 
5 a 4 b 17 
2 
2 0 2 2 
6 a =I b 5 c 4 d 4 
= 0 —1 —1 
9 aaxb b 0 c 2*:bxa) d 0 
—4 6 
10 ak{ 1 e k| 22 | c (Cic j — 2k)n 
3 —15 
d (5i+j4+4k)n, nm,kcmR, n kzo 
4 4 4 
1 k[-5]. kzo, Yi2| -5 | ana - Y22| -5 
—7 =í —7 
2 2 
12 a 5 b 0 
—1 1 


EXERCISE 14K.2 — INN # 
1 aixk=-j, kxi=j 


1 
2 aaeb=-1, axb=| 5 
1 
=== ing = Y27 — Y27 
6 cosé oa € sinl = S8 d sin VOS 
2 —1 
— — 
4 a i OA— 3 b B= 1 
—1 2 
— — 7 — => 
ii OA x OB = | —3 iii | OA x OB |= v83 
5 
$ 


1 AB |e 
b Area AOAB = § | OA || OB | sind 


— 


=3| A x OB |= “82 units? 


— 


5 a OCis parallel to AB 
REVIEW SET 140. 


baxb=bxe 






go 


Scale: 1ecm 2 10 ms! 









b 
Scale: 1 cm = 10 m 
N 
A 
— — 
2 a AC b AD 
3 aq=p+r b I=k-j+n-m 4 (1) 
5 apt+q b 5P>+ 34 6 m-5,n--i 
7 —8 8 a —13 b —36 10 k=6 
7 


11 aaeb isascalr so aebe c isa scalar dotted with a 
vector, which is meaningless. 
b bx c must be done first otherwise we have the cross product 
of a scalar with a vector, which is meaningless. 








5 2 

« (1). to 13 a ip+q ii p+ 4q 
by exl. 

14 ak=*733 b k—-c 5 

15 aaeb=-4 b bec— 10 c aec— —10 


16 a=-2,b=0 
17 If@ is acute, ue v= 199; if 0 is obtuse, uev — —199. 














18 a iq+r d r-q- b DB—AC, [DB] || [AC] 
— 5 _— E 
19 at=-4 b IM= | -3 |, KM= | -2 
ud —1 
M = 90° 
REVIEW SET 14B EX 
1 a b 
K y y 
y-2 
x+y 






























































x 





2 AB — AC = v53 units and BC = y46 units 
A is isosceles 








3 a V13 units b VIO units € y109 units 
4 r=4, s=7 
—6 
5 a ; b v46 units c (—1, 34, 1) 6 c= 39 
1 
7 | -3 8 64.0° 9 (0,0,1) and (0, 0, 9) 
2 
=a 
10 t=2 or -3 12 a8 b cx 62.2? 
— — 
13 a AC = -p +r, BC = —q +r 
0 
14 + (3i — 25 + k) 15 = 16.1% 16 k| —2 
3 
csi d -5 
17 a k=+3 b —7u a 
18 z 80.39 19 = 26.42 
REVIEW SET 14C EN 
— — 
1 a PQ b P 
3 7 
2 a —3 b -3 € V74 units 
11 —26 


3 a AB -— iCD, [AB]| [CD] b C is the midpoint of [AB]. 


—3 
4 aPQ-[| 12 | b 162 units c V61 units 
3 
5 ar+q b6 -p+r+q € r- 3q d —ip- ir 

















914 ANSWERS 
6 ax= 3 bx=| -10 7 vew=+6 
2 2 
3 
1: 2 cece Zh, 
8 itk 9 1=2+y2 
10 Kz123.7, Le 1139, M= 45° 
c l2 cud XU. 
1 ak=+2 b k=+ 12 ~ 40.7° 
5 
5 
14 a PO=| -2 b = 41.819 
-4 
15 ot- (1) or Ls) 16 a 61.6? 
3 
2 p 3. 
17 sinl = 18 tz I 


EXERCISE 15A. INN 
1 a 4 


6ms lms"! "7ms 
————————Á9—ÀÓ 
— 
7ms! 
b 6ms^! 5ms^! 
5ms! lms! 
2 a 134ms! 
b i 30? to the right of straight across 
3 a 246 kmh^! b ~ 170° 
4^ a 825m 6 23.3° to the left of straight across 


ii 1.04 ms-t 


c 48.45 


5 a The plane's speed in still air would be 437 kmh”?. 


The wind slows the plane down to 400 kmh- !. 
b 4.65? north of due east 


EXERCISE 15B DI! 








1 a ~ T units? b oe units? c [ve 
2 8V2 units? 3 a D(-4,1,3) 
bh k=2+2433 





5 S = {|a x b| + |a x e| + |b x c| + |(b — a) x 


EXERCISE 15C DE 


MEONGNOES 





units? 


b 4/307 units? 


(e — a)|} 


fi zx=3+), y=-4+4A, AER idi 4r— y — 16 
, (2 5 —2 
b i (7) =(3) +a : Jj AER 
ii x=5-2A, y=2+5A4, AER ii 5g + 2y = 29 
¡fi _f=6 3 
Lo A ee 
ii x=-—6+3), y=7A, AER ii 7z — 3y = —42 
i za fad =2 
cs 
ii r—- —1—24, y 2 11-4, AER ii c+ 2y=21 
2 axv=-14+2d, y=4-4, AER 
b Points are: (—1, 4), (1, 3), (5, 1), (-3, 5), (-9, 8) 
3 a When A=1, 2-23, y ——2, yes k=-5 
4 a (0,8) 


























b It is parallel to ( Pi ) and in the opposite direction. 
x 0 1 
*(2)7 (8) (s) oen 
e 1 2 
5 a i y |= 3 +à| 1], AER 
2 —7 3 
iil c=14+20, y=34A, z=-74+3dA, ACR 
ij 2=1 = 
iii = 
2 
T 0 
b ijy LFA , AER 
z 2 2 
il c=A, y=14+A, z=2-2d, AER 
ii picis 
g=y=1]1= 
y 2 
1 
c i = z +A| 0], AER 
1 0 
ii 2 ee z=1, AER 
iii y= 2, z=1 
x 0 2 
d i y |= 2 +FAl| —1 |, AER 
2 —1 3 
fi x=2A, y=2-A, 2=-1+3A4, AER 
z+1 
iii = —y+2= 
y 3 
zx 3 0 
e i y 2 +A] 0], AER 
z —1 1 
ii c=3, y=2, z=-14+A, AER 
ii c= 3, y=2 
x d —2 
6 a yi=|2|+A 1 |, AER 
z 1 1 
T 0 3 
b vl=|1|+A 0 |, AER 
Z 3 —4 
T 1 0 
c vl=|2]|+A| -3]|, AER 
z 5 0 
© 0 5 
d y |= 1 +A -2 |, AER 
Z —1 4 
—2 —1 3 —2 
7 a 0 b 1 c 2 d 4 
3 —3 1 3 
8 a (-1.2.0) b (0,4, 1) c (4, 0, 9) 
l 
9 a (zo, yo, 20) b m 
n 
E UD rs M PD A Oe l,m,n 40 
l m n 
10 (0,7,3) and (Æ, -2, -4) 
11 a (1,2,3) b (4,2, 3) 
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EXERCISE 15D. ENSE —™ 


1 33.79 2 by e by =0 3 75.52 
4 a 28.6? ba=-% 
5 a 78.72 b 63.42 c 63.49 d 71.6? 


EXERCISE 15E INN 


ge 


gc 


(1, 2) 


(^) 


V29 cms! 


ri (2 
y) 13 
45 minutes 


-3+2t 
(su) 8 


(i) 











i t—15s 

ii £—0.5s 

i (—4, 3) i s ili 13ms-! 
2 

i (3,0, 4) ii | —1 ili 3 ms-! 
a 


( 120 ) i (3 è E 
—90 10/5 L84 
A is at (4, 5), B is at (1, —8) 


me 1 ae 2 
For A it is Er For B it is (1) 


For A, speed is V5 kmh-!. For B, speed is V5 kmh-. 


(ajem 
(2)- C2) (À) 


zi(f) 2 —5--3& yi(t) 2 4- t 


speed = V10 km min”! 
a minutes later, (£ — a) min have elapsed. 


(2)- (9) «-9(3) 
z2(t) = 15 — 4(t — a), y2(t) 2 T — 3(t— a) 


Torpedo is fired at 1:35:28 pm and the explosion occurs at 
1:37:42 pm. 


—8 
1 = 19.2 kmh-! 
—0.5 
ge 6 -3 
yl|=|9]|+t 1 , TER d 1 hour 
z 3 —0.5 


EXERCISE 15F NN 


2/5 units d Ounits 


-— 6 — 6t 
pil ELT A 


t = 0.84 and position is (0.96, 0.72) 


(Eo) & (3) = Goo) +=) 


b 42 units c 2/2 units 


€ when t= 3 hours 





(80, 60) d | OP |= V802 + 602 = 100 km 

at 1:45 pm and dmin = 31.6 km f 2:30 pm 
-2 

A(18, 0) and B(0,12) ^ b Risat (s = 5 =) 


> z—d4 — —18 
PR = 36—22 and AB= 12 
3 
8 


(385, 2) and distance = 7.77 km 


A(3, —4) and B(4,3) b for A ( z for B (a) 


82.9? d at t= 1.5 hours 
(2, —1, 4) b V27 units 
(2, 3, 3) b VERTS 


EXERCISE 156 DI! 


A 



























































































































































b A(2,4) 
yA , > 
~ CL pea B(8, 0) 
line 1 C(4, 6) 
c BC— BA 
LLLI h E = 4/52 units 
p Z| isosceles A 
5 10 
line 3. 
| 
b A(-4, 6) 
Ay E >» 0), 
C(22, 2p) B(17, 15), 
C(22, 25). 
D(1, 16) 
(bI B(17, 15) 
A(=4,6) (2 
E 
y 2 
A(2, 3), B(8, 6), C(5, 0) 
AB = BC = vy 45 units, AC = y18 units 
P(10, 4), Q(3, —1), R(20, —10) 


— LT — 10 — — 
R- (1). me 50,). PQePR=0 


QPR = 90° d 74 units? 
A is at (2,5), B(18,9), C(14, 25), D(—2, 21) 
— 12 => 20 
AC = (29) and p= ( % | 
i V544 units ii 4/544 units iii 0 


Diagonals are perpendicular and equal in length, and as their 
midpoints are both (8, 15), ABCD is a square. 
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EXERCISE 15H.1 


u Aaw aA 


go 


ANSWERS 
NES LULU 
1=2 y=-3 bxi=-1, y=5 
z = —2, y = —4 
intersecting b parallel c intersecting 
coincident e intersecting f parallel 
The second equation is the same as the first when divided 


throughout by 2. The lines are coincident. 
It gives no more information than the first. Gives the same 
solutions for x and y. 


3-t 
i when 2x =t, i teR 


ii when y=s, 1=3-—2s, sER 
The system is inconsistent and so has no solutions. 
The lines are parallel. 


The lines are coincident. Infinitely many solutions exist of 


5 — 2t 


the form z—tí,y-— , TER. 





If k # —4, the system is inconsistent and so has no 
solutions. The lines are parallel. 

If k = 4, the system has infinitely many solutions of the 
form x«=t, y=3t—2, t CR. The lines are coincident. 


3 -1 8 
0 0 |k—16 
i k — 16 

i when k 416 


4 8 1 
0 2a+8]|—21 


When a = —4, lastrowis 0 O | —21. So, the system 
is inconsistent and .. no solutions exist. 


ii z—t, y-—3t—8, tc R 


ii The lines are parallel. 


b az-A4 


A unique solution for m Z 2 or —2. 

6 6 
Emeta, ms ug 
if m — 0, unique solution is z —3, y — 3. 
If m — 2, there are infinitely many solutions of the form 
x =t, y =3-—t (tisreal. If m — —2, there are no 
solutions. The lines are parallel. 





x= 





EXERCISE 15H.2 INN. 


m8 Qa 


They intersect at (1, 2, 3), angle = 10.99. 
Lines are skew, angle © 62.7°. 

They are parallel, .. angle = 0°. 

They are skew, angle © 11.4°. 

They intersect at (—4, 7, —7), angle + 40.2°. 
They are parallel, .. angle = 0°. 

They are coincident, .. angle = 0° 


2 Line 1 and line 2 are parallel. 
Line 1 and line 3 are skew with angle = 48.29. 
Line 2 and line 3 are skew with angle = 48.2°. 


EXERCISE 151 


a 
[4 


NES 
2x — y + 3z =8 b 3x+4y+2z=19 


xz +3y+2z=10 





2 3 0 1 
3 b | -1 c |o d lo 
—1 0 1 0 
y=0 b z=4 
ii -22+6y+z=18 b ii —5zs+ 3y + 12z= 12 
ii -y+z=3 {many vector forms exist} 


=1+ y=-2-3A, 2=4A4, AER 





b x1=3+2A y=4-A, 2=-1-2)», AER 
6 1=2-—t, y=-1+3t, 2=3-3t, teR; (1,2,0) 
7 a x=1+4+t y=-2+2, 2=4-5t, teR 

b i (0,—4,9) ii (1, —2, 4) ii (—5, —14, 34) 
8 a (-1,-1,4); 3 units b (0,1,—3); 2411 units 

c (-4, — 38, +); 2/8 units 
9 (1, —3,0) 10 X axisat (2, 0, 0) 
11 a y-3:=-—7 b x-—z=-2 € 37—9y —1 
12 y —22—8 
13 ak=-3  * B(3,6,—H) or (-1, -2, 3) 

EJ $ 

14 a N(3.4, 1.2, 1), d= Zz units 

b N(4, 3, —4), d= a units 

10 y Po à 
16 d i Ye units ii 24/3 units 
19 x Ida — di| š 26 7 

17 a ave units b VSTPIG units 18 AS units 
19 2x7 —y --22 2 —1 and 227— y +2z = 11 
EXERCISE 15) Ds 
1 a 713.1? b 0? (the line and plane are parallel) 

€ £z 11.3? d z 30.7? 
2 a 783.7? b z 84.8? € Rm 86.2? Ri 73.2? 

e = 62.3 


EXERCISE 15K. Se & }§ 


b 
d 
a 
b 


=1+2, y=t, 2=0, teR 
=4 y=-2 z=1 cx=4 y=-3, 2=2 
no solution, system is inconsistent 


Either no solutions or an infinite number of solutions. 


i a1 kao, bi — kbo, ci — kco, di  kda 
for some k 

ii ay = kag, b4 — kbo, c1 — kco, di — kda 
for some k 


i Planes meet in a line 
y——2--3t, y—t, z—-5, tcR 
ii Planes meet in a line 
=2-2t y=t, 2=1+3t, teR 
iii Planes are coincident 
=6-2s+3t, y=s, 2=t, s,teR 
If k = —2, 
solutions. 
If k Z —2, planes meet in a line with infinitely many 
solutions. 
If k = 
solutions. 
If k #16, planes are parallel with no solutions. 
Meet at a point (1, —2, 4) 
Meet ina line x = m y= oe 
3 3 
Meet in a line x = 3t — 3, y=t, z=5t—11, tER 
No solutions as 2 planes are parallel and intersected by 
3rd plane. 
Two planes are coincident and the other cuts obliquely at the 
line = 3+3t, y=-3+3t, z=t tER 
Meet at the point (3, —2, 0) 


planes are coincident with infinitely many 


16, planes are coincident with infinitely many 


, z=t, tER 





If k =5 the planes meet ina line x = —10t, y — —1 — "t, 


z=t, tER. 
planes is parallel to the third .'. 


If k #5, the line of intersection of any two 
no solutions. 








1 3 3 a—1 
7 a 0 -7 —5 |9—2a 
0 0 a-c1l1|a-l 
19 — 6t —5t — 11 
b r= — SS, 251 (tis read, 


Planes meet in a line. 
1 2 
ec x= 70 +2, y — 2a —2, mel. 
Planes meet at a point. 


1 2 m -1 
8 | 0 -2(m+1) 1— m? 14m 
0 0 (m 4- 1)(m 4-5) | —7(m+ 1) 
a If m — —5, no solution. The line of intersection of any 


two planes is parallel to the third. 
b If m — —1, infinitely many solutions. Two planes are 
coincident and the third meets in a line. 


€ i| If m zZ —50r —1, there is a unique solution. The 
planes meet at a point. 


9 They meet at the point (33. =. 55). 


REVIEW SET 15A a 
X —6 4 
la (5)-( ; )+e( 4). tER 
b 1=-6+4t, y=3-3t, teR 
2 m=10 


a (5,2) 


OROMO 


R axv=2+t, y=4t, z=1-3t, tE€R 


c 3x + 4y = —6 


w 


Zo t 2 
b ( 10 ) is a non-zero scalar multiple of ( 5 ) 











| PÓ » OR | 
e. 
b Use cosÓ — ———— 
| PQ || QR | 
5 a A(5, 2), B(6, 5), C(8, 3) 
b | AB |= v10 units, | BC |= V8 units, | AC | 2 10 units 
€ isosceles 
6 a OABC is a rhombus. 
So, its diagonals 
bisect its angles. 
x 7 : 
bj y)]={ 3 ral 3], AER 
z —4 i 
3 
c (7,32, —31) 
T 3 —4 
7 a y |= 2 +A] 0 |, AER 
z —1 5 
b —4r + 5z = 24 e (—5, 2,9) or (11, 2, —11) 
8 (6,—1, —10) 9 a x7 b 4 units? 
10 a H units b (3, $, 3) 


11 a They do not meet, the line is parallel to the plane. 
16 : 
Via units 
Le a) 
5” 5 


12 a F 


~ 


b (-1, 3,1) c 6x — 8y — 5z = —35 





ANSWERS 917 
13 A wits 14 (4,1, 3) and (1, —5, 0) 
15 a 


target 
breeze 


lv] 


a Iv] 

intended actual 

direction flight 
9o 


b i isosceles triangle .. 2 remaining angles — 89? each, 
breeze makes angle of 180 — 89 = 91° to intended 
direction of the arrow. 


xxi qe . - speed 
ii bisect angle 2? and use sin1? — wi 
v 
speed — 2 |v| sin 1? 
16 a X(7,3,—1), D(7, 1, —2) b Y(5,3, —2) 
3 1 
— =— — => 
cBD=| -3 and BY = | —1 So, BD = 3BY, etc. 

0 0 


17 If k — —2, the planes meet in the line 
c= 3 y=-%+t, z=t, teR. If k 4 —2 the planes 


meet at the point ($. 4 —1). 


REVIEW SET 15B INN. 


E-G) a(i) er 


2 a i —6i+ 10j ii —5i — 15j 
ii (-6— 5t) -- (10— 150), t20 
b t=0.48 h 


€ shortest distance = 8.85 km, so will miss reef 





, zT 2 4 
3 a i a =(4)+*(4) teR 
ii c=2+4t, y=-3-t, tER 
T =1 6 
b i y |= 6 +t] -8 |, tER 
z 3 —3 
ii z—-—1-4-6t, y=6-8t, 2=3-3t, te R 
a 11.5% east of due north b = 343 kmh7! 5 8.13? 
6 a X23, 33 224 t, y1 24—3t, t20 
b Y18, z2 = 13- t, y2 = 3 — 2a + at, t2 2 
€ interception occurred at 2:22:30 pm 
d bearing = 13? west of south, Y 4.54 units per minute 
7 a 15.8? b = 65.92 
b z 28.6? c 2x + 3y + 6z = 147 d 14 units 
9 a 4zr+2y+z=3 b = 64.19 
V3 -y3 
10 a | -/3]| ad | V3 
V3 -V3 
b — 8& j — 2k 


: 8 : 3 iş : 
vut gal t ya" or —wvmi- a) Ja 
¢ k=-7orll 
11 72.35? or 107.65? 


12 al y|=|-1]|+aAl 2 |, 
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ANSWERS 


2 — E EM ME. 
b (2- v 1+ $3 4) and 
2 2 4 
(2 + Ve 1 T 34 X) 
13 7.82? 14 aa units? 
15 a intersecting at (4, 3,1), angle = 44.52 
b skew, angle = 71.22 
—1 
16 a5 1 bm=1 cx—y-—z=0 
1 
= 4 
dt=2 e Aa 
17 bk=-1 
¢ t(p +10) =q+2 has infinitely many solutions for ¢ when 
p+10=0 and q+2=0, -. p=-10, q =-2 
1 -3 2 —5 
18 a 0 10 -4-—k| 25 
0 0 k+4 | -5 
b No solutions if k=-—4. Two planes are parallel and 


intersected by the third plane. 
i Unique solution when k 4 —4. 
10 —5 
ii xz = 1 + —, y =2, g 2 ——— 
k+4 k+4 
Planes meet at a point. 


ii (3,2, —1) 


REVIEWSET 15C EE — 
1 2/10(3i — j) 


w 


> 


10 


(—4, 3) b (28, 27) c le) d 10ms-! 


(KL) is parallel to (MN) as ( Ez ) is parallel to ( = ) 











b (KL) is perpendicular to (NK) as ( 3 e ( la) =0 
: ] 4 -5 
and (NK) is perpendicular to (MN) as 10)]°{ 2 )= 0 
c K(7, 17), L(22, 11), M(33, —), N(3, 7) d 261 units? 
30.5? 
a | AB | = V27 units 
b A lies on the line r where A = —3 and B lies on r where 
A=0 the line between A and B is the same as line r, 
so it can be described by r. 
¢ 70.5° 
: zi [(-—9 4 
a Road A: (5) = ( 2 )^ (5) AER 
c 6 5 
Road B: M = (a) +1 (1). HER 
b Road B, 13 km 
—2 5 
— — 
a ABeAC—[|[-1]Je|2]|-—0 
6 2 
b i¡z=4-2, y=2-t, 2=-1+6t, teR 
lix=4+5s, y=2+2s, 2=-1+2s, seER 
a=4 or x 
a l4r--29y 4z —32 b 559 c r= 2/0 
5 
an=| -—1 b D(-1, —1, 2) = 11.8 units? 
3 
152 
d (g. $3) 


11 


14 
15 


16 


17 


1 = 
PO=| 4 |, |PO|= 26 units, QR= | —1 
=3 4 
T—2-AÀ, y —4À4, z—1—3A, AER 
x 2 1 —4 
y |=|0 | +A[| 4 |-p| -1]. 4 €R 
Z 1 —3 4 


3 units b (1,2,4) ¢ V116 units 
5Se+yt4z=3 b x=5t, y=t, z=4t, tER 
(qa Ta 7) 

intersecting at (—1, 2, 3) b 0% 27.0° 


2x + 3y + 6z = 147 € 14 units 
(5, 7, 3) on line 1 and (9, 13, 15) on line 2 


0 3 
A(2, —1, 0) cr=| -3|+u 1 
2 —4 
38a —y+2z=7 e V14 units? 
x 3 3 
normal is y j=] —-2 }+AqT -1 
Z —2 2 


The three planes have no common point of intersection. The 
line of intersection of any two planes is parallel to the third 
plane. 


EXERCISE 16A IN — 



















































































c —l+5i d -7i 
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5 a J b J 
^ R 
< 3 
z* 
[a+ 
6 Ag 
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EXERCISE 16B.1 INN —— 
1 a5 b 13 c 2/17 d 3 e4 

2 avV5 byY c5 d 5 e 5y2 
sh h i5 j5 k 5v5 
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b al br 
6 © |z12023....2n| = |z1| |Z]... [zn| e 22% — 1048576 
a 6 b 9 c 3/5 d 3 e i f2 


3 9 
a? +b? —1 —2b 
8 A a le weg 
7 set eae 
9 a3 b 2 
EXERCISE 16D.2  NENEEEEEEEEEEEEEEEEEENNSSSSSS 


1 a i 4V2 units ii (1, 4) 
b i 575 units ii (=, 2) 
2 a iw+z ii w—z 
h a reflection in the X -axis b rotation of m about O 
c reflection in the J -axis 
d clockwise rotation of $ about O 
5 z2—2-rF6i 
EXERCISE 166.1 De 
1 a 4cisO b 4cis 5 ¢ 6cis 7 
d 3cis (-&) e v2 cis T f 242 cis (-3) 
g 2cis (32) h 4 cis E 
20 


3 ky2cis(F) if k>0, kv2cis(-22) if k<0, 
not possible if k = 0 


4 a 2i b 4V2- 42i c 2/3 - 2i 
di-i e-G+és f —5 

5 al b 1 

EXERCISE 16C.2 IN 

1 a cis 30 b cis 20 € cis 30 d Byli 
e V2 +iv2 f 8 g —2i h —4 i 4i 

2 a-—1 b -1 c iXX 

3 a |z| 22, arg(z) 20 b 2 cis (—0) 
€ 2cis (0 4- 7) d 2cis (1 — 0) 


4 a cis (3) b rcis (0+3) 
€ clockwise rotation of 7 about O 
5 a icis(-0) ii cis(0 — 5) 
b If z— rcis0 then z* —r cis (—0) in polar form. 
EXERCISE 16.3. DI — 


1 a z — 2/2 cis(- 1) b 232 cis (5) 
c 


Hi 





d The modulus of z has been multiplied by 3, then rotated 
anti-clockwise through 3 about the origin. 


2 a z—2 cis (5X) b cis(Z) =i 


920 ANSWERS 


7 a |23| — 8, arg(z?) — 30 





















































b |i? | — 4, arg(iz?) — 5 +20 
c i E arg (+) =-0 
d = =1, arg (3) =-5-20 
tan0— tan? 0 
9 b tan30— 3tanð — tan“ 0 
; 1— 3tan2 0 
d The modulus of z has been halved, then rotated clockwise 
through B about the origin. ec iz— we cos (55), cos (42) 
E 4 7 
3 a cos (5) = 28, sin ($) = Ye Ya ii z — tan(£), tan ( £m), tan (3) 
b cos (4t) = == si in (4) = x6— V2 10 a ABzz;—z, BÓzz3—29 
. a . =F . o . ——E 
6 a |—2| =3, arg(—z)=0—7 Hint Notice that BC is a 90? rotation of BA about B. 
b |z*| 2 3, arg(z*) — —0 [4 jiz| = 3, arg(iz) =0+ 5 b OD = 21 + 23 — z2 
d |(14-i)z| 2 3/2, arg((14- i)z z)=0+4 11 a cos40 = 8cos* 6 — 8cos? 641 
z iz b sin40 — Acos? 0 sin 0 — 4cos0 sin? 0 
e |-|=3, are (2 )= 0-35 3 
i sd 1 3 3 1 
2 5 12 a tii (z+-}) =2z +3z+- +5 
Im )ctaeiem 
= $ — à b Hint: When n = 1, 2isinÓ — z — —. Now cube both 
7 —1|22 —1)22-.z z 
a |z — 1| sin$, arg(z—1) 2 $ 4 3 idis: 
b z-1= (2sin($))cis($ +3) 
c (z— 1)* = (2sin($)) cis(—$ = 3) EXERCISE 16F.1 
1 EVE 3 à 
1 1, =f Pty 2 a z=vV3-i, 21, —/3-—i 
=> — 22— 21 
8 a z2—zı =AB, z3— z2 =B b as =1 b z= 38 _ 3, 3i, LEUR LO 
€ arg (22) = d 1 3 —1 p Bi 
Z3 — 29 
9 a=-V3 
EXERCISE 166.4 Ds 
1 a —1.414+1.01c b 1.27 — 3.06; ec —2.55 — 1.251 
2 a 5cis(—0.927) b 13 cis (-1.97) c 17.7 cis (2.29) 
3 a 2cist b V19 cis (—2.50) ho a z=+2, +25 
4 a a(z?--2xz-4)—0, a Z0 b z—V2riy/2, —/2c i/2 











e TO) 


SSS cc m —5m 
EXERCISE 16D cis (E), cis (32) 
1 a-i bi4 Bic -i 
0 T T T 
3 as b 3+0 c 20-35 d 5-0 


4 a8 £z 0.540 4- 0.841i b & 0.455 + 0.8914 ce? 











d —1 
EXERCISE 16E tte 6 a z — V2 cis (4). Ag 
2 a 32 b —1 c —64i v2 cis (22) zeli -1 +i 
d v5 cis (4) = (2.180 + 0.4981) e V3+i VE cis (2) V2cis( 45) 
12 R 
f 16 4- 163i —v2 v2 
3 a 128— 128i b 1024 + 1024/31 
1 1-5 1 a 
c (273) d (1-3) 
524288 64 
v2 v2 soo 
e V2cos(—4) +iv2sin (—-4S f 2 (-43 — i) 11 
: ( i) (= i) 64 v2 cis (4). 
4 a |z|2 cis($) b-Z<ó<fH c Tue 5 cis30 V3 cis ($5) 


6 alt+i=vV2cis (4). 2” = 27 cis (22) 
b i n=4k, & any integer ii n=2+4k, keZ 
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«fs 
E 
Nie 


| 
nia 
>. 
















) v2cis( =) 


V2cis( =e 











3/4 cio ( 17% 
VAcis( Hz 





1 d 
z= Ta ye 
1 1. 
ots Fae 
1 1 
TATI" or 
LL 4; 
V2 V2 
za 41 = (22 — V2z41)(2? + 122 +1) 
|z| = 1 and argz — —27 b 23 = cis (—2r) = 1 
Simplifies to 2(z +2*)— 5 where z+ z* is always real. 
16 cis (-3) 
i 2 cis (22) ii 2cos (2) + [2sin (72): 


EXERCISE 16F.2 INN 


c 
d 
e 

f 

7 a 
b 
8 
c 
9 a 
b 
1 a 
3 a 
c 
b a 


—3 (n=0, 1, 2) ee 
2 


il z —2w"--1 (n=0,1,2) and w = cis ( 


n 


i z=w"™ and w = cis 


RU 


) 


(n —0,1,2) and w = cis (22) 


s| 


ili z= 





TN 
cis (2 )=w 





cis 0, 
cis (22) , cis0—1 
cis (+) cis 
1— w5 
ii Hint: The LHS is a geometric series. 


EXERCISE 16G EE 
1 2=1+2 or 1-4 


























2 ay=zx b y= etl, x>0 € 7a?+16y? = 112 
cos n0 — cos 9 — cos [(n + 1)0] + 1 
2 — 2cos0 
5 2" cos” (4) cos (22) 
REVIEW SET 168. HH 
1 Real part is 16\/3. Imaginary part is 16. 
2 a 22+4y=-1 b y—-z 3 |z| 24 
4 a reflection in R-axis 
b anti-clockwise rotation of m about O 
¢ anti-clockwise rotation of 5 about O 
a+2 a42 ad42 at42 
8 b z= ; , 
a—1'oa?—1' o3—1' o*—1 
where a = cis (22) 
11 2/3 — 2i, ae 4i 
12 a |(22) Pis = 5, 3, arg ((22)7!) =-0 
b [1 - 2sin (2). arg(1—2)— $— £ 
13 —1+iv3 = 2 cis (2), m= 3k, k is an integer 
REVIEW SET 16B a 
i-o 
/2. V2 
2 a 542% b 2/2 c 175 d z —2.03 
3 a=0, b=-1 
à az—0,y»1 b 32724+3y?—2024+12=0 
5 4cis (-£). n = 3k, k is an integer 6 ¿+ 8y8i, —3 
7 a |23| = 64, arg (2 3) = 36 b i| = 4, arg (4) =-0 
*)=2% — 
2 


€ |iz*| — 4, arg (iz 
1 


5 1 
9 a & b uz 
10 2< |z|<5 
T 


—F<argz< 5 





12 1+z = 2cos ($) cis ($), 
arg(1+z) = $ 


Z2 — Z1 Z2 — 21 
———_| = 1, arg | == == 
Z3 — 22 


3 w% where w = cis (2) 


1 


€ 


b 








23 — 22 


14 z= 1, w, w, w 














de al = 2 
a 2= 3, w+3 wh, 0343, wi4 3, w=cis (2) 
b z—0, w—1, wu2—1, wu4—1, w4-1, w = cis (22) 
wW+1 w241 u?41 w+1 - (27 

€ z = —, A ] , w = cis ( 4& 
w—1' w2—1' w3—1' w*—1 (=) 


REVIEW SET 16C EE 

1 a 5 cis (—3) b 4cis(-3) c —ky/2 cis ($2), k<O 
2 =_ 
V3 


3 b (1— i)z — 4 cis (o — F), arg((1—i)2 2a— $ 
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ai af 
4 a /—s5/=1, arg| =] =7 
ea Z3 











"stes sese 


6 a3 z—1,w, w?, u?, and w* where w — cis (22) 





¢ 31 
7 V3-i, 2i, -/3—i 
8 a (cis0)? b (cis 0)? c (cis 0)! 


9 z — 203 cis (35). 20-3 cis (32). 20-3 cis (22), 
20-3 cis (=). 20-3 cis (=) 

12 a a(2? —2cos (44) z+1)=0, a #0 
b a(z?+z—-1)=0, a #0 

14 b i 


1 a7 

2 a5 b7 cc 

3 a -2 b € —1 d 1 

4h ar-O0 b z-—0 

5 a —3 b 5 € —1 d 6 e —4 
g 1 h 2 15 


EXERCISE 17B.1 INN — 
1 
1 lim — —0 2 a3 6-2 c-14d1 


L—>00 a2 3 


EXERCISE 173.2 DI! 
1 a las 2>0, f(1) =>-—00 

as z — 0t, f(x) — oo 

as z— oo, f(z) 5 0* 

as z— —oo, f(x) —0^ 


vertical asymptote x = 0, horizontal asymptote y = 0 


ii lim f(2)=0, lim f(x)=0 


b ia. 2>-3, f(1)>00 
as r— —3*, f(x) — —oo 
as zoo, f(z) > 37 
as z— —oo, f(z) —^ 3* 


vertical asymptote z — —3, horizontal asymptote y — 3 


ii lim f(z) =3, lim f(z) 23 





1 


€ i as s>- f(x) —> —oo 
as z—-2*, f(x) — oo 


as r— oo, f(z)— -2+ 


as t— —oo, f(x) > -2 


vertical asymptote x = -2, 


horizontal asymptote y = -4 


ii lim f(z) ——2, lim f(z) 2 -2 
T—=>—00 L=00 


d ¡as zx>o1, f(1) oo, 
as 2>1*, f(x) — —oo, 
as zoo, f(r) > -17 
as r— —oo, f(z) — —1* 
vertical asymptote x = 1, 
horizontal asymptote y = —1 


ii lim f(z)=-1, lim f(x) =-1 


€ ias z— oo, f(x) —^1 horizontal asymptote y — 1 
as £x — —oo, f(x) — 1^ no vertical asymptote 


ii lim f(r)-1, lim f(z) 21 


f ias zoo, f(z) > 0* 
as z— —oo, f(z) => 07 
horizontal asymptote y — 0 
no vertical asymptote 


ii lim f(2)=0, lim f(x)=0 





b i lim (e*—6) 2 —6 


z—-—oo 


ii lim (e7 — 6) does not exist 
T—00 


y = —6 is a horizontal asymptote of y = e” — 6. 
3 lim (2e~* —3) does not exist, lim (2e~* — 3) — —3 
T—=>—00 z—0o0 
4 a vertical asymptote x = 0 as y —^ 0*, y — —oo 
b vertical asymptote z — 0, horizontal asymptote y = 0 
as 20 , f(x) +00 as x — oo, f(x) — oo 


as r— 0*, f(z) — 0* as zr — —oo, f(z) — 0* 


5 a vertical asymptote x = 0 as z — 0t, y — —oo 
b oblique asymptote y = —x as T—>00, y — oo 
as z — —oo, y — (—a)* 
€ oblique asymptote y — x as 200 yr 
+ 


as Z>—00, Y >< 


d horizontal asymptote y = 0 as t— 00, y —^ Ot 


EXERCISE 170 eS © 


1 a2 b 1 € 1 d 4 e f 27 


tol 


2 b ar? € Area of circle — rr? 3 c —sinzx 
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EXERCISE 17D. INN — REVIEW SET 173 Ds 
1 a j b No 1 aas 2-2 ,y—oo as z—o0,yl1 
452 (3, 408.8) € : od j as z — -2*, Y>=00, as L=>-—00, Y > a 
" n 9.6ms 
y = 452 — 4.81? ili 192 ms-1 vertical asymptote £x = -2, horizontal asymptote y = 3 
z E - = 
iv 28.8 ms b lm = Lah, ini hal 
2 a 
2 a 
0 (0, 0) 
il bct 
1L (59 2:25) y=2-er +0 
1.9 (1.9, 3.61) 
1.99 | (1.99, 3.9601) b lim (2— et!) =2, c y=2 
1.999 | (1.999, 3.996 001) lim (2 — e**1) does not exist 
T—O00 
T 3 az=0 bx=1 4 cosa, h and zv are in radians 
2 GEB 5 b i 12.2 ii 12.02 iii 12 
E (3, 9) c The gradient of the tangent to y — 2z? at (3,18) is 12. 
2.5 (2.5, 6.25) -— fri l n e 
25 (2.1, 4.41) 6 lim = lim = 
z—oo 4—cr z—-—oo A—ac 
2-01 (2.01, 4.0401) 
b 
2.001 | (2.001, 4.004001) REVIEW SET 17C 
i 1 a —3 b 3 € —1 
—4 
b lim —— =4 2 a 
z2 1—2 _2+x 
The gradient of the tangent to y = x? at the point (2, 4) tS al 
is 4. 
EXERCISE 17E Ds A enne cnncta ecans iane 
1 a3 bO 2 a4 b-1 3 f(2)=3, f'(2)-1 wx 


RR © 


1 a il ii O ii 3c? iv 423 b f'(r)-nz^-! 
2 a2 b 22-3 c —2r +5 

dy dy dy 

ue b —=4 1 c — — 332 —4 
3 a T Ta z- d 3a cz 
hà a 12 b 108 5 a3 b —12 €9 d 10 

d 
6 a Ž =3r-3 b (—1,2) and (1, —2) 

da 

—4 —9 
7 a — b ——— 

x? (a — 2)? 

2 45 1 1 

& a-3 b- “a d -3 


REVIEW SET 174 INN 


1 a-il b -1 c8 
d 

2 a f'(x)=2r+2 b 9 L6 
dx 

3 a horizontal asymptote y = —3 


as T=>00, Y —>00 
b no asymptotes 


as rz — —oo, y— —3* 


€ vertical asymptote z — 0 as 2 >07, y —oo 


4h ad b 2 cr 53 
6 a f'(t)=-—9.6tms1 


b 19.2 ms—! (the — sign indicates travelling downwards) 





in=4 
b as 4 , y — —oo, as roo, yo lt, 
as xr — 4t, y oo, as ©——oo, yl” 


vertical asymptote « = 4, horizontal asymptote y = 1 











2 2 
é m 2i, De d 
z—-—oo1—4 zoo —4 
3 f'(1)=2 4 € cosz 
dy : 
5 a —-—4zxz b gradient — 16 € when z — —3 
da 
EXERCISE 19A. INN & © 
1 a 322 b 6x? c 14r d a 
VI 
1 
e 73 f 2741 g —4x h 2z 4-3 
6 2 6 
3 — we oe 
i 22° — 12x j 72 k zi 58 
5 3 1 
| 2:2 — — m 2 = n ——— 
“2 e 22y/1 
o 8x—4 p 3z? - 127 +12 
2 
2 a 7522-28 b 2nz € —— 
5x3 
d 100 e 10 f 12712? 


924 ANSWERS 
3 a6 E € 27-10 d 2-92? e 22-1 
2 3 1 
f -—-— 44 — h 6z?—6z—5 
S Um s ur 7 T 
16 13 1 
a4 b -zg € -T d = e g f —11 
5 b=3, c=-4 
2 2 1 1 
6 a |—+1 ^ ig 8 e — d 2— —— 
E 37 c/c 2Vx 
2 
-— f 61 — å ya g —Bo 3 h 24 92-3 
T/T 
d d 
7 a ud =4+ a bi is the gradient function of (ae! 
da 22” de z 


from which the gradient at any point can be found. 


dS 


ds 
b — — 4t-- 4 msi, — is the instantaneous rate of 
dt dt 


change in position at the time t, or the velocity function. 


dC 
Tr. = 3 + 0.004x $ per toaster, — is the instantaneous 
x q 


rate of change in cost as the number of toasters changes. 
EXERCISE 18B.1 INN 
1 a g(f(x)) = (2a +7)? b g(f(£)) = 2z? +7 


€ g(f(z)) 2 v3 — 4x d g(f(z) —3—4Vz 
2 4 


n 





€ 99) -z273 Fai) — r3 
2 a g(r)-—z)?, f()=32+10 
b gz) =2, f(x) = 2244 


€ g(z) = Vz, f(a) =2? 30 
d g(a) = 2g. fle) = 32-2? 


EXERCISE 183.2 DI — 
b už, 
¢ Qu73, u=2—22 d us, u=28—- 2 

e 4u 2, u23— x f 10471, u222—3 
8(4r—5) b 2(5—2z)-? «e l(3z—a?) 3 x(3—-2z) 
—-12(1—3z)? e —18(5— x)? 


f 4 (203 —32)-8 x (6x? — 2x) 


Ie 


1 au’, uw=2r2-1 u = x? — 3x 


"2 
aw 


g —60(5x — 4)73 


h -4(30—22)2x (3-20) i 6(2? ~ =)? x (2¢ +5) 





x 
1 3 
3 a Z b -18 ¢ -8 d —4 èe =z fo 
4 a=3, b=1 5 a=2,b=1 
dy 2 dx 1,-2 A i 3 
6 a — —3z?, —=3y 3 Hint: Substitute y = x 
Tq dy 
dy dx dy | 
dz ` dy dy 


EXERCISE 18€ INN #1 § 

1 a2r—1 b 4r+2 eœ Qa(a +1)? + 4a2(e@+1)72 

2 a 2z(2x-— 1)+ 2r? b 4(22 + 1)3 + 24zr(2z + 1)? 
c 2x(3 — z)? — 152(3 — 2)~2 

1073 (a — 3)? + 2\/a(a — 3) 

10x(3x? — 1)? + 6013 (3x? — 1) 

1,-3 233 232 

31 (1 22) + 3y/x(x — x*)*(1 — 22) 


- ^ à 


ji 
Jes 


3 a —48 b 4063 « 3 d 


| 


4 b «=3 or 2 € zx0 d z—0 


€ As we approach the point z — 0 from the right, the curve 
has steeper and steeper gradient and approaches vertical. 


5 x=-—1 and a=-3 


EXERCISE 18D I~ 


i 7 Qau(2a +1) — 2a? 
(2— 2)? (2x + 1)2 
o 3) -2 i 173 (1-20) +2y7 
(zx? — 3)2 (1 — 2a)? 
2 2a(3x — 2?) — (x? — 3)(3 — 2x) 
(3x — 22)? 
i —i 
i (1—32)2 4- $z(1— 32) 2 
1 — 3x 
7 28 
2 al b 1 € — 324 d = 27 
i dy . 
3 b i never is is undefined at z — —1) 
xv 


ii zx O0 and z—1 


bb iz=-2+y11 ii z—-—2 





a 


dy . ir. > 

T is zero when the tangent to the function is horizontal 
x£ 

(gradient 0), at its turning points or points of horizontal 


x . dy . ; 
inflection. = is undefined at vertical asymptotes. 
z 


EXERCISE 18E DD! 








d d d 
1 a22 e -3272 ez” d-y2 2 
dx dx daz du 
dy -1 dy dy 
e dy — f dy? = —2y-3 — 
v da 29 dx 3 Y dx 
d d d 
h gpp i 2xy + a? 4 j y? +2ay Y 
dx da da 
3 z£ b x : x 2x 
y 3y y 3y? 
—2xz — 2.9 
ë TY f 3x y 
x 22 
3 al b -3 
EXERCISE 18F Be 
1 a 4e4* b e? € —2e-?* d ies 
e —e 3 f 2e * g le? +30" 
et —e? 2 —1 1 
—— i —2xe * | —ez 
2 ' q? 
k 20e27 | 40727 m 2e?7+1 
let o —Agel-227 p —0.02e-9-02z 
gi ndm 
2 a e®™+2e” b 3z?e-* — g3e-* c — 
T 
i re? — le? 
d = e@ 2re®* |. 342637 p l— 2— 
ez L/T 
dic i e* -2-F-2e * 
sn 2e-* —g2e h 
33 (e-* +1)? 
3 a 108 b —1 c 
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Ge3z ez 








3 
4 a — > b — 1—e 7?) 2 
(1 — e3u)3 ge) 
A 1—2e * -xe * 
v1—2e-* 
d 4 
5k=-9 6 a 2 —2*12 7 (0,0) or (2, ) 
da e2 
8 a 2%1n2 b 5%1In5 c 27 + 22” In 2 
á 3x? — x In6 22” In2 — 27 1— rln3 
67 a2 gz 


dy —(54e-?* 4 3a2e3Y Y 8xy?) 
da 31? (xe%Y + 49?) 


EXERCISE 18G INN 





















































1 2 1-2 
l a-— b c 2 
x 2x +1 x — x2 
2 1-1 
d —— e 2elnr+2 f s 
x 2x2 
à sg h 2lnzx ¡ 1 
T 21 In x 
en? In(2x) 1 Inx — 2 
j eel k —— + — ———— 
t^g SUME 2/z yaz V/z (In z)2 
4 252 
m n In(z? 4- 1) +4 ——— 
1—- ne + tua 
4x3 +1 1 
2 a ind b Ë EE g 
x atte 2—2 
6 2 1 — In(4z) 1 
e In(2 1 f ————- 23 
m1 )] 7 s -> 
1 —1 
h 
2lnz a(In a)? 
—1 —2 1 
3 a b c 14-— 
1— 2x 2r 4-3 2c 
1 1 1 1 2 1 
d —-— —— e = f= 
z 2(2—2) +3 r-l x 3-2 
9 h 1 4 2x 2x 4-2 1 
a 3a —4 z z?-1 2420 «2-5 
4 2 5 a=3, b=-e 
1 1 1 
6 a b —— c] — 
rln2 zln10 832 + 3 
7 da — atb — 2ae?? — a 


db 4abe2@Inb — 3a3b2 +b 


EXERCISE 18H DE — 


1 a 2cos(2x) b cosz —sinz 














¢ —3sin(3x)—cosx d cos(x + 1) e 2sin(3 — 2x) 
5 

f —— i cos (2) +3sinz 

cos? (5x) "3 ( 2 ) 

37 i ; 

h ——— i 4cosz 4- 2sin(2z) 

cos? (72) 

1 
2 a 2r—sinrz P, —3cosx 
cos? x 

€ e* cosz — e? sinz d —e *sinz+e *cosa 

cosa 2 e2z 
e — f 2e^*tanz 4 

sinx cos? x 

6 

3cos(3x h —4sin (2 i ——— 
" (32) 2 ( 2 ) cos? (2x) 
7 xcosx —sinx 
j cosx—asing k ——3—— l tang + 2 

x cos? x 


sin x 


i 
———sin(yx) € -aE 


2/8 
2 


e —3sinzcos^az 


4 a 2xcos(z?) b 


2 sin £ COS £ 
— sin z sin(2x) + 2 cos x cos(2x) 
—12 sin(4x) cos? (4x) 

j 2sec(2z) tan(2x) 

—12 cot? (3) csc? (3) 


b 0 


g sin zsin(cos 2) 
i —4csc(4x) cot(4a) 
ke —8 esc? (2x) cot (2x) 


5 a -$ 
b e*(cot x — csc? x) 
d —e^* [cot (8) + 3 esc? (8)] 


f vesca [1 — $ cot a] 


6 a secxa+asecrtanz 


€ 8sec(2z) tan(2z) 


e xcscz [2 -— z cot z] 

















g tanz h csc(x?) [1 - 22? cot(z?)] 
— Bosc? x — La? cota cosxsina + 2a 
j| ————————————— ať a 
x 2a/z sin? x 
EXERCISES 19, A — 83823 
3 2 —3 1 
1+ 4x2 V1 — 9x2 V16 — x? 
d B i-i 
V25 — x2 14 z* 
dy T 
4 a ==arcsint + —— 
da VI =r? 
d T 
b == = € arccosa — E 
á dy $ : 4 e = 
— — —e^? arctan c 
dx 14 2? 
d 1 
5 c e e zcj-a,a[ 
dx az— a 
EXERCISE 13) DR — 
1 a6 b 2 c 1226 
212 
12 — 2 
d 2 e 24— 48x BIS 
at (22 — 1)3 
30 SE 8 
2 a —6zx b a c 37 2 73 
2 
e@ 6(x? — 3x)(5a? — 152 +9) f 2+ 
(1 — g)? 
3 a9 b 10 
S5 ¿am =1 6 
b rz—0, +v6 








8 b f”(x)=3sinzcos2x + 6cos asin 2x 








1 1 2 
9 a zi b z c 7 — nz) 
10 a0 b 3 c 0 d 6 
d 
11 Hint: Find = and 2u and substitute into the equation. 
dx da? 
q? — q? 2.— 52 
15 a AZ b LE c 2y 
y? y? T 
E d dav  V-1 dq 24-3V-3 
dq 3V—q dv2 (1-Vy 
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18 a i| —e ?*(r-1) ii e^ (z) 
ili —e-*(x — 1) iv e~*(a — 2) 
b f(9(x)- (—1)*e-*(x — n - 2) 
REVIEW SET 113A Ds 
1 a —17 b —17 c —6 
1 
2 a 62-423 bi+s 3 (0, 0) 
x 
1 2 
4 a 3z2e97312 b —=, ¢>-3, «£0 
+3 ac 
e” (2y +1) 
2 — xe” (2y + 1) 
6 a bab) bip EE 
x 
b coszcos(2z) — 2sin z sin(2x) 
e722 
c —2e ?* tang 4- 5 
cos? x 
dy dy 
y E 8 2=-1 —=0 
2 dz da? 
dM 
9 a —— =8t(t? +3)3 
a (t* + 3) 
Lu i 
g 4t(t +5) 3 — 2(t +5)? 
dt t3 
10 a--3 b 1(n?—32)-4(22—3) 
-— = - 5 (x? — 3a z— 
c/T 2 
23 1 
1 aS b cS 
REVIEW SET 188 Ds 
d d 
1 a 7 25.352. — t 7 = 4(3n? +. 2)3 (6a +1) 


da dx 
dy 
dz 
2 (—2,19) and (1, —2) 


3 a —2(5—42)-2 b —4(5—42)-2 


c = 2g(1 — x2)? — 6z(z? - 1)(1 — 22)? 


c —24(5—42)- 3 





hb a 
b (1,2) c gradient is. e? — 1 for both 
d The tangents to each of the curves at this point are the same 
line. 
E 322 —3 b e* (y — 2) 
z3 — 3x z3 
o du ty? +1) 
dx 2y — et +¥(y2 +1) 
6 «=-1,3 7 anm+l b2 c -2 
== g 2 
dy : 
8 de 3bcos(bx) + 2asin(2xz), a=2, b= —1 or 1 
a 


b tanz 
sin(5z) 
T 


9 a 10— 10cos(10z) 


€ 5cos(5x)In(2z) + 


| 3(z 3) Vz — 1a7$ (s - 3)? 














10 a f'(z)— 
T 
b f'(r) = 403 Va? +3 - a? (z? + 3)73 
dy xsinx 
11 a == = —= 
dx mE 2y/cos x 
b m = er [cot (22) — 2 csc? (22) c dy — 
da: da: 4-2 
12 A=-14, B=21 we 
3y 
REVIEW SET 18C EE —— 
d 
1 a= 322(1— a2)3 — z^(1 —32)-3 
dx 
i —i 
b dy i (2z — 3)(z - 1)3 — (a? — 3x)(a + 1) 2 
dx +1 
dy 2 4 dy 3. —& 
2 Nr c ae eoa ctu ? 
3 (Le 
er 3 1 
A uw of! = b f' = =e 
f(a) = Ma) = 5-1 
c at +1(2inz +1) 
0 
6 a f'()- ig-à cos(4a) — da? sin(4z), 
f"(2) = —1,-3 cos(4x) — 4z-3 sin(4x) 
— 1622 cos(4x) 
2-71 —8V2 
b f'(—)-— =—0.455, FUE) = = —6.38 
f - LA fg) = > 
8 a xcm-—11.7 or zz —0.255 
b zz —1.73 or z£ 1.73 
cx=-3 0 =0 o =3 
9 a f(x) — —5sin(4c) b r=, at. 2T, m 
2. 54 
iba —— b 0 
et — 2xy 


13 a e??(az--1), ae?" (ax--2), a?e?? (ax--3), a?e?? (ax--4) 
b f™ (x) = artet (ax +n) 


EXERCISE 19A EE - &  }» 








1l ay=-724+11 b 4y=r+8 c€ y= -2r -2 
d y=—2r +6 e y=-5r-9 f y=-—5x-1 
2 a 6y=-2+57 b 7Ty——rz426 ¢ 3y=x+11 
d 6y — —z + 43 
3 a y-—21 and y — —6 b (3,242) 
ck=-5 d y2—3z41 
hb aa=-4 b=7 ba=2,b=4 
5 a 3y=x+5 b 9y — r4 
€ l6y=2-3 d y—-4 
6 a =22-4 b y=—-27a — 
c 57y = —4e2 + 1042 d 2y=x+1 
7 a=4, b=3 
8 a Domain fa |x< 2) c 8x+3y =-19 
a r+ey=2 b z+3y=3ln3-1 


2 


A 


2r +ey= -e 


A 
N 
8 
l 
e 
| 
cola 
| 
wl 
a 
8 
| 
ala 


11 ay=a2 b y=2 
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12 a V22-y=vV2(3-1) b20+y=24vY3 * 3 - E 
A qd 
13 a z—2/3y 2 £ — AV/3 b V6r+y=rv64+ V2 u 1 
14 a (—4, —64) b (4, —31) b increasing for —1 < x < 1 
8 decreasing for x < —1, x > 1 
j : 
15 a f'(r)—-2z— — b z—-V2 c tangentis y —4 6 
x23 a 
— JE i + B 
16 Ais (2,0), Bis (0, —2e) < 21 i 3 >r 
17 a y= (2a—1)z—a? +9; y= 5a, contact at (3, 15) b increasing for —1<x<1, 1<x<3 
y — —Tx, contactat (—3, 21) decreasing for x < —1, x > 3 
b y=0, y= 27x +54 ce y=-vl4x 4 4y14 7 a decreasing for —1 < x < 1, never increasing 
18 y — e?z + e*(1 —a) so y= ex is the tangent to y = e? b increasing for —1 < x < 1, never decreasing 
from the origin c increasing for all x 
19 a b 162+ ay = 24a d increasing for (2k— 1)7 <x< 2kr, k € Z, 


< Ais (3a, 0), 
24 

B is (0, =) 
a 


18 . 
d Area = — units?, 
a 





area >0 as a —>00 


20 a= i, point of intersection (i, X3) 21 b=3 
22 = 63.430 
23 a Hint: They must have the same y-coordinate at x =b and 
the same gradient. 
1 -i 1 
c a= zz d y=e 22-5 


24 a x+ vV3y = 2, x — Y 3y =2 b (2,0) 
EXERCISE 198 EE — 


1 a iz20 ii never b i never di —2«z«3 
c 1x<2 i4 r22 d @#i allrealx ii never 
è il<2x<5 ii rz1,225 
f i2Q<r2<4,2>4 liz<0 0<xr<2 
2 a increasing for z 2 0, decreasing for z « 0 
b decreasing for all zx 
€ increasing for x 2 0, never decreasing 
d increasing for x > =F: decreasing for x < =F 
€ decreasing for x > 0, never increasing 
f incr. for x < 0 and x È 4, decr. for O < x < 4 
g increasing for all x 
h increasing for x > 0, never decreasing 
i increasing for — 2 See VZ. 
decreasing for x < -/2, r2 5 
j decreasing for all x 
k decreasing for x < —1, increasing for xz > —1 
| increasing for x > 1, decreasing for 0 < æ < 1 
3 a decr. for {x < =>, x > 3, incr. for -i SE ZA 
b increasing for z 2 0, decreasing for « < 0 
: : 3, y5 3. y5 
€ increasing for x > =3 +5 and x < 5S 5° 
: 3 v5 3, v5 
decreasing for ec «mx y +7 
d increasing for x < 2 — v3, x > 2+ v3 
decreasing for 2 — V3 <r<2+V3 
4 a B 4 e 
A 
E 1 


b increasing for —1 <z < 1 
decreasing for x € —1, x21 


decreasing for 2kr < x < (1 + 2k)r, ke Z 
e increasing for (-4 +2k)r < z < (i +2k)r, ke Z, 
decreasing for (i + 2k)r < 3 < (3 + 2k)r, kc Z 
f increasing for (i +k)r<a< (3 +k)r, keZ, 
never decreasing 
8 a increasing for x > V3 and xz «€ —J/3 
decreasing for -V3<a<-l, -l<2x<l, 
l<a< V3 
b increasing for z < 0, decreasing for x > 0 
€ increasing for x > 2, decreasing for x < 1, 1 < x < 2 
d increasing for x < —1, 
decreasing for —1 <z < 0, x>0 
e increasing for all x 


EXERCISE 196 DI 


1 a A- local max, B - stationary inflection, C - local min. 









- + - + 
a —_ >= — — — MÀ r 
—4 0 5 
2 a b 
A f(x) 
stationary 
inflection 





(0,1) X, 
(0,-2) / 


local min. 








local max. 
(-1,4) 





(1,0) 
local min. 





(-1,-1) 
local min. Y local min. 


(1,1) 






stationary 
inflection 







(0, 2) local min. 
(global min.) 


x 
(no stationary points) 
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h 15 az—2,97 
f(x) =2 2 
(0,1) local max. b (0, 1) is a local minimum, (7, —1) is a local maximum 
(global max.) (27, 1) is a local minimum 
€ f(x) has a period 27 
d -z, B] 
2:2 
local min local min 
(0,1) 4 (27,1) 
- > 
1 T 
—1 
Lee 
T=-5 => 





stationary 


























































inflection 
(2227) (1,9) (1,-9) EXERCISE 19).1 DI 
local min. local min. local min. 
" 1 a 
3 y-— ———, local min if a » 0, local max if a « 0 A x = + 
2a B bs 0 mx 
5 a local maximum at (1, e^!) C e ze 0 
b local max. at (—2, 4e~), local min. at (0, 0) D + 0 = 
c local minimum at (1, e) d local maximum at (—1, e) E 0 — = 
5 a=9 b B is a local minimum, D is a local maximum 
6 a a=-12, b=-13 c C is a non-stationary point of inflection 
b local max at (—2, 3), local min at (2, —29) 2 a no inflection b stationary inflection at (0, 2) 
7 azx>0 © non-stationary inflection at (2, 3) 
8 a b A (0,1) (m1) (27,1) d stationary inflection at (0, 2) 
YA max. max. max. non-stationary inflection at (— $, 310) 
e no inflection f stationary inflection at (—2, —3) 
3 a 1 local minimum at (0,0) y fa) 
ii no points of inflection 
iii decreasing for x < 0, 
increasing for z 2 0 
iv function is concave up (0, 0) 
for all x local min. 
b i stationary inflection at (0, O) v 
ii stationary inflection at (0, 0) 
iii increasing for all 
real x (0, 0) 
(0,0) (7,0) (25,0) iv concave down for æ < 0, stationary 
TOES. SPD mus concave up for x > 0 inflection 
e y local maz. 
9 E 3/3 € | f'(zv)z 0, no stationary points Y 
q y=sin(2x) +2 cos x ii no points of inflection 
iii increasing for x > 0, 
3a never decreasing 
(7.0) i down for z 2 0 
5r -3⁄3 stationary inflection Iv concave down ior £ 2> U, 
C 7) never concave up 
local min. 
" 5 d i local max. at (—2, 29) v 
9 P(x) =—92° — ve + 9x + 2 local min at (4,—79) —Igcal max. tf (2) 
10 a greatest value is 63 when x = 5, ii non-stationary (—2,29) non-stationary 
least value is -18 when x= 2 inflection at (1, —25) inflection 
b greatest value is 4 when z —3 and z — 0, iii increasing for 
least value is -16 when x — —2. 2<-2 2>4 
12 a=% =-1 decreasing for 
ae 2 -2«cr«4 
13 Hint: Show thatas z — 0, f(x) — —oo, iv. concave down for 
andas rz — oo, f(x) > 0. z «1, (4,—79) local min 
14 Hint: Show that f(z) 2 1 forall z 0. concave up for x > 1 
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i stat. inflect. at (0, —2) v 
local min. at (—1, —3) 

ii stat. inflect. at (0, —2) 

non-stationary inflection 


a (4 29) 


iii increasing for z 2 —1, 
decreasing for z € —1 







non-stationary f(x) 
inflection 


(4.-8) 
E 27 









(0, —2) 
stationary 
inflection 


iv concave down for 
-2<2<0 
concave up for 
r&E -2, r20 


local min. (—1, —3) 


f i local min. at v 
(1, 0) 
ii no points of 
inflection 
iii increasing for 
x21, 
decreasing for 
x<l 
iv concave up for 
all z 
g i local minimum at (— v2, —1) and (/2, —1), 
local maximum at (0, 3) 


ii non-stationary inflection at 


: : : 2 7 
non-stationary inflection at (— 3> a) 
iii increasing for —/2zmrz0,r 






non-stationary 
inflection 


(v33) 


non-stationary 
inflection 


2 £ 
3> 9 





local max. 
(0,3) 










(-v2, -1) 


local min. 


(V2, -1) 


local min. 





h i no stationary points 
ii no inflections 
iii increasing for x > 0, 
never decreasing 
iv concave down for x > 0, 
never concave up 


a A(B2,0) B(0,—2) ^ f'(z)—2e?" > 0 for all « 
c f(x) =4e2? >0 for all a 








2x 


—0 . e"-3—-3* 
a f(x) z-int at r — In3, y-int. at y — —2 
g(x): x-int. at x = In(3), y-int. at y — —2 


e as r— —oo, e 








b f(x): as x£ oo, f(x) — oo 


( 
g(zr) as r— oo, g(z) > 37 


d 









a P(4In3, 0), d y=e" — 3e~" 
Q(0, —2) 
d 

b Ze +3e ” z 
dx 

>0 forall x (43, 0) 

€ yis concave down non-stationary 

below the z-axis and inflection 


concave up above the 





x-axis 
341 
ge - & 10.5 b no, .. there is no y-int. 
€ gradient — 2 d Domain = {z | z > i) 
—4 
e f"(x) = ———— <0 forall x >4, so f(z) is 
f) 7 um 4, so f(a) 
concave down 
f 





az>0 

b f'(x)>0 forall > 0, so f(x) is always increasing. 
Its gradient is always positive. f(x) < 0 forall x > 0, 
so f(a) is concave down for all x > 0. 


normal has equation 
f(x) =-er+1+e2 





a f(x) does not have any z or y-intercepts 

b as z— oo, f(z)— oo, as zr — —oo, f(z) —^ 07 
€ local minimum at (1, e) d iz»50 ii «<0 
e 








local min 


(1, e) 


Z horizontal asymptote 
vertical asymptote y=0 
t=0 


f ey = —2xr — 3 
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i ; 1 
10 a There is a local maximum at (o. +) : 


f(a) is incr. for all 2 <0 and decr. for all x > 0. 


: 3 : 1 1 
b non-stationary inflections at (a. =) and g — 
€ as z— oo, f(z) — 0* 





as y — —oo, f(z) — 0* 


cdd 
local max 2* 







a f(3)- Je 


non-stationary non-stationary 


inflection inflection 
y AA 1. 
"Ver "ler 


11 x-intercept at x= 0, y-intercept at y — 0 
as T—>00, Y >00, as z— —o0, y ^ 07 
local minimum at (—1, -i) 


concave down for « < —2, concave up for z 2 —2 


00 n Cp 


y= 4" —2% 






inflection (0, 0) 
(72, 16) Sai ) 


4 


12 a i Showthat f'(t) = Ae7?*(1 — dt) 
ii Show that. f"(t) — Abe-"t(bt — 2) 


d n (5 2) 


b 










non-stationary ( 2 ) 


inflection b, be 


f(t) = Ate 





13 a y-intercept is 





non-stationary / 4 C 
inflection (ina. 7) 


EXERCISE 19D.2 
1 a 



























b 
< 
I f" (2) 4 f '(u) 
€ Y -— non-stationary 
inflection 
f(x) 
< € 
2 a non-stationary 
inflection i 
y=f' (x) max 
stationary 
inflection 
< » 0 
y=f(x) 
b 









T 
non-stationary 
inflection y=f(x) 
y-f (x) 
REVIEW $ET 19A 
1 y=4r+2 2 2—1 
3 ar=-3 b z-int. 2, y-int. -$ 
11 i 
ce f'(x) = Poan F 
d no stationary points 
e 1 e 
hby=z2+2--= 6 a=3,b=-¿ 
a 2 4 
8 a y-intercept at y — —1, no z-intercept 


b f(x) is defined for all x 4 1 
c f'(x)<0 fr z«1 and 1«z«2 
and f'(r)» 0 for 222 
f'"(zx)»0 for z»1, f'"(z) «0 for z«1 
The function is decreasing for all defined values of x < 2, 
and increasing for all x > 2. The curve is concave down 


for x « 1 and concave up for x > 1. 


e tangentis y — e? 








9 a=64 10 P(0, 7.5), Q(3, 0) 


11 non-stationary 
y inflection 






stationary 
inflection 





12 Tangent is y =1n3, so it never cuts the x-axis. 
13 a 2/3g—-y— 2991 2. & Az cy - AVE 2 
REVIEWSET19B INN 

1 y=7, y =-—25 


3 aa=-6 
b local max. (—4/2, 4/2), 
c 


2 3267 units? 






(-V2, 4/2) 





sy 


(V2, 4v2) 


6a=i 


4 p=1, q=-8 3 


5 (—2, —25) 
7 a local minimum at (0, 1) b as z— oo, f(z)— oo 


éE f (=e + f" (v) 


thus f(x) is concave up for all x. 





d 

8 y=j2-4 (or —5y=11) 

10 g(x) = —2x? + 6x +3 

11 a fo 0<x< 3% and s < 27 
b increasing for 37 « < x < 2r, decreasing for 0 X z < 3 
c 











10 a=9, b=2, f"(— 
12 azx>0 b Sign diag of f'(x) 


13 
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4 8 
m = 
Pct tk 


« A(2k, 0), B(o, =) 


d Area = 8 units? 
e k=2 


13 a 





14 a=9, b=-—16 
REVIEW SET 19C INN — 
1 y — 16x — = — 


2 à f —2, f'(3) =—- b f(x) =22—7e+14 


3 a=-1, b=2 
4 a a=2 and the tangent is y =3x—1 b (—4, —13) 
5 (0,1n4— 1) 


6 a local maximum at (—2, 51), local monum at (3, —74) 
non-stationary inflection at G, =114 3) 

b increasing for d 
12<-2,1>3 
decreasing for 
—2<4<3 

€ concave down 
fo ts 3, 


non-stationary 
y inflection 


(3,113) 


local max (—2, 51) 







7 


concave up 


for «> 4 local min (3, —74) 


7 BC- 5Y19 Hint: 
8 a g-intercept at y — 0, a-intercept at z —0 and x = 2 


b local maximum at (2, à). local minimum at (2, 0), 


The normalis y — —3x 4- 8. 


16 
non-stationary inflection at € 3> 38) 







€ 1 E 
y non-horizontal 


local max inflection 
4 16 ) 


Aa 


local min 
(2,0) 







axis intercept 3-27 


at (0,0) 








ay 


9 a 2+ 3y= YH +243 
2) = -18 


b vV2y-— 4r =1 -2r 
11 4y=30+5 

Sign diag of f(x) 

+ =$ 
E g E >r 
0 0 

f(x) is increasing for all x > 0 and is concave 
downwards for all x > 0. 


d normal is 
+2y=3 







y 


(0.567, 0) 
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14 f’(a)=0 forall x, so f(x) is a constant (3). 
15 a V3lx+y=4, vV3r-— y = —4 b (0,4) 
EXERCISE 20A.1 EEE 
1 a7ms b (h+5) mst 
c 5 ms-! — s'(1) is the instantaneous velocity at t = 1 s 
d average velocity — (2t -- h -- 3) ms~}, 
Tim (2t +h +3) = 2t +3 ms™! is the instantaneous 
>0 
velocity at time t seconds 
2 a —l4cms”? b (-8-2h) ems”! 
c —8cms-! — s'(2) 


instantaneous velocity — —8 cms-! at t —2 
d —4t = s'(t) — v(t) is the instantaneous velocity at time 
t seconds 
2/14-h—2 
3 a 2 ems”? b ——— ems? 


c 1cems-? — v'(1) is the instantaneous accn. at £— 1s 


1 ; j 
d — cms™? = v'(t), the instantaneous accn. at time t 


vt 


4 a velocity at t=4 


EXERCISE 200.20 Ds 
1 a v(t) =2t—4cms—t, a(t) =2 cms~? 


s(t) [i >t v(t) pas > a) p o 


b s(0)—3cm, v(0) 2 —4 cms-!, a(0) 2 2 cms? 
The object is initially 3 cm to the right of the origin and is 
moving to the left at 4 cms. It is accelerating at 2 cms? 
to the right. 

c s(2) 2 —1cm, v(2) 2 0cms-!, a(2) = 2 cms? 
The object is instantaneously stationary, 1 cm to the left of 


b acceleration at t = 4 


the origin and is accelerating to the right at 2 cms~?. 
d At t=2, s(2) =1cm to the left of the origin. 
f0<t<2 


2 a v(t) =98—9.8t ms~!, a(t) =-—9.8 ms”? 


s(t) f. ONES s 


0 0 0 
b s(0) =0m above the ground, v(0) = 98 ms~! skyward 
ct=5s Stone is 367.5 m above the ground and moving 
skyward at 49 ms~!. Its speed is decreasing. 
t = 12s Stone is 470.4 m above the ground and moving 
groundward at 19.6 ms- 1. Its speed is increasing. 


d 490m € 20 seconds 
3 a 12m 
b s'(t) — 28.1 — 9.8t represents the instantaneous velocity of 
the ball. 
€ t — 2.81 s. The ball has reached its maximum height and 
is instantaneously at rest. 
d 41.5m 


e i 281ms-! ii 8.5 ms-! iii 20.9 ms-! 

s'(t) > 0 when the ball is travelling upwards. 

s'(t) € O0 when the ball is travelling downwards. 

5.78 s 

9 s”(t) is the rate of change of s'(t), or the instantaneous 
acceleration. 


b 69.6 ms”! 
5 a v(t)=12- 6t? cms”!, a(t) = —12t ems”? 


b s(0)=-—1em, v(0) =12cms7!, a(0) =0 cms”? 
Particle started 1 cm to the left of the origin and was travelling 


to the right at a constant speed of 12 ems”?, 


c t — 2s, s( v2) = 8V2 — 1 cm 
d itè v2s 
6 a v(t)=3t? — 18t + 24 ms”! 


5E = SP = + 
2 1 t  —nI 


li never 





0 0 
b x(2)=20, x(4) =16 
t=4 1-2 
< >r 
0 16 20 


i Oxt«2 and 3«t«4 
28m 
7 a v(t) — 100 — 40e- $ emsTi, a(t)— Se” 5 cms”? 
s(0) = 200 cm on positive side of origin 
v(0) 2 60 cms-!, a(0) =8 cms”? 


iiozt«3 


g 


c as £— oo, v(t) —> 100 ems”? (below) 


d ats) teas) e after 3.47 s 


y=100 





8 a 2(0)=—lem, v(0)=Ocms—!, a(0) =2 cms”? 
b At t= 4 seconds, the particle is (V/2 — 1) em left of the 
origin, moving right at /2 cms-1, with increasing speed. 
c changes direction when t= 7, a(7) — 3 cm 
d increasing for O< t< 5 and m<t< — 
9 Hint: s'(t) — v(t) and s"(t) —a(t) — g 
Show that a — ig, b = v(0), c— 0. 


^ 
o 
IN 
= 
IN 

wie 








EXERCISE 20B EE # © 


dP 


1 a $118000 b a= 4t — 12, $1000s per year 


dP 
"E is the rate of change in profit with time 








d i Oxt «93 years ii t > 3 years 

€ minimum profit is $100000 when t = 3 
dP 

f — =4 Profit is increasing at $4000 per year 
dt |t=4 after 4 years. 
dP 2 on ] 
— = 28 Profit is increasing at $28000 per 
dt |:=10 year after 10 years. 
dP 
— — 88 Profit is increasing at $88000 per 
dt |t=25 





year after 25 years. 
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2 a 19000 m? per minute b 18000 m? per minute 11 k= — In (3) = 0.123 b 100°C 
3 a i Q(0-—100 ii Q(25)=50 iii Q(100) =0 c = —k sz —0.123 
i : " E 
b i decr. 1l unit per year ii decr 5 units per year a eCreasine ab Ua C main 
5 v2 ii decreasing at 3.42°C min—! 
c Q'(t) - =A <0 iii decreasing at 0.998°C min™ t 
i aom 12 Ben T l b 10.4 years 
b t=4: 9.17m, t=8: 125m, t=12: 143m 1- growing at 5.45:om; per year 
c t=0: 3.9 m year 1, t— 5: 0.975 m year !, M, growing at: 1:99- cm per year 
t= 10: 0.433 m year”! 13 A(0) =0 
dH 97.5 : In2 
d as ae = G5 0, forall £ 2 0, the tree is always ik= Ex (= 0.231) 
f dH . ii 0.728 litres of alcohol produced per hour 
growing, and uo O as t increases 20 
14 — bees b 37.8% increase € Yes, C bees 
5 a C’(x) = 0.0009x? + 0.042 +4 dollars per pair 3 
b C'(220) = $56.36 per pair. This estimates the additional 3047 bess 0.865C 
cost of making one more pair of jeans if 220 pairs are e B'(t)= ST EL 
currently being made. d B. y o s s ) 
¢ $56.58 This is the actual increase in cost to make an extra Bit) A ) dbi idis n 
pair of jeans (221 rather than 220). a 
d C”(x) = 0.0018z + 0.04. 
C" (x) =0 when x = —22.2. This is where the rate of 
change is a minimum, however it is out of the bounds of the 
model (you cannot make < 0 jeans!). 
6 a i €4500 ii €4000 
b i decrease of €210.22 per kmh- 
ii increase of €11.31 per kmh- ! 
dC 
c m =0 at v= V 500000 zz 79.4 kmh- t 15 > cm? per degree 
: dV iss fa t imc dv 16 a rising at 2.73 m per hour b rising 
, di ( E x) me dt 80 ] 17 a —340007 units per second b V'(t) 20 
Srat t= O when thè tip 18 io ii 1 ii ~ 1.11 
was first opened 
EXERCISE 20C Hs 
c ËV = La L min-? -1250 : 
de 8 1 250 items 
This shows that the rate of change of V is constantly fO y (m) € er rad m, 
increasing, so the outflow is decreasing at a constant rate. d ipu 
8 a The near part of the lake is 2 km from the sea, the furthest 
5 is 3 km. minimum 141m 
b T — $a?-c-4à. a (7.07, 28.3) 
x 
dy z (m) 7.07 m 
Ta = 0.175, height of hill is increasing as gradient 
Teas is positive. 3 50 fittings 4 10 blankets 5 14.8 kmh-! 
d 
zu — —0.225, height of hill is decreasing as 6 a at4.41 months old b A(t) (5, 51n 5 4- 1) 
dz [s-14 gradient is negative. 
top of the hill is between x = i and £ = 13. 1270203) 
€ 2.55 km from the sea, 63.1 m deep : 
dP A : : 
9 a When "E — 0, the population is not changing over time, 
so it is stable. 
b 4000 fish ¢ 8000 fish 7 Maximum hourly cost is $680.95 when 150 hinges are made per 
10 a k— = In2 = 0.0139 hour. Minimum hourly cost is $529.80 when 104 hinges are made 
: = : per hour. 
b i 20 grams ii 14.3 grams iii 1.95 grams 8 20 kettles 
€ 9 days and 6 minutes (216 hours) 
9 a 2xcm b V=200=2rxxxh 
d i —0.0693 gh”? ii —2.64 x 1077 gh-! ión 
dW int: == i i 1 
e Hint: You should find — = -2 In2 x 20e7 30 lIn 2t c Hint: Show h 72 and substitute into the surface area 


equation. 
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e SAmin © 213 cm?, 


(cm?) 
x 4,22 cm 
450 
minimum 
«— — (4.22, 213) ——r | 62 cm 


T (cm) 






10 
8. yw cm 4.22 cm 


10 c(4s. cD) 











11. a recall that Veylinder = -r?h and that 1L = 1000 cm 
b recall that SAcytinder = 2rr? + 2rrh 
c d Az 554 cm?, 
(cm?) T £2 5.42 cm 
1500 5.42 cm 
minimum 
P 42, 554) 10.84 cm 
12 b 61.91, Aw 237 cm? 13 b 6cm x 6cm 
14 a0xzx 603.7 
b [— 100m, z — 199 2:31.83 m, A — 2999? y 6366 m? 
15 after 13.8 weeks 16 after 40 minutes 
17 a D(zx)-— 4/a? 4 (24 — z)? 
d| D 2 
p SEI X) -4:-4 EH: 
^ 0 24 
€ Smallest D(x) ~% 17.0 m 
17m 
12m 
2 
18 a QR= ( + =) m c Hint: Allsolutions «0 can 
E be discarded as x > 0. 
d 416 cm 
19 c 0-309, Az 130 cm? 
20 a Hint: Show that AC = = x 2» x 10 
b Hint: Show that 2zr = AC 
c Hint: Use the result from 6 and Pythagoras’ theorem. 
_1 0 2 
d V-ir(&) J10- (&) 
e f 0 x 294° 
500 | V(cm?) (294, 403) 
9(*) 
21 a Hint: Use the cosine rule. 
b 3553 km? ou c 5:36 pm 
4.605 t 
0 
22 a For «<0 or x>6, X is not on AC. 


cx = 2.67 km This is the distance from A to X which 
minimises the time taken to get from B to C. (Proof: Use 
sign diagram or second derivative test. Be sure to check the 
end points.) 


23 3.33 km 24 4m from the 40 cp lamp 


25 9.87m 26 ¢ 4/2m 27 1.34 m from A 
28 1 hour 34 min 53s when 0 = 36.92 


2 
29 a tana=-— and tan(a +0) = 
x 


b 6 = arctan (3) eet c »— V6 
d The maximum angle of view (0) occurs when Sonia's eye is 
V6 m from the wall. 
30 at grid reference (3.54, 8), = 12.0 km 


31 between A and N, 2.58 m from N 
39 J/2:1 — 33 d 63.7% 


EXERCISE 200 SS & } 


1 a is decreasing at 7.5 units per second 


2 increasing at 1 cm per minute 
3 a 4m m? per second b 87 m? per second 
4 increasing at 67 m? per minute 
5 decreasing at 0.16 m? per minute 6 = cm per minute 
7 2543 = 7.22 cm per minute 
8 MM at 2 = 19.2 ms” 
=i 8 -1 
9 a 0.2ms b go ms 
10 decreasing at im radians per second 
11 a decr. at +55 — rad sec”? b decr. at 355 5 tad sec po 
12 increasing at 0.128 radians per second 
13 increasing at 0.12 radians per minute 
14 increasing at 24.3 ms”? 
15 a Br ems! b Ocms-! 
200 -1 -1 
16 a VAST rad sec b 1007 rad sec 
v3 -1 
17 b 45 mmin 


REVIEW SET 20A EEEE 
1 a 2(0)=3cm, 2/(0)=2cms—!, z"(0)— O0 cms-? 
b £— 7 s and 37s c 4cm 
2 a v(t) = (6t? -18t+12) ems~!, a(t) = (12t— 18) cms? 


v(t): + : = ; + t a(t): — 


0 0 13 


g 
[ 


(0) = 5 cm to left of origin 

v(0) — 12 cms-! towards origin 

a(0) = —18 cms~? (reducing speed) 

€ At t= 2, particle is 1 cm to the left of the origin, 
is stationary and is accelerating towards the origin. 

d t=1, s=0 and t=2, s=-1 


f Speed is increasing for 1 < t < 13 and t>2 


3 b k—9 4 6 cm from each end 
4 1 + 
5 a A po 
0 
8 = 
o ap JE 
a(t) G+ D3 cms l 
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b The particle is at O, moving right at 3 cms-!, and slowing 


down at 1 cms 2. 


€ The particle never changes direction. 





d t=0 t=1 
$$ 
ud E] L 1 L 0 1 L 1 » s 


0) 20 ems-!, v(3) =-=mems”!, v(1) =0cms”!, 


3) =m ms“, v(2) =0 cms”! 
b 0<t<1, 2<t<3, 4<t<5, etc. 
So, for 2n<t<2n+1, n € (0, 1,2, 3, ....} 


8 a a?-- 0? —2abcos0 — c? + d? — 2cdcos q 

9 P is (Ina, 1) 10 a i 5km ii 2V10 km 
REVIEW SET 20B EE 

1 a 60cm b i 4.24 years 


c i 16cm per year 


ii 201 years 
ii 1.95 cm per year 


2 a v(t) 2 —8e 16 — 40 ms! 
a(t) = $e-16 ms-? [t2 0) 
b s(0) — 80m, d 
v(0) = —48 ms“, 
a(0) = 0.8 ms~? 


¢ as t—o, 
v(t) — —40 ms-! (below) 
e t= 101n2 seconds 





3 a i $535 ii $1385.79 
i —$0.267 per kmh-! ii $2.33 per kmh- ! 
c 513 kmh-! 
Kk uet (0) 1 
vU = o n a = 
2/t1 4(t+1)% 
+ | + 
v(t): t alt): | t 
0 0 


b z(0)— —1, v(0) — 2.5, a(0) — 0.25 
Particle is 1 cm to the left of the origin, is travelling to the 
right at 2.5 cms- 1, and accelerating at 0.25 cms" ?. 


€ Particle is 21 cm to the right of the origin, is travelling to the 


right at 2.83 cms~+, and accelerating at 0.009 26 cms~?. 
d never changes direction e never decreasing 
5 a $20000 b $146.53 per year 
6 100 or 101 shirts, $938.63 profit 
7 b A= 2002 — 22? — ina? c 
28.0m 


56.0 m 
8 
8 a LQ-—-km 
e 


b Hint: Show that (length of pipe)? = (LQ + 1)?+(8+x 5 
then simplify. ) 


T SIG) 


d 11.2km (when xz = 2 km) 








2 2 d 2 cos0 
vs ica p Y __2008 
9 4 dx 3 sin 0 
T 3n 5m Tr 


c 6 units?, when 0 — 


4*4? 4?'4 
10 —— V10 = 21.1 m per minute 
a 
11 a V(r) 2 gnr?^ m 
dr 8 


scm —0.006 79 m min-! 


REVIEW SET 20C EN 
1 
1 ay= =z > O œc baseis 1.26 m square, height 0.630 m 
x 


120 -4 _  —360 E 

+ G+? ems l, a(t)— (D cms 

b At t = 3, particle is 41.25 cm to the right of the origin, 
moving to the right at 16.88 cms~! and decelerating at 
1.41 cms~?. 

€ speed is never increasing 


3 a(S. 2) 
2 e 


2 a v(t) 2 15 


5 a 2m b H(3)—4m, H(6) 2 42 m, H(9) 25m 
c H'(0)— $ myear!, H'(3)— i m year- 1 
H'(6) — — m year |, H'(9)— b m year! 
12 
d H'(t)— ———— »0 forall t2 0 


(t+ 3)? 
the height of the tree is always increasing. 








10 10 
5 a v(t) =25- q min-!l, a(t) = g ™ min”? 
10 ces 
b s(e)— 25e — 10 cm, v(e) =25— — cm min !, 

e 

10 

a(e) 2 —4 cm min”? 
e 


€ As t — oo, v(t) — 25 cm min”? from below 
e t=2min 





d[A(z)? 
dx 
c Area is a maximum when z & 35.4, A = 1250 m?. 


= 5000x — 4a? 


7 b h m above the floor 


8 a Hint: Use Pythagoras to find h as a function of x and 
then substitute into the equation for the volume of a 
cylinder. 


b radius = 4.08 cm, height = 5.77 cm 
9 3.60ms-! 
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EXERCISE 214.1 Ds, 
1 a_i 0.6 units? 
2 a 0.737 units? 


b 0.5 units? 


ii 0.4 units? 
b 0.653 units? 


converges to 7 













0.360 00 
0.302 50 
0.260 10 
0.255 03 
0.251 00 
0.25050 
0.25005 





| L 
0.160 00 
10 | 0.20250 
50 [0.24010 
100 /|0.24503 

500 |0.249 00 

1000 |0.249 50 

0.249 95 







0.749 74 
0.71051 
0.676 10 
0.671 46 
0.667 65 
0.667 16 
0.666 72 





0.549 74 
10 /0.61051 
50 |0.656 10 
100 |0.661 46 
500 |0.66565 
1000 | 0.666 16 
0.666 62 

















€ area — 
a --1 
5 a b n = 10000 
10 2.9045 < m < 3.3045 
50 3.0983 < 7 < 3.1783 
100 3.1204 < 7 < 3.1604 
200 IBLE <a 
1000 3.1396 < 7 < 3.1436 
10000 | 3.1414 < 7 < 3.1418 








EXERCISE 21A.2 Ds, 
1 a 


d 
c J v/2 da x 0.67 





ya 














n—1 
EVE =P ETE 
d i. VIFT? dz e 3.24 


3.2016 | 3.2816 


3.2214 | 3.2614 
3.2373 | 3.2453 











3 a 18 b 4.5 c 27 
EXERCISE 21B_ INN — 
d uo? d i 1 
1 a i — ii — iii — iv —— 
2 3 6 T 
1 : 3.4 il 2 
v E vi 3x3 vii 2./z 
n+1 
b The antiderivative of z^ li (n 4 —1). 
2 a i ie i lez iii 2e3% iv 10060012 
v le"? wj 3e? 
d 1 
b The antiderivative of e** is ue 
d 
3 a —(z?--z?) = 3x? 4 Qe 
du 
the antiderivative of 6x? + 4r = 2x? + 2x2 
b d oai) = 3e3et1 
du 
the antiderivative of e37+1 = igenu 
c Z eyz )= 3 vz 
the antiderivative of y£ = iam 


d 
d — (2x + 1)4 = 8(2x + 1)’ 
dx 
the antiderivative of (2x + 1)? = He +1)4 


EXERCISE 21C DE 


1 a i units? b 2i units? c 2 units? 
3 a 33 units? b 242 units? c 24442 units? 
d = 3.48 units? e 2 units? f = 3.96 units? 
4 o units? 
5 c i fy (-2?)de = -i the area between y — —z? 
and the z-axis from 2 — 0 to z—1 is i units”, 
ii A x? — 2)dx = —4, the area between y = x? — g 
and the x-axis from x =0 to x= 1 is 5 units 
iii Js 3xdx = —6, the area between y — 3x 
and the x-axis from 2 = —2 to «=O is 6 units? 


d -r 
EXERCISE 21D Ds 





d 
1 Z = 7208; [35942 5 iz' c 
d 
2 ZY Z 3x2 + 2s; J (Ba? + 2a) da =a +a? +¢ 
dx 
3 dy — 9g2z41 je dz = Lerttl ie 
dx E 
d 
& Y =8(20+1)% f(20+1) dr =H(204+1)+0 
dx 8 
d 
5 Z = va; f Vidz = Sas c 
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dy 1 2 d —1 d 1 
6 ; da 13 a — (arccos x) = g aein 1) = 
da 2z/z la 7 ve" da VI a? 1— 2? 
dy b arcsing +cı and Ea 
— : : : Ld 
a al EXERCISE 216.2 III 
d — = eo 2_ 
8 A 52): J cos( (1- 52)dx =—¿sin(1-52)+ec AMAS B fip egt quee 
dz € f(r)—-e*-2/r—1—e d f(z)— da 2 — Az 4 Hi 
9 [(2r— n — x)? dx = t(x? — £)? +c 3 
J 2 a f(e) ==> —4sine +3 
dy — 1 
11 — x=-=3v1-dr+ce i = 
ds = ++ | z= 2 b f(z) E N2 
2 = um 
12 21n(5 —3z - z?7) Fc (since 5 — 3z 4 z? is > 0) IS anger 
= 1,34 142 1 
d cos x cos x 3 a f(z) ^ 8 Far totg 
13 —(cscr) = —-—3—; —;— — —cscr-c 5 3 
dz sin“ x sin? a b f(x) = 402 + 4x2 — 4r +5 
3 1 c f(x) =-—cosrt—=+4 d f(z) = $23 — Barts 
14 —., dx — —3arctanz + c 15 —2* rc 
dido m2 EXERCISE 21F ME 
16 zinr-x+ce T -2 
A ¢ ————~+ce 
8 Lx — 13 
EXERCISE 215,1. MINI APA Ane d 
: m5 g3 og z b xd su d dg (4c — 3)8 c e ¿(32 — 4)2 +e f -4/1-—5r+c 
————— cc zc e? Lc 
5 3 2 3 g -$(1— 2)? cc h -2/3— 4z tc 
5 
€ 3e* —In|z| +c d ir 2 —2In|2| +c 2 a —$ cos(3x +e b —3sin(—4x) +2 +c 
—i 4 
e —2x 3 +4In|2| +c f rt tr + $23 +c c itan(2z) c d 6sin (8 )+e 
S $2? --31n |z| - c h 2 in|z|+ 92° —e" +c e —3 cos(2x +et+c f $e?" — Atan (2) +c 
i E 1,4 _ 
i 5e® + 32% — 4ln]e] +c g —cos (22 + E) +0 h 3sin (4 —2) +e 
2 . 
a See b 2 e i —2tan (4 — 22) +c i 3 sin(2r) — 4 cos(2x) + e 
¢ —cosx—2sinz+e*+c d zc Vt 4- 10cosz 4- c 2 5. 
k —3 cos(32) +3 sin(41)+c l 35 sin(8z) +3 cosa +0 
e 4a? — 4x? +sing +c f cosa + ays +c 3 
s 4 3 ay—iQz-7)22242 b (—8, —19) 
3 a 4034 32?-Q2+c b 2r? — 23 +c 
3 2 3 1 em 1 d. 
4 a gr--4sin(2z) 4 c gt — 4 sin(2z) t c 
s d —2z2-3 — 8r? +c Pod Sa d 
E 26 uae € 3z-Fgsin(4v)-tt c — d 5m gsin(6z) +c 
e $a? -- 22? E m c f La?+2—3In|2]+e e Lx + 5 sin(8z) + c f a+ 2sinx + 4 sin(2x) + 
g 472 — 2x7 +e h 222 48z- à — Wg- 2 +e 5 a (2-1) +c b ia at atte 
i fat 4 o3 + 302+ a+ c -4(1- 3z) +c d z-— ĝe? + ia +c 
3 
^ a 243 +4$sina +c b 2et +4cost+c e -8(5- 2)? +c f iz! $25 --z9- zc 
€ 3sint — In|t| - c d tanz — 2cosg +c 6 b 35 Sin(4x) + q sin(20) + $e +c 
e 30? + cos0 +c f 2In|0| —tan0+c 7 a 2e* +2 2 1¢ b a Le c -iet-99 4 € 
5 ay=6x+c b y— $a? 4c d iln|2z — 1| - c e -$In|l - 3z| c 
E y= We T- 4z te f -e~*—2In|2a2+1/+c 93 ie + 2a — he + 
x 1-22 =g pr 12 
h —z —4 4 Is 5ln|1 — 
e y —2e* — 5r c f y=rt +r +c Ze e *+4r+c 52° + 51n| s| +c 
PO 8 a y=g-— 2e” + fe? +c 
-2 4 253 Az 4 
6 a x-2zx TM b S22 Vite A 208 
c apane te c y=-—je 222 L2]n |2z — 1| - c 
9 Both t. Recall that: 
7 a si e o i x a ; 
3 —(In(Az)) = —(InA+1 =-,A 
b f(z)=402-Bat+e ¢ f(x) =3e*—4In|a|+c —(In(Az)) = —(InA+Inz)=—, A 220 
8 e*sinz--e*cosz, e*sinr +c 10 p=-1, f(x) = $cos($2) +4 
9 —=e *sinz+e "cosa, e * sing +c 12 a f(x)=-e-2 +4 
10 cosrz — rsinz, sinx —xcosx+c b f(z)—2?--21n|l — z| -2— 21n2 
3 3 z 2 
11 tanzseca, secx+c 12 leu z — 3arctanz+c c f(a) = 322 — je tr +4 he 1-2 


x2? 
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13 z — $ cos(2x) +c 14 isin2z -2sinz- $z c 





2 8 
sf dz — 3In|z - 2] 2 In|r — 2] - c 
x 
2 1 1 
16 7271 %=3Im/201]- 71n/22+1]+c 


EXERCISE 21G.1 INN. 

















1 a i(z?--1)5 4c b lg ge 
c t sing +c d = +e 
2 a 4(2+4+21)4 +e b 2V22+3+c 
1 2/,3 3 
“aaa + To RU 
1 
1723 5 = 
€ z(z?-F2r F1) c f ZGS-18 ^ 
1 
d h i(z2 5 
s Cr p teke 
a el }e be™ +e c 2Y? +e d -e cc 
4 a In|z?+1| +e b -4 m|2-z?| +c 
c In z? — 32| - c d 21n |z? — z| +c 
e —21n |5x — z?| +c f -4 n |z? — 3z| +c 
5 a f(z) 2 -48- 233 &c b ama a 
c f(z) - -1(1-22)8 £c d f(a) =—hel- +e 
e f(z) 2 —In|z5 - z| - c f $53 di +c 
6 a Esing +c b —2(cosz)? +c 
¢ —In|cosa|+c d 2 (sine)? +0 
e —(2--sinz)-! 4c f i(cosz)-? c 
g In|1 —cosz|-- c h 4 In|sin(2«) — 3| +e 
i — 1 cos(a?) + e i + tantx +c 
k —% csc3 (2x) +c l -4 sinz +sing +c 
7 a Se ae 
b Esinda—isinTa+e c ¿sin 4(22) +c 





a —e05? Fc b In|sinz—cosz|-c € et??? 4c 

9 a In|sinz|+c b 3 In|sin(32)| + e ¢ —cotr+c 
secz +c e —escr+e f 4 sec(3x) + c 
g -2csc (8 \+e h $ sec? z +c i —2Vcotz +c 


10 a + [In(2? nee 


go 
to 


(c — 16)? + $4 (z — 16)? + 52 (1-16) +0 

c $ arctan (£) +c d 2/x—1-— 2arctan yx — 1 +c 
d 1 1 

e $V4a7 —T — $ arccos (+) +e 





d i 
11 a —-(arcsinz) 2 ————, 
da l-z 
a d ing + 
= _ ar = arcsin zx c 
V1- a2 
1 t T 
b ] zm) 


c Domain — (z| -a€ z «a, az 0) 


12 


13 





i 4arcsinz -- c ii. 3arcsin (3) +e 
iii 3 arcsin(2z) +c iv 2 arcsin (32 z) +e 
aa > zu tana 
—(arctanz) = ——, x = arctan x + c 
dx a2+1 22+1 


1 1 
| prep Jn (2) +0 a#0 


Domain = {x | x € R} 
i ae (3 ) +e ii i arctan(2z) +c 
iii 37 arctan a +c iv 2 arctan (22 2) +e 
3 
1 z 1 /zx-¿\È 
— - —— +c b — (==) +e 
4E (a+ €)? 3€ \ateé 


1 1 1 1 
14 222 — 3x3 + 628 — 6ln(18 +1)+c 
EXERCISE 216.2 D7 we 


2(s — 3)? +2(@—3)? +e 

2(c-1)$ — $(z-1)8 4 3(c 1$ ec 

—(3— 27)? + 4(3 27)? +e 

i55. 35249) te 

z — 3arctan (8) c b larcsinz — æv 1- r7 +c 
ln(z? +9) +c d 21n(1+ [Inx]?) +c 


NIN lar 


a? — 4 — 2arccos (2) +¢ 

cosa — 3 cos? x +c g 3 arcsin (22 z) +c 
iz? — 3In(1 +12) +e i ¿arctan (5 Ino) +e 
1 El -1 

z= ln | == k — v16- x? 

i (7s) ig a A 


2arcsin (3) - izx(2- 3?) VA- z? +e 


EXERCISE 21H INN 


N 


re? — e* Lc b —zcosz-rsinz 4c 
$03 Ing — $r? +c d —4xcos3x + $ sin 3x +c 
lrsin2r--lcos2r--c f ztanz--ln|cosz|4-c 





2 4 





zinz—x+c b z(Inz)? —2ylInz 2r 4 c 


c arctanz — i In(z? 4- 1) - c 


lg 92 0» 





—4g2e-? —2xe-* —2e-* +e 

L ; 1 4 

ze” (sinx + cosg) +c € —sge *(cosz t sinz) t c 
2 


—c* cosa 4- 2rsinz 4 2coszd-c 

" 2ue"--2e" Fc b z(Inz)? —2xzlnz -2r 4c 
—ucosu+sinu+ec b —/22 cos /2z + sin /2z +c 
3a sin V3x + 2 cos V3æ + c 





EXERCISE 210 Oe © 








Ki 3x + 5)® 

In |e e-*| ec b c y SETS) He 
In7 18 

In(2 — cosx) + c € rtanz-ln|cosz| 4- c 

+3 

3 In [sin 27] + e et er» — $(z -3)5 «c 

2? a2 

rum +3z +ln|z| +e 

—a2e-* — 2ge-* — 2e? c 

5 3 
20—-2)2 20 —2)2 +c 
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č ala? ayl=a?  arcsinz 9 al b 0 c —8 d k=-Í 10 0 
MM A E c 
dio c 8 3 REVIEW SET 21. € TRORKÉÁoÁ._ 
2 arccos (= ) +e - s 1 a 2m units? b 4 units? 
e 2(@ — 3)2 + 2 (x — 3)? + 6(x— 3)? +c 2 a 8/z-c b —-iln|1-2z|- c 
1 I 2 1 " 164—3 
f In|cosz| - ——;— c QBUS d o a a ES 
2 cos? x 2+2 5 
; 3 al  by2 cs 
h Sy arctan ($2) +e 
d 
y2 ve 4 T A yd vx? —4-4c 5 b= 7, 3 
3 a 3 arctan (2) +c b 8 arcsin (VT) +c " y 
9x ; ds laa(2 
€ zin(2z2)— zc d ie-"(sinz — cosz) +¢ 6 a E dedu b gsin(z^)-c 
tan? d 
e In Jeu +e f y E 7 qq 32? +20) = 3(32* + x)? (6x + 1) 
g 3 arcsin (2) + aya? $ (32? + x)? (6x + 1) de = 4 (32? + x)? +c 
(Inz)? -21nz 4-2 8 a6 b 3 | 
h E TE 7 +e 9 a sinz +c b —4 In |cos(2æ)| + c c &™Z 1c 
21—3—z T i 
| 2(0—33 16/2346 10 f(3)=3-3 11 a £—1 b n2 ¢ $n3 
3 
j — (sin x sin 4a + 4cos z cos 4x) + c 12 - 4-2) + B(4—2)3 —£(4—-2)2 tc 
k In |z? -2z + 5| + arctan (#51 1) +e 13 zarctanz — $ In(æ? +1) +c 
1(,2 4 ; 15 # _ 609 
I sin z— $ sin? z--c m $ In |x? +4|+2arctan (#) +e 14 q(x +1)" +e uo Nu "S vg 
15 a A=4 B=-2 C=-2 
n 244 — 
arcsin (2 J+ v4 i " b 4In|z| 2 2In|z 4- 1] 2 2n | — 1| - c c In (38) 
o 2- z-—6ln|2- x| — —— 
Aaa a Ea REVIEW SET 215b INN 
sinx sin? x ¿sima 1 a 
— c 
E 4 10 
EXERCISE 21).1 Ws 
1 ał b2 € e~1 (1.72) d 13 e 63 
f In3 (110) g 152 h2 i e—1 (~ 1.72) 
1 1 1 1 
de bmc 4 = 1.49 4 ower rectangles 4 upper rectangles 
6 a 2e1-1(=-0264) b 1 «c 31n3— 2 (e 1.30) 3 A 
2 2 
EXERCISE 21).2 AS 
1 1 1 1 
1 a i5 b 1.56 € 205 d 0.0337 : Zo a z 
e 2 1n(2) (m —0.626) f 2 (In 2)? (= 0.240) 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 
g 0 h 21n7 (z 3.89) y 
1 1 ES 
2 a2-/2 bg c ilmn2 di2 eln2 tfi c f 1477 473.142 
gn+1 0 
3 , nÁ—1, undefined for n= —1 
2n +2 
28V3 — 44/2 48 /6—54 1054/3 
="; ON 5 $835 
EXERCISE 21.3 Ee 2 b y = 400z + 40e7? +c 
4 
1 a fj Vzdz—3 EK —/z#) dx = — 
1 2(1 
b f^z'dr-i f (-27)4ds--i 3 a 3.528 b 2.963 gc lnz)?4c 
x 
2 aj $ c5 d 1 5 f(x) = 303 + 52? + 62 — 1 6 a—Iny2 
3. a-4 625 c225 4 ad bz cl Y £3=/T Her 
5 a65 b-9 c0 d —2.5 8 a f(r)— iai ia? — Óz 3 — b 3z--26y —84 
6 atm b-4 ¢ F d 2-4 9 a 84 6c 412748 & ded+3024+12-71 
7 a 4 f(x) dx b E g(a) dx 8 a-5 b 4 10 — 11 234 12 ctanz+In|cosx|+< 
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2 
= Ay — 
i9 a24—— b ET a ns 
2x +1 o 221 2 
( ~ —0.0236) 
14 a le-"(sinz — cosg) +c b e(z? — 2g +2)+c 
c 1(9— 2)? 9/9 a7 4 c 


x a—1y 
15 a m (E) +e b m (G) +e 
REVIEW SET 21C Es 


1 a —2e~* —Iln|2| 4 b ga? — 2x + In|2| +c 








1 
6 
3 a2(V5-V/2 bIi4+4% e lin2 her 














4 
1 

5 if -1, L— — (2x 43)" 

if nz ia ) +c 

if n=-1, 4 In|2a +3] +c 
6 a=, f'(z) 2 2/2 * 5b. is never O as \/x > 0 forall x 

f'(z)»0 for all x 
7 a=00r +3 
= 7 — 25 ~ 21 

8 a A=4, B=% b f (4-a?)dz s 22 
9 a2y1x2-5+c b +e c pue 





3cos? z 
10 tanz, f tana de = ln(sec x) + c 


11 a 5 arcsin (4 ae b ¢ arctan (22) 4c 


6 3 
c — J/5 — — 





13 
12 Jr Hass C=1, D=4, G+ campo 2140 
13) a cosr+asinz+c b yz? — 4 + 2arccos (2 )+e 
1 1-5 
14 1—— 15 OS 77 (6 for n2, 
4e 2-1 
—In|cosz| +c, for n = 2 


EXERCISE 22A IN | 


1 a 30units? b 3 units? c zz unit? d 2 units? 
2 a 3 units? b 2 units? c 633 units? 
d (e— 1) units? e 208 units? f 18 units? 
g ln4 units? h 43 units? i (2e— 2) units? 
3 a 33 units? b 12% units? 4 2 units? 
5 bs units? 6 (41n4 — 3) units? 
7 a —rcosr--sinr-Fc b (1-Fcos1C- sin 1) units? 


EXERCISE 22B ENSE — 


1 a 44 units? 6 (1+.e7?) units? < In3 units? 


2452 d 2 2 
d 1% units? e 2units f 24 units^ g (5-1) units 
2 102 units? 
3 a,b 
c 13 units? 





6 
7 


8 In (27) — 1 units? 


10 


12 


13 


14 


15 


16 


17 


18 
19 
20 





y=2=2e * 
enclosed area = 31n2 — 2. (zz 0.0794) units? 


l niis? 
2 units 


enclosed area — 5 units? 








y =4zx 





enclosed area = 3 units? 
9 (V2 —1) units? 
(4.0) b Inv2 units? 


b on units? (zz 7.07 units?) 





403 units? b 8 units? c 8 units? 
Ciis y —sin(2z), Ca is y — sinx b A(3> X3) 
24 units? 

i Az [5 (39 — 72 — 6)dz - f^, (72 +6— 25) de 
ii A=f, [23 — 73 —6| dx 
Area = 323 units? 


215 units? b 8 units? c 1013 units? 


d f(x) dx = — (area between « = 3 and x = 5) 
JË F(a) de — [7 f(a) de + fS f(x) dx 

Ciis y — cos?z, Cais y — cos(2x) 

A(0, 1), B(£,0), C(£,0), D(32, 0), E(m, 1) 
Area — Je (cos? x — cos(2x)) de 


2.88 units? b 4.97 units? 
e 1.7377 b bz 1.3104 
k = 2.3489 ba=V3 
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2% a 
b i f(-z) 2 —+— ii For y to have meaning, 
/1—(—2)2 
c i 1— a? 0 which has 
— EA solution x €]—1,1[. 
= f(x) forall x 
c Area = $ units? 
EXERCISE 22C.1 DR — 
1 110m 
2 a i travelling forwards 
ii travelling backwards (opposite direction) 
b 16 km ¢ 8 km from starting point (on positive side) 
3 a vu city (kmh? b 9.75 km 
40 
30 - 
20|- 
10 
2 4 6 S8 10 12 14 16 18 20 
Y t (mins) 


EXERCISE 22C.2. DD 7 


c 


a 
b 


c 


Aana ov 


s(t) 2t — t? - 2 cm b 5cm c 0cm 


bol 


s(t) — io — 38 — 2t cm b 54 cm 
13 cm left of its starting point 


s(t) = 32t + 2t? + 16 m 


no change of direction 
so displacement = s(t1) — s(0) — T (32 + 4t) dt 
acceleration = 4 ms~? 

MEE m 5 a 41 units b 34 units 6 b 2m 


40 ms”? 

47.8 ms”? 

1.39 seconds 

as t — oo, v(t) — 507 
a(t) — 5e-9:5* and as 
e* » 0 for all z, 

a(t) > 0 for all t. 


134.5 m 
1 

v(t) 2 ———1ms-? 

t+1 
s(2) = In[3—2| © —0.901 m, v(2) = —¿ ms”!, 
a(2) = -i ms-? 
The object is approximately 0.901 m to the left of the origin, 
travelling left at 2 ms-1, with acceleration -$ ms-?. 


2 


t 
v(t) “oe ms! 


qu v(t)dt — 900. The train travels a total of 900 m in 
the first 60 seconds. 
Show that v(t) — 100 — 80e-25* ms-1 


andas t— oo, v(t) — 100 ms-!. 


b 370.4m 





EXERCISE 22D. EN 


1 €4250 


2 a P(zr)-15z —0.015z? — 650 dollars 
b maximum profit is $3100, when 500 plates are made 
€ 46 < x < 954 plates (you cannot produce part of a plate) 


3 £z 14400 calories ^4 76.3°C 
dy 
5 a When rz—0, y — 0 and — —0 
dx 
T 
b y — pg (1-9) - +1 c 2.5cm (at z — 1 m) 
6 ay= (93255 — d — 9.984) metres b 3.33 cm 
¢ 2.375cm d 1.05? 
dV 
7 Extra hint: —— — ig? +4 and d ar? 
x 
8 3.82020 units 9 e 0.974 km x 2.05 km 
EXERCISE 22E.1 Ds 
1 a 367 units? b 87 units? c — units? 
d — units? e 2927 ynits3 f 2507 units3 
g 3 units? h 4% units? 
2 a 18.6 units? b 30.2 units? 
3 a 1867 unis? 6 448" units? œ 5 (es — 1) units? 
4 a acircle b Volume of revolution — 7 E y? dz 


c 1287 units? 


= fo (Va)? dz 





5 a 637 units? 6 +198 cm? 
a a cone of base radius r and height h 
b y=- (gete «Va darth 
7 a a sphere of radius r 
8 a 8runits? b 10237 units? c £(et — 1) units? 
d — units? e 2567 units? 
9 48r units? 
10 a st units? b =< units? c 2m units? 
d rV3 units? e B units? fr (2 — £z) units? 
" : (3, v2 ) y=sinx+cosz 


12 















r Ga) 


b 27? units? 


EXERCISE 22E.2 MEE 


1 a A(-1,3), B(1, 3) 


2 a A(2,e) 
3 a A(1 1) 


1367 | 3 
b ^ig- units 
b r(e? +1) units? 


b — units? 
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b 1627 units? 





5 a A(5,1) b — units? 


6 b see diagram alongside: 





c 245? z 237 units? 
8 V — 367 units?, which is independent of r. 


REVIEW SET 22A IEEE 
1 A- f [f(z) — (2) dx + f° g(x) — f(2)] de 
4 f üf() — g(z)) da 


2 a 247 units? b —2 units? c m units? 
1 3 
3 no, total area shaded — T f(x) dx — f. f(x) dx 
4 k= V16 
5 Hint: Show that the areas represented by the integrals can be 
arranged to forma 1 x e unit rectangle. 
6 4.5 units? 7 (3—In4) units? 
8 a v(t): dL ip 


t (seconds) 


0 


b The particle moves in the positive direction initially, then at 
1-32, 62 m from its starting point, it changes direction. It 


changes direction again at t = 4, 54 m from its starting 

point, and at t = 5, itis 63 m from its starting point again. 
1 

d 9 m 


b 4027 units? 


2 
c 63 m 
9 a 3127 units? 
da (==) units3 


c 2s units? 





a 
kL^ : 3 
10 A m 11 aa=-3 b A has x-coordinate ~/4 
4 6 
12 c Je ya dx = 27, Ju ypdz = -5 d So 
13 27 units? 16 a i units? b oon units? 


REVIEW SET 228 Ds 
1 a a(t) =2—6tms~? b s(t)=t? -t2 +cm 
—4m (4 m to the left) 





€ 
2 a local maximum at (1, i , local minimum at (—1, -i) 
b as r— oo, f(z)— 0*, as z — —oo, f(x) > 07 
‘ f) d = 0.805 units? 
Fla) = La (1,3) local max. 





(—1, — 3) local min. 


3 235m 

4 a v(0)=25ms"1, v(3.—4ms-! 
b as £— oo, v(t) — 0* 
c 


t (s) 





—2 
d 3 seconds œ y. na, t20 f k= 
(t 4- 2)3 
5 a O and —0.7292 b 0.2009 units? 
6 a (5, 2) y= r—1 











b (2, 1) and (5, 2) c 4.5 units? 
7 m=3 8 a az 0.8767 b & 0.1357 units? 
3-1 43 T 403 
9 ar E: zz) units b z 124 units 
10 z 31.2 units? 
11 a Sag s -z 
Tu to y —2-—sec?r 
—4 4 
4 m T » TI 
In -7 = T 
b z—-$andzr—;j 
€ a-intercepts are x = — Er, — 32, EE Y 3T, on 
y-intercept is y = 1 
d (m — 2) units? 
12 ~ 2.59 units? 
13 a 
0 5 T 
From the graph, 
area AOBX < area under the curve < area OXYZ 
br(1) < de sin a du < (1) 
m d sin x dx < T 
b partition as c€ 2 units? 





NIA 


x 
4 


1h a b f(y) = Yy=2 


c 37/4 — 3 = 4.01 units? 





15 404 units? 
16 Hint: 





REVIEW SET 22C EE 
1 a v(t) = 3t? — 30t +27 cms! 
b f$ (3t? — 30t + 27) dt = s(6) — s(0) = —162 cm 
(162 cm to the left of the origin) 









2 a M b (1-3) units? 
1 y=sinu 
$ 
^ » 
7T 
3 a=1n3,b=In5 4 (= 9) unis? 5 ( - 5) units? 
6 k= 13 7 m units? 8 a x units? b 187 units? 
9 "E units? 10 In2 units? 
100 : 2. 
11 a I(t)= — +100 b i 105 milliamps 
5 ii as t — oo, I — 100 
12 13 a 8" units? 








14 a seca, n|tanxz 4- sec z| - c 
i 
ii 0.965 units? 

15 5 units? 16 a units? 


EXERCISE 23A INN 


1 a Heights can take any value from 170 cm to 205 cm, 
e.g., 181.37 cm. 























b Ei : 
= “A Heights of basketball players — 
3 10 
5 
ov » height (cm) 














170 175 180 185 190 195 200 205 
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€ The modal class is 185 € H « 190 cm, as this occurred 
the most frequently. 
d slightly positively skewed 


2 a Continuous numerical, but has been rounded to become 
discrete numerical data. 


























€ positively skewed 
d The modal travelling time class is 10 - 19 minutes. 


3 a column graph b frequency histogram 














A frequency frequency 
A RN 15 
10 10 
51—— — 5 
0 0 length 
CEEEEEERI SESESR mm 
no. of matches TUE AA A A 
4 a 20 b 58.3% € i 1218 ii 512 


EXERCISE 233.1 Dt 


1 a i 561 ii 6 iil 6 
b i 16.3 ii 17 iii 18 
c i 248 ii 24.9 iii 23.5 
2 a A: 6.46, B: 6.85 b A: 7, B: 7 
€ The data sets are the same except for the last value, and the 


last value of A is less than the last value of B, so the mean 
of A is less than the mean of B. 

d The middle value of the data sets is the same, so the median 
is the same. 


3 a mean: $29300, median: $23 500, mode: $23 000 
b The mode is the lowest value, so does not take the higher 
values into account. 
€ No, since the data is positively skewed, the median is not in 
the centre. 


4 a mean: 3.19, median: O, mode: O 
b The data is very positively skewed so the median is not in 
the centre. 
€ The mode is the lowest value so does not take the higher 
values into account. 


d yes, 21 and 42 e no 
5 a 44 b 44 c i 402 ii increase mean to 40.3 
6 $185 604 7 3144 km 
8 = 70.9 g = 210 g c 139g 
9 116 10 17.25 goals per game 
11 a mean = $163770, median — $147 200 (differ by $16 570) 
b i mean selling price ii median selling price 
12 =15 13 a=5 14 37 
15 14.8 16 6 and 12 17 7and9 


EXERCISE 233.2 DD — 
1 a lhead 5b 1head c 1.43 heads 


2 a 1 2.96 phone calls ii 2 phone calls iii 2 phone calls 
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c positively skewed b Phone calls in a day 
: 215 
d The mean takes into 3 19 
account the larger = 
E*| 2 








numbers of phone 


a 


number of 





w 





























calls. In 
€ the mean 0 = 
34567891011 


12 
mode, median Ti | mean (2.96) 


i 49 matches ii 49 matches iii 49.0 matches 


no 


c uv 


€ The sample of only 30 is not large enough. The company 
could have won its case by arguing that a larger sample would 


have found an average of 50 matches per box. 


i 2.61 children — ii 2 children iii 2 children 

b This school has more children per family € positive 
than the average Australian family. 

d The mean is larger than the median and the mode. 





5 a b 30 
c i $2.90 
ii $2 
ili $2 
d the mode 
6 azx=5 b 75% 
7 a 15.63 ii 6 iii 6 b i 681 ii 7 ii 7 
€ the mean d yes 


10.1 cm 


9 a mean for A z 50.7, mean for B = 49.9 
b No, as to the nearest match, A is 51 and B is 50. 


10 a i €31500 ii €28000 iii €33300 b The mode. 
EXERCISE 233.3 Ee = 

1 31.7 

2 a70 6 #411000 litres, zz 411 kL € & 5870L 

3 a 125 people = 119 marks c — d 28% 
EXERCISE 23C.1. AS 


1 a Sample A 

| Sample A has a larger standard 
deviation, which agrees with part a. 
That is, Sample A has a wider spread. 




















just two. 











Reka b Andrew 


3 a Rockets: range = 11, w= 5.7; 
Bullets: range = 11, w= 5.7 
b We suspect the Rockets, they have two zeros. 
€ Rockets: o = 3.9  — greater variability 
Bullets: o z 3.29 
d standard deviation 





^ a We suspect variability in standard deviation since the factors 
may change every day. 
b i mean ii standard deviation € less variability 
5 a u-69, oz 6.05 b y=79 06.05 
€ The distribution has simply shifted by 10 kg. The mean 
increases by 10 kg and the standard deviation remains the 
same. 


phone calls 
Ed 


6 a w=1.0lkg; o=0.17 b w=2.02 kg; o = 0.34 
€ Doubling the values doubles the mean and the standard 
deviation. 
7 a 0.809 b 0.150 
€ the extreme value greatly increases the standard deviation 
8 p=6, q=9 9 a=8, b=6 10 b ¡=8.7 


EXERCISE 23¢.0 Ds 
1 wx 1.72 children, c = 1.67 children 
2 w14.5 years, o © 1.75 years 
be & 37.3 toothpicks, o œ~ 1.45 toothpicks 
h4 £g 48.3cm, o & 2.66 cm 
5 pw & $390.30, o & $15.87 


REVIEW SET 234. NENNEN 


1 a i 3.15cm ii 4.5 cm 


b 


Diameter of bacteria colonies 








194 frequency 














0 1 2 3 4 5 diameter (cm) 


€ The distribution is slightly negatively skewed. 
2a=8, b=6 


median 
mean 


34.5 - 35.58 | 34.5 - 35.5 s 


b The girls’ distribution is positively skewed and the boys’ 
distribution is approximately symmetrical. The median and 
mean swim times for boys are both about 1.5 seconds lower 
than for girls. Despite this, the distributions have the same 
modal class because of the skewness in the girls’ distribution. 
The analysis supports the conjecture that boys generally swim 
faster than girls with less spread of times. 








4 
5 a i4 ii 5 iii ~ 5.07 b positively skewed 
6 Number of appointments in a day 



























































- > 
1 2 3 4 5 6 7 8 9 10 
Number of appointments 


b negatively skewed c i7 ii zz 6.33 
7 p=14 8 a=5, b=11 


9 a pu-—8-4 ia b a-—5or15 


REVIEW SET 233 Ds 


1 a highest — 97.5 m, 
b use groups 60 « 


lowest — 64.6 m 
d< 65, 65<d< 70, .... 
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c Distances thrown by Thabiso 2 azx=7 b o? x 10.2 3 ~ 414 customers 
uen 4 m=27, n=36 
60 < d< 65 1 
ae 5 a median = m+ i mean = m +1 b variance = 10 
¡ERES 3 á x e 
70« d« 75 5 u = €103.51, o ~ €19.40 mm 
75« d« 80 2 7 a No, extreme values have less effect on the standard deviation 
of a larger population. 
80<d< 85 8 b i — € 
i mean ii standard deviation 
E 
Sos dc o € A low standard deviation means that the weight of biscuits in 
90<d< 9% 3 each packet is, on average, close to 250 g. 
95 < d < 100 2 8 2 c & 0.970 
2o 9 a tog b Clinton c€ Roger 
d Frequency histogram displaying the | 
distance Thabiso throws a baseball y [6:50 | 383. 
9 frequency 
á EXERCISE 244. #327» 
1 a x=0.779 = 0.221 
3 2 a =0.487 & 0.051 & 0.731 
3 a 43 days b ¡=0.0465 ii =0.186 iii = 0.465 
0 
60 65 70 75 80 85 90 95 100 4 a = 0.0895 = 0.126 
distance (m) 
EXERCISE 24B INN 
e 1=8l1m ii =83.1m 1 a {A,B,C, D} b {BB, BG, GB, GG} 
2 buy=k+3 3 ws 26.0, c7 8.31 € (ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, 
^h L£833.6L, oz T.63L BADC, BCAD, BCDA, BDAC, BDCA, CABD, CADB, 
5 a 249.6, o c 1.60 CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, 
b Does not justify claim. Need a larger sample. DBCA, DCAB, DCBA} 
6 a d {GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB} 
Number of cats per house 
= 40 2 b 
S 
B. B 
5 30 5 
20 
3 
10 
ls 1 
0 > 
0 J, 2 3 4 5 Number 
of cats 
«ae : FH sum c d 
b positively skewed c iO ii 0.873 iii 0 sinter i 
d The mean, as it suggests that some people have cats. D 
(The mode and median are both 0.) C 3 
a 426cas — b 4722.86, oc 1.32 B a 
1 à 
a 60.9 b 60 = 12.8 A spinner 1 
9 c Felicity d Kevin BE mo 
3 a 5-cent  10-cent b coin spinner 
H A 
H < H c B 
10 22.6 T C 
H A 
REVIEW SET 23C EEEE T < T <s 
1 a discrete T c 


c spinner 1 D 2 d drawl draw 2 
40 


30 | ————]| ——  —— 
20 [— e 
margin 
10 (points) 
0 
0 10 20 30 40 50 


€ No, as we do not know each individual data value, only the 
intervals they fall in. 















946 ANSWERS 
EXERCISE 24C.1 EN 
1 1 T 4 1 8 
laz b 3 5 d i e; f is 
$ 2 s 1 
2 a4 b i 3 ii 5 
1 1 4 1 1 1 1 1 
Bag b65 5 do ti fs 933 h3 
^ a i b 2 c 1 d aS {remember leap years} 
5 a {AKN, ANK, KAN, KNA, NAK, NKA} 
i m —: B 
b i 3 ii 5 il 3 iv 5 
6 a {GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB} 
: 1 sol s. 1 . 3 1 ; 
b i i iz ig iv = V3 vi 5 
7 a {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, 


BACD, BADC, BCAD, BCDA, BDAC, BDCA, 
CABD, CADB, CBAD, CBDA, CDAB, CDBA, 
DABC, DACB, DBAC, DBCA, DCAB, DCBA} 
b il is iil ivl 
EXERCIE 24C.2. NENNEN 





. ; 
spinner 





123 4 5 
atbicia? b 10 c id iz 
ii 2 mé 
3 a — b E c 3 d — e 5 
f3 965 hod i$ i 
EXERCISE 24) Ds 
1 a 22 ~ 0.482 b i97 e 0.367 c HŠ x 0.214 
d 222 0.869 e #6 ~ 0.296 
2 a 7510 b i 0.325 if +0.653 ii ~ 0.243 
3 a 70.428 b z0.240 € =0.758 d =0.257 
e = 0.480 
EXERCISE 245.1 Ds 
1 a £ b = c as 2 a i b i 
3 a 0.0096 b 0.8096 5 ad bi 
5 a 0.56 b 0.06 c 0.14 d 0.24 
6 a x b ix c E 
EXERCISE 245.0 Ds 
1 a H b 5 2 a X b 5 c — 
3 a 3 b x ^: 0-000 606 
€ qoo X 9X gg © 0.00000618 d Sox 28 x 92 6 0.912 
4 a 2 b 2 5 a ey b + 


EXERCISE 24F ME  — 
1 a b 


0.2 violin 
E S 
0.6 0.8 not violin 
0.4 0.3 
M es 
0.7 


i 0.28 
ii 0.24 


violin 


not violin 








2 a 0.19 officer 
Noy == 
0.22 0.81 other rank 
0.15 officer 
0.47——> Army = 
0.85 other rank 
0.31 Air 0.21 officer 
F a. 
See 0.79 other rank 
b i 0.177 ii + 0.958 iii + 0.864 
3 a 1st spin 2nd spin b - 
) B i 
B je R $ 16 
i Y 5 
p d. 
2 B 3 
R je R € 
i Y 
id 
2 B 
Y je R 
i Y 
4 
+ 7 
4 i Sun P(win) = 57 
i rain i 
< 3 loss 
4 : 5 win 
5 no rain 
E loss 
17 9 11 19 
5 0.032 6 5 7 3 98 aa b ao 
EXERCISE 24G 
20 10 
1 a 49 b 31 
3 
2 a b iĝ 
Draw 1 Draw 2 
1 ü 
A even 10 
3 
2 even E it = 
2 
3 2 
5 odd a even 
2 odd 
2 5 
3 a$ b 3 
1 n 3 m ae E 
^ a is ig tit we 
b These are all the possible outcomes, so their probabilities 
must sum to 1. 
5 a b | 
Spin 1 Spin 2 16 
i B 
4 
i 
3 <= i 
4 R 
3 
4 R 
1 3 4 1 
6 a 5 b 5 c 5 7 15 
2 Lo 28 y 97 y 
8 a 755 X gg ^: 0.000 202 b doo X 3g 0.960 
98 97 ia 


s a 


10 7 to start with 
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EXERCISE 24H.1 EXE) 6 a65 b 9 c4 d 52 
Z ; 12 6 
1 a A= {1, 2, 3, 6}, b 3 E 7 a b i dis 
B — (2, 4, 6, 8, 10] A d 3 
i= 
5 
U 7 9 U 2 
€ i n(A)=4 
19 1 4 5 13 
ii AUB = {1, 2, 3, 4, 6, 8, 10} Sam Fe CF AZ es 
iii ANB = (2,6) 9a b c 10 ag bġ c 
2 a b 11 aa=3, b=3 
b i z = 5 ii a = — iii qo 
iy 15 _ 3 25 _ 5 
w 20-38 V 20 — 8 
ac E p.t s EXERCISE 244.2 © 
c d 1 For each of these, draw two diagrams. Shade the first with the 
LHS set and the second with the RHS set. 
2 a i n(A)=14 ii n(B) — 19 ili 2 iv 31 
3 a i bre ii : 
U a B U " B a+b+c+d a+b+c+d 
e f = a+b+c . a+b+e 
iii ——___ [| ————_ 
a+b+c+d a+b+c+d 
b P(AU B) = P(A) + P(B) — P(ANB) 
A B EXERCISE 241 & }» 
" n 1 0.6 2 02 3 0.35 
3 a b boa 22 study both 
=. 9 = ai 
© (D ( D 
A B A B e) 
U U 0 
U 
A' is shaded. A'n B is shaded. 
3 ré 1 15 
c d 5. ag b ao cs d 33 
14 4 1 5 9 5 
6 a 5 be € g d 3 € ii 36 
13 7 11 7 4 1 
E \ A 9 825; bg fm da t7 1 
B 3 2 14 70 
U U 9 az b 3 10 a 046 b 3 11 ios 
AU B' is shaded. A'n B' is shaded. 12 a 0.45 b 0.75 € 0.65 
A a b 13 a 0.0484 0.393 14 2 
A B A B 
EXERCISE 243 INN — 
1 P(RNS) =0.4+40.5—0.7=0.2 and P(R) x P(S) = 0.2 
are independent events 
C y C 2 a 5 b 5 c — No, as P(A| B) Z P(A) 
2 d 3 a 0.35 b 0.85 € 0.15 d 0.15 e 0.5 
A B A B 4 + 5 a + b 26 
6 Hint: Show P(A’N B’) = P(A’) P(B”) 
using a Venn diagram and P(A N B) 
7 0.9 
u C U C 8 i A ii 5 b No,as P(C | D) # P(C) 
a (19\" 7.2 : 13 = 63 
e f 9 a I (2) (à m 25 = 0.544 10 125 
A B A B 
EXERCISE 24K Ds 
6 1 SS PS 
1 5 23 = 0.318 = 0.530 
1 2 
5 a ig b = 
U B U E 6 a ~ 0.0288 = 0.635 = 0.966 
1 Pe es 
5 a 29 b 17 c 26 d 5 7 & 8 = 0.0962 = 0.0962 
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EXERCISE 24L INN 
1 a 0.0435 b =0.598 2 a =0.773  b =0.556 
y 0 4 =0.424 5 0.0137 6 1$ 7 9 


13 83 148 
9 10 ay 
8 as b 19 10 a 0.95 b z0.306 «c 0.6 
11 a 0.104 b z 0.267 € £2 0.0168 


REVIEW SET 24A NENNEN 
1 ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, BADC, 
BCAD, BCDA, BDAC, BDCA, CABD, CADB, CBAD, CBDA, 
CDAB, CDBA, DABC, DACB, DBAC, DBCA, DCAB, DCBA 


1 1 
ag b 35 


2 a P(4)=1-m bOzmcxl 


€ i 2m(1— m) ii 2m — m? 
3 1 5 2 13 4 
3 a 3 b 3 € 8 4 a 5 b i15 € 15 
5 a0 b 0.45 ¢ 0.8 
6 a Two events are independent if the occurrence of either event 


does not affect the probability that the other occurs. For A 
and B independent, P(A) x P(B) — P(A and B). 

b Two events A and B are mutually exclusive if they have no 
common outcomes. P(A or B) = P(A) + P(B) 





2 
7 ag 
6 5 
5 E 
4 
3 
2 
1 
1 37 2 5 
8 ag b c š 95 


10 a 10(4)%(2)? = 0.205 


4 148 1 13 
REVIEW SET 24B s 
1 P(N wins) Ody N 
— 44 N 0.4 EN 
= 125 0.4 DEAR a” 
= 0.352 QR 
0.4 9 N 
06 0.4.5 N ae 
ROT >R 
0.6 ^R 
4 3 2- n 
2 a 300 X 199 X 108 = 0.000 000 193 
496 ,, 495 ,, 494 _ 
b 1— $00 X 209 X agg ^: 0.0239 
3 a £0.259 b z 0.703 
dis b i 0.09 
kr ii 0.52 


o 

2 

E 
a 


That the two events 
(rain and wind) are 


0.75 eo w independent. 
QD W' 
5 1—0.9 x 0.8 x 0.7 — 0.496 
6 a 1089 ii 20 b i 0077 li 0.11 € 0.81 

























7 a 
8 a 
70 140 
110 | 200 
be i4 ili c i ©0121 ii œ 0.422 
9 a P(MNC)=0.85, P(M)P(C) = 0.801, b 
so not independent 
10 & 11 20.127 12 a 0.0238 b 0.976 
1 3 2 
13 5 14 a0 b du € i$ 


REVIEW SET 24C LLL 


1 BBBB, BBBG, BBGB, BGBB, GBBB, BBGG, BGBG, BGGB, 
GGBB, GBBG, GBGB, BGGG, GBGG, GGBG, GGGB, GGGG. 


P(2 children of each sex) = 3 




















2 a % b d c & d i$ 
3a ig if ii bit it 
^ a£ bi Ê 
5 a 0.93 b 0.8 c 02 d 0.65 
6 Day 1 Day 2 0.9975 
0.95 regn 
0.05 wear 
“O05 = W" 
7 a 
8 a 
b i 0.39 
ij 29 e 0.574 
P aa "odds 
i 5 
10 = 0.9876 € i 0.547 ii 20.266 


ace 


A 20 year old of either gender is expected to live for longer 
than 30 years, so it is unlikely the insurance company will 
have to pay out the policy. 


11 a 0.07831 b 0.07663 
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12 B [probability p(1— q)(1-4- q)] is more likely than 5 a 6 
A [probability p(1— q)(2 — p)] 5 
13 Š 14 a 1.54 x 10-9 b 1.28 x 10-8 roll1 4 
3 
EXERCISE 25A Bs 2 
1 a continuous b discrete € continuous d continuous 1 
€ discrete f discrete g continuous h continuous 
2 a | X = the height of water in the rain gauge 
ii 0 < X < 400 mm iii continuous 
i etna i bi P(0)=0, P(1)=0, P(2)= 4, P(8)= 2, 
b i X — stopping distance ii 0 < X « 50m 3 4 5 6 
iii continuous = 36? P(5) = 36? P(6) = 36? Pie 36? 
c5: =A = 3 = 2 
€ i number of switches until failure P(8) = ut P(9) 36” P(10) 36” P(11) 36^ 
ii any integer 2 1 iii discrete P(12) = 36 
3 a X=1,2,3,0r4 n A probability 
b YYYY YYYN YYNN NNNY NNNN £ 
YYNY YNYN NNYN P 
YNYY YNNY NYNN 36 | 
NYYY NNYY YNNN 2 
| NYNY | 
NYYN 12 3 4 5 6 7 8 9 1011 12 sum 
(X=4) (X=3) (X=2) (X=1) (X=0) iii mode = 7, median = 7 
¢ 1X =2 ii X = 2, 3, 0r4 
y 6 ark= hb bk=2 
4 a X=0,1,2,0r3 
b HHH HHT TTH TIT 7 a P(0) = 0.1975k; P(1) = 0.0988k; P(2) = 0.0494k; 
| HTH THT | P(3) = 0.0247k; P(4) = 0.0123k 
THH HTT b k= 8! (2.61), P(X > 2)= 4 ~ 0.226 
(X=3) (X=2) (X=1) (X=0) : 
9h. d 
cPX=3)=3 d ¿AP(X=0) ta 
EE — 3 8 
P(X = 2) = i 
P(X =1)=2 3 
i : 
P(X =0) = 8 < >r b 
yo d 2 3 











10 a bi 
A — : 
EXERCISE 25B 1 393 4 5 6 d i5 
1 ak-02 b k=4 1/2 3 4 5 6 7 26 
2 a P(2)= 0.1088 Sa ue m : 7 : 
b a — 0.5488 is the probability that Jason does not hit a home Die 1 a : ; : : f 
run in a game. 516 7 8 j^ 10 t 
e P(D)+P(2)+P(3) + P(4) +P(5) = 0.4512 and is the 6lT 8 9 11 


probability that Jason will hit one or more home runs in a 


























game. c 
d Probability 
0.4 11 a Die 2 iz 
02 1 2 4 5 6 4.2 
? 1/0 1 2 3 4 5 5 
= 1 2 z ^ 7 > TI 2|1 0 1 2 3 4 
Die 1 3/2 1 0 1 2 3 
ie 
e mode = O home runs, median = O home runs a A F ; i : : 
a Pi) >1 b P(5)«0 which is not possible 615 4 3 2 1 O0 
4 a X isthe number of hits that Sally has in each match. 
i Me 0|: 2 5,425 
masa -»|&[$]&[&l&[s| 
b i k—0.23 ii P(X 2 2) — 0.79 -| 36 | 36 | 36 | 36 | 36 | 36 
ili P(1« X « 3) — 0.83 


mode — 3 hits, median — 3 hits 12 
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b i $IP(u)-1 ii P(X—0)—e-92? % 0.819, 
ii —P(X23) P(X = 1) = 0.2e-°? ~ 0.164, 
& 0.001 15 P(X — 2) — 0.02e-9? = 0.0164 


EXERCISE 250 Oe 


1 102 days 2 ai b 25 3 30 times 
4 $1.50 5 15 days 6 27 
7 a i 0.55 ii 0.29 iii 0.16 
b i 4125 ii 2175 iii 1200 
8 a ii ii i iii 4 
b i $1.33 ii $0.50 iii $3.50 
€ lose 50 cents d lose $50 
9 a €3.50 b —€0.50, no € i k—-35 li k>3.5 
10 a £2.75 b £3.75 
1" aP(X«3)—-i, P4«X«0)- 1, ca=5 
P7<X<9%=%, MX >10)=¿ 
d organisers would lose $1.17 per game e $2807 


EXERCISE 25) INN — 









































1 a k=0.03 b u=0.74 € c ~ 0.996 
2 a mode—3 5 median —3 c 4—2.5 d o ¥ 0.671 
3 a b w=1.2, 
o © 0.849 
5 a 
b 43.0, c iPp=o<z<p+o0)=0.8 
o =1.10 ii P(u—-20<x<pup+20) "1 
6 $390 
7 al M TRE 
Poem 1|3|5,| 7|. 














b i mode—6 ii median — 5 ill pp zz 4.47 





iv o © 1.40 

8 Tossing a coin P(head) = P(tail) = i or rolling a die 
PO)ePePG)e. Pr 

EXERCISE 25E 

1 a34 b 1.64 = 1.28 

2 a k=0.3 b 6.4 c 0.84 

3 a2 b 5 c 1 di e 3 f 1 g 9 

4 a 

6 a 


7 a 

8 a 

9 
b 


10 17 and 4 respectively 





11 a E(aX +b) = E(aX) + E(b) =aE(X) +b 
b i13 ii —5 ii 34 

12 a E(Y)=13, Va(Y) 216 b E(Y) =-—7, Var(Y) = 16 
c E(Y)=0, Var(Y) =1 


13 a E(Y)=2E(X)+3 b E(Y?) = 4E(X?) + 12E(X) +9 
ce Var(Y) = 4E(X?) — 4{E(X)}? 
EXERCISE 25F.1 AS 
1 a (pd 9)* — p^ 4 Ap?q + 6p?q? + 4pq? + g4 
3 
e 4(3) (2)-$ 











2 a (p+q) =p? + 5p*q + 10p%9? + 10p?g* + 5pq* + q? 
o iG) G) à 10()^ (2) - 
u (3) G)-3 
3a (3+3)°= (8) (8) Q) «e (9) 
+4(3) (3)°+(4)° 
e i()'-8 nea G sA mg 
O MOMO 
y 
db i10(2) (1-4 1 m 47, 
5 a =0.154 b z 0.973 


EXERCISE 255.2 DE 


1 a The binomial distribution applies, as tossing a coin has two 
possible outcomes (H or T) and each toss is independent of 
every other toss. 

b The binomial distribution applies, as this is equivalent to 
tossing one coin 100 times. 

¢ The binomial distribution applies as we can draw out a red 
or a blue marble with the same chances each time. 

d The binomial distribution does not apply as the result of each 
draw is dependent upon the results of previous draws. 

e The binomial distribution does not apply, assuming that ten 
bolts are drawn without replacement. We do not have a 
repetition of independent trials. 


2 a £ 0.0305 = 0.265 3 = 0.000 864 

4 a 0.268 = 0.800 € & 0.200 

5 a £0.76 b z 0.840 € & 0.160 d z 0.996 
6 a 0.231 = 0.723 € 1.25 apples 

7 a 0.0280 &: 0.00246 c & 0.131 = 0.710 
8 a i 0.998 li =0.807 b 105 students 

9 a 1 0.290 ii z 0.885 b 18.8 

10 z 0.0341 11 at least 4 dice 

12 a =0.863 b =0.475 13 z 0.837 

14 b P(0 — d. P()- $. PQ)- i$. P(3)- i9. 


P4)=%2 PO => 
EXERCISE 25F.3 HEN 
1 a ip=3 o=1.22 
i MEA o | 1 [ 2 | 3 | 
Pes) | 0.0156 | 0.0938 | 0.2344 | 0.3125 





q mon 
02341 | 0.0938 | 0.015 | 
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Á probability 





0.3 
0.2 


0.1 ==] | 


p] 
0 1 




















2 3 4 5 6 


iii The distribution is bell-shaped. 
o = 0.980 


b i w=1.2, 








A probability 





0.4 
0.3 
0.2 I 
0.1 H 




















| 


0 1 2 3 4 5 6 


iii The distribution is positively skewed. 
€ i w=48, oco — 0.980 





























iii The distribution is negatively skewed and is the exact 
reflection of b. 


2 w=5, 02 =2.5 


> a ee ee 





4 a pw=1.2, co —1.07 b w= 28.8, co — 1.07 
5 43.9, co & 1.84 
EXERCISE 256 Ds 
1.5) —1.5 
ias! Se for 2 —0,1,2,3,4,5,6, 
ai 


| — a Pe | 
EN 3 il 





The fit is excellent. 


12 x,—7.1289 
2 a=713 b EA 1=0,1,2,3,.. 
a! 
€ i 0.0204 ii +0.0753 ii ~ 0.838 iv + 0.974 
1.694)* —1.694 
$ 4 cdd 6 pel e , £=0, 1, 2, 3, 


x! 











156 

















The fiti is excellent. 
c€ ox 1.29 and ym ~ 1.30, so, ø is very close to ym in 





value. 
^ a £ 0.0498 20.577 & 0.185 & 0.440 
5 am=3V¥8 m>0 b i ©0506 ii c 0818 
6 a 0.271 b 0.271 € 0.677 
7 a 0.901 b 6 years 
8 a 0.150 = 0.967 € mode = 1 flaw per metre 
9 a m® 6.8730 b R 0.177 ii + 0.417 
10 iacet (ee E) 
b 
€ P'(z)— —iszje-7 which is « 0 forall z € Z* 


P(x) decreases as x increases. 


REVIEW SET 25A NENNEN 


1 a a=% b 5 2 u= 4.8 defectives, o ~ 2.15 
3 a k=0.05 b 0.15 c 1.7 d z 0.954 
a a ($53) (8) +4(8)° (2) +8(8) (2) 


216 5n 328 
b i a ii 355 
1 3 3 1 
5 ag b = € i5 d 1g 
6 a £7 b No,she would lose £1 per game in the long run. 


7 ak-(1) e u-im233 c?- ie 156 
e a (4+3) = (4) «5(9) Cay D 
4 
+10($)(3)+5(3) Y) ON 
b i 3S ~ 0.0205 li 338 ~ 0.205 
9 a $4 b $75 
10 a Pentagonal Square b ao 
spinner spinner 
$ R TT yp 
4 
2 she R 
5 R’ 
e Y 
4 


e i RX-0- (19) 3) (8)*., 
p(x =9) = ($) (8) (3) 
ii It is more likely that exactly one red will occur 9 times. 


11 ay-i b x=16 € median = 14, mode = 6 
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REVIEW SET 253 Es 


1 ak= b 0.984 cœ 2.55 d 0.75 
2 a 0.302 b 0.298 € 0.561 3 6.43 surgeries 
5 a 42 donations b 0.334 
5 a 0.849 b 2.56x 10-9 c 0.991 d 0.000246 
6 a i 0.100 ii 0.114 b 3.41 games 
7 an-120 p-i 
b i z 0.0501 ii œ~ 0.878 iii =~ 0.172 
8 a= i 
9 a (0.6+0.4)% 
= (0.6)® + 6(0.6)°(0.4) + 15(0.6)*(0.4)? + 20(0.6)2 (0.4)? 
X wins6 X wins 5 X wins 4 X wins 3 
Y wins 1 Y wins 2 Y wins 3 
+ 15(0.6)2(0.4)* + 6(0.6)(0.4)> + (0.4)6 
X wins 2 X wins 1 Y wins 6 
Y wins 4 Y wins 5 
b i 20(0.6)3(0.4)3 = 0.276 
ii 6(0.6)(0.4)° + (0.4)® = 0.0410 
10 0.156 11 a p=03 b 0.850 
12 a k= 42 b z 2.81, z 1.19 


145 
€ median = 3, mode = 4 


13 mx=1.2, = 0.879 
REVIEW SET 25C NENNEN 





1 ak=# b k=4 
2 a 
0.0625 0.375 0.0625 
b 4-2 c 1 
3 w=480, 0% 17.0 ^ a 0.259 b 0.337 c 0.922 
y 2 s 1 sm 1 
5 a i i il 15 ii = b $2.70 
6 a & 0.0660 = 0.563 7 n=11 
8 a 0.0388 b 25 of them 
9 a(3+2) b =0.313 
10 a i p=1.28, o= 1.13 = 0.366 
ii E(Y) =1.14, Var(Y) = 0.566 
1 
11 am=4, m>0 b — ~ 0.238 
e 
12 =0.736 as p=0.1 13 a 0.0516 b No 


EXERCISE 26A NNI 





1 a a= = b i 
32 1 (2, 0.375) 
c i2 ii 2 
iii 2 iv 0.8 
T 
2 a b= ¥30 b mean z 1.55 € m 0.483 
3 k & 1.0524 b median = 0.645 
m A aj 1 1 
hb a k=-3% b 4 € £: 3.46 d 35 e 15 
k 
5 ak& 4 and J (5 — 12y) dy = 1 
bk 3 {k= 3 does not satisfy k < 3} 
c If k— i the graph goes below the horizontal axis. 
d u= => median = 0.116 











1 
6 a k= 
b—a 
b b 
b u= — , median = — mode is undefined 
(a — b)? b—a 
€ Var(X) — ——, c= 
(X) 13 A5 
7 a median z 0.347 b mode = 0 
8 aa= 18 b wx 0.0852 € 0.0334 d 0.0501 
T 
> 








b f(x) 2 0 forall x € [0, 0.9] and area under curve = 1 

€ 4,82 0.590, median = 0.6, mode = 0.6 

d Var(X) 20.0300, ø © 0.173 

e 0.652 The task can be performed between 18 minutes and 
42 minutes 65.2% of the time. 


EXERCISE 26 DD 
1 
























































2 a,b The mean volume (or diameter) is likely to occur 
most often with variations around the mean occurring 
symmetrically as a result of random variations in the 
production process. 


3 a 0.683 b 0.477 

^ a 15.996 b 84.196 € 97.696 d 0.1396 

5 3 times 6 a5 b 32 € 137 competitors 

7 a 4659 babies b 446 babies 8 a 0954 b 2.9 

9 a p=176g, c=24¢g b 81.9% 

10 a i 34.1% ii 47.7% 
b i 0.136 ii 0.159 iii 0.0228 iv 0.841 
c k — 178 

11 a í—155cm, o — 12cm b 0.84 

12 a 84.1% b 2.28% c i 2.1596 ii 95.496 
d i 97.796 ii 2.2896 

13 a x41 days b z 254days c £213 days 

EXERCISE 26C INN — 

1 a 0.341 b 0.383 c 0.106 

2 a 0.341 b 0.264 ¢ 0.212 d 0.945 
e 0.579 f 0.383 

3 0.378 4 a 90.4% b 4.78% 

5 a 0.00333 b 61.5% c 23 eels 

6 a 0.303 b 0.968 c 0.309 

7 a 10.3% b 0.544 8 a 84.1% b 0.880 
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EXERCISE 26D EN i 


1 a z-scores: Geography ~ 1.61 
English = 1.82 Biology = 0.9 
Mandarin = 2.33 Maths = 2.27 





b Mandarin, Maths, English, Geography, Biology 
2 a Physics —0.463, Chemistry 0.431, Maths 0.198, 


—1.960 0 1.960 






















German 0.521, Biology —0.769 . 0,980 + 
b German, Chemistry, Maths, Physics, Biology 7 a i m4 & —0.859, 22 © 1.18 li 0.687 
3 a b EXERCISE 265.1 Di — 
1 a b 
81% 58% 
—1 0 1 — 
0.683 
c k = 0.878 k = 0.202 
c d 
17% 
—1 0 
0.341 0 
k x —0.954 kw —-1.64 
e 
90% 
-1 0 
0.841 k 0 
X= pl i k ~ —1.28 
^ e( c ) es E(ix 2 a 
ia 
b var( £) = Var (4.x — £), etc. 87.8% 
c 34.896 
5 aa=-1,b=2 b a=-05,b=0 c€a-—0, b—3 
k 20 20 k 
a b 
k = 18.8 k = 23.5 
c 
—0.86 0'-0.32 723 0 15 50% 
0.431 0.922 > 
0 
c d k 
k = 20 
3 a b 
8096 
0 13 —0.53 0 90% 
0.885 0.298 
e f 38.7 k k 38.7 
k = 49.2 k= 31.8 
4À a ar214 b av 21.8 € a c 2.82 
5 82.9 6 24.7cm 7 75.2mm 8 65.6% 
0 13 -14 0 9 between 502 mL and 504 mL 


j 0.919 
0:0968 EXERCISE 26E.2 MEME 


n 1 112.4 2 0.193 m 3 $96.50 5 4:01:24 pm 
5 wk 23.6, 0 £ 24.3 
6 a y=524, 0 =21.6 b y=52.4, 0 21.6, 54.4% 
7 a p=4.00cm, 0=0.00353cm b 0.604 
8 


—0.5 0 0.5 
" - a p=2.00cm, c — 0.0305 cm b 0.736 
3.17 x 10-5 0.383 


> 
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REVIEW SET 26A INN 





1 a 2.28% b 95.4% c 68.396 
2 a i 2.28% ii 84% b 0.341 
3 a a=6.3 grams b bz 32.3 grams 
b a Jp ala + Lela — 1)(@ - 2) dz =1 gives a= 30 
b mode is i d median is i 
5 a Harri's score is 2 standard deviations below the mean. 
b 97.7% c 17 
6 k=2 7 aa=4 b mode = J d p= # 
8 29.5 m 9 a 0.136 b 0.341 
10 a 2.28% b 84.1% c 81.996 
11 a k=1n2 b 0.3 € u—1-—1n2 
REVIEW SET 268. HO 
1 a 68.3% b 95.4% c 81.996 d 13.696 
2 a i 81.9% ii 84.196 b 0.477 € r£ 61.9 
3 wx 31.2 mm 4 k 0.885 
E monec be y vale) 
c i12 
ii 1.5 
ili + 1.24 
iv 0.24 
d > 
6 a y=29.0, 010.7 b i 0.713 ii 0.250 
7 a 6.6896 b 0.854 
8 a 1438 candidates 6 71.1 marks € IQR z 20.2 marks 
9 a 0.260 b 29.3 weeks 
10 a 4,—612, 0722.6 = 0.244 
11 a The relative difficulty of each test is not known. 
b z-score for English = 1, z-score for Chemistry = 1 


Kerry’s performance relative to the rest of the class is the 
same in both tests. 


REVIEW SET 26€. II 


1 a meanis 18.8, standard deviation is 2.6 b 13.6 to 24.0 


2 a 0.364 b 0.356 ec kx 18.2 
3 0.207 4 ws 80.0 cm, median and mode are also 80.0 cm. 
5 a zm 0.330 b z 0.796 6 0.0708 
7 a 68.3% b 0.0884 
! 4 
8 a dx =n whichis £1 
f 1+22 
b F(z)=+ f(z), .. k=1 
21n24? 

c p — 212, Var(X) = + — - (=) 

9 o © 0.501 mL 10 0.403 


11 a k—8 b median = 22 
EXERCISE 27A ES —_ © 


€ p £2.75,  Var(X) e 2.83 








1 a(1-i?--2i (1—i)f"—(—-4) b 256 c 1ci 
2 ui —2, us, — 3n? - 3n -3, n 51 3 723 
4 a z= E cis (2), w = $eis (1) 

c cos (44) = — E EN in (41g) = EL 


6 =-35 or 3 7 a —e? b e2-3 


12 5 120 169 
833 b —35 € —169 4 ijs 
9 zy—2* or 9 10 d=2 11 (0, <1, =1) 
12 a y=2x-3 b 

d ]3,2[ 





14 iz? arctan x — ha -+ 4 arctan z +c 


In2 
x= — (or 
In3 


AB 
18 anarc of a circle, centre (0, 0), radius e 


15 a x=3 log3 2) 


19 a A=1, B=0,C=-1 b ¿in7-¿In3 


20 c 2*=r*cis40, + = L cis (0), iz* =rcis(5 — 0) 
21 a i A'nB ii B 
22 a —yl=a?+c b arctanz 4- i» $n(1 +27) +e 
c€ arcsing +c 
3 1 
24 a9 b ————— n+1-1 
E 
- (m + 2)(m+ 1)(n + 2)(n + 1) 1 
4 2(n — 1) 
30 aa=-% bx=-1 € r—e* da=t 
31 3 tan? x + tane +c 
32 Either AU B — U, or, A and B are disjoint. 
. 1 7 5 
33 —23 — 84,/2i 34 Qg— Hz, 15, m, 97 
35 a=-1, b=-7 
36 ax<2 bzci € 2«2 37 3 
21 —2 
39 azc]-o0[U]2,?90| b — 
x(x — 2) 


€ 47 —3y — 12— 31n3 
40 b APQR is right angled at Q, and is isosceles as QR = QP. 


"T dy | 1—ycos(ay) 
dx xcos(xy) + 2y 


24 16 
46 a b oz: 


47 a (0,4). A translation of (2); 


45 a=2, n=3 


b (0,6). A translation of (2) followed by a vertical stretch 


of factor 2. 
€ (—2, —5) 
d G, 3). A horizontal stretch of factor 3 followed by a 
translation of (E) 
e (-2, i f (3, —2). Areflectionin y — 7. 
48 a a=(r+ +) cos 0, b= (r-— 2) sinó 
r=1 or z is real and non-zero 
51 a b 50<k< 54 
k € ]50, 54[ 






yao — 122? 4 45x 
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3z — 10 ; 
52 a y? — z? - 64 — 16rcos0, cos0 — > b (V3)? cis (arctan( 2): a — V, 0 — arctan(32) 
x 
¢ 8/5 cm? when A is isosceles c z = V3 cis ($ arctan( %2) + k2), k=0,1,2 
3n—8 
53 a k=2 b un= ——, neZ} 54 ŠV6 wit? |95 a P(x, Va? — 2?) 
= rca — 2a 
8 b i AP— , AB= ; 
55 — 56 y=4sin(5x)-— 1 57 5 I (1527) oe 
x 
58 a=4,b=2 or a=—4,b=-2 59 c= 28 y= oF = ( T ) 
3° 3 3? 3 T? 7 /[3—3 
; Qn — 1 mI 
6» ze[-L0]u[L2]  f'(z)-————l—— "E" Ts n 
1—- (1042 — 22)? ii cos(PAB) = E cos(POB) = — 
a a 
61 f(n) =3n?—3n+4 62 = 0.34 boxz5 c angle at centre is twice angle on the circle subtended by the 
63 VAs r=—F, z=—F, L=F, y — 3 No HAs sate ane: 
97 a |u— v| 2 /2—2cos0, |u+v| = 24 2cos0 
64 a 5i—2j-Fk b X39(si — 2j . k) b cos = 12 
65 2sin0, 0— 5 66 —2?cosx+2xsinr +2cosx +c 98 cot(2) 100 b rab 
2 
2 29 
67 f'(x)= PT 68 z=4o0r2 70 bil 103 1=2 y=) or =64 y=4 
d 3y — 2 104 a V2cis(—7), b Ag 
71 Xl. USAR b (v7, 0), (—v7, 0) (-3) 
dr  2y—3x V cis (3 
12)” 137 
72 a iğ ü n b 2 Ty 
V2 cis (E) IN R 
73 a z= iT) b n=12 lu NU 
74 at=2 bt--i 
75 Translate (3a) then reflect in x-axis. Y 
76 3 uni? 77 -i 4x + 1)(2z — 3)? 
ra ex ge eae Ean 3) 105 m=-Lor6 106 7 110 o0=y41+y7 
78 ar< o r»5£ b —6«rz«1 or z22 1 1 3 
5 7 111 a A=3, B=-35 c 3 
79 y; — iin 3 _71 m m 5m 
12:27 47" qao qat un 12 112 ak=2 b ¿In3 units? 
dy —y? — yer¥ 
80 — — ——————— 81 r— V5 (y=0) a" t1 (a cosn0 — cos(n -- 1)0) — acos0 -- 1 
dx  ze*V 2ry —cosy 114 a 
A a? —2acos0 + 1 
82 7 unit 83 a=5, b=9 b ar+l(asinnó — sin(n + 1)0) + asin0 
84 y a? — 2acos0 4-1 
3 
V7) y z 115 ¿(24+2)2 -2-2-2/2+2+2In(Yy+2+1)+c 
1 n k n—k 
14 p^(1— p) 
| 116 a 1—(1— p)* b IAEA 
i 
end y ra 
i EN r=k 
+ == ds cin > yg . = : 
8 4 i g |z c ip=1 ii no real solutions 
117 b z =tan (5), tan (34), tan ($4), tan (48) 
2 -1 3 4 
i AE 118 a 0 2 a 6—a 
"ES JA 0 0  a?-—Aa | a? 4- 4a — 32 
85 cms} 86 a=2 87 (1,4%) (-8z, X23) 
b i a=0, 3 planes have no common point of intersection 
88 a= 3 89 r= Z7, 57, 4r 5r 
5 6? 6 3* 3 di 5 — 5t 
W a4 u- ,y—71-2t, z-t, tcR, 
1 —2 3 |1 2 
90 a 1 p 2 |0 3 planes meet in a line 
= 2 . 12 8 
2 p 4|a iii az Oor4; c 7 > Y 1 a E y 
€ i p#0, 3 planes meet at a point 3 planes meet at a point B 2 
ii p = 0, q z O0, 3 planes have no common point of When a— 3, thesolutianis: —-T5 4 ——3,2—5 
intersection, planes 2 and 3 are parallel i pe > 
ili p= q=O0, planes 2 and 3 are coincident 119 a f(a)=e (1—4a?) f(x) =e1-2" (1623 —12x) 
d 1=-2-4t, y=t 2=14+2, teR b local min. at Gee) local max. at (3, ve) 
91 P(z) = (2? +2)(2? — 22 + 5) 92 132 ¢2=0 or +4 
9%4 a5+iv2 d as z— oo, f(x) —0*; as xz — —oo, f(x) ^5 0- 
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123 


124 
125 
127 


131 





ore 121 


a z? —2z 4- (14- k?) b 
€ pg — —1, —2, —5, —10 d 


local minimum 








inflection 


b f(r)— fi(z)--k, keR 


a — units? 


b yel 
b 2/3— V2 


ee 
T= z Y= 


b 25rsin($ 


stationary 
inflection 


non-stationary 


2 (sin(In z) — cos(In x)) 


k =0, +1, +2, +3 
1, -2,1+2 

















y=f(1) 


) units? 


126 b A4B4+C=km, keZ 


64 


a P=Q= 4 
133 a=k 


EXERCISE 27B SS & } 


3 


16 


qy-——3 or m-T. 
a & 1574 trees 
3£ x 0.382 


b y/ E ~ 0.953 


a Un =cos@tan 


64 


b converges to 1000 


5 —1+2i 


units 9 


n—2 0 


7 a® 6.92° 
24/63 © 3.97 km 


b u1—1 and Un--1 — uj2 cos6, ne Zt 
1- (1223102 0,430 13 a =1 


128 
a 8cis(—4) 





.48 units b zz 3.82 units 


b z=2cis(—4%), 2cis( 4), 2cis (3) 


17 


2 
e —8i 


a o & 3.599 86 
b z 0.781 


19 Y3=1.73m 
























































20 r=- 29 a 2p? —p* b prm 0.541 
a2 — 

23 b h(x)= (x — t)(x — 2t)(x — 3t) 

c (—3, 27), (—2, 16), (—1, 5) 
25 a 66 b z 264 25 = 6.40 cm 

24 _ p24; 
dd wu- E 1 — b4] + 1[2ab] 
(a + 1)2 + b2 

b purely imaginary if. a? — b? — 1 and ab 40 
27 f(z)-—(r--1)?(2:7—5) 2=-1 or > 3 28 E 
29 b 1,1,1 ¢ a, —3b,2 =1 forall ne Zt 
30 a H=Asin@+ Bcosé 
31 a —224 b 880 € —40 32 = 0.114 
33 a r?+4r+5 b a=-4, real zerois4 34 n=30r8 
35 ak=3 b mean = 800, g= MB 36 3 
37 
38 a = 0.242 b z 0.769 
39 a D(7,1,-2), X(7,3,—1), Y(5, 3, —2) 

b Hint: Show BD — kBY 
40 y — $z-- i sin2z - 4 41 n 0.842 42 a=3 
43 1+2i, —1 + 3i 
hh an (3) committees b (3) committees 

; 4 1 

qd ig iz 
45 a a=13, b=12, c= gg, d — 15 b =24.9m 
46 9b = 2a? 47 q (e? — 1) units? 
48 a (1,175,2) <(-13,1) — d 6z—8y —5z2 — —35 
49 a c 0.549 & 0.001 72 
50 a x=0 b x—0.2 or 0.3 
51 a f(z)-—-—z?- 6x —13 b f(z)——(x—3)?-—4 
52 ag bx=1-3=-0.571, t=1-% ~ 0.476 

€ A horizontal stretch factor i followed by a vertical stretch 

factor 2, followed by a translation [2 

d {x|xe[-1,1], c41—4, cA1—F}; range yeR 
53 = 20.6 cm 54 a 8008 b 5320 c 2211 
55 b k—--1 ¢ p=-2, q=6 56 A79 or 314 
57 a © 0.785 & 0.995 
58 a when s= b f"(zx)— esin? 7 (sin? 2x + 2 cos 2x) 

c (0.999, 2.03) and (2.14, 2.03) 
59 a P(z)- (ax 4- b)(2z? — 3z 4- 1) 

b P(x) = (3a 4+ 7)(2x? — 3a + 1) 
60 a — ye6 — 1 


61 


V2 cis (2), V2 cis (- S£). V2 cis (- 8). V2 cis (XE) 
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62 «7.82 63 a 2eV/I—a? b —2(1—2)2+c ¢ 2 B: M Hinte ee ee, OS 
65 a a—3, P(0,3, —8) b Oz 18.8? FE ERS Se A 
oci ee ae QE c1=3+t y=-3-2%, z=t, teR 
is c sion aera 23 : 2 d (3, —3, 0) e =61.90 
S > germ enm 94 a 12! — 479001 600 
c I x E : s: ass 
ii The speed is at a local maximum to the left, so the b : 43545000 it 7.257600 MW 159087.200 
velocity is a minimum. iv 58060800 
66 3.76 units? 67 aa=8,b=25c=26 b 2>-2 « i 5775 ij 1575 
68 a = 0.676 units? 95 b cre c 1.39 units 
t+2 
97 a dec at & 322 cm?/min b dec at = 275 cm*/min 
98 
99 
70 b r= Y1+Y2 71 f(a) =3e3 
1+ T mn 
72 a $865.25 b R=- n 
(+ Toom ) -1 
73 a 11(7)) — 3879876 choices 
74 a k—--d 
ik=-L,k>0 li -L<k<0 li k<- c | ecosetsin?(sinz -F cosz — 1) -F c iic=F 
e e 
ii y=-—x, 452 d eV2 (4/2 — 1) z 1.70 units? 
4lnz 
107 3 i ao 
576 78 as b 22cm |100 a i y= o 
d (3) -3r +6 y1 —2- 5e* 095 
En), 2 cos (445 ya = 5.2 
83 2n-m-—p 
mp — n? 
ii 2+5e-4 
c i 
5.2 5.2 2 
j = 
= pi 3 
b B(-1,2,3 c p—0 or 2 Van / 2t ay- f =1 70.5 | dy| cm 
( ) 371 i 245 In (4+) 
86 14.5 
d _ Alnz 
^ 1n2 
9) C6 €) 
4 p 4^4 )> 
89 a rlnr—-r+c bk=e & 2.16 
90 b rkm =~ 1730 kmh-! 
1 
91 b zx —=, +2 
f(z) VÍ — zr? i iii, inverse functions 
x a = = —2 
92 a i Domainis {x| a > 0} ii —8, at (8, —8) e 1g(z)— — 0.5 





In (2 2) 


5 
ii Domain is {e|2+3<2<7} 
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INDEX 


absolute value 
addition rule 
ambiguous case 
amplitude 

angular velocity 
antiderivative 

arc 

arc length 

area of sector 

area of triangle 
Argand diagram 
argument 

arithmetic sequence 
arithmetic series 
asymptote 

augmented matrix 
average acceleration 
average speed 
average velocity 

axis of symmetry 
base unit vector 
Bayes' theorem 
bell-shaped distribution 
binomial 

binomial coefficient 
binomial expansion 
binomial experiment 
binomial probability distribution 
Cartesian equation 
Cartesian equation of plane 
Cartesian form 
Cartesian plane 
categorical variable 
census 

chain rule 

chord 

collinear points 
column graph 
combination 

common difference 
common ratio 
complementary angle 
complementary events 
complex conjugate 
complex number 
complex plane 
composite function 
compound angle formulae 
compound interest 
concave down 
concave up 
conditional probability 
conjecture 


306, 


30, 
30, 


conjugate 

constant of integration 
continuous random variable 
continuous variable 
convergent series 
coplanar lines 

cosine function 

cosine rule 

cubic function 
cumulative frequency 
cycloid 

data 

De Moivre's theorem 
decreasing function 
definite integral 

degree measurement 
dependent events 
derivative function 
differential equation 
differentiation 

direction vector 

discrete numerical variable 
discrete random variable 
discriminant 

disjoint sets 
displacement 
displacement function 
distribution 

divergent series 

divisor 

domain 

double angle formulae 
echelon form 
elementary row operations 
empty set 

equal vectors 

equation 

Euler form 

even function 
expectation 
experimental probability 
exponent 

exponent laws 
exponential equation 
exponential function 
factor theorem 

factorial number 
Fibonacci sequence 
finite sequence 

first derivative 
frequency 

function 

general cosine function 
general tangent function 
general term 
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general term formula 
geometric sequence 
geometric series 
global maximum 
global minimum 
gradient of tangent 
graphical test 
Heron's formula 
histogram 

horizontal asymptote 
horizontal inflection 
horizontal line test 
horizontal translation 
imaginary axis 
imaginary number 
implicit relation 
included angle 
increasing function 
indefinite integration 
independent events 
index 

inequality 

infinite sequence 
initial conditions 
instantaneous acceleration 
instantaneous velocity 
integration 
integration by parts 
intersecting lines 
intersection of sets 
interval notation 
invariant point 
inverse function 
inverse operation 
laws of logarithms 
limit rules 

limiting sum 

linear factor 

linear function 

linear speed 

local maximum 

local minimum 
logarithm 
logarithmic function 
lower rectangles 
magnitude of vector 
major arc 

major segment 
many-to-one function 
maximum turning point 
maximum value 
mean 

median 

minimum turning point 
minimum value 


154, 


748, 


385, 


minor arc 

minor segment 

modal class 

mode 

modulus 

modulus function 
monotone decreasing 
monotone increasing 
motion graph 

mutually exclusive sets 
natural domain 

natural exponential 
natural logarithm 
negative angle 

negative definite quadratic 
negatively skewed distribution 
non-horizontal inflection 
non-stationary inflection 
normal curve 

normal distribution curve 
normal to curve 

normal vector 

nth roots of unity 

Null Factor law 

number line graph 
number of trials 

number sequence 
numerical variable 

odd function 

one-to-one function 
optimisation 

optimum solution 

origin 

outcome 

outlier 

parabola 

parallel lines 

parallel vectors 
parameter 

parametric equations 
Pascal's triangle 

period 

periodic function 
permutation 

plane 

point of discontinuity 
point of inflection 
Poisson distribution 
polar form 

polynomial function 
population 

population mean 
population standard deviation 
population variance 
position vector 


283 
283 
706 
709 
73, 483 
166 
571 
571 
593 
758 
58 
115, 134 
134 
295 
36 
711 
380 
380 
819 
821 
564 
460 
502 
19 
58 
735 
214 


45, 606 


438, 705 
297, 438 


385, 395 
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positive definite quadratic 
positively skewed distribution 
power rule 

principal axis 

probability column graph 
probability density function 
probability distribution 
product principle 

product rule 

proposition 

purely imaginary 
quadratic equation 
quadratic formula 
quadratic function 
quantile 

quotient 

quotient rule 

radian measurement 
radius 

random variable 

range 

rate 

rational function 

real axis 

real polynomial 

real quadratic 

reciprocal function 
rectangular hyperbola 
recurrence formula 
related rates problem 
relation 

relative frequency 
remainder 

remainder theorem 
resultant vector 

Riemann integral 

right hand rule 

root 

row reduction 

sample 

sample space 

sampling with replacement 
sampling without replacement 
scalar 

scalar multiplication rule 
scalar product 

scalar triple product 
second derivative 

second derivative test 
sector 

segment 

self-inverse function 

set notation 

sigma notation 

sign diagram 


sign diagram test 

sign test 

simple rational function 
sine function 

sine rule 

skew lines 

solid of revolution 
solution 

spike graph 

standard deviation 
stationary inflection 
stationary point 
statistic 

strictly decreasing 
strictly increasing 
survey 

symmetrical distribution 
synthetic division 
synthetic multiplication 
tangent function 
theoretical probability 
total distance travelled 
translation 

tree diagram 
trigonometric product 
trigonometric series 
two-dimensional grid 
union of sets 

unique solution 

unit circle 

unit vector 

universal set 

upper rectangles 
variance 

vector 

vector cross product 
vector equation 

vector equation of line 
vector equation of plane 
velocity function 
velocity vector 

Venn diagram 

vertex 

vertical asymptote 
vertical line test 
vertical translation 
volume of revolution 
Von Koch's snowflake curve 
x-intercept 

y-intercept 
Z-distribution 

zero vector 

z-score 


287, 


575, 


287, 


154, 


154, 


